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Abstract

Bayesian optimization (BO) has been widely used to opti-
mize expensive and gradient-free objective functions across
various domains. However, existing BO methods have not
addressed the objective where both inputs and outputs are
functions, which increasingly arise in complex systems as
advanced sensing technologies. To fill this gap, we propose
a novel function-on-function Bayesian optimization (FFBO)
framework. Specifically, we first introduce a function-on-
function Gaussian process (FFGP) model with a separa-
ble operator-valued kernel to capture the correlations be-
tween function-valued inputs and outputs. Compared to ex-
isting Gaussian process models, FFGP is modeled directly
in the function space. Based on FFGP, we define a scalar
upper confidence bound (UCB) acquisition function using a
weighted operator-based scalarization strategy. Then, a scal-
able functional gradient ascent algorithm (FGA) is devel-
oped to efficiently identify the optimal function-valued input.
We further analyze the theoretical properties of the proposed
method. Extensive experiments on synthetic and real-world
data demonstrate the superior performance of FFBO over ex-
isting approaches.

Code — https://github.com/aaai26-22243/Function-on-
Function-Bayesian-Optimization

Introduction

Bayesian optimization (BO) is a sample-efficient framework
for optimizing expensive, black-box, and gradient-free func-
tions (Frazier 2018; Wang et al. 2023). It has been widely
applied in areas such as hyperparameter tuning (Snoek,
Larochelle, and Adams 2012), robotics (Wang et al. 2022),
and engineering design (Shields et al. 2021). A classical BO
framework consists of two main steps. The first step con-
structs a probabilistic surrogate model, typically a Gaus-
sian process (GP), that approximates the underlying func-
tion. The second step involves sequentially selects query
points by maximizing an acquisition function, such as the
upper confidence bound (UCB) or expected improvement
(EI), by trading off exploration and exploitation. Existing
BO methods can be broadly divided into four types based
on the output-input structure: scalar-on-vector BO (Snoek,
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Larochelle, and Adams 2012; Daxberger et al. 2020), scalar-
on-function BO (Vien, Zimmermann, and Toussaint 2018),
vector-on-vector BO (Khan, Goldberg, and Pelikan 2002;
Laumanns and Ocenasek 2002), and function-on-vector BO
(Huang et al. 2021).

Recently, complex systems involving function-valued data
have attracted increasing attention across domains such as
manufacturing (Tuo et al. 2023), marketing (Jank and Zhang
2011), and transportation (Lan et al. 2023), where it is of-
ten necessary to optimize function-valued inputs to guide
the system toward the desired function-valued outputs (Chen
et al. 2021). In this context, BO provides a promising ap-
proach because systems with function-valued data are usu-
ally expensive to evaluate. However, to the best of our
knowledge, no existing work has studied function to func-
tion Bayesian optimization (FFBO), where both the inputs
and outputs are functions defined over infinite-dimensional
function spaces. A motivating example is the design of a
3D printed aortic valve constructed from tissue mimicking
metamaterials. By adjusting the shape of the meta-tissue, the
mechanical properties of the printed valve can be aligned
with those of a real biological organ. In this setting, sine
wave curves represent the shapes of the sinusoidal metama-
terials and serve as function-valued inputs, while the corre-
sponding stress strain curves represent function-valued out-
puts that characterize the mechanical behavior of the printed
valves. However, each prototype must be printed and me-
chanically tested, and this process requires several hours. To
efficiently identify the optimal metamaterial design under
limited experimental resources and to accurately model this
function on function system, an effective FFBO framework
based on an FFGP surrogate model is needed. Developing
such an FFBO framework is therefore of great importance,
yet it introduces two major challenges.

