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Abstract

Transformers are the basis of modern large language models,
but relatively little is known about their precise expressive
power on graphs. We study the expressive power of graph
transformers (GTs) by Dwivedi and Bresson (2020) and GPS-
networks by Rampásek et al. (2022), both under soft-attention
and average hard-attention. Our study covers two scenarios:
the theoretical setting with real numbers and the more prac-
tical case with floats. With reals, we show that in restriction
to vertex properties definable in first-order logic (FO), GPS-
networks have the same expressive power as graded modal
logic (GML) with the global modality. With floats, GPS-
networks turn out to be equally expressive as GML with
the counting global modality. The latter result is absolute,
not restricting to properties definable in a background logic.
We also obtain similar characterizations for GTs in terms of
propositional logic with the global modality (for reals) and
the counting global modality (for floats).

1 Introduction
Transformers have emerged as a powerful machine learn-
ing architecture serving as the basis of modern large lan-
guage models such as GPTs (Vaswani et al. 2017) and find-
ing success also, e.g., in computer vision (Dosovitskiy et al.
2021). Recently, transformers have received significant at-
tention in the field of graph learning, traditionally dominated
by graph neural networks (GNNs) (Scarselli et al. 2009) and
related formalisms like graph convolutional networks (Kipf
and Welling 2017). This shift is driven by well-known chal-
lenges GNNs face in handling long-range interactions, in-
cluding issues such as over-squashing (Alon and Yahav
2021) and over-smoothing (Li, Han, and Wu 2018). Whereas
GNNs rely primarily on local message passing, transform-
ers can attend globally to any vertex in the graph. The lit-
erature now includes many graph learning models incor-
porating transformers. An important distinction is between
‘pure’ transformer models, which ignore the graph struc-
ture and result in ‘bags-of-vertices’ models (Yun et al. 2019;
Kreuzer et al. 2021), and hybrids that combine transformers
and GNN-style message passing (Rampásek et al. 2022).

To understand the limitations of learning models and their
relationships, an expanding literature characterizes the ex-
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pressive power of such models using logical formalisms.
While transformers on words as used in GPTs connect to
versions of linear temporal logic and first-order logic with
counting (Li and Cotterell 2025; Chiang, Cholak, and Pil-
lay 2023), GNNs relate to variants of graded modal logic
(GML) (Barceló et al. 2020; Benedikt et al. 2024).

In this article, we provide logical characterizations of
graph learning models that incorporate transformers. Our
characterizations are uniform in that we do not impose a
constant bound on graph size. We are primarily interested
in models that combine GNN message passing layers with
transformer layers, and focus in particular on the rather gen-
eral GPS-networks of Rampásek et al. (2022). In addition,
we also consider pure bags-of-vertices graph transformers
(GTs) (Yun et al. 2019; Dwivedi and Bresson 2020). For
both models, we study the case where features are vectors
of real numbers, as in most theoretical studies, and also the
case where they are floats, as in real-life implementations.
We study both soft-attention and average hard-attention
in the transformer layers. We focus on these models in
their ‘naked’ form, without positional (or structural) encod-
ings. Such encodings—often based on the graph Laplacian,
homomorphism counts, and notions of graph centrality—
enrich each vertex with information regarding its position in
the graph. While they play an important role in graph learn-
ing with transformers, there is an uncomfortably large zoo of
them. Therefore, we believe that to characterize expressive
power, it is natural to begin with the naked case, providing a
foundation for analyzing models with encodings. We focus
on vertex classification as a basic learning task, but many
of our results also generalize to graph classification tasks,
see the end of Section 4.3 and the technical report (Ahvonen
et al. 2025).

To survey our results, we start with the case of real num-
bers. Our first main result is that in restriction to vertex prop-
erties expressible in first-order logic (FO), GPS-networks
based on reals have the same expressive power as GML
with the (non-counting) global modality (GML+G), stated
in Theorem 4. As all our results, this applies to both soft-
attention and average hard-attention, assuming sum aggre-
gation in message-passing layers as in (Barceló et al. 2020).
While it is unsurprising that adding transformer layers to
a GNN corresponds to adding a global feature to the logic
GML, it was far from clear that this feature is the non-
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counting global modality, rather than, say, its counting ver-
sion. Our result implies that GPS-networks cannot globally
count in an absolute way, as in ‘the graph contains at least
10 vertices labeled p’. In contrast, they can globally count
in a relative way, as in ‘the graph contains more vertices
labeled p than vertices labeled q’. This, however, is not ex-
pressible in FO. The proof of our result is non-trivial and re-
quires the introduction of a new type of bisimilarity (global-
ratio graded bisimilarity ∼G%) and the proof of a new van
Benthem/Rosen-style result that essentially states: if an FO-
formula φ(x) is invariant under ∼G%, then it is equivalent
to a GML+G-formula. We also prove that, relative to FO,
real-based GTs have the same expressive power as proposi-
tional logic PL with only the non-counting global modality
(PL +G), stated as Theorem 10.

We next discuss our results regarding floating-point num-
bers. Our main result for this case is that float-based GPS-
networks have the same expressive power as GML with
the counting global modality (GML+GC), stated as The-
orem 16. In contrast to the case of the reals, this charac-
terization is absolute rather than relative to FO. It applies
to any reasonable aggregation function including sum, max
and mean. We consider it remarkable that transitioning from
reals to floats results in incomparable expressive power:
while relative global counting is no longer possible, abso-
lute global counting becomes expressible. Our proof tech-
niques leverage the underflow phenomenon of floats. Via
techniques from (Ahvonen et al. 2024), it follows that with
floats, GPS-networks have the same expressive power as
GNNs with counting global readout (GNN+GC). We also
show that float-based GTs have the same expressive power
as PL with the counting global modality (PL +GC), stated
in Theorem 14. We note that the logic PL +GC was re-
cently used to study links between entropy and description
complexity (Jaakkola, Kuusisto, and Vilander 2025). We
also briefly discuss our characterizations with floats in re-
striction to word-shaped graphs, how the float results gener-
alize for graph classification and non-Boolean classification
tasks, and how they could be modified to cover positional
encodings. Finally, we emphasize that the paper focuses ex-
clusively on theoretical analysis and does not involve any
experimental evaluation.

