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Abstract

SHapley Additive exPlanations (SHAP) is a key tool for in-
terpreting decision tree ensembles by assigning contribution
values to features. It is widely used in finance, advertising,
medicine, and other domains. Two main approaches to SHAP
calculation exist: Path-Dependent SHAP, which leverages the
tree structure for efficiency, and Background SHAP, which
uses a background dataset to estimate feature distributions.

We introduce WOODELF, a SHAP algorithm that integrates
decision trees, game theory, and Boolean logic into a uni-
fied framework. For each consumer, WOODELF constructs
a pseudo-Boolean formula that captures their feature values,
the structure of the decision tree ensemble, and the entire
background dataset. It then leverages this representation to
compute Background SHAP in linear time. WOODELF can
also compute Path-Dependent SHAP, Shapley interaction val-
ues, Banzhaf values, and Banzhaf interaction values.

WOODELF is designed to run efficiently on CPU and GPU
hardware alike. Available via the WOODELF Python pack-
age, it is implemented using NumPy, SciPy, and CuPy with-
out relying on custom C++ or CUDA code. This design en-
ables fast performance and seamless integration into existing
frameworks, supporting large-scale computation of SHAP
and other game-theoretic values in practice.

For example, on a dataset with 3000000 rows, 5000000
background samples, and 127 features, WOODELF computed
all Background Shapley values in 162 seconds on CPU and
16 seconds on GPU—compared to 44 minutes required by
the best method on any hardware platform, representing 16 x
and 165 x speedups, respectively.

Full Version — https://arxiv.org/abs/2511.09376

The WOODELF Python Package —
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Experiment Notebooks —
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1 Introduction

Decision trees are widely used predictive models for
classification and regression. To improve predictive ac-
curacy, ensemble methods such as XGBoost (Chen and
Guestrin 2016), Random Forest (Breiman 2001), and Cat-
Boost (Dorogush et al. 2017), train multiple decision trees
and average their predictions.

Recent efforts focus on explaining models using feature
attributions. Local attribution shows how each feature af-
fects a single prediction, which is often crucial for regulatory
compliance (Knight 2019; Selbst and Powles 2017). Global
attribution evaluates which features matter most overall, of-
ten by combining many local attributions (Covert, Lundberg,
and Lee 2020). This is essential for model comprehension
and feature selection.

SHAP (SHapley Additive exPlanations) (Lundberg et al.
2020) is a widely preferred method for both local and
global feature attribution (Gill et al. 2020; Hall and Gill
2019). It assigns Shapley values to features, providing a
unified (Lundberg and Lee 2017) and consistent (Lundberg,
Erion, and Lee 2019) approach grounded in game theory.

1.1 Shapley Values

Originating from cooperative game theory, Shapley values
offer a fair method for distributing profits among players
based on their individual contributions. Players whose con-
tributions are crucial to the group’s success receive a larger
share of the profit, while those with smaller contributions
receive less. Players who negatively impact the group’s per-
formance may receive negative payments.

Shapley values constitute the unique solution satisfying
four key properties: efficiency, null player, symmetry, and
linearity (Shapley 1953). The Shapley value formula uses
the game’s characteristic function to evaluate the player’s
impact across all possible coalitions.

Definition 1 (Characteristic Function). For a group of play-
ers N, the characteristic function M is a function of the form
M : 2Nl 5 R mapping any subset S C N to the profit
when only players in S participate.

The Shapley value formula for player ¢, shown below,
considers all subsets excluding ¢ and compares the profit
with and without the player. These contributions are then
normalized by a factor that depends on the coalition size.
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A naive Shapley values calculation takes exponential

time, as the formula considers all possible subsets of N \

{i}. However, efficient computation is possible for cer-

tain scenarios, including decision tree ensembles (Lund-

berg et al. 2020), certain Boolean circuits classes (Arenas,

Bertossi, and Monet 2021), and tuples in query answer-

ing (Livshits et al. 2021). For other scenarios like neural

networks where the computation is #P-Hard (den Broeck

et al. 2021; Huang and Marques-Silva 2024), approximation
methods exist (Chen et al. 2023).

1.2 Feature Importance Using Shapley Values

A predictive model, like a decision tree ensemble, can be
viewed as a “game”, where feature values act as “players”
and the model’s prediction represents the “game’s profit”.
In this context, Shapley values quantify how each feature
("player”) affected the prediction (the ”game’s profit”).

Our goal is to define the characteristic function of this
“game” and compute its Shapley values. This requires spec-
ifying the model’s output when only a subset of features is
present, while the rest are considered missing. Several defi-
nitions exist for handling missing features; see (Sundarara-
jan and Najmi 2020) for a survey. Of these, three are most
commonly used today:

* Baseline SHAP: Assigns each feature a fixed baseline
value used whenever the feature is missing.