The first challenge lies in constructing a GP surrogate model
over a probabilistic space with both function-valued inputs
and outputs. While GPs have been extensively studied for
scalar and vector inputs and outputs, modeling function-
valued inputs or outputs remains a relatively recent di-
rection (Han and Ouyang 2021; Wang, Ng, and Haskell
2022). For GPs with function-valued inputs, prior works
have introduced various distance based similarity measures
to define stationary kernels, such as the L? norm (Mor-



ris 2012; Nguyen and Peraire 2015), the L” norm (Sung
et al. 2024), and the spectral norm (Chen et al. 2021). For
GPs with function-valued outputs, existing methods typi-
cally discretize the outputs over a fixed grid, thereby re-
ducing the modeling problem to a multivariate GP (Han and
Ouyang 2021). However, such discretization strategies face
several limitations. First, in many real-world applications,
data are observed at irregular time points. Interpolation is
then required to align the functions onto a common grid,
which may introduce additional noise, especially when the
outputs exhibit complex structures or sharp local variations.
Second, dense discretization leads to high-dimensional out-
puts, resulting in significant computational and memory bur-
dens during inference. These challenges highlight the need
for a GP model that can directly handle continuous function-
valued inputs and outputs without relying on discretization.

The second challenge is to define a scalar acquisition
function that transforms the functional optimization into a
tractable scalar one, and then identify the optimal query over
a function-valued input space. For BO with function-valued
inputs, Vien, Zimmermann, and Toussaint (2018) proposes
a function-valued input BO method by assuming that the
function-valued inputs lie in a reproducing kernel Hilbert
space (RKHS), and the acquisition function is optimized
through its Fréchet derivative within the RKHS. Gultchin
et al. (2023) extends function-valued input BO to causal
graphs with function-valued interventions. They define in-
terventions in an RKHS and identify them within a low-
dimensional subspace by maximizing improvement over the
causal graph. Astudillo and Frazier (2021) further studies
BO over function-valued inputs in a functional network,
where function-valued inputs are discretized on a fixed grid
and treated as vectors, and multi-output BO is then applied
to identify the optimal intervention. For BO with function-
valued outputs, Huang et al. (2021) is the only related work.
It proposes an L?-based scalarization of the output and ap-
proximates it using functional principal component anal-
ysis (FPCA), which reduces the optimization to a finite
set of principal component scores. All these discretization-
based methods suffer from limited approximation accuracy
and consequently lead to compromised optimization results.
These limitations create a strong demand for a reasonable
acquisition function and scalable optimization strategies that
can directly query optimal inputs in a continuous function
space.

In this work, we propose the first function-on-function Gaus-
sian process (FFGP) model, which is defined directly over
the function space. Building upon this model, we define a
scalar acquisition function through a weighted scalarization
strategy and introduce a functional gradient ascent (FGA)
algorithm to efficiently identify optimal inputs in a function
space. Our main contributions are summarized as follows:

* We propose a novel FFGP surrogate model for systems
with both function-valued inputs and outputs. It is con-
structed by using a separable operator-valued kernel to
capture the covariance structures between functions in
infinite-dimensional spaces.
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* Based on the FFGP surrogate, we develop the first
function-to-function Bayesian optimization (FFBO) al-
gorithm. A scalar upper confidence bound (UCB) acqui-
sition function is defined via a weighted operator-based
scalarization strategy, which transforms the functional
optimization problem into a tractable scalar form. We
further design an FGA algorithm that directly queries
the next input function in an infinite-dimensional input
space.

We provide theoretical analysis of the proposed FFGP
and FFBO frameworks. Extensive synthetic experiments
and a real-world case study demonstrate the effectiveness
and superiority of our method compared to state-of-the-
art baselines.

The remainder of this paper is organized as follows. Sec-
tion 2 formalizes the FFBO problem. Section 3 introduces
the FFGP framework. Section 4 presents the FFBO algo-
rithm based on the FFGP model. Section 5 provides theo-
retical guarantees. Section 6 evaluates the proposed method
through synthetic and real-world experiments. Section 7
concludes the paper.

Problem Formulation

In this work, we consider the problem of optimizing an
expensive-to-evaluate and gradient-free function f : AP —
Y, where the input x € XP is a p-dimensional vector of
functions, and the output f(x) € Y is also a function.
To transform this function-on-function optimization prob-
lem into a scalar one, we introduce a linear bounded operator
Ly € L(Y,R), defined as

Lyf(x) = /Q o(t) () (t)d, ()

where ¢(t) is a user-specified or learnable weight function.
Common choices include Dirac delta functions, smooth-
ing kernels, and uniform weights (Paria, Kandasamy, and
Péczos 2020; Chowdhury and Gopalan 2021). The goal is
to identify the optimal input that maximizes the scalarized

function-valued output, formulated as the following opti-
mization problem:

@’ = arg max Ly f(x). 2
To solve this problem, we aim to develop an efficient FFBO
framework. We assume an initial dataset Dy = {X,,, ¥, },
where X,, = (z1,...,2,) and Y;, = (y1,...,¥y,) " de-
note the observed input-output pairs. The observations are
collected as

yi = [(x;) + &, 3)

where the noises {&;}1_; are assumed to be independent and
identically distributed functional Gaussian random variables
with N(0, 721y).