Related Work. To our knowledge, the expressive power
of graph transformers and GPS-networks has not yet been
studied from the perspective of logic. Regarding transform-
ers over words, the closest to our work are (Jerad et al. 2025;
Li and Cotterell 2025), which characterized fixed-precision
transformers that use ‘causal masking’ with soft-attention,
average hard-attention and unique hard-attention, via the
past fragment of linear temporal logic (LTL). In contrast, our
characterizations exclude masking and focus on transform-
ers on graphs rather than words. Similar characterizations
via variations of LTL are given, for instance, in (Yang, Chi-
ang, and Angluin 2024; Yang, Cadilhac, and Chiang 2025).

Regarding logic-based lower and upper bounds for the
expressive power of transformers over words, we mention
(Chiang, Cholak, and Pillay 2023), which established the
logic FOC[+;MOD] as an upper bound for the expressiv-

ity of fixed-precision transformer encoders and as a lower
bound for transformer encoders working with reals. Merrill
and Sabharwal (2023) showed that first-order logic with ma-
jority quantifiers is an upper bound for log-precision trans-
formers. Yang and Chiang (2024) gave a lower bound for
future-masked soft-attention transformers with unbounded
input size via the past fragment of Minimal Tense Logic with
counting terms (Kt[#]). Barceló et al. (2024) established two
lower bounds for hard-attention transformers working with
reals: first-order logic extended with unary numerical pre-
dicates (FO(Mon)) in the case of unique hard-attention and
linear temporal logic extended with unary numerical predi-
cates and counting formulas (LTL(C,+)) for average hard-
attention. For a more comprehensive study of precise charac-
terizations and upper/lower bounds on the expressive power
of different transformer architectures on words, see the sur-
vey (Strobl et al. 2024).

Regarding non-logic-based studies of the expressive
power of graph transformers, Kreuzer et al. (2021) showed
that graph transformers with positional encodings are uni-
versal function approximators in the non-uniform setting.
In the uniform setting, Rosenbluth et al. (2024) proved that
GNN+GCs and GPS-networks using reals have incom-
parable expressive power w.r.t. function approximation. By
contrast, this paper proves that with floats, GNN+GCs and
GPS-networks are equally expressive w.r.t. both graph and
vertex properties, and also w.r.t. non-Boolean graph classifi-
cation which amounts to expressing functions over floating-
point numbers on graphs. Recently, Sälzer, Schwarzentru-
ber, and Troquard (2025) studied the complexity of verifying
float-based GNNs, and showed that it is PSPACE-complete.

Barceló et al. (2020) pioneered work on the expres-
sive power of graph neural networks by characterizing
aggregate-combine GNNs with reals in restriction to FO
via graded modal logic, and the same GNNs extended
with a global readout mechanism (essentially the same as
our GNN+GCs) with the two-variable fragment of FO
with counting quantifiers. Grohe (2023) connected GNNs
to the circuit complexity class TC0, utilizing dyadic ra-
tionals. Ahvonen et al. (2024) gave logical characteriza-
tions of recurrent and constant-iteration GNNs with both re-
als and floats, making similar assumptions to ours on float
operations such as summation. Pfluger, Tena Cucala, and
Kostylev (2024) characterized recurrent GNNs that use reals
in terms of the graded two-way µ-calculus relative to a logic
LocMMFP. We also mention (Benedikt et al. 2024), which
characterized GNNs with bounded activation functions via
logics involving Presburger quantifiers.

2 Preliminaries
We let Z+ denote the set of positive integers and N the
set of non-negative integers. For n ∈ Z+, define [n] :=
{1, . . . , n}. Also, set B := {0, 1}. For a set S, we let M(S)
denote the set of multisets over S, i.e., the set of functions
S → N. For a multiset M , M|k denotes the k-restriction
of M , i.e., the multiset given by M|k(x) = min{M(x), k}.

For x ∈ Xn and i ∈ [n], let xi denote the ith component
of x. For a matrix M ∈ Xn×m, we use Mi,∗, M∗,j and
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Mi,j to denote, respectively, the ith row (from the top), the
jth column (from the left), and the jth entry in the ith row of
M . For a sequence (M (1), . . . ,M (k)) of matrices inXn×m,
their concatenation is the matrix M ∈ Xn×km such that
M

(ℓ)
i,j = Mi,(ℓ−1)m+j for all ℓ ∈ [k]. For non-empty sets X

and Y , let X+ denote the set of non-empty sequences over
X , while f : X+ →|·| Y + is a notation for functions that
map each sequence in X+ to a sequence of the same length
in Y +.

2.1 Graphs and Feature Maps
For a finite domain D ̸= ∅, a dimension d ∈ N and a non-
empty set W , a feature map is a function f : D →W d that
maps each x ∈ D to a feature vector fx ∈ W d. Typically,
D consists of graph vertices and W is R or a set of floating-
point numbers. If D is ordered by <D, then we can identify
f with a feature matrix M ∈W |D|×d, where the row Mi,∗
contains the feature vector of the ith element ofD w.r.t.<D,
the column M∗,j containing the jth vector components.

