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Abstract

In many real-world applications of machine learning—such
as recommendations, hiring, and lending—deployed mod-
els influence the data they are trained on, leading to feed-
back loops between predictions and data distribution. The
performative prediction (PP) framework captures this phe-
nomenon by modeling the data distribution as a function of
the deployed model. While prior work has focused on find-
ing performative stable (PS) solutions for robustness, their
societal impacts, particularly regarding fairness, remain un-
derexplored. We show that PS solutions can lead to severe
polarization and prediction performance disparities, and that
conventional fairness interventions in previous works often
fail under model-dependent distribution shifts due to failing
the PS criteria. To address these challenges in PP, we intro-
duce novel fairness mechanisms that provably ensure both
stability and fairness, validated by theoretical analysis and
empirical results.

Code — https://github.com/osu-srml/FairPP
Extended version — https://arxiv.org/abs/2406.16756

1 Introduction

Modern supervised learning has achieved remarkable suc-
cess in static environments, where the data distribution re-
mains unaffected by model deployment. However, in many
real-world applications—such as digital platforms, hiring, or
lending—models influence user behavior, causing feedback
loops that shift the data distribution. These model-induced
shifts often render standard training methods unstable or un-
fair, and they are prevalent in real-world applications. Exam-
ples include strategic individuals manipulating their data (in
school admission, hiring, or lending) to game the ML system
into making favorable predictions (Hardt et al. 2016), con-
sumers changing their retention and participation choices (in
digital platforms) based on their perception toward the ML
model they are subject to (Zhang et al. 2019; Chi et al. 2022).

To make predictions in the presence of model-induced
distribution shifts, Perdomo et al. (2020) proposed perfor-
mative prediction (PP), a framework that explicitly consid-
ers the target data distribution D(0) as a function of the ML
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model parameter @ € © C R to be optimized in a compact
domain. While PP captures the impact of ML model on tar-
get data, the distribution D(8) is solely determined by the
model regardless of the original data distribution. A subse-
quent study (Brown, Hod, and Kalemaj 2022) extended PP
and proposed a more generalized state-dependent perfor-
mative prediction (SDPP) framework, which considers the
impacts of both model and initial data distribution. Specifi-
cally, given the deployed ML model parameter 6 and initial
data distribution D, SDPP models the resulting target data
distribution D’ = T(0; D) using some transition mapping
function T. Since PP is a special case of SDPP, we focus on
SDPP in this paper. When the transition map T is 1-jointly
sensitive (details are in Def. 2.3), T(0;-) is contractive and
repeatedly deploying € will cause the induced distributions
to converge to a fixed point distribution Dy. The learning
objective of SDPP is to minimize performative risk (PR)
evaluated on Dy, i.e.,

def

6™ = argmin PR(8) = Ezp, [((6; Z)] st. De = T(8;Ds)

2]
where £(0; Z) is the loss function, Z is the data sampled
from the fixed point distribution Dg. The minimizer 0% is
named as performative optimal (PO) solution. Because the
target data distribution itself is a function of variable 6 to

be optimized, finding 6" O is often challenging (Perdomo
et al. 2020; Brown, Hod, and Kalemaj 2022). Instead, ex-
isting works have mostly focused on finding performative
stable (PS) solution GPS, which minimizes the decoupled
performative risk DPR(6; 0™) defined as follows,

def
= ]EZNT(gPS;'DPS) [((9, Z)] (1)

6™ = argmin DPR(0; 8")
0

where DPS is the fixed point data distribution induced by 6
that satisfies DPS = T(6"5; DPS). Unlike PR(6) where data
distribution T(8; D) depends on variable 6 to be optimized,
DPR(#; GPS) decouples the two, i.e., data distribution is in-
duced by 6™ while the variable to be optimized is 6. Al-
though in general 6" #+ 6%, 6™ is the fixed point of (1)
and stabilizes the system: at BPS, data distribution DPS also
remains fixed. Many algorithms have been proposed in the
literature to find 8. A prime example is repeated risk min-
imization (RRM) (Perdomo et al. 2020), an iterative algo-
rithm that finds 8" (under certain conditions) by repeatedly



updating the model 6™ that minimizes risk on the fixed dis-
tribution D=1 induced by the previous model 0% Y e,

0" = argminE,_pe1[0(0; 2)],
0

DO = T(OW; DIV, 2)

However, the societal impact of PS solutions is less under-
stood and it is unclear whether PS solutions can cause harm
and violate social norms such as fairness.