Vi=1,2,...,n,

To be general, we assume that both function-valued inputs
and outputs are square-integrable. Specifically, we define the
input space as X? = X x ... X, where X C L%(Q,) isa
function space over a compact and convex domain 2, C R



The output space is assumed as ) = LQ(Qy), the Hilbert
space of square-integrable functions. Without loss of gener-
ality, we assume €, = [0, 1]. We denote the inner product
and norm in L2 by (-,-) and || - ||, respectively. Let Iy, de-
note the identity operator on ), L(A, B) denote the space
of bounded linear operators from A to B3, and £(.A) denote
the space of bounded linear operators from A4 to itself. For
an operator L, we use L’ to denote its adjoint, and define its
determinant | L| as the product of its eigenvalues. We use N
to denote the set of positive integers and R for the set of
positive real numbers.

Function-on-Function Gaussian Process

In this section, we first introduce the proposed FFGP based
on a separable operator-valued kernel function. We then
present the construction and computational details of the
operator-valued kernel, followed by a discussion of parame-
ter estimation methods.

Definition
We define the prior of f as an FFGP:

where ;1 € ) is the prior mean function. The correlation
function K : XP x XP — L()) is an operator-valued kernel
(Kadri et al. 2016), defined as follows.

Definition 1 A function K : XP x X? — L(Y) is called an
operator-valued kernel if it satisfies:

(1) Hermitian symmetry: Yx;,x; € XP, K(x;,x;) =
K’ (wj, CE,L)

(2) Positive semi-definiteness: Vx; € XP, y; € Y, m € N4,
Drie (i, K (i, 25)y;) > 0.

ij=1
The construction of K will be discussed in detail later. Given
the initial dataset Dy = {X,,, Y, }, the posterior distribution
of f at a new input & € A’? is a functional Gaussian distri-
bution with posterior mean:
. —1
f(®;Do) =+ Kn(m)T (Kn + 72137) (Y, — 1),
%)

and covariance operator:
K(z,2;Dy) =

K(z, ) — Ko(x)" (K, +72Iy) " Ku(x), (6)

where 1,, is an n x 1 vector of ones, K, (x) € £L())™ is an
n x 1 vector whose the i-th element K (x;, ), and K,, =
{K (x, w]‘)}?j=1 is an x n block operator matrix.

Operator-Valued Kernel

Selecting an appropriate operator-valued kernel is key to
constructing the FFGP. While traditional GPs use matrix-
valued kernels to capture correlations among multivari-
ate outputs, operator-valued kernels generalize this idea to
infinite-dimensional output spaces. According to Definition
1, one practical approach is to first define a scalar kernel
ky : AP x AP — X, and then apply an operator-valued
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map Ty: X* — L£(Y) (Kadri et al. 2016). To ensure com-
putational feasibility and invertibility of K,,, we assume
X* C R, and take k, to be a positive definite scalar kernel.
The resulting operator valued kernel then adopts a separable
form:

K (zi,z;) = 0%ky (2, 2))Ty, YEix; € XP, (7)
where T, € Ly is a nonnegative self-adjoint operator. This

separable structure is widely used in multivariate-output GP
models (Santner et al. 2003; Han and Ouyang 2021).