Path-Dependent SHAP: Leverages the tree structure and
the cover property (i.e., how many rows reached each
node during training) to infer the effect of missing fea-
tures.

Background SHAP: Replaces fixed baselines with a back-
ground dataset. When features are missing, their values
are taken from this dataset, predictions are computed, and
results are averaged. This method is the most accurate,
see the full version for an example.

(Lundberg et al. 2020) were the first to present a
polynomial-time algorithm for the three SHAP approaches
discussed above. Their method efficiently tracks the number
of feature subsets that reach each node, avoiding the need
to enumerate them explicitly. These algorithms are imple-
mented in the widely used SHAP Python package.

Since then, several works have improved these methods.
FastTreeShap v2 (Yang 2022) accelerates Path-Dependent
SHAP by extracting key information from the decision tree
in advance. PLTreeShap (Zern, Broelemann, and Kasneci
2023), which preprocesses both the decision tree and the
background dataset, reduces the complexity of Background
SHAP from O(mn)—where n is the number of consumers
and m is the background size—to O(m + n).

GPU-based  implementations include = GPUTree-
SHAP (Mitchell, Frank, and Holmes 2022), which
computes Shapley values for each path in parallel and
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uses optimized bin-packing techniques to distribute work
across GPU warps, and FourierSHAP (Gorji, Amrollahi,
and Krause 2025), which performs well on models with a
small number of features.

1.3 Paper Outline and Our Contribution

Sects. 2 and 3 introduce a novel linear-time algorithm
for computing Shapley values, Shapley interaction values,
Banzhaf values, and Banzhaf interaction values (Grabisch
and Roubens 1999) for formulas in Weighted Disjunctive
Normal Form (WDNF) (Zhang and Jang 2005). Our main
contribution, WOODELF, is introduced in Sect. 9, with sev-
eral preliminary steps presented in Sects. 4, 5, 6, 7 and 8.

WOODELF is a unified, generic, GPU-friendly and effi-
cient approach for SHAP calculation:

* Unified across Path-Dependent and Background SHAP,
demonstrating that a single algorithm can handle the
two problems previously thought to require distinct ap-
proaches.

Metric-Generic: WOODELF can compute Shapley val-
ues, Shapley interaction values, Banzhaf values, Banzhaf
interaction values, and any other value over the Path-
Dependent or Background characteristic functions that
satisfies the linearity property. It is the first algorithm that
supports such a broad range of metrics.

GPU-friendly and pure Python: Unlike existing ap-
proaches, in WOODELF, all the major algorithmic steps
can be expressed as standard vectorized operations, mak-
ing the algorithm inherently Single Instruction, Multiple
Data (SIMD)- and GPU-friendly. Implementation-wise
WOODELF is written entirely in Python, with the bot-
tleneck operations implemented in NumPy and SciPy.
By using CuPy, these operations can seamlessly run on
GPUs without any custom CUDA code. In contrast, SHAP
and other state-of-the-art (SOTA) implementations rely
heavily on custom C++ and CUDA. WOODELF achieves
high efficiency while maintaining a pure Python design,
simplifying integration and extensibility.

Efficient: By utilizing vectorized operations alongside
efficient algorithmics (Sect. 9.1), WOODELF signifi-
cantly advances SOTA performance. In Sect. 10, we
demonstrate WOODELF’s effectiveness on two large in-
dustrial datasets, achieving 24 x to 333 x speed-ups on
GPU and 16x to 31x speed-ups on CPU, compared to
the SOTA Background SHAP on any hardware platform.

2 Linear-Time SHAP Calculation for WDNF

Towards defining WDNF, we need additional notations. A
literal is a Boolean variable x; or its negation —x;. A cube
is a conjunction (set) of literals.

Definition 2 (Pseudo-Boolean (PB) Function and Weighted
Disjunctive Normal Form (WDNF)). A pseudo-Boolean
(PB) function is a function of the form F(xy,...,xp) :
{0,1}* — R. A Weighted Disjunctive Normal Form
(WDNF) formula (Zhang and Jang 2005) is a PB function
expressed as:
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Figure 1: An illustration how both PB functions and decision trees relate to well-established concepts in game theory. In
decision trees, the model represents a game, features serve as players, and the prediction corresponds to profit. Under the
baseline characteristic function definition, a missing player (e.g., player 2) is set to its baseline value (b2) before making a
prediction. In PB functions, the function itself represents a game, and the variables serve as players. Each variable is True

when it participates and False when it is missing.

m
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Where each cy, is a cube and wy, € R is its weight.