In this paper, we examine the fairness properties of PS so-
lutions. We consider scenarios where an ML model is used
to make decisions about people from multiple social groups,
and the population data distribution changes based on the
ML model. We find that 8" can 1) incur severe polariza-
tion effects: entire population DS is dominated by certain
groups, leaving the rest marginalized and almost diminished
in the system; 2) be biased when deployed on DS and peo-
ple from different groups will experience different losses.
Because in many important domains such as job or loan ap-
plications, it is critical to ensure equal quality of ML pre-
dictions and population diversity, we investigate under what
conditions and by what algorithms we can simultaneously
achieve stability and fairness in SDPP.

Focusing on group-wise loss disparity (Martinez, Bertran,
and Sapiro 2020; Diana et al. 2021; Khalili, Zhang, and
Abroshan 2023) and participation disparity (Zhang et al.
2019; Raab et al. 2024) fairness measures, we first explore
whether existing fairness mechanisms commonly used in
supervised learning can help mitigate unfairness in SDPP
settings; this includes regularization methods (adding fair-
ness violation as a penalty term to the objective func-
tion of unconstrained optimization, e.g., (Khan, Herasy-
muk, and Stoyanovich 2023; Zhang et al. 2021)) and re-
weighting methods (adjusting weights and importance of
samples in learning objective, e.g., (Jung et al. 2023; Duchi
and Namkoong 2018; Duchi, Hashimoto, and Namkoong
2023)). We show that common choices of penalty terms
(e.g., group-wise loss difference) and re-weighting designs
(e.g., standard distributionally robust optimization) that are
effective in traditional supervised learning may fail in SDPP
by disrupting the stability of the system. Using repeated risk
minimization (RRM) shown in (2) as an example, this means
that applying such fairness mechanisms at each round of
RRM can disrupt the convergence of the iterative algorithm

and (O(t), D(t)) may diverge to an unexpected state. We thus
propose novel fairness mechanisms, which can be easily
adopted and incorporated into iterative algorithms such as
RRM. We theoretically show that the proposed mechanism
can effectively improve fairness while maintaining the sta-
bility of the system.

It is worth noting that although a few recent works also
studied fairness issues under model-induced distribution
shifts, they all make rather strong assumptions about the dis-
tribution shifts and do not apply to the general SDPP frame-
work. For example, Mishler and Dalmasso (2022) pointed
out the fairness issues under performative settings with-
out providing solutions to achieve fairness and stability at

the same time. Zezulka and Genin (2023); Hu and Zhang
(2022); Raab et al. (2024); Somerstep, Ritov, and Sun (2024)
assumed there exists a causal model that depicts how data
distribution would shift based on the ML model, and these
causal models need to be fully known for the fairness mech-
anisms to work. Raab et al. (2024) studied a special type of
model-induced distribution shift where only the group pro-
portion changes. In App. A, we discuss more related works.

The rest of the paper is organized as follows. Section 2
provides the background of SDPP. Section 3 formulates the
problem and demonstrates the unfairness and polarization
issues of PS solutions. Section 4 highlights the difficulties
of simultaneously achieving fairness and stability in SDPP,
where we first show that existing fairness mechanisms com-
monly used in supervised learning may fail in SDPP set-
tings and then propose a novel fairness mechanism. In Sec-
tion 5, we conduct the theoretical analysis and show that
our method can effectively improve fairness while maintain-
ing stability. Finally, Section 6 empirically validates the pro-
posed method on both synthetic and real data.

2 Preliminaries

Iterative algorithms to find PS solutions. As mentioned
in Section 1, the original goal of SDPP is to find 8 that
minimizes PR(6) = Ez..p, [¢(0; Z)], the loss over the pop-
ulation induced by the deployed model. However, solving
this optimization is often challenging because the data dis-
tribution Dy depends on the variable 6 being optimized.
Thus, prior studies such as (Perdomo et al. 2020; Brown,
Hod, and Kalemaj 2022) have mostly focused on finding
performative stable solution 6", which is the fixed point of
Eqgn. (1) and can be found through an iterative process of
data sampling and model deployment. Specifically, denote
L(8;D) = Ezpll(6; Z)] and let (8, D®)) be the model
parameter and data distribution at round ¢ of the iterative al-
gorithm, then repeatedly updating the model oW according
to Eqn. (3) could lead (8, D)) converging to PS solution
(6™, D) under certain conditions (Perdomo et al. 2020;
Brown, Hod, and Kalemaj 2022).