To construct a stationary FFGP, we define the scalar kernel
k. as a function of the L? norm between function-valued
inputs, a widely used metric in FDA (Cuevas, Febrero, and
Fraiman 2004; Zhang and Chen 2007). The choice of &, de-
pends on the characteristics of the data. In this work, we
adopt the widely used Matérn kernel with variance param-
eter 02 € R, range parameter v, € R” , and smoothness
parameter v € R, as detailed in Appendix A in the ex-
tended version. To model output correlations, we define T
as a Hilbert-Schmidt integral operator with an exponential
kernel:

(Ty) () = [ (s hu(s)ds. ®
where k, is a positive function with a range parameter
Yy € Ry. Common choices include Exponential kernel
and Wiener kernel functions. It can be verified that T is
self-adjoint and positive. Other choices of k; and T3 can
be adopted depending on application-specific properties (see
Appendix A in the extended version).

A key challenge lies in inverting the block operator matrix
K,,. We address this by employing the eigen-decomposition
of Ty, as stated in the following lemma (Naylor and Sell
1982):

Lemma 1 Let Ty € L(Y) be a compact and normal oper-
ator. Then there exists an orthonormal basis {v;,i € N}
and corresponding eigenvalues {8;,1 € N}, such that for
anyy €Y, Tyy = 3,2, Bi (y, vi) vi.

This spectral structure yields the decomposition
K (zi,xj)y Sy ka (x4, ;) B (y,vi) vi. When
k, is the exponential kernel or the Wiener kernel functions,
the closed forms eigen-decomposition of T}, are provided in
Appendix B in the extended version.

The block operator kernel matrix is represented as a

Kronecker product K™ o Ty, where K™ is the n x
n matrix with the ij-th entry k,(w;,x;). Furthermore,
we conduct eigen-decompsotion on K;n), and denote
{wj, a; }}‘:1 as the corresponding eigenvectors and eigen-
values. Then, the inverse operator has the expansion (K,, +
My)™ 'Y, = 3075, 300 1/ (Bi + A) (Yo, wjvg) wjvg,
where (Y,,, w;v;) = >, (Y1, wjv;) and wj; is the I-th ele-
ment of w;. Thus, the posterior mean at a new input x € A”
becomes:

f(@; Do) = p+ k()T Z ij’wjvz',

i=1 j=1

©))



with the covariance operator:

(K(a:a:Do ) —0'225 y,v) v (1), Yy € Y,
(10)

where ki (z) ky(Xp,x) is a n x 1 vector, 1;; =
%(Ynfln,u,wjvi), and §; = 61[1%(;1:,93) —
Z;'L=1 3 (x) Tw w;'—k;")(w)] is the i-th eigenvalue of

K (2, 2; D). The detailed computations are provided in Ap-
pendix C in the extended version.

It is noted that to balance computational efficiency and pre-
dictive accuracy, we approximate the infinite expansion by
truncating the first m € N, eigenpairs. For example, the
truncation level m can be chosen such that at least 90% of
the total trace of the prior covariance matrix is captured,

{261/261 >90%} (11)

1=1 =1
Consequently, the approximated forms of f (x;Dy) and
K(x,x;Dy) are:

= arg min
meNy

fm(x;D0) = p 4 k(2 ZZm]w]v“ (12)
i=1 j=1
(K (z,x;Dy) ) = 0225 (y,vi) vi(t),  (13)

Remark 1 The truncation level m can be adjusted depend-
ing on the specific problem context. For high-fidelity models
that require higher accuracy, a larger m may be preferred.
For low-fidelity models that emphasize computational effi-
ciency, a smaller m may suffice. In practice, m can also
be treated as a tuning parameter and selected via cross-
validation.

Parameter Estimation

In practice, based on the initial dataset Dy, we directly
estimate p as the empirical mean of these initial outputs.
We define the set of other parameters to be estimated as
© = {02, 7%, 44,1y, v}. As noted by Zhang (2004), jointly
estimating v, and v can lead to mutual non-identifiability
under infill asymptotics. To address this issue, Zhang (2004)
and Kaufman and Shaby (2013) recommend fixing v and es-
timating the remaining parameters. Following this guideline,
we fix v = 5/2 and estimate {02, 72, 1., ¥, } via integrated

maximum likelihood. Let 2%? ) — K, + 72T y. The parame-
ters are estimated by minimizing the negative integrated log-
likelihood

(n) ()
l(@):log’zy ‘+<Yn, (EY’) Yn>.

The detailed algorithm for modeling FFGP is summarized
in Algorithm 1.