F(J?l,...

For instance, the PB formula F'(x1, 22, 23) = 3(—z1) +
1(=z1 A z3) + 5(x1 A =33 A x3) is in WDNF. Assigning
21 =0,29 =1, 23 =1resultsin F(0,1,1) =3+ 1=4.

For a cube ¢y, we denote by S, the set of variables in ¢y,
partitioned into positive variables S]j and negated variables
S, - For example, in the cube ¢;, = x1 A —x3 A x3, we have
S]j = {1‘1,1‘3} and Sk_ = {.IQ}

A WDNF formula, and any other PB function, can be in-
terpreted as a game where variables are players and the for-
mula’s output is the profit (Grabisch and Roubens 1999).
The characteristic function (recall Def. 1) of this game is de-
fined by Def. 3. To find the profit of a coalition .S, we set
x; = 1foralli € S, z; = 0forall i ¢ S, and evaluate the
WDNF formula. See Fig. 1 for an illustration.

Definition 3 (PB function’s Characteristic Function). Given
a PB function F(V) {0,1}" — R over V
{@1,22,..., 2}, its characteristic function Mp(y)(S) is
defined for any subset of variables S C 'V as follows:

1 ifd?i es

Mp)y(S) F<X {0 if T; ¢S)

This means that for each x; € S, we set x; = 1 and for
each x; ¢ S, we set x; = 0. The characteristic function then
evaluates F' under this assignment.

Having defined the characteristic function for a WDNF
formula F', we can now compute its Shapley values via For-
mula 1. In general, computing Shapley values for pseudo-
Boolean functions is #P-Hard (see full version and (Arenas,
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Bertossi, and Monet 2021)). A key insight of this paper is
that, for WDNF, Shapley values can be computed in linear
time using the following formula:

— 1 ifie St
m Isﬂ(.'ii‘) g

— =L ifie S, )
DTEm i e

0 ifi ¢ Sy

Prior to evaluating Formula 2 and the formulas presented
in Sect 3, we remove all cubes where S;" NS, # 0 as
such cubes are unsatisfiable. In the full version, we prove
that Formula 2 correctly computes the Shapley values. The
proof leverages the linearity and the null player out (NPO)
properties of Shapley values. Additionally, we show how
Formula 2 can be computed in linear time and applied
to Weighted Conjunctive Normal Form (WCNF) formu-
las (da Silva 2021).

3 Beyond SHAP

In this section, we present formulas that efficiently compute
the Shapley interaction values ¢; ; (Table 1), Banzhaf values
Bi, and Banzhaf interaction values /3; ; over WDNFs. Proofs
of correctness appear in the full version.

Shapley interaction values measure how the interaction
between two features affects the prediction (Grabisch and
Roubens 1999). One possible definition is:

Definition 4 (Shapley Interaction Values). Shapley interac-
tion value of features f; and f; is the difference between the
Shapley values of f; when f; always participates and when
fz is always missing: ¢; NEC ¢j|z 1= ¢j\i:0

By combining Formula 2 with Def. 4, we can derive sim-
ple formulas for Shapley interaction values, see Table 1 for
further details:
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Table 1: To calculate ¢; ; iterate through all the cubes of
the WDNF formula. For each cube ¢ and pair of variables
i, € Sk select the appropriate cell from the table above and
apply its formula.

Banzhaf values satisfy three of Shapley’s four properties:
null player, symmetry, and linearity. However, they do not
satisfy efficiency (Banzhaf 1965). They also possess another
useful property: the Banzhaf value of player ¢, equals the
difference in the expected game’s profit, under a uniform
distribution over all subsets, with and without 7:

pi(M) = E[M(S)]i € S| -E[M(S)[i ¢ S] ()

Previous work has shown how to calculate Banzhaf values
on decision trees (Karczmarz et al. 2022; Muschalik et al.
2024), facts in query answering (Abramovich et al. 2023),
and on other tasks. The formula below enables their linear-
time computation on a WDNF formula:

mo 1 ifiesS;
k o —

Bi(F) = E STE—T X -1 ifie S, 4
k=1 0 ifi¢ S

Banzhaf interaction values examine the difference in ex-
pectations when feature ¢ and j are both missing/participat-
ing versus when only one participates (Fujimoto, Kojadi-
novic, and Marichal 2006). Given a WDNF they be com-
puted using the formula below:

1 ifi,jest
o 1 ifi,jes,
k o . _
5i,ji;£j(F):Z2|Sk‘72 x < —1 ¥fz.652'/\j.€5k
k=1 -1 ifieS, AjeSH
0 otherwise

&)

4 Decision Pattern

This section introduces the concept of a decision pattern,
central to WOODELF. We begin by defining decision trees
and root-to-leaf paths, and then build on these foundations
to define decision patterns and present the efficient CalcDe-
cisionPatterns algorithm for computing them.