0" = argmin £(6; DY), DO = Tr(@Y; DIV, (3)
2]

where Tr may not be the same as transition map T that drives
evolution of data. Depending on how frequently the model is
deployed compared to the change of data, Tr is defined dif-
ferently based on repeated deployment schema. Common
examples include:

conventional: Tr(0(t D(t_l)) — (a(t); p(t—l))
k-delayed: Tr(6); D(~1) = T#(g®; p(t-1)
(9(’5) ) g(t) (g(t);p(tfl))))

k times

delayed: Tr(9"); D(~V) = TI"1+1 (), plt=1))

where the repeated risk minimization (RRM) (Perdomo et al.
2020) introduced in Section 1 corresponds to conventional



deployment schema. By customizing the time interval be-
tween two deployments, we can get variants including de-
layed RRM and k-delayed RRM (Brown, Hod, and Kalemaj
2022). Note that the delayed deployment schema is a special
case of k-delayed deployment schema, where the number of
repeated deployments r is chosen to ensure the output distri-
bution DM is sufficiently close to the fixed point distribution

when 8 keeps being deployed on the population D1,

Technical conditions for iterative algorithms to converge
to PS solutions. As shown in (Perdomo et al. 2020;
Brown, Hod, and Kalemaj 2022), PS solutions exist and are
unique only when ¢ and T satisfy certain conditions. More-
over, iterative algorithms introduced in Eqn. (3) can con-
verge to the PS solution. We introduce these conditions be-
low, where ©, Z, and A(Z) denote the parameter space,
sample space, and space of distributions over samples.

Definition 2.1 (Strong convexity of loss function). £(0; Z)
is -strongly convex if and only if for all 6,8’ € © and
Z € Z,we have

0:2) = (0 2) + (Vol(0':2),0 — 0') + 20 — 0'3.

Definition 2.2 (Joint smoothness of loss function). £(0; Z)
is S-jointly smooth if the gradient with respect to 8 is -
Lipschitz in @ and Z, i.e., V0,0’ € © and VZ, Z' € Z, we
have

IV6l(6: 2) — Vol(0's 2)]|2 < 5116 — 6'l|
IV6l(6: Z) — Vol(6: 22 < B Z — Z']|2

Definition 2.3 (Joint sensitivity of transition map). Let W,
denote the Wasserstein-1 distance measure. The transition
map T is e-jointly sensitive if for all 8,0’ € © and D, D’ €
A(Z), we have

Wi(T(6;D),T(6";D)) < €[|6 — 0|
Wi (T(6;D), T(6;D')) < eW,(D,D’)

Lemma 2.4 (Existence of a unique PS solution (Brown,
Hod, and Kalemaj 2022; Perdomo et al. 2020)). SDPP prob-
lem is guaranteed to have a unique PS solution if all of
the following hold: (i) £(0;Z) is ~y-strongly convex; (ii)
0(0; Z) is B-joint smooth; (iii) T is e-joint sensitive and
e(l+28/v) < 1

Lemma 2.5 (Convergence of iterative algorithms). If con-
ditions (i)(ii)(iii) in Lemma 2.4 are all satisfied, iterative al-
gorithms are guaranteed to converge to the unique solution.
However, there is no convergence guarantee when €(0; 7)) is
non-convex even if both (ii) and (iii) are satisfied.

Lemma 2.4 has been shown in Theorem 8 of Brown, Hod,
and Kalemaj (2022), while we prove Lemma 2.5 based on
Perdomo et al. (2020) in App. D.1.

3 Unfairness and Polarization in SDPP

Problem formulation. In this work, we study SDPP with
different demographic groups, where an ML model 0 is
trained to make predictions about individuals from multiple
groups distinguished by a sensitive attribute s € S (e.g.,
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Figure 1: Illustrating examples of polarization effects and
unfairness of 8 in Prop. 3.1 (left) and 3.2 (right): dynamics
of the group fraction (left) and group-wise accuracy (right)
under RRM: the system converges to (6°°; DPS) that is un-
fair (details are in App. D.2).

gender, age, race), whose data distribution changes based
on the deployed ML model and such model-induced distri-
bution shift can be captured by transition map T. Suppose
individuals from group s follow the identical data distribu-
tion Dgt) at the round ¢ of an iterative algorithm, and let pgt)
be the size of group s as the fraction of entire population
at t. Then the data distribution of the entire population is
DO =Y o p'DY with Y, spt = 1.

Note that the above SDPP with multiple groups is a gen-
eral framework. By specifying the transition mapping T,
many problems studied in prior works can be regarded as
a special case. This includes:

1. Strategic classification (Hardt et al. 2016; Zhang et al.
2022): individuals in high-stakes applications such as
lending, hiring, and college admission may manipulate
their data based on ML model strategically to increase
their chances of receiving favorable decisions, leading to
changes in group distribution Dgt).