(14)
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Algorithm 1: Parameter estimation for training FFGP

Input: Observed data X,, and Y, initialized ®g
{037 7—027 fd’z()v d)y()v V= 5/2}
Initialize: 02 < 02, 72 + 78, Yo < P10, 1y  Yyo.
1: while o2, 72, 1., 1, have not converged do

2:  Eigen-decomposition Ké"). Let o;j € R be the j-th
eigenvalue, and let w; € R™ be the j-th eigenvector,
j=1,.

3: Elgen decomposition Ty. Let B; € R be the i-th
eigenvalue, and v; € ) be the i-th eigenfunction. Se-
lect m by (11).

4:  Update 02,72, 1,1, by minimizing (14) by mini-

mizing (14) through the L-BFGS method.
5: end while

Remark 2 Let N,,. be the computational cost of approxi-
mating the L? norm, and let O(n*) denote the cost of com-

puting the eigenpairs of KSD"), where 2 < w < 2.376. As-
sume that the eigen-decomposition of Ty has unit cost. Then
the cost of computing the gradlent of the log-likelihood with
respect to © is O(Nyen?m + (p + 3)mn). Since the L-
BFGS optimizer typically requires O (logn) iterations (Bot-
tou 2010), the overall computational complexity of Algo-
rithm 1 is O (logn (Npemn? +n® + (p + 3)mn))

Bayesian Optimization

Building upon the proposed FFGP surrogate for f, we de-
velop a UCB-based optimization algorithm to sequentially
select the next T function-valued inputs {x, 1, ..., Tpt7}
based on the initial design Dy. To this end, we first construct
a UCB acquisition function for the scalarized objective L f
defined in (1). We then introduce a functional gradient as-
cent algorithm to efficiently solve the resulting optimization
problem in the function space.

Acquisition Function

Denote g4 (x) := Ly f(x) as the scalarized objective in (2),

where Ly is a linear operator. Due to the linearity of GPs,

the induced prior of gy (x) is a scalar-valued GP with mean
= fQ t)dt and covariance functlon k9(x,x)

ck; (x, ’), where c = fQu fszy Yp(s)k(t, s)dtds is a

constant.

Given the initial design Dy, the posterior distribution of g4
at a new input € AP is Gaussian with mean

ﬂg(mQ DO) =

2 —1
Lop+ k(M () (KSJ“ - TI) Ly(Y, —1,p9), (15)
C

o

(16)

and covariance
kg(x,x; Do) =

2 —1
¢ lkw(w,w) — kM ()" (Kggﬂ + TCI) k(™)

x



Note that since L is a linear bounded operator, the posterior
distribution of g4 is equivalent to applying L to the poste-
rior distribution of f. It establishes a theoretical equivalence
between the FFGP model and the scalar-valued GP defined
OVET gg.

We now define the UCB acquisition function based on the
posterior distribution of g4(x). At round ¢ + 1, given the
current dataset Dy = {X,,+¢, Y4+ }, the UCB criterion is
defined as:

aves(® | Dy) = fig(@;Dy) +up*\ kg (2, 2;Dy), (17)

where wu; is the tuning parameter that controls the
exploration-exploitation trade-off. The next function-valued
input is then selected as:

Tntt+1 = aIg Max aycs(z | Dy). (18)

Functional Gradient Ascent Algorithm

Since agrop is generally nonlinear in , its maximization
cannot be solved analytically in closed form. We there-
fore develop a functional gradient ascent (FGA) algorithm
by using the Fréchet derivative, which generalizes classical
derivatives to Banach spaces (Chae 2020).

Definition 2 Let U and V' be Banach spaces, and let W C
U be an open set. Amap F' : W — V is said to be Fréchet
differentiable at a point x in W if there exists a bounded
linear operator A € L(U,V) such that for any x € U and
x4+ h € W, we have F(z + h) = F(z) + A(h) + o(||h]|)
as h — 0. The operator A is the Fréchet derivative of F' at
x, denoted as V'F |,.