We work with vertex-labeled directed graphs, allowing
self-loops, and simply refer to them as graphs. Let LAB de-
note a countably infinite set of (vertex) label symbols. We
assume an ordering <LAB of LAB, also inducing an order-
ing <L of every L ⊆ LAB. Finite subsets of LAB are de-
noted by Π. Given Π ⊆ LAB, a Π-labeled graph is a tuple
G = (V,E, λ), where V is a finite non-empty set of vertices,
E ⊆ V ×V is a set of edges and λ : V → 2Π a vertex label-
ing function. Here, 2Π denotes the power set of Π. For con-
venience, we set V (G) := V , E(G) := E, and λ(G) := λ.
A pointed graph is a pair (G, v) with v ∈ V . The set of out-
neighbors of v ∈ V (G) is NeighG(v) := {u | (v, u) ∈ E }.
We may identify λ with a feature map λ′ : V → B|Π| where
λ′(v)i = 1 if the ith vertex label symbol (w.r.t. <Π) is in
λ(v) and else λ′(v)i = 0. Thus, Π-labeled graphs can be
seen as graphs where each vertex is labeled with a single
vector from B|Π|. We assume w.l.o.g. that for any graph G,
V (G) = [n] for some n ∈ Z+. Hence, we can identify fea-
ture maps of graphs with feature matrices and use labeling
functions, feature maps and feature matrices interchange-
ably.

2.2 Graph Transformers and GNNs
We next discuss the computing architectures relevant to this
article: graph transformers, GPS-networks, and GNNs. We
view them as vertex classifiers that produce Boolean classi-
fications. For this section, fix an arbitrary Π-labeled graph
G = (V,E, λ) with |Π| = ℓ and |V | = n. In what follows,
we will often speak of the input/hidden/output dimension of
learning models and their components. For brevity, we ab-
breviate these to I/H/O dimension.

Basic Components. A multilayer perceptron (or feedfor-
ward neural network) can be intuitively understood as a
structure that propagates an input through a series of layers,
where in each layer every “neuron” computes a weighted
sum of its incoming signals, applies an activation function,
and passes the result forward to the next layer. The formal
details, along with some auxiliary notions, are given below.

A perceptron layer P of I/O dimension (dI , dO) con-
sists of a weight matrix W ∈ RdO×dI , a bias term b ∈
RdO×1 and an activation function α : R → R. Given an
input vector x ∈ RdI , P computes the vector P (x) :=
α
(
b + Wx

)
, where α is applied element-wise. A multi-

layer perceptron (MLP) F of I/O dimension (dI , dO) is
a sequence (P (1), . . . , P (m)) of perceptron layers, where
each P (i) has I/O dimension (di−1, di), where d0 = dI and
dm = dO and P (m) uses the identity activation function.
Given a vector x ∈ RdI , F computes the vector F (x) :=
P (m)(· · ·P (2)(P (1)(x)) · · · ). For a matrix X ∈ Rn×dI ,
we let F (X) denote the Rn×dO -matrix, where F is applied
row-wise for X . An MLP is α-activated if every layer uses
α, except the last, which always uses the identity function.
Unless otherwise stated, MLPs are ReLU-activated, where
ReLU(x) = max(0, x). An MLP is simple if it is ReLU-
activated and has only two perceptron layers.

Next, we introduce aggregation functions and read-
out gadgets, which are essential components of graph
transformers, GPS-networks and graph neural networks.
An aggregation function of dimension dI is a func-
tion AGG: M(RdI ) → RdI which typically is (point-
wise) sum, max or mean. It is set-based if AGG(M) =
AGG(M|1) for all M ∈ M(RdI ). A readout gadget of I/O
dimension (dI , dO) is a tupleR := (F,AGG), where F and
AGG are as above. Given a matrix X ∈ Rn×dI , it computes
the matrix R(X) ∈ Rn×dO where each row is the same,
defined by R(X)i,∗ := F

(
AGG({{Xj,∗ | j ∈ [n] }})

)
.

Graph Neural Networks. A (constant-iteration) graph
neural network can be intuitively viewed as a distributed sys-
tem in which vertices of the input graph exchange informa-
tion synchronously for a fixed number of rounds. In each
round, every vertex updates its feature vector based on its
previous feature vector and an aggregated representation of
the feature vectors of its out-neighbors. The formal details
follow below.

A message-passing layer of dimension d is a pair L =
(COM,AGG), where COM is an MLP of I/O dimension
(2d, d) and AGG is an aggregation function of dimension
d. A message-passing layer with counting global read-
out of dimension d is a pair (L,R), where L is defined as
above and R is a readout gadget of I/O dimension (d, d). A
message-passing layer with non-counting global readout
(L,R) of dimension d is defined analogously, but the aggre-
gation function of R is set-based.

A graph neural network (GNN) over (Π, d) is a tuple
G = (P,L(1), . . . , L(k), C) where P is an MLP of I/O di-
mension (ℓ, d), each L(i) = (COM(i),AGG(i)) is a mes-
sage passing layer of dimension d, and C is an MLP of
I/O dimension (d, 1) that induces a function Rd → B called
a (Boolean vertex) classification head. The MLP C does
not have to be ReLU-activated, and can use, e.g., the Heav-
iside function σ, defined such that σ(x) = 1 if x > 0 and
σ(x) = 0 if x ≤ 0. Over a graph G, G computes a sequence
λ(0), . . . , λ(k) of feature maps and a final feature map G(G)
as follows: λ(0) := P (λ) and λ(i+1) := λ(i)+L(i+1)

(
λ(i)

)
,

where for each v ∈ V , L(i+1)
(
λ(i)

)
maps v to the feature
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vector

COM(i+1)
(
λ(i)v ,AGG(i+1)

(
{{λ(i)u | (v, u) ∈ E}}

))
.

Finally, G(G) := C(λ(k)). The final feature map G(G) la-
bels each vertex with 0 or 1, and we say thatG accepts a ver-
tex v of G if G(G) maps v to 1. Note that we follow the con-
vention of (Rampásek et al. 2022; Rosenbluth et al. 2024)
by including skip connections around message-passing lay-
ers, which refers to the fact that λ(i+1) is not simply defined
as L(i+1)

(
λ(i)

)
. It is easy to see that GNNs have the same

expressive power with and without skip connections.
We define graph neural networks with counting global

readout (GNN+GCs) and graph neural networks with
non-counting global readout (GNN+Gs) analogously,
except each L(i) is a message-passing layer (L̂(i), R(i))
with counting and non-counting global readout, respectively.
They behave analogously to GNNs, except that λ(i+1) :=

λ̂(i+1)+R(i+1)(λ̂(i+1)) where λ̂(i+1) := λ(i)+L̂(i+1)(λ(i)).
In other words, each vertex’s feature vector additionally re-
flects the global information aggregated from all vertices in
the graph.
Example 1. We can define a GNN over ({p}, 1) that accepts
precisely the vertices that satisfy the following property P:
‘a vertex has at least 5 out-neighbors that have the label p’.
The initial MLP assigns the feature vector (1) to each vertex
labeled p, and (0) to others. The first (and only) message-
passing layer uses summation as the aggregation function; if
the sum is at least 5, the vertex has the property P . Similarly,
a GNN+G can express that a graph contains a vertex with
the property P by adding a second layer that sums over all
vertices in the graph, and a GNN+GC can express, e.g.,
that a graph contains exactly 3 vertices with the property P .