2. Decision-making systems under user retention dy-
namics (Zhang et al. 2019; Duchi and Namkoong 2018;
Hashimoto et al. 2018a): ML models in recognition or
recommendation systems may attract more users if they
experience high accuracy but drive away those with less
satisfaction, causing the group proportion pgt) to change.
We first explore the fairness properties of PS solutions in

SDPP, i.e., examining whether 6™ in Eqn. (1) have disparate

impacts on different demographic groups. Specifically, we

consider two fairness metrics: group-wise loss disparity

Ag) (Martinez, Bertran, and Sapiro 2020; Hashimoto et al.
2018b) and participation disparity A (Raab et al. 2024),
which measure the difference of group loss £(6; Dgt)) and

fraction pgt) across different groups at round ¢ of an iter-

ative algorithm, respectively. In examples with two groups
S = {a, b}, the unfairness can be quantified as:

Ag) = ’g(g(t);pgt)) _ E(a(t);pl()t)) 7

Ag) =

P -’ )

Unfairness & polarization effects in SDPP. We first
show that PS solutions 8 in SDPP may have disparate im-



pacts on different groups. Specifically, when finding 6° S us-
ing iterative algorithms introduced in Section 2, the process
may incur severe polarization effects and exhibit unfairness,
i.e., certain groups may get more and more marginalized,
and group-wise loss disparity gets exacerbated during the it-
erative process.

Proposition 3.1 (Polarization effects of 8°>). Consider pop-
ulation from multiple groups with fixed group distribution

Ds whose participation pgtﬂ) in an ML system depends on

their perceived group loss £(0(t); D). Suppose the deploy-
ment of system oY = argming Y ¢ pgt)E(G; D) follows
the conventional RRM schema, then there exist D©) and T
such that ast — oo, pgt) changes monotonically and certain
groups diminish entirely from the system.

Proposition 3.2 (Exacerbated group-wise loss disparity).
Consider population from multiple groups with fixed group
proportion ps, each individual is subject to a binary ML
decision YO = 1(X® > 09 and may strategically
manipulate the data to increase the chance of receiving
positive decisions. Suppose the deployment of ML system
oM = arg maxg Pr ()A/(t) = Y) follows the conventional
RRM schema, and individuals manipulate features accord-
ing to X = X® 4 n0®) without changing Y (Perdomo
et al. 2020), then there exists D'°) such that group-wise loss
disparity A(ﬁt) increases.

To prove Prop. 3.1 and 3.2, it is sufficient to provide two
examples to illustrate the polarization and unfairness effects
in SDPP settings. We construct the examples with details in
App. D.2 and visualize them in Figure 1. This shows that
even though RRM can converge to a stable solution 03, the

solution is unfair and loss disparity Ag) and participation
disparity A;,t) may get exacerbated.

4 Finding Fair-PS Solutions

Section 3 shows that without fairness consideration, PS so-
lutions of SDPP may incur polarization effects and have dis-
parate impacts on different groups. This section tackles un-
fairness issues in SDPP. One straightforward idea is to di-
rectly apply the fairness mechanisms at every round of the
iterative algorithms introduced in Section 2. However, we
will show that although such methods are effective in con-
ventional supervised learning, they can disrupt the stability
and the iterative algorithms may no longer converge.

4.1 Fair-PS Solutions

Many fairness mechanisms have been proposed in super-
vised learning to mitigate group-wise loss disparity and par-
ticipation disparity. We consider two categories commonly
used in the literature: regularization method and sample re-
weighting method, as detailed below.

1. Fairness via regularization: It adds a regularization or
penalty term to the original learning objective function
L(0; D), which penalizes the violation of fairness (Khan,
Herasymuk, and Stoyanovich 2023; Zhang et al. 2021).
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The fair objective function is

Ltir(0;D, p) := L(0;D) +P(6; D, p), (5)

where P(6; D, p) is the fair penalty term and the scalar
p > 0 controls the strength of the penalty.

. Fairness via sample re-weighting: It adjusts the weights
of samples (possibly adversarially) and increases weights
for disadvantaged groups (Jung et al. 2023; Duchi and
Namkoong 2018; Duchi, Hashimoto, and Namkoong
2023). An example is distributionally robust optimiza-
tion (DRO) (Hashimoto et al. 2018a), which minimizes
worst-case loss and the fair objective is

(6)

where B(D,r(p)) := {D|d(D,D) < r(p)} denotes a
distribution ball centered at D with radius r(p) derived
from the fair mechanism strength p, and d is a distribution
distance metric.