Definition 5 (Decision Tree). A decision tree is a rooted
binary tree T = (Np = {Lp U Iy}, Ep,r7), where:

e rp € N7 is the root node.
e Eachnoden € Nr is either a childless leaf | € Lt oran
inner node n € I with two children: n.left and n.right.
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Algorithm 1: Mapping Each Leaf to Its Decision Patterns

1: function CALCDECISIONPATTERNS(T, C)

2: Preaves <+ {}

3: Py < {r7 : (0)veec}

4: for n in BFS(T) do:

5: if n is a leaf then

6: Pleaves [n] = Pall[n]

7: else

8: Py[n.leff] = (Pui[n] << 1) + n.split(C)
9: Py[n.right] = (Pyln] << 1)+-n.split(C)
10: return P, s

* Aleafl € L stores an output value w; € R.
* An inner node n € Ip is associated with a feature
n.feature € {1,...,h} and a threshold value 0,, € R.

For a node n and consumer feature values c

(c1,¢2,...,cn) € R" we define the function n.split(c):
. True ifcn Seature < 9n
split(c) = :
n-split(c) {False otherwise

Definition 6 (Root-to-Leaf Path). Given a decision tree
T and its leaf | € L7, the root-to-leaf path of [
the unique simple path from the root r7 to l: (n;
rr,na, ..., Mp_1,np = 1).

Definition 7 (Decision Pattern). Given a decision tree

1>

T, its leaf | € Ly, their root-to-leaf path (ny =
rr,Ma,...,Mp-1,l), and consumer feature values ¢ =
(c1,¢2,...,cn) € RR, the decision pattern p is a binary se-

quence of length D — 1. The i’th bit in the sequence is:

1 if (ng.split(c) = True) A (n;left =nitq)

1 if (n;.split(c) = False) A (n;.right = n;11)

pli]
0 otherwise

This bit indicates whether, at node n;, the consumer c
would follow the root-to-leaf path. A value of 1 means the
consumer continues along the path to n;y1, while a value of
0 means it would branch off in a different direction.

In Fig. 2, the ‘Consumer Pattern’ and ‘Baseline Pattern’
columns illustrate how the decision patterns are computed.

Let C be the consumer data matrix with rows ¢ € C, and
define n.split(C) = (n.split(c) )veec-

Given a decision tree T with L leaves and consumer data
C of size n, CalcDecisionPatterns (Alg. 1) traverses T  using
Breadth-First Search (BFS), applying Def. 7 at each node.
Running in O(nL) time, it returns a dictionary P mapping
each leaf [; € L to its consumer decision patterns, where
Pi;][c;] stores the pattern for consumer ¢; € C at leaf [;.

5 Constructing a WDNF Representation

Our baseline SHAP algorithm constructs a WDNF formula
F representing the model’s characteristic function. An illus-
tration of this construction is provided in Fig. 2. The vari-
ables in F’ correspond to model features, and each cube cap-
tures the contribution of a single leaf. A variable f; set to



Consumer values: age=35, sugar=60, cholesterol=200 (used when features participate)

Baseline values:

Consumer Pattern

Traverse left?
35 <585 ="True

Traverse right?
60 275 = False

Traverse left?
200 <210 = True

Baseline Pattern

Traverse left?
60 < 55 = False

Traverse right?
80275 =True

Traverse left?
180 <210 = True

Encoding Intuition

To traverse left, age must participate. To encode
this condition, we add the literal ‘age’.

To traverse right, sugar must be missing. To
encode this condition, we add the literal ‘““sugar’.

In both cases (missing and participation), the

Overall pattern:

p,=011

Overall pattern:

p.=101

prediction traverse left. To encode this, we simply
leave the cube unchanged.

Overall: The prediction reaches this leaf if and
only if age participates and sugar is missing.

age=60, sugar=80, cholesterol=180 (used when features are missing)

Tree and Boolean Encoding

] e

cube: 4(age A 7sugar)

Figure 2: An illustration of the WDNF construction process on a small example. The consumer and baseline values are shown
alongside a root-to-leaf path. The table explains how a weighted cube is iteratively constructed from these inputs. To compute
the Shapley value contribution of the shown leaf, apply Formula 2 to the constructed weighted cube: 4(age A —sugar). For
Banzhaf values, use Formula 4; for Banzhaf interaction values, use Formula 5; and for Shapley interaction values, use Table 1.