Self-Attention and Graph Transformers. A graph trans-
former is intuitively quite similar to a GNN; each vertex of
a graph updates its feature vector in synchronous rounds.
The key difference is that instead of aggregation and com-
bination functions, a global attention mechanism is used to
obtain information from all vertices. A GPS-network is then
a variation of graph transformers that combines the attention
mechanism with the update mechanism of GNNs. The for-
mal details are given below.

A self-attention head H of I/H dimension (d, dh) over
R is defined w.r.t. an attention-function α : R+ →|·| R+

and three Rd×dh -matrices: the query-matrix WQ, the key-
matrixWK and the value-matrixWV . Given a matrixX ∈
Rn×d, it computes the n× dh-matrix

H(X) := α

(
(XWQ)(XWK)T√

dh

)
(XWV ),

where α is applied row-wise. A self-attention module of di-
mension d over R is a tuple SA := (H(1), . . . ,H(k),WO),
where each H(i) is a self-attention head of I/H dimension
(d, dh) and WO ∈ Rkdh×d is an output matrix. Let H(X)
denote the concatenation of H(1)(X), . . . ,H(k)(X). Now,
SA computes the matrix SA(X) := H(X)WO. For brevity,
we may omit ‘self’ from ‘self-attention’.

A transformer layer of dimension d is a pair (SA,FF),
where SA is an attention module and FF is an MLP
of dimension d. A GPS-layer of dimension d is a tuple
(SA,MP,FF), where MP is a message-passing layer.

A graph transformer (GT) over (Π, d) is a tuple T =
(P,L(1), . . . , L(k), C), where P and C are as for GNNs and
each L(i) is a transformer layer (SA(i),FF(i)) of dimen-
sion d. A GPS-network N over (Π, d) is defined like a GT

except that each L(i) is a GPS-layer (SA(i),MP(i),FF(i))
of dimension d. This definition does not include the optional
normalization layers. For more about normalization layers,
see e.g. (Rampásek et al. 2022). Analogously to a GNN,
a GPS-network N computes over a graph G a sequence
of feature maps and a final feature map N(G) as follows:
λ(0) := P (λ),

λ
(i+1)
B := λ(i) +B(i+1)

(
λ(i)

)
, where B ∈ {SA,MP},

λ
(i+1)
SA+MP := λ

(i+1)
SA + λ

(i+1)
MP ,

λ(i+1) := λ
(i+1)
SA+MP + FF(i+1)

(
λ
(i+1)
SA+MP

)
.

Finally,N(G) := C(λ(k)). A GT T computes a feature map
T (G) analogously to N , but without the modules MP(i):

λ(i+1) := λ
(i+1)
SA + FF(i+1)

(
λ
(i+1)
SA

)
.

Acceptance for GTs and GPS-networks is defined analo-
gously to GNNs.

We focus on the two most commonly used attention func-
tions. For x ∈ Rℓ, let Ix = { i ∈ [ℓ] | xi = max(x) }
where max returns the largest entry in vector x. We define
the average hard (AH) and softmax functions:
1. AH(x)i :=

1
|Ix| if i ∈ Ix and AH(x)i := 0 otherwise,

2. softmax(x)i :=
exi−b∑

j∈[ℓ] e
xj−b , where b = max(x).1

Example 2. For x = (5, 7, 1, 7) ∈ R4, AH(x) =
(0, 12 , 0,

1
2 ) and softmax(x) ≈ (0.063, 0.468, 0.001, 0.468).

Attention heads that use AH or softmax are called average
hard-attention heads and soft-attention heads, respectively.
The same naming applies to attention modules, transformer
layers, graph transformers, GPS-layers and GPS-networks.
Later in Example 5 in Section 3, we show that there exists a
soft-attention graph transformer that expresses the property:
‘at least half of the vertices in the studied graph have the
label symbol p’.

2.3 Logics
We define the logics used in this paper. Let Π be a finite
set of vertex label symbols. With a first-order (FO) formula
φ over Π, we mean a formula of first-order logic over the
vocabulary that contains a unary relation symbol for each
p ∈ Π and a binary edge relation symbol E (equality is
included). A Π-formula of graded modal logic with the
counting global modality (GML+GC) is defined by the

1This is also known as the “stable” or “safe” softmax due to
its numerical stability (Blanchard, Higham, and Higham 2019), in
contrast to the version of softmax without the biases −b.
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grammar φ ::= ⊤ | p | ¬φ | φ ∧ φ | ♢≥kφ | ⟨G⟩≥kφ,
where p ∈ Π and k ∈ N. We use ∨, → and ↔ as abbrevia-
tions in the usual way, and for D ∈ {♢, ⟨G⟩}, we define that
D<kφ := ¬D≥kφ and D=kφ := D≥kφ ∧D<k+1φ.

The semantics of GML+GC is defined over pointed
graphs. In the field of modal logic, Π-labeled graphs are of-
ten called Kripke models. For a Π-formula φ of GML+GC
and a pointed Π-labeled graph (G, v), the truth of φ in (G, v)
(denoted by G, v |= φ) is defined as follows. G, v |= ⊤ holds
always. For p ∈ Π, G, v |= p iff p ∈ λ(v). The cases ¬ and
∧ are defined in the usual way. For diamonds,

G, v |= ♢≥kφ iff |{u ∈ NeighG(v) | G, u |= φ}| ≥ k
G, v |= ⟨G⟩≥kφ iff |{u ∈ V (G) | G, u |= φ}| ≥ k.