Ltair(0; D, p) = MAXPB (D r(p)) L£(6; 75)7

By optimizing a fair objective L (0; D, p), existing fair-
ness mechanisms can effectively mitigate unfairness in su-
pervised learning with static data distribution D. How-
ever, it remains unclear how these methods would perform
in SDPP when the model itself causes the data distribu-
tion shifts. Specifically, consider iterative algorithms in-
troduced in Eqn. (3) that find PS solutions (e.g., RRM).
Suppose we apply the above fairness mechanism at every
round when updating the model parameter 6, i.e., replac-
ing 8 = argming £(; D(~1)) with fair version 8"
argming L (6; D=V, p) in iterative algorithms. We ask:
can such new iterative algorithms mitigate group-wise loss
and participation disparity in SDPP and converge to a fair
and stable solution?

Before answering the above question, we first define Fair-
PS solutions for SDPP, at which both ML system and popu-
lation distribution reach stability and unfairness is mitigated.

Definition 4.1 (Fair-PS solution). We define (D3, Oy,
the Fair-PS solution to L (0; D, p) if

~T(0

) as

PS
fair

PS
fair

PS'D

fair»

D ), B}Dasir = arg;nin Liair(6; DR, p).
4.2 Existing Designs Fail to Converge to Fair-PS
Solutions

We will use two examples to illustrate that the popular
choices of fairness mechanisms used in existing literature
may fail to achieve stability and fairness in SDPP. This
includes (i) regularization method (Khan, Herasymuk, and
Stoyanovich 2023; Zhang et al. 2021) with group loss vari-
ance P(0;D,p) := pY_ csPs - [L(0;Ds) — L(6;D)]? as
the penalty term in Eqn. (5); and (ii) distributionally ro-
bust optimization (DRO) method (Hashimoto et al. 2018b;
Peet-Pare, Hegde, and Fyshe 2023) with y2-distance metric

2
P dD M

d(D,D) = [ (dﬁ - 1) 4D in Eqn. (6).

Example 4.2 (Group loss variance as penalty term). Con-

sider two groups a,b with data Z = (X,Y') and fixed group
fractions p, = py = 0.5. Suppose all samples in group a




are (1, —1) and all samples in group b are (2, 1). Consider
squared loss function {(z;0) = (y — hg(x))? = (y — 0x)?
which is strongly convex and jointly smooth. Under group
loss variance penalty P(0; D, p), we have Ly (0;D,p) =
2.50% — 0+ 1+ p-(2.250* + 962 — 963). When p = 0.6, the
second-order derivative Vg[ﬁfa,-, = 16.26% — 32.40 + 15.8
and is negative when 0 = 1. The negative second-order gra-
dient means that Ly is nonconvex. According to Lemma
2.4, we cannot ensure the iterative algorithms converge to
Fair-PS solutions when { is nonconvex. Thus, adding group
loss variance as a penalty at each round possibly disrupts
the stability. App. C.5 verifies the non-convergence with em-
pirical results.

Example 4.3 (Repeated DRO with y2-distance metric).
Consider two groups a, b with fixed data z, = 1 and zy
—1 for all samples but group fractions p((f) =0.5-(1+61)
and pi" = 0.5 (1 - 60). pi¥ = 0.4,p” = 0.6. Con-
sider a mean estimation task where the model parameter
61+ = argming maXpepp ) L£(0; D) is updated us-

ing DRO with mean squared error and x>-distance bound

1/6. Denote qt(lt) , qét)

r as the group fractions of the

“worst-case” distribution D. We have q((zo) = 0.6, qéo) =04
and 0 = argming ¢\ (1 — )% + qéo)(l +6)2 =02
which results inp((ll) = O.6,pl(,1) = 0.4. Since Ea(e(l);za) <
Ly,(0W); 23), DRO should minimize the risk of the "worst-
case” distribution with q((ll) = 0.4, qgl) = 0.6, ie,, 6@ =
arg ming q((ll)(l - 0)? + q}()l)(l + 0)2 = —0.2. Repeat-
ing the procedure we will get pg) = 0.4,p,()2) = 0.6 and
q,(12) = 0.6, qéQ) = 0.4, 6©) = 0.2. It turns out that repeated

DRO results in 6 oscillating between 0.2 and —0.2 and it
never converges.