In this work, the input = (z1,...,p) is a vector of func-
tions. The Fréchet derivative can be naturally extended by
computing derivatives with respect to each component z;,
it =1,...,p. According to the chain rule, Vaycp |, only
requires computing the Fréchet derivative of k,(x;, x), de-
noted as Vk,(x;, @) |z fori =1,...,n+t — 1. Then,

Vayes |z (® | D) = g1 () + g2 (x),  (19)
where

2 —1
g1(z) = VK | ] (K;”” + TCI) Ly(Y, — 1,p9),

2 1

ga() = ~2cVES™) |1 (Ké"“) - TCI) K (@),
Here, VK" |z is a (n + ¢) x p function-valued matrix
whose the i-th row is Vi, (x;, ) |,. Detailed computations
of the functional gradient are provided in Appendix D in the
extended version.

To solve the maximization problem in (18), we apply the
FGA update rule iteratively. Starting from an arbitrarily ini-
tial function 1%}, we update

2 =™ —yVaves | (277 D), @0)

where v € R, is the step size and [ > 1. The detailed al-
gorithm for the proposed FFBO using FGA procedure using
FGA is summarized below.
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Algorithm 2: FFBO based on FGA

Input: Sequential data size 7, initial data set Dy =
{Xy,Y,}, initial parameters O;
1: forroundt =0,...,7 do
2:  Update the posterior mean in (15) and covariance in
(16) of g4 based on ©,, 1 ¢;
3:  Obtain the next function-valued input x,,4+y; based
on (18)-(20);
4:  Run the function f and obtain the corresponding ob-
served output Y, 4441 € V;
5:  Update Dy yi41 < Dot U{@ntt41, Ynti+1}s
6:  Update @1 = {721,071, (u)et1, (¥y)e41} bY
minimizing (14) based on Algorithm 1;
7. end for
8: Obtain i* = arg max;c[n+7+1] 9o (i)
9: Qutput: The optimal point x;+ and the corresponding
output y;«.

Remark 3 When using the FGA algorithm to select the
optimal function-valued input x,4;+1 at round t + 1,
for any initial function, the computational complexity of
the derivative of aycp(x | D:) with respect to x is
O (Nmem?(n + t)2 + p(n +t)?), and the computational
complexity of updating aycp(x) is O (N2, m2(n+t)?).

Therefore, the computational complexity of Algorithm 2 is
O (N2.m?(n+t)? + p(n+t)?).

Theoretical Properties

This section begins with fundamental definitions and as-
sumptions, upon which we build the theoretical analysis of
the proposed framework. We first establish properties of the
FFGP model under the following assumptions.

Assumption 1 The underlying function f is assumed to be
an FFGP with mean function | € Y and covariance opera-
tor K(-,-) = ky(-,-) ® Ty € L(Y) which has a separable
structure. k; is a Matérn kernel with smoothness parameter
v = 5/2, and Ty is an integral operator with k,, correspond-
ing to an exponential covariance function.

Assumption 2 The operator Ty, € L(Y) is a trace class,
i.e. 3CH > 0, s.t. Zfil Bi < Co.

Assumption 3 Vy € Y, 3C; > 0, s.t. [Jy|| < Ch.

Assumption4 30 < ¢ < 1 s.t. 7—2 =n"%ie, D <a<b

[ea

2 . .
s.toa < (%) /n"¢ < basn — oo, where 72 is the noise

variance and o? is the process variance.

Assumption 1 ensures that the true function f is a well-
specified FFGP, which is a basic setting in the GP regres-
sion framework. Assumption 2 guarantees that functional
random variables in the FFGP model are measurable in ) .
The boundedness condition in Assumption 3 ) = L?[0, 1].
The convergence rate of 72 /02 in Assumption 4 ensures the

convergence of the approximation error between fm and f .
Under these assumptions, we establish the following prop-
erties of the FFGP model.



Theorem 1 Under Assumptions 1-4, the operator-valued
conditional covariance Var [f(x) | Y| in (6) is nonnegative
and a trace class. Then f () defines a measure on'y (i.e. a
Y-valued random variable).

Its proof details are shown in Appendix E in the extended
version. Theorem 1 shows for any input over X', the poste-
rior density of FFGP is measurable.

Theorem 2 Under Assumptions 1-4, for any input x € XP,
[ fm(z) — f(z)|| < Csm™" — 0as m — oc.