1 indicates the feature is present (i.e., set to the consumer’s
value c[f;]), while O denotes a missing feature (i.e., set to
the baseline value b[f;]). A cube is satisfied if and only if the
prediction reaches its corresponding leaf:

(6)

iffieS
it fi ¢ .9

1
0

el fi]
b[fi]

iffieS
Model(f{ )F(x{ itfi¢ s
We present four simple rules for constructing the WDNF
formula. Our goal is to construct a cube that represents a
leaf [, a consumer ¢, and a baseline b. We first run CalcDeci-
sionPatterns to obtain the consumer decision pattern p. and
baseline decision pattern py. Then, using the path, p., py,
and the four rules below, we construct the cube. The rules
are applied from the tree root (z = 1) down to the leaf’s
parent node (¢ = D — 1):

1. If p.[i] = 1 and pp[i] = 0: The prediction reaches 7,1
only when the consumer value is used—i.e., when f;
(that is, n;.feature) participates. Add f; to the cube.

If p.[¢{] = 0 and py[i] = 1: The prediction reaches n;1
only when the baseline value is used—i.e., when f; is
missing. Add the literal — f; to the cube.

. If p.[i{] = 1 and py[i] = 1: The prediction always reaches
n;+1. Leave the cube unchanged.

If p.[7] = 0 and py[i] = 0: The prediction never reaches
n;+1. Set the cube to L (unsatisfiable).

Since the number of decision patterns is limited, we can
precompute the cube for every possible input. The MapPat-
ternsToCube function (Alg. 2) takes the list of features along
a root-to-leaf path and applies the four rules above to map
each pair of consumer and baseline patterns (p. and pp) to
the corresponding cube.
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Algorithm 2: Decision Patterns to Cube Mapping

1: function MAPPATTERNSTOCUBE(features)

2 d<+ {0~ {0 (0,0)}}

3 for [ € features do

4. dorg < d

5: d+ {}

6: for p. in d,;q do

7. for p; in dold[ c] do

8: (S*,57) « doalpc][po]

9: d[2p. + 1][2py + 0] < (ST U{f},S7)
10: d[2p. + 0][2py + 1] < (ST, S~ U{f})
11: d[2p. + 1][2pp + 1] + (ST,57)
12: return d

6 A Generic Baseline SHAP Implementation

Let P[l][x] denote the decision pattern of consumer or base-
line values x on leaf [, computed using CalcDecisionPat-
terns. Let d; be the mapping for leaf [ built using MapPat-
ternsToCube. Using P and d;, one can now compute the
Baseline SHAP. The WDNF of a decision tree 7', a con-
sumer c, and baseline values b can be calculated using For-
mula 7, which constructs a WDNF by aggregating the cubes
of all leaves, each weighted by its corresponding leaf weight.

> wi-di P[] P[b)]
leLr
We apply the linear-time Shapley values formula (For-
mula 2) to the resulting WDNF to compute the desired base-
line SHAP. Similarly, this WDNF can be used to compute
Shapley interaction values, Banzhaf values, or Banzhaf in-
teraction values by leveraging Table 1, Formula 4, or For-
mula 5, respectively.

(7



7 Efficient Background SHAP Equation

Background SHAP takes three inputs: a decision tree 7" with
depth D and L leaves; consumer data C' with n rows; and
background data B, a matrix with m rows of baseline fea-
ture values. Unlike Baseline SHAP, which uses one fixed
baseline for missing features, Background SHAP averages
the Shapley values across all baselines in the background
data, providing more accurate results.

Formula 8 computes Background SHAP for a single con-
sumer ¢ € C' and a single feature ¢ in O(m) (assuming L is
constant). It uses the baseline WDNF formula (Formula 7)
and the linear-time Shapley values formula (Formula 2).

1
@(@ Do > we-d[ PRI PUDB]])  ®
brE€BIELT
Using Formula 8, computing Background SHAP for all
n consumers in C' takes O(nm) time. We derive a new
O(n + m) formula that leverages GPU-friendly matrix mul-
tiplication. The derivation is detailed below:

1
¢>¢(® Do wid

brEBIELT

P[] ) Pl0[bi] ) 2
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leELT p,e{F,T}P-1

1

B2, e
pyE{F,T}

dowe( )]

leLr ppE{F,T}P -1
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(d)

VC[l[ps] - wi - ¢s(dal P[I][c] ][po])

()

VCllpy] .

B ¢i(di[ P[l)[e] ][ps]))

> (wn- My -f)[ Pl1j[d ] &

leLT
(9)

> sul Pld]
leLyp
©))
We explain each transformation step below:

a) This is Formula 8.

b) Follows from the linearity property of the Shapley value:
Functions of the form f; = fo + w - f3 satisfy ¢;(f1) =
®i(f2) +w - ¢i(f3). We also reorder the summations.