It is worth noting that DRO methods have been used in
Hashimoto et al. (2018b) to mitigate group fraction disparity
in repeated optimizations. However, it only improves fair-
ness without any convergence guarantees to stable solutions.
Peet-Pare, Hegde, and Fyshe (2023) repeatedly used DRO
to improve fairness under PP settings, it only converges to
a PS solution under stronger assumptions where the dis-
tributionally robust objective must be strongly convex and
jointly smooth, and the transition map T also needs to be e-
sensitive with respect to the worst-case distribution. Under
milder conditions in Lemma 2.4, it may fail to converge as
Example 4.3 illustrated.

4.3 Novel Designs for Fairness Mechanism

Next, we introduce three novel fair objective functions
Ltair(0; D, p) for fairness mechanisms, of which two belong
to regularization method and one is a sample re-weighting
method. By replacing 8 = argmin, £(8; D~)) with
the proposed fair update 8" = argming Liir(0; D) p)
in Eqn. (3), the resulting iterative algorithms can converge
to Fair-PS solutions.

Proposed fair regularization (with and without demo-
graphics). Let D) denote the initial population distribu-
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tion. Depending on whether sensitive attributes S are acces-
sible during training, we propose two fairness penalty terms,
as detailed below.

1. Group level fairness penalty: It updates 0" by minimiz-

ing Liair(0; D~V p) defined as follows

£O; D) +p> p VL@ D )
s€S
2. Sample level fairness penalty without demographics: It

updates oM by minimizing L (0; DY, p) defined
as follows, which does not require access to sensitive
attribute values.
L(6; DV) + pE, pe-n [[€0; 2)]?].  (8)
Proposed fair sample re-weighting. At the first round, it
performs risk minimization. Starting from ¢ = 2, it updates
ot by minimizing L (8; D¢, p) defined as follows

YeesadVL(O:; DY) ©)
with
q(t71) _ [q(t—l) p(t—l) + pl(tfl)
’ Ipt=1 + 11y

1= — [p(t—l)ﬁ(g(tfl).pqt—z))
8 TS seS

Unlike DRO in Peet-Pare, Hegde, and Fyshe (2023);
Hashimoto et al. (2018b) that requires solving a min-max
optimization at the current round, our re-weighting method
only adjusts the weights for each group based on the group-
wise losses in the previous round, which is more computa-
tionally efficient.

]SES: |

Comparison & discussion. Intuitively, compared to orig-
inal £(@; D*~1)), all three proposed fair objective functions
Liair(0; D=1 p) improves fairness at each round by as-
signing more weights to disadvantaged groups/samples (i.e.,
those experiencing higher losses) in the upcoming update.
Indeed, both sample level fairness penalty and fair sam-
ple re-weighting can be regarded as modifications of group
level fairness penalty. Comparing Eqn. (7) and (8), the two
penalty terms get similar when most individual samples in
the disadvantaged (resp. advantaged) groups are also simi-
larly disadvantaged (resp. advantaged). This is more likely
to happen when each group has a distribution with a small
variance. For example, if the distribution of each group is a
point mass, Eqn. (7) and (8) are identical.

Comparing Eqn. (7) and (9), we can rewrite Eqn. (9) as
the following:

||p(t—1) + pl(tfl)Hlﬁfair(g;p(t—l)’p)
= Zpgt—l)(l + pc(a(t—l);pgt—z))) /.:(B;Dgt_l))

We can see that the right-hand side will be a multiple of Eqn.
(7) if we replace £(0"~1; D'~ with £(8; D). This
means both equations yield the same 6™ when the popula-
tion distribution does not change from ¢ —2 to ¢t — 1, suggest-
ing that the two approaches become more similar when the
sensitivity of the transition map T is smaller, or equivalently,
the distribution shift is milder.



5 Theoretical Analysis

Algorithm 1: Fair repeated risk minimization (Fair-RRM)

Require: ¢ = 0, initial data distribution D(0>, strength of fair
mechanism p, initial model parameter 0, stopping criteria 7
Choose repeated deployment schema and fair mechanism;
repeat

0+  argming Ligir(0; DY, p):

Get DY = Tr(9+Y; DM) from the chosen schema;
t—t+1;
until |0 — ¢V, < 7

In this section, we will show that by replacing oY =
argming £(8; D*~) in Eqn. (3) with the fair update
0t = argming L (6; D~V p) we proposed in Sec-
tion 4.3, Fair-PS solutions (Definition 4.1) exist under cer-
tain conditions and the resulting iterative algorithms (Algo-
rithm 1) can converge to such Fair-PS solutions. We assume
conditions in Lemma 2.4 hold in this section and there exists
a unique PS solution in the original SDPP problem. We first

define a parameter 3 which will be frequently used in the
theorems introduced below.

s (2pf +1)B + 2,0!72, for regularization method (7) or (8)
") (pf + 1)8, for sample re-weighting method (9)

where = supg 7 [[£(0; Z)||  and 1 =

sup(,’Z{HV&g(O; ), \Vlz(0; Z)||}. We can identify

conditions under which a unique Fair-PS solution exists.