Graded modal logic with global modality (GML+G)
is the fragment of GML+GC where diamonds ⟨G⟩≥k are
allowed only if k = 1. For simplicity, we let ⟨G⟩ := ⟨G⟩≥1.
Graded modal logic (GML) is the fragment of GML+G
without diamonds ⟨G⟩. Modal logic (ML) is the fragment of
GML where we allow diamonds ♢≥k only if k = 1, and we
let ♢ := ♢≥1. Propositional logic (PL) is the fragment of
ML without diamonds ♢. The logics ML+GC, ML+G,
PL +GC and PL +G are defined in the expected way.

Example 3. The property ‘no vertex is a dead-end’ is
expressed by the GML+GC-formula ⟨G⟩=0♢=0⊤. No
GML+GC-formula can express the property ‘at least half
of the vertices in the graph have label p’. A formal proof via
graded bisimulations is straightforward.

2.4 Equivalence of Vertex Classifiers
A (vertex) property over Π is a mapping f that assigns to
each Π-labeled graph G a feature map λ′ : V (G) → {0, 1}
and is invariant under isomorphisms. A vertex classifier is
any objectC that defines a vertex property. Note that each of
our computing models is a vertex classifier. Each Π-formula
φ of any logic introduced above also corresponds to a vertex
classifier (where for FO, φ must have a single free variable)
which maps each Π-labeled graph G to the feature map λφ
with λφ(v) = 1 if G, v |= φ and λφ(v) = 0 otherwise.

We say that vertex classifiers C1 and C2 are equivalent if
they define the same vertex property. Two classes C1 and C2
of vertex classifiers have the same expressive power if for
each C1 ∈ C1 there is an equivalent C2 ∈ C2, and vice versa.
We say that C1 and C2 have the same expressive power
relative to FO, if for each vertex property f definable by a
formula φ(x) ∈ FO, there is some C1 ∈ C1 that defines f if
and only if there is some C2 ∈ C2 that defines f .

3 Characterizing Real-Based Transformers
We provide characterizations of the expressive power of
GPS-networks and of GTs, over the reals and relative to
FO, in terms of the logics GML+G and PL +G, respec-
tively. The characterizations apply to both soft-attention and
average hard-attention. We start with GPS-networks.

Theorem 4. Relative to FO, the following have the same
expressive power: GML+G, soft-attention GPS-networks,
and average hard-attention GPS-networks.

We discuss Theorem 4 giving a proof. An interesting com-
parison is to the results of Barceló et al. (2020), who prove
that relative to FO, GNNs without transformer layers and
without global readout have the same expressive power as
GML. They also show that, when counting global readout is
admitted, GNNs can express all of GML+GC.2 Relative to
FO, GPS-networks thus sit properly in the middle between
GNNs and GNN+GCs: they can express global properties
such as P1 = ‘the graph contains a vertex labeled p’, but
cannot express absolute global counting, such as P2 = ‘the
graph contains at least 2 vertices labeled p’.

Let us also discuss absolute expressive power, dropping
FO as a background logic. GNNs are by definition a special
case of GPS-networks. Conversely, Property P1 witnesses
that GPS-networks are strictly more expressive than GNNs,
also in an absolute sense. Likewise, Property P2 shows that
some GNN+GCs do not have an equivalent GPS-network.
It remains open whether every GPS-network is equivalent to
a GNN+GC. It is proved in (Rosenbluth et al. 2024) that
this is not the case for graph classification, but the result does
not immediately transfer to vertex classification.

While GPS-networks cannot express global properties
that involve absolute counting, they can express global prop-
erties with relative counting, and so can GTs. This is not vis-
ible in Theorem 4 because such properties do not fall within
FO. We demonstrate relative counting in the example below.

Example 5. There is a 1-layer soft-attention GT (P,L,C)
that accepts precisely the vertices of those graphs that satisfy
the property: ‘at least half of the vertices in the graph have
the label p’. The initial MLP P maps each feature vector to a
2-dimensional feature vector, where the first component en-
codes the labeling by p and the other is 0. The soft-attention
module of L then has WQ = WK = [0, 0]T, WV = [1, 0]T

and WO = [0, 1] and the MLP outputs a zero matrix. Af-
ter the last skip connection, the second column of the matrix
consists of the value x, where x tells the ratio of how many
vertices have the label p; the final classification head C out-
puts 1 if x ≥ 0.5 and 0 otherwise.

We now survey the proof of Theorem 4, full details are
in the technical report (Ahvonen et al. 2025). The eas-
ier direction is to show that every GML+G-formula can
be translated into an equivalent GPS-network. We extend
the corresponding construction of (Barceló et al. 2020) for
GML, using self-attention heads to handle subformulae of
the form ⟨G⟩φ.

Lemma 6. For every GML+G-formula, there is an equiv-
alent GPS-network. This applies to both soft-attention and
average hard-attention.

A notable difference to the proof of (Barceló et al. 2020) is
that we use a step function as an activation function, rather
than truncated ReLU. Intuitively, this is because truth val-
ues are represented as 0 and 1 in feature vectors, but both

2They actually show that GNNs with counting global readout
capture all of C2—the two-variable fragment of FO with count-
ing quantifiers—but only on undirected graphs; this fails for di-
rected graphs, as GNN+GCs cannot express, for instance, the
C2-formula ∃y E(x, y) ∧ E(y, x).
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soft-attention and average hard-attention may deliver an ar-
bitrarily small (positive) fractional value and there seems to
be no way to ‘rectify’ this into a 1 without using a step func-
tion. This is similar to what happens in GNNs that use arith-
metic mean as the aggregation function (Schönherr and Lutz
2026).