¢) Mark veyp, = |[{bx € B | P[l][bx] = ps}|- Since the

summands depend only on the decision patterns, we can

rewrite the summation by looping over all possible base-
line decision patterns. For each pattern, we multiply by
the number of background instances that match it.

At the start of the algorithm, we precompute the number

of baselines matching each pattern in O(mL) time:

VC = CalcDecisionPatterns(T, B).value_counts()

where value_counts is a standard function from the

pandas Python package. For each leaf [ and pattern py,
we have vey p, = VC[l][py]| ={br € B | P[l][bx] = ps}|.

This precomputation reduces the summation complexity

of the formula from O(nm) to O(n + m).

d)
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L

5] into the inner summation

e) Simple arithmetic: We push
and pull w; out.
f) The inner summation becomes a matrix-vector product:
Let f) be the frequency vector of the background patterns,
where fi[py] = %, i.e., the relative frequency of
baseline pattern py at leaf [.
Let M;; be the Shapley matrix, where M ;[p.][ps] =
@i (di[pc][ps]), representing the contribution of leaf [ to
feature i’s Shapley value for the pair (p., pp), assuming
the leaf weight is 1.
The multiplication w; - My ; - fi sums all the effects that
leaf | has on the Shapley values of player ¢ across all
baseline decision patterns, weighted by their frequency.
The result is a vector representing the Shapley value ef-
fects for all consumer patterns.
Extracting (w;- My ;- fi)[P[{][c]] yields the Shapley value
effect for consumer c at leaf [.
Since the vector w; - My ; - fj is independent of the con-
sumer ¢, we can precompute it for every leaf [ and fea-
ture 7. We denote this vector by s ;. After these vectors
are built, computing SHAP values per consumer only re-
quires fetching, for each leaf [, the element in sy ; in-
dexed by the consumer’s decision pattern at [. Computing
SHAP values for all features takes O(nLD) time, since
each root-to-leaf path involves at most D features.

g)

The derivation above uses only the linearity property of
Shapley values (see step b). Therefore, it holds for any met-
ric that satisfies linearity, including Shapley interaction val-
ues, Banzhaf values, and Banzhaf interaction values.

8 Efficient Path-Dependent SHAP Equation

Instead of computing the frequencies using a background
dataset, Path-Dependent SHAP estimates them using the
nodes cover property (i.e. the number of training samples
that reached the node during training).

Path-Dependent SHAP can be computed by simply re-
placing the Background frequency vector f; with the Path-
Dependent frequency vector f;,, in Formula 9(f). Given a
decision tree T, a leaf [ with its root-to-leaf path (n; =
rr,na,...,np_1,np = l), and a baseline decision pattern
Do, the vector f; , is computed as follows:

D—1 ni41.cover 1fpb[l] -1
fi,alpo] = eeover (10)
" };[1 L= eover ifm[d] =0

For example, the frequency of the pattern 5 (binary 101)
along the root-to-leaf path (ny = rr, ne, ng,ng =1) is:

ny.cover 1 ng.cover ny.cover

flpd [5] =

ni.cover ng.cover ns.cover

9 WOODELF Algorithm

We are now ready to present our main algorithm, WOOD-
ELF, shown in Alg. 3. WOODELF takes as input a deci-
sion tree 7', consumer data C, background data B (empty
B means Path-Dependent SHAP), and a function v.



Algorithm 3: An Efficient SHAP and Banzhaf algorithm
1: function WOODELF(T, C, B, v)

> Step 1, compute f

2 if | B| > 0 then > Background
3 P, = CalcDecisionPatterns(T, B)

4: f = Py.value_counts(normalize = T'rue)

5 else > Path Dependent
6 Compute f using 7" and Formula 10

> Step 2, compute M

7 M={}

8: for € Lt do

9: path = root_toleaf path(T,1)

10: path_features = (n.feature)vnepatn

11: d; = MapPatternsToCube(path_features)
12: for p. in d; do

13: for p;, in d;[p.] do

14: cube = d;i[p.][py]

15: for feature, value in v(cube) do

16: M]l][feature][pe][ps] = value

> Step 3, compute s

17: s={}

18: for [ € Lt do

19: for feature in M[l] do
20: sll][feature] = w; - M[l][feature] - f[]

> Step 4, compute the actual values
21: P, = CalcDecisionPatterns(T, C')
22: values = {}
23: for! € Lt do

24: for feature in s[l] do
25: values|feature] += s[l|[feature][ P.[l] ]
26: return values

The function v takes a cube where each variable repre-
sents a feature, e.g. (age A —sugar), and returns a mapping
from feature subsets (of size one or more) to real numbers.
For instance, v can compute Shapley values for individual
features, as well as interaction values for feature pairs.