Proposition 5.1 (Existence of unique Fair-PS solution). For
a given population with initial distribution D®) and the pro-
posed fair mechanism Lijr with strength p, there zs a umque
Fair-PS solution if e(1+3/~) < 1. Moreover, (D~ i 0% is
independent of the choice of repeated deployment schema.

Although the choice of repeated deployment schema does
not affect the Fair-PS solution (DEs, 0r3,), it influences the
convergence rate of the iterative algorithms in Theorem 5.2.
Theorem 5.2 (Convergence of Fair-RRM). Algorithm 1
converges to a Fair-PS solution under the following deploy-
ment schemas: (i) under conventional deployment schema,
it converges to the Fair-PS solution at a linear rate if
e(1+ B/v) < 1; (i) under k-delayed deployment schema,
it converges to the Fair-PS solution at a linear rate for
any k if €(1 + B/y) < 1 — € (iii) under delayed de-
ployment schema when r = log ™" (%) log (M),

it converges to within a radius 6 of the Fair-PS solution
(ie., — 0% |l2 < & and Wi(D(0"W), DES) < §) in
O(log? %) steps if e(1 + B/7) < 1.

In App. B.3, we extend Algorithm 1 to fair repeated em-
pirical risk minimization (Fair-RERM). Although the theo-
rems are for fairness mechanisms in Section 4, the proofs
can be easily extended to a general class of Ly with convex
and smooth fairness penalty terms (details in App. B.4).
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Fairness guarantee. Thm. 5.2 and App. B.3 show that re-
peatedly minimizing L (6; D=1, p) on evolving data se-
quence can lead the system converging to a Fair-PS solution.
Note that p controls the strength of fairness and different
p could result in different (85, DEs.). In conventional su-
pervised learning with static data distribution D, it is trivial
to see that larger p will lead to a fairer solution (Martinez,
Bertran, and Sapiro 2020). However, in SDPP settings, the
impact of p on unfairness is less straightforward. Since both
data distribution D} and model 8fy, depend on p, analyzing
how loss disparity would change as p varies can be highly
complex. However, we manage to study fair mechanisms in
Eqn. (7) with group-level fairness penalty to prove and quan-
tify the fairness guarantee at the Fair-PS solution. We fo-
cus on a special case of user retention dynamics (Hashimoto
et al. 2018b; Zhang et al. 2019) with two groups s € {a, b},

where the group distribution Dy is fixed but the fraction pgt)

changes based on group loss L(O(t);DS) during repeated
risk minimization process.

Assumption 5.3. The majority group always experi-
ences lower expected loss, ie., argmaxse(qp} pl =
arg minge (4,4} L£(0";D,). For two models deployed on

population D*), the model with larger loss disparity Ag)

leads to higher group fraction disparity A;Ef“) attime ¢ + 1.

Assumption 5.3 is natural: in applications such as recom-
mendation systems, the minority group often suffers from
higher loss and has a lower retention rate. Denote Fair-PS

solution (Hfa,r( ). DES (p )) as a function of p > 0 and

the original PS solution as (8%, D). Let Nz (p) be

the group loss disparity of 0?;%, (p) evaluated on distribution
Df3. (p) and AP be the group loss disparity of 6™ evaluated
at DS, We can first prove that a larger p leads to stronger
fairness in Thm. 5.4.

Theorem 5.4. Under Assumption 5.3, Afalr c(p) is non-
increasing in p.

Furthermore, we can quantify the fairness improvement.
Theorem 5.5. Denote p'* as the fraction of group s at DS
under retention dynamics. Assume L(0;D) is twice contin-
uously differentiable. For sufficiently small p > 0, we have

APS Aﬁ fa/r( ) = 2ppa p{:S APS ’U;;irHilvfa/r + O(pz)a

where vy = VgE(HPS; D.) — VgE(GPS;Db), and H =
V2L (6™ D).

Since H is positive definite due to the strong convexity
of Lizir (Lemma D.4, Thm. 5.5 reveals the fairness improve-
ment is positive when p is sufficiently small even without
Assumption 5.3.