The difficult direction in the proof of Theorem 4 is
to show that every GPS-network that expresses an FO-
property is equivalent to a GML+G-formula. In (Barceló
et al. 2020), this direction is proved by first showing that
GNNs are invariant under graded bisimulation and then ap-
plying a van Benthem/Rosen-style result from finite model
theory (Otto 2019) which says that every FO-formula in-
variant under graded bisimulation is equivalent to a GML-
formula. GPS-networks, however, are not invariant under
graded bisimulations because these do not preserve global
properties. We thus introduce a stronger version of graded
bisimilarity that also takes into account the multiplicities
with which graded bisimulation types are realized, and prove
a corresponding van Benthem/Rosen theorem.

Let Π be a finite set of vertex label symbols. A
graded bisimulation between two Π-labeled graphs G1 =
(V1, E1, λ1) and G2 = (V2, E2, λ2) is a binary relation
Z ⊆ V1 × V2 that satisfies the following conditions:
atom for all (v1, v2) ∈ Z, λ1(v1) = λ2(v2).
graded forth for all (u1, u2) ∈ Z, for all k ≥ 1: for

all pairwise distinct v1, . . . , vk ∈ NeighG1
(u1) there

are pairwise distinct v′1, . . . , v
′
k ∈ NeighG2

(u2) with
(v1, v

′
1), . . . , (vk, v

′
k) ∈ Z.

graded back for all (u1, u2) ∈ Z, for all k ≥ 1: for
all pairwise distinct v′1, . . . , v

′
k ∈ NeighG2

(u2) there
are pairwise distinct v1, . . . , vk ∈ NeighG1

(u1) with
(v1, v

′
1), . . . , (vk, v

′
k) ∈ Z.

We write (G1, v1) ∼ (G2, v2) if there is a graded bisimula-
tion Z between G1 and G2 with (v1, v2) ∈ Z.

A graded bisimulation type over Π is a maximal set t
of Π-labeled pointed graphs such that (G1, v1) ∼ (G2, v2)
for all (G1, v1), (G2, v2) ∈ t. For a pointed Π-labeled graph
(G, v), we use tpG(v) to denote the unique graded bisimula-
tion type t over Π such that (G, v) ∈ t.

Pointed graphs (G1, v1), (G2, v2) are global-ratio graded
bisimilar, written (G1, v1) ∼G% (G2, v2), if (G1, v1) ∼
(G2, v2) and there exists a rational number q > 0 such that
for every graded bisimulation type t,
|{v ∈ V1 | tpG1

(v) = t}| = q · |{v ∈ V2 | tpG2
(v) = t}|.

Note that the ratios between graded bisimulation types above
are closely related to relative counting as in Example 5.
Example 7. We illustrate that global-ratio graded bisimi-
larity provides a middle ground between graded bisimilarity
and isomorphism.

First consider the {p}-labeled graphs G1 = ({v1}, ∅, λ1)
with λ1(v1) = {p} and G2 = ({u1, u2}, ∅, λ2) with
λ2(u1) = {p} and λ2(u2) = ∅. Then (G1, v1) ∼ (G2, u1),
but (G1, v1) ̸∼G% (G2, u1) as the graded bisimulation type
of (G2, u2) does not occur in G1.

Now consider the graph G3 = ({w1, w2}, ∅, λ3) with
λ3(w1) = λ3(w2) = {p}. Then (G1, v1) ∼G% (G3, w1),
taking q = 1

2 , but G1 and G3 are not isomorphic.

A vertex classifier such as a GPS-network or an FO-
formula φ(x) is invariant under ∼G% if for all pointed
graphs (G1, v1) and (G2, v2), (G1, v1) ∼G% (G2, v2) implies
that G1 |= φ(v1) if and only if G2 |= φ(v2). A layer-by-layer
analysis of GPS-networks shows the following.

Lemma 8. Let N be a soft-attention or average hard-
attention GPS-network. Then N is invariant under ∼G%.

It follows that GPS-networks cannot distinguish (G1, v1)
and (G3, w1) from Example 7. In contrast, (G1, v1) and
(G2, u1) can be distinguished: by Lemma 6, one can employ
a GPS-network equivalent to the GML+G-formula ⟨G⟩¬p.

We now give the announced van Benthem/Rosen theorem.

Theorem 9. For every FO-formula φ(x) over Π, the fol-
lowing are equivalent:

1. φ is invariant under ∼G%;
2. φ is equivalent to a GML+G-formula over all (finite!)

Π-labeled pointed graphs.

The direction “2 ⇒ 1” of Theorem 9 is easy to prove by
a straightforward induction on the structure of GML+G-
formulae. The difficult part is to show the “1 ⇒ 2” direc-
tion, that is, every FO formula φ(x) invariant under ∼G%

is equivalent to a GML+G-formula. To achieve this, we
combine and extend techniques from (Otto 2004) and (Otto
2019). The former provides a van Benthem/Rosen theorem
that links global (ungraded) bisimulation to ML+G, and
the latter a theorem of the same kind that links graded bisim-
ulation to GML.

Our proof consists of a sequence of results saying that if
an FO-formula φ(x) is invariant under ∼G%, then it is also
invariant under certain other notions of bisimulation that be-
come increasingly weaker.3 We finally arrive at a notion of
bisimulation that is called global c-graded ℓ-bisimulation,
where c is a counting bound and ℓ a depth bound, both de-
rived from φ(x). Importantly, this notion of bisimulation has
only a finite number of bisimulation types, and each type
can be distinguished from the others using a characteris-
tic GML+G-formula. We can thus construct the desired
GML+G-formula by taking the disjunction of all charac-
teristic formulae for bisimulation types in which φ(x) is
true. To make sure that the ratio-property of ∼G% is re-
spected, we replace several constructions from (Otto 2004)
with more careful ones.

Combining Theorem 9 and Lemma 8 completes the proof
sketch of Theorem 4. Moreover, as a special case, the con-
struction in the proof of Lemma 6 shows that PL +G-
formulae can be translated into GTs with both soft-attention
and average hard-attention. A minor extension of our tech-
niques used to prove Theorem 9, then shows the following.