Its proof details are shown in Appendix F in the extended
version. Theorem 2 shows that the error between the trun-
cated predictor and the predictor of FFGP goes to zero when
m — oo, and its convergence rate is O (m™!).

Next, we analyze the theoretical properties of the proposed
FFBO algorithm. To be general, we set the initial design
Dy = 9, that is, n = 0. We first define the notion of regret
for the FFBO algorithm, which measures the performance
loss caused by not knowing the objective function g4 (x) in
advance. A desirable learning strategy aims to achieve sub-
linear cumulative regret, meaning that the average regret per
round tends to zero as the number of rounds increases.

Definition 3 At each round t, the FFBO method selects a
queried function-valued input x; € XP. The simple regret is
defined as v, = [g4(x*) — g¢(x¢)], and the cumulative re-
gretup to round T is Ry = Zthl [gg ()
x* is the optimizer defined in (2).

— go(x4)], where

Then we introduce the following assumptions and lemmas
related to the regret bound of the FFBO framework.

Assumption 5 For every © (zq,- - ,a:p)T € XP, the
components satisfy || 2| xp(,) < 1, where X = N ()
is a reproducing kernel Hilbert space (RKHS) generated by

the kernel ® with norm || - || nry(,), J = 1,--+ .

Assumption 6 The Fréchet derivative of g4 with respect to
x € X? is bounded with high probability. That is, there exist
constants a,b € R, such that

Pr { of

8x]
Assumption 5 ensures that the input x is bounded in an
RKHS. Assumption 6 states that the gradient with respect
to each input component is uniformly bounded over the in-
put space with an exponentially decaying tail.

sup
xrEXP

> L} <aem M =1, p.
(2D

Lemma 2 Under Assumptions 1-6, for any 6 € (0, 1), and
= log(2pm:/d) + 2plog <pbt27rt log(2pa/5)), where
Zfil 1/7y = 1 with my € Ry. Then, for all ¢ € XP,

|96(x) — fig(@; D] < uf*Jky(w, 2Dy 1) (22)

holds with high probability.
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Its proof is given in Appendix G in the extended version.
Lemma 2 provides a concentration inequality for the objec-
tive g4, showing that the GP posterior concentrates tightly
around its posterior mean with high probability.

Theorem 3 Under Assumptions 1-6, for any § € (0,1), the
FFBO method ensures that, with probability at least 1 — 6,
the cumulative regret over N rounds is bounded by

Pr{RT < /BiTuryr +7%/6 VT > 1} >1-4,
(23)

where By = 8/log(1 + 02/72%), and ~yr is the information
gain after T rounds.

Its proof details are shown in Appendix H in the extended
version. Theorem 3 shows that the regret of the proposed

FFBO is sub-linear and achieves O* (v/T') regret.

Experiments

In this section, we evaluate the effectiveness and perfor-
mance of our proposed FFBO framework through three syn-
thetic experiments and a real-world case study. We compare
FFBO against the following three baseline methods from the
literature: (1) function-valued input Bayesian optimization
(FIBO) (Vien, Zimmermann, and Toussaint 2018), which
considers function valued inputs in a RKHS and scalar val-
ued outputs, and uses the integral of the outputs as the op-
timization objective; (2) function-valued output Bayesian
optimization (FOBO) (Huang et al. 2021), which consid-
ers vector-valued inputs and function-valued outputs, where
the optimization objective is defined as the Lo-norm of the
function-valued output; (3) multi-task Bayesian optimiza-
tion (MTBO) (Chowdhury and Gopalan 2021), which con-
siders vector-valued inputs and vector-valued outputs, and
applies a weighted scalarization of the outputs as the opti-
mization objective. A detailed description of all baselines is
provided in Appendix I in the extended version.

Synthetic Experiments

The following three synthetic scenarios are designed to eval-
uate the performance of the proposed FFBO algorithm. In all
settings, the objective is to maximize g4 (x).

» Setting 1: The function-valued input is defined as
x(s) = acos(m/[b+sin(exp(s) +7s)?]), where (a,b) €
[0.5,1.5]%. The corresponding output is f(x)(t)
—(3 + sin(27t)) fol(x(s) — 20(s))?ds, where z¢(s)
cos(m/[1 + Sln(exp(so) —l— ﬂ'so) ]). The objective is de-
fined as g4(x) = fQ t)dt. The optimal input is

x*(s) = xo(s ) yleldlng the optlmal value g4 (z*) = 0.