6 Numerical Results

This section empirically evaluates the proposed methods on
synthetic and real data (including credit data (Perdomo et al.
2020; Kaggle 2012) and MNIST (Deng 2012)) under semi-
synthesized performative shifts. We run all experiments with
multiple random seeds and visualize the standard errors.
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Figure 2: Results on Gaussian data: Fair-RERM—RW (left),
Fair-RERM-GLP (middle), Fair—-RERM-SLP (I‘ight).

Performative Gaussian mean estimation. We generate a
synthetic dataset of 10000 samples from s € {a,b} with
initial group fractions p,(lo) = 0.3, pl(;o) = 0.7 and target val-
ues ¥y, = 0.3+ €,y = 0.7 + ¢, where ¢ ~ N(0,0.05).
At each round, the decision-maker estimates the mean of
the current distribution as O(t), and the loss function is
the mean squared error with /5 regularization. We con-
sider user retention dynamics similar to Hashimoto et al.

(t+1) R(s,t)
(2018b) where pg = St RO changes based on

group-wise loss. Here R(s,t) = (1 = 2 sefab} pg}i“) X

1 t L(e(t);D(ji) min min __
3 <ps =+ 260D+ £(6;D0) + p™™ where pi'" =
0.02 is the minimum group fraction, and —s = {a,b} \

s. We perform the mean estimation task empirically
to train multiple linear regression models and compare
RERM with Fair-RERM, including regularization meth-
ods with group-level penalty (Fair—-RERM-GLP), sample-
level penalty (Fair-RERM-SLP) and sample re-weighting
method (Fair-RERM-RW). We perform 30 rounds of em-
pirical risk minimization on 7 different random seeds. Fig.

2a illustrates the evolution of group-wise loss disparity A(t),
where higher fairness improvement is achieved with higher
p. The sample re-weighting method (Fair-RERM-RW)
seems to yield better fairness control than others in this set-
ting. Fig. 2b shows the tradeoff between fairness (group-
wise loss disparity) and the global loss. The “stars” are pro-
duced by adjusting p and demonstrate a ‘“Pareto-optimal”
surface of each fairness mechanism.

Credit data retention dynamics with strategic behaviors.
We use the Give Me Some Credit data (Kaggle 2012) con-
sisting of features X € R!? to measure individuals® cred-
itworthiness Y € {0,1} (Perdomo et al. 2020; Hu and
Zhang 2022). We preprocessed the data similarly to Per-
domo et al. (2020) and divided individuals into two groups
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Figure 3: Results on Credit data: Fair—-RERM-RW (left),
Fair-RERM-GLP (middle), Fair—-RERM-SLP (right).

s € {a,b} based on the age attribute. Next, we assume
there is a newly established credit rating agency comparing
RERM with Fair-RERM with logistic classification mod-
els to predict individuals’ creditworthiness. Similarly, we as-
sume the group-wise loss in round ¢ affects the group frac-
tion at ¢t + 1. Meanwhile, we assume there is a subset of fea-
tures X € X which individuals can change strategically to
X! based on the current model parameters 6. Specifically,
X! = X, — € 0, where 0, is the subset of § with re-
spect to X and e = 0.1. With the dynamics, we can vi-
sualize the evolution of group-wise loss disparity and the
tradeoff between fairness and the global loss in Fig. 3. All
results demonstrate the effectiveness of our methods where
Fair-RERM-SLP seems to be more effective.

Additional experiments in App. C. Due to the page limit,
we defer additional experiments to App. C.1. We want
to highlight that we perform experiments on MNIST data
(Deng 2012) to test whether our fairness mechanisms can
still be useful beyond the convex setting with a deep learn-
ing model. Remarkably, Fig. 6a in App. C.1 verifies that
Fair-RERM can still improve fairness at the PS solution.
Moreover, Fig. 6b in App. C.1 demonstrates that the Fair-PS
solution may converge to a local stationary point better for
both fairness and performative loss in non-convex PP set-
tings. We also perform experiments on ACSIncome dataset
(Ding et al. 2022) (App. C.3) and show how our fairness
mechanisms influence Equal Opportunity and Demographic
Parity (App. C.7).

7 Conclusions & Limitations

Our work reveals unfairness issues of the PS solutions of PP.
We propose novel fairness-aware algorithms to find Fair-PS
solutions with the convergence holds under mild assump-
tions to facilitate trustworthy machine learning. However,
the theory of this work does not cover non-convex settings
and it still remains an open question for the future research.
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