Theorem 10. Relative to FO, the following have the same
expressive power: PL +G, soft-attention GTs, average
hard-attention GTs.

3While this provides a good intuition, it is not strictly true. For
technical reasons, the intermediate notions of bisimulation some-
times get stronger in certain respects, e.g. they may use up-and-
down features as used for modal logics with the converse modality.
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4 Characterizing Float-Based Transformers
We give characterizations of GPS-networks and GTs based
on floating-point numbers via the logics GML+GC and
PL +GC, respectively. Before the characterizations, we in-
troduce floats and float-based GPS-networks and GTs.

4.1 Floating-Point Numbers and Arithmetic
We define the concepts of floating-point numbers based on
the IEEE 754 standard (IEEE 2019). Let p, q ∈ Z+. A
floating-point number (over p and q) is a string of the form

b0b1 · · · bp+q ∈ {0, 1}p+q+1.

The bit b0 is called the sign, the string e = b1 · · · bq
the exponent and s = bq+1 · · · bp+q the significand. Let
a = 2p−1, b = 2q−1 − 1, and let e and s be the non-
negative integers represented in binary by e and s. Then the
above floating-point number is interpreted as the real num-
ber (−1)b0 s

a2
e−b. As an exception, the float with s = 0p,

e = 1q and b0 = 0 (resp. b0 = 1) corresponds to ∞ (resp.
−∞). When the context is clear, we identify a float with
the real number (or ∞, −∞) that it represents. A float is
normalized if bq+1 ̸= 0, and subnormalized if bq+1 = 0
and e = 0q . A floating-point format F(p, q) over p and q
consists of all normalized and subnormalized floating-point
numbers over p and q and the symbols ∞, −∞, and NaN
(‘not-a-number’), and when clear we may write F instead
of F(p, q).

Next, we discuss basic arithmetic operations over
floating-point formats: addition +, subtraction −, multipli-
cation ·, division ÷ and square root

√
x. The definition of

each of the operations is to first ”compute” to unlimited pre-
cision in real arithmetic (extended with ∞ and −∞) and
then rounding to the nearest float in the format, with ties
rounding to the float with an even least significant bit. Un-
defined results, such as ∞

∞ , are mapped to NaN. If any in-
put is NaN, the output is NaN, i.e., our NaN is silent and
propagated through the computation. The exponential func-
tion exp(x) over floats is not a basic operation and is im-
plemented in a standard way, using basic operations, range
reductions and polynomial approximations. Background and
a discussion on these concepts is in (Ahvonen et al. 2025).

4.2 Float-Based Transformers
We introduce float-based GTs, GPS-networks and GNNs.
To define them, we replace reals with floats, but we must
also carefully specify how float operations are performed.
One reason is that many float operations (e.g. sum) are not
associative due to rounding errors between operations. Thus,
switching the order of operations can affect the outcome.
Example 11. Consider the sum of the real numbers −1,
1 and 4 representable in the format F(2, 3): here we have
(−1+ 1)+ 4 = 0+4 = 4 but −1+ (1+ 4) = −1+ 4 = 3.
Note that in the latter equation, the precise sum of 1 and 4
would be 5, which is not representable in the format F(2, 3)
and is thereby rounded to the nearest number; both 4 and 6
are equally near, and 4 has the even least significant bit.

The softmax function, the sum aggregation function and
some matrix multiplications in attention heads take a sum

over the features of vertices in the studied graph, and are thus
affected by this non-associativity issue. In the worst case,
this can violate the isomorphism invariance of these learn-
ing models, which is undesirable. For example, in typical
real-life implementations, the set V of vertices in the stud-
ied graph is associated with some implementation-related,
implicit linear order<V (that is not part of the actual graph).
Then isomorphism invariance can be violated if the sum ag-
gregation sums in the order <V . Hence, it is better to order
the floats instead of the vertices. We make the natural as-
sumption that floats are always summed in increasing order,
which results in models that are isomorphism invariant. This
is further justified by numerical stability (Wilkinson 1959;
Robertazzi and Schwartz 1988; Higham 1993).

Given a floating-point format F , we let SUMF denote
the operation that maps a multiset N of floats to the sum
f1 + · · · + fℓ where each fi appears N(fi) times and the
floats appear and are summed in increasing order. We recall
from (Ahvonen et al. 2024) the following important result
on boundedness of float sums.

Proposition 12. For all floating-point formats F , there ex-
ists a k ∈ N such that for all multisets M over floats in F ,
we have SUMF (M) = SUMF (M|k).

To see that the above proposition holds, observe that
SUMF repeatedly adds the same float the number of times
it appears in the sum. In the format F(2, 2), the number
1
2 · 2−1 = 0.25 is exactly representable. Summing 0.25 re-
peatedly in this format gives 0.25 after one addition, 0.50
after two additions, 0.75 after three additions, 1.0 after four
additions, and 1.0 after five additions, since 1.25 is not in
F(2, 2) and rounds to 1.0. Thus, the sum “saturates beyond
a threshold”. Using this phenomenon, it is easy to obtain a
proof of Proposition 12

We say that an aggregation function AGG is bounded if
there exists a k ∈ N such that AGG(M) = AGG(M|k) for
all M . Apart from sum, also mean aggregation is similarly
bounded. Furthermore, we assume that softmax is imple-
mented for a floating-point format F by using the above sum
SUMF in the denominator, and the remaining operations are
carried out in the natural order, i.e., we first calculate the bias
b, then values xj − b, then the exponents, and finally the di-
vision. Likewise, we assume AH is implemented for F by
calculating the denominator in 1

|Ix| using the same approach
as (Li and Cotterell 2025), i.e., calculating it as SUMF (M),
where M is the multiset over F consisting of precisely |Ix|
instances of the float 1, and then performing the division.