WOODELF outputs Path-Dependent or Background (de-
pending on whether B is empty) Shapley/Banzhaf values
or interaction values (depending on v) on the decision tree
T for the given consumers. To compute values for a deci-
sion tree ensemble, one simply runs WOODELF on each tree
and sums the results. Correctness follows from the linearity
property of both Shapley and Banzhaf values.

The algorithm uses the equations from Sect. 7 and 8.
Lines 2—-6 compute the frequency vector f for either Back-
ground or Path-Dependent SHAP. Lines 7-16 compute the
contribution matrix M. Lines 17-20 use f and M to com-
pute s, the vector mapping consumer patterns to contribu-
tions. Finally, lines 21-25 use s to compute the desired
Shapley/Banzhaf values or interaction values.

9.1 Algorithmic Improvements and Complexity

Our actual implementation is more advanced than the ver-
sion shown in Alg. 3. It incorporates several key optimiza-
tions that substantially reduce the algorithm’s runtime —

with the first even improving its theoretical complexity:

1. Each matrix M[l][feature] has size 4 (recall that D is
the depth of the tree), since both p. and p; can take any
value between 0 and 27 Furthermore, the dictionary re-
turned by MapPatternsToCube has size 3D as the num-
ber of cubes triples at each step. This means the matrix
M l][feature] is sparse, with at most 3© non-zero entries.
By using sparse matrix multiplications, we reduce the
complexity of line 20 from O(47) to O(3"), thereby im-
proving WOODELF ’s overall complexity (see Table 2).

2. The function MapPatternsToCube and the matrix
M]l][feature] depend solely on the features repeated
along the root-to-leaf path and the path’s length. For ex-
ample, all leaves at depth 6 with unique features share the
same matrices. We exploit this by using a caching mech-
anism, which significantly reduces the computations in
lines 7-16.

3. For every consumer/baseline z, the decision pattern of
neighboring leaves /; and [;11 (In s.t. n.left = I,
n.right = l;41) differ only in the last bit (see Def. 7).
We leverage this property to accelerate lines 4 and 25.

4. We only need to compute half of the Shapley/Banzhaf
interaction values because, for all 4, j, ¢; ; = ¢; ;.

5. The length of each decision pattern is limited by the tree’s
depth. In the CalcDecisionPatterns algorithm, we se-
lect the appropriate unsigned integer type (e.g., uint8,
uint16, uint32) based on the tree’s maximum depth.
This reduces compute time by enabling more efficient
use of SIMD.

6. Line 25 utilizes vectorized NumPy indexing. It treats
P_[l] as a series of indices and returns a series of the cor-
responding elements from s[l][feature].

Table 2 summarizes the complexity of WOODELF, with
detailed analysis in the full version. The state-of-the-art
Path-Dependent SHAP algorithm is FastTreeShap, while
PLTreeShap is the state-of-the-art for Background SHAP;
both outperform the SHAP Python package.

WOODELF improves on PLTreeShap’s complexity when
L < n by leveraging a core step (lines 7-20) whose cost is
independent of dataset size—a key factor behind the empiri-
cal gains shown in the next section. However, this step might
become a bottleneck for very deep trees or small datasets,
where PLTreeShap and the SHAP Python package may out-
perform WOODELF.

Task ‘WOODELF
PD |O(nTLD+TL3PD) O(nTLD+TL2"D)
BG |O(mTL+nTLD+TL3"D) |O(mTL+nT3"D)
PDIV | O(nTLD*+TL3"D?) O(nTLD?)

BGIV | O(mT L+nTLD*+TL3"”D?)| O(mTL+nT3"”D?)

‘ State-of-the-art

Table 2: Complexity results. Legend: PD = Path-Dependent
SHAP, BG = Background SHAP, BGIV/PDIV = Calculation
of all Shapley interaction values, n = |C|, m = |B|, T =
number of trees, L = leaves per tree, and D = tree depth.