Setting 2: Following Setting 1, the function-valued input
x(s) and xzo(s) are the same as in Setting 1. The output
is defined as f(z) —3 exp( fol —:co( ))%ds), and
the objective is g4 (z fﬂ t)dt. The optimum

is achieved at z*(s ) = xo(s ), w1th the corresponding
maximum value g4 (z*) = —3.
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Figure 1: The optimal input (Left) and each round’s simple
regret (Right) of different methods in Settings 1 (Top panel),
Setting 2 (Median panel), and Setting 3 (Bottom panel).

 Setting 3: The function-valued input is constructed as
a linear combination of Fourier basis functions z(s)
01 sin(27ms)+02 cos(27rs)—|—93 exp(—5(s—0.5)2), where
(61,02,03) € [0.01,0.99]3. The function valued output
is given by f(:z: t) = 20 exp( 5f0 0(8))%ds)+
10 sin(37t) fo ) sin 37rs)ds where the optlmal in-
putis zg = 35 sm(27rs) + 3 cos(2ms) + § exp(—5(s —
0.5)2 ) The objective function is defined as g¢( )
fQ t)dt. The maximum is obtained at x*(s) =

xo( ) w1th go(z*) = 20.2899.

We use the Matérn kernel with smoothness parameter 5/2
to model input correlations for all baseline methods, and the
exponential kernel to model output correlations. For the pro-
posed FFBO method, we set the learning rate as v = 0.01/1,
where [ denotes the current iteration number. An initial de-
sign of n 10 input-output pairs is randomly generated,
with observation noise variance 72 = 0.012. Then, each
method sequentially selects 7' = 20 additional input sam-
ples. The final objective value g,(x*) obtained after these
evaluations is reported as the best solution. For fairness, all
methods are evaluated under ten independent replicates.

Figure 1 shows the results in terms of the optimal input tra-
jectory and the evolution of the simple regret over 20 itera-
tions for each of the three settings. As shown in Figure 1, the
proposed FFBO method consistently outperforms all base-
line methods across all settings. FIBO cannot directly han-
dle function-valued outputs and thus relies on discretization,
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Figure 2: Each round’s simple regret of different methods.

which reduces estimation accuracy and limits its ability to
identify the optimum. Similarly, FOBO and MTBO are not
designed to handle function-valued inputs, leading to poor
performance and non-smooth optimal inputs.

In Appendix J in the extended version, we provide additional
results for a setting involving multi-dimensional function-
valued inputs, as well as extended experiments for all set-
tings under different noise levels.

Case Study

We apply the proposed FFBO framework to a real-world
dataset involving three-dimensional printed aortic valves
made from tissue-mimicking metamaterials (Wang et al.
2016; Chen et al. 2021). In this case, sinusoidal wave-
forms serve as function-valued inputs, and the correspond-
ing stress-strain response curves act as function-valued out-
puts. The dataset contains 76 observations. We randomly
select n = 10 for the initial design and choose T' = 20
additional queries from the remaining 66 candidates. Each
baseline is repeated across 10 independent runs. The simple
regret across rounds is shown in Figure 2. It can be seen that
the proposed FFBO framework efficiently explores the func-
tion valued input space, identifies effective waveforms, and
remains robust to perturbations.

Conclusion

We proposed a novel FFBO framework to address optimiza-
tion problems in which both the inputs and outputs are func-
tions. Our method is built upon an FFGP model that operates
directly in the function space using a separable operator-
valued kernel, which allows us to capture complex depen-
dencies between functional variables. Based on the FFGP,
we introduced a scalar UCB acquisition function through an
operator-based scalarization strategy and developed an FGA
algorithm for efficient optimization in infinite-dimensional
input spaces. We further analyzed the theoretical properties
of the FFBO framework and validated its effectiveness on
both synthetic and real-world datasets. The results show that
FFBO significantly outperforms existing methods, demon-
strating its potential for advancing Bayesian optimization in
function-valued domains.
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