Float-Based Learning Models. Floating-point GTs, de-
noted by GT[F], are defined in the same way as GTs based
on reals, except that they use floats in feature vectors and
float operations where the order of operations is as speci-
fied above. Likewise for GPS-networks, GNNs, MLPs, etc.
We further assume that these models always use aggregation
functions that are bounded. This is a natural assumption as
sum, max and mean are all bounded on floats by the above
findings.

We call these learning models simple when the MLPs are
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simple4 and the aggregation functions are SUMF . In fact,
GTs and GPS-networks were originally defined based on
simple MLPs (Dwivedi and Bresson 2020; Rampásek et al.
2022). We do not fix a single float format for all GT[F]s,
GPS[F]-networks, GNN[F]s, etc.; instead, each of them is
associated with some float format. In our translations, the
format is assumed arbitrary when translating them into log-
ics, but can be chosen freely in the other direction.

4.3 Characterizations
Next, we provide logical characterizations for GT[F]s and
GPS[F]-networks with both soft and average hard-attention.
The characterizations are absolute, i.e., they do not require
relativizing to a background logic such as FO. Our float-
based GT[F]s and GPS[F]-networks also do not require step
function activated MLPs aside from the classification heads.

First, we make an observation about float-based multipli-
cation relevant to our translation techniques. When multi-
plying two floating-point numbers that are very close to zero,
underflow occurs: the exact result is so small that all signifi-
cant bits are lost, and the output is 0. For instance, underflow
can occur in attention heads in some matrix multiplications.
The following proposition demonstrates this phenomenon.
In the proposition and the proof that follows, we identify
each float with the real number that it represents.
Proposition 13. Let F be a floating-point format, let f be
the smallest positive float in F and let k be some even integer
such that k

2 is accurately representable in F . For all F ∈ F ,
|F | ≤ | 1k | if and only if F · (k2f) = 0.

For the proof, note that since k
2 is accurately representable

in F , then so is also the precise product k
2f . Now, we ob-

serve that |F | ≤ | 1k | if and only if the precise product
F · (k2f) belongs to the closed interval [− 1

2f,
1
2f ]. All num-

bers in this interval round to 0.
Now, we give our logical characterization for GT[F]s.

Recall that float-based computing models by definition use
bounded aggregation functions, and as explained, this is a
natural assumption. By ‘constant local aggregation func-
tions’, we intuitively mean that in message-passing layers,
vertices cannot distinguish if a message was received from
an out-neighbor or from any other vertex.
Theorem 14. The following have the same expressive
power: PL +GC, soft-attention GT[F]s and average hard-
attention GT[F]s (and GNN+GC[F]s with constant local
aggregation functions). This also holds when the GT[F]s
and GNN+GC[F]s are simple.

We provide a more detailed proof for Theorem 14 in the
technical report (Ahvonen et al. 2025), but we sketch the
proof here. In the direction from GT[F]s to logic, the gen-
eral idea is that for each vertex v we simulate its feature vec-
tor xv after each transformer layer by simulating each bit of
xv by a single formula, i.e., a sequence of formulae simu-
lates the whole vector xv . As a last step, we combine these
formulae recursively into a single formula that simulates the

4An exception is the final Boolean vertex classifier, which is
otherwise a simple MLP but uses the Heaviside function.

output of the classification head. There are two key insights
for simulating bits. First, each ‘local step’ of a GT[F] where
a vertex does not need to know the features of any other
vertices (e.g. MLPs or matrix products XWQ, XWK and
XWV ) can be expressed as a function fF : Fn → Fm. As
floats are bit strings, we can identify fF with a partial func-
tion fB : {0, 1}kn → {0, 1}km, where k is the number of bits
in F . PL is expressively complete for expressing Boolean
combinations, i.e., each function g : {0, 1}n → {0, 1} has
an equivalent PL-formula as g(x) is simply a Boolean com-
bination of the values in x. Thus, we can construct an equiv-
alent PL-formula for each output bit of fB, and the full func-
tion fB can be simulated by a sequence of formulae. Second,
for the remaining ‘non-local’ steps, it suffices to know the
features of other vertices in the ‘global sense’, i.e., the edges
of the graph are not used. Due to Proposition 12, the float
sums appearing in attention heads are bounded for some k,
i.e., after k copies of a float F , further instances of F do
not affect the sum. Since the attention heads sum over the
features of all vertices, it suffices for a vertex to be able to
distinguish a bounded number of each possible feature vec-
tor appearing in the graph, and we can count up to this bound
with the counting global modality.

For the converse, to translate a PL +GC-formula φ into
a simple GT[F], we use a similar strategy as with reals:
we compute the truth values of the subformulae of φ one
at a time, using multiple transformer layers per subformula.
Again the truth value of each subformula is represented as
0 or 1 in the feature vector for each vertex, i.e., in the fea-
ture matrix there is a column for each subformula that is
used to encode the truth value of the subformula in each ver-
tex. There are also some auxiliary columns in the feature
matrix. The translation involves making use of the proper-
ties of floats and floating-point operations. The operators ¬
and ∧ are easy to handle by using the MLPs of the trans-
former layers. The hardest part is to simulate modalities
⟨G⟩≥k by using MLPs and attention modules. Assume that
we are computing the truth value of a subformula of the
form ⟨G⟩≥kψ and the truth value of ψ has already been en-
coded into a column i of the current feature matrix. Then
we build an attention head that checks if the number ℓ of
1s in the column i is at least k. Intuitively, we construct a
query matrix WQ and a key matrix WK such that the ma-
trix softmax

(
(XWQ)(XWK)T/

√
dh

)
has an entry in ev-

ery row that has the value 1
ℓ (or a suitable rounded value).

A similar construction is also possible by using the average-
hard function. Then due to Proposition 13, we can construct
a value matrix which uses underflow to check if 1

ℓ ≤ 1
k . Af-

ter that, by using MLPs, we can distinguish when ℓ ≥ k and
when ℓ < k. This completes the proof sketch.

Before characterizing GPS[F]-networks, we prove a help-
ful characterization of float-based GNNs.

Theorem 15. The following pairs have the same expressive
power (denoted by ≡): GNN