IEEE-CIS

Task SOTA CPU Algorithm SHAP package SOTA WOODELF
CPU GPU | CPU GPU
Path-Dependent SHAP FastTreeShap v2 151 sec 16 sec 0.9 sec 6 sec | 3.3 sec
Background SHAP PLTreeShap 10 days* 245 sec | 14 hours* | 12sec | 10 sec
Path-Dependent SHAP IV | FastTreeShap vl 33 hours* 350 sec 105 sec* | 11 sec 8 sec
Background SHAP IV PLTreeShap X | 597 sec* X | 19sec | 12sec

KDD Cup 1999

Task SOTA CPU Algorithm SHAP package SOTA WOODELF
CPU GPU CPU GPU
Path-Dependent SHAP FastTreeShap v2 51 min 373 sec 79sec | 96sec | 3.3 sec
Background SHAP PLTreeShap 8 years* 44 min | 3 months* | 162 sec | 16sec
Path-Dependent SHAP IV | FastTreeShap vl 8 days* | 221 min* 229 sec* | 193 sec 6 sec
Background SHAP IV PLTreeShap X | 105 min* X | 262sec | 19 sec

Table 3: Performance comparison between the SHAP Python package, the state-of-the-art (SOTA) methods and WOODELF.
The ‘SOTA CPU Algorithm’ column lists the best known CPU algorithm for each task, and the ‘SOTA, CPU’ column shows
its runtime. The SOTA GPU algorithm for all tasks is GPUTreeSHAP. "SHAP” refers to computing the Shapley values of all
features, while "SHAP IV” refers to computing all Shapley interaction values. Values marked with * are estimates. Estimation
was necessary due to RAM limitations, long runtimes, and implementation constraints. Notably, the SHAP Python package
currently supports background datasets of up to 100 rows, implicitly using only the first 100 rows of larger datasets. See the full
version for details on the estimation method. *X’ means there is no available implementation for this task.

10 Experimental Results

We implemented the WOODELF Python package, which in-
cludes our algorithm. The notebooks used in the experiments
are provided in the WOODELF Experiments repository. De-
tailed setup and empirical validation of the algorithm’s cor-
rectness appear in the full version.

We compared WOODELF performance with that of the
SHAP package and the relevant SOTA algorithms. To eval-
uate WOODELF at scale, we selected two of the largest and
well-known tabular datasets.

The IEEE-CIS fraud detection dataset from the Kaggle
competition is widely recognized, with related studies in-
cluding (Jiang et al. 2023; Xiao 2024; Chen et al. 2021; B
et al. 2024; Deng et al. 2021). In IEEE-CIS, |B| = 118108,
|C| = 472432, and F' = 397 (after applying one-hot encod-
ing to categorical features in both datasets, where F' denotes
the total number of features after preprocessing).

The KDD Cup 1999 dataset serves as a well-established
benchmark for network intrusion detection research, with
related studies including (Pfahringer 2000; Tavallaee et al.
2009; Agalit and Khamlichi 2024). In KDD Cup: |B| =
4898431, |C| =2984154, F = 127.

In both cases, we trained an XGBoost regressor with 100
trees of depth 6 (XGBoost’s default max_depth). All algo-
rithms were run sequentially without parallelization.

Our experiments were conducted in Google Colab’s CPU
environment with the additional RAM option enabled, utiliz-
ing 5S0GB of RAM instead of the standard 12GB. The GPU
execution used the A100 GPU Colab runtime type.

Table 3 shows that WOODELF outperforms the state-of-

the-art in all tasks—except GPU Path-Dependent SHAP on
IEEE, where runtimes are already short. For Background
SHAP, WOODELF achieves speed-ups of 24 x, 50x, 165X,
and 333 x on GPU, and 16x, 20, 31x, and 24 x on CPU,
relative to the best method on any hardware platform.

A striking example of historical improvement is Back-
ground SHAP on the KDD dataset. In 2020, (Lundberg et al.
2020) introduced the first polynomial-time algorithm for this
task, but its quadratic complexity would still require an es-
timated 8 years on this dataset. Two years later, (Mitchell,
Frank, and Holmes 2022) proposed a GPU-based imple-
mentation, reducing runtime to 3 months. In 2023, (Zern,
Broelemann, and Kasneci 2023) achieved a breakthrough
with a linear-time method, cutting runtime to 44 minutes.
Our WOODELF algorithm completes the task in just 162 sec-
onds on CPU and 16 seconds on GPU. Over just five years,
the runtime has been reduced from 8 years to mere seconds!

11 Conclusion

We introduced WOODELF, a fast, unified, and GPU-friendly
SHAP algorithm leveraging a novel connection between de-
cision trees and Boolean logic. On the evaluated datasets,
it outperformed state-of-the-art Background SHAP methods
by 16-31x on CPU and 24-333x on GPU.

WOODELF provides a unified framework for model in-
terpretability, supporting a range of attribution metrics (e.g.,
Banzhaf values) across different characteristic function defi-
nitions (e.g., Path-Dependent). With its efficiency and flexi-
bility, WOODELF lays a solid foundation for future research
into more advanced and precise interpretability methods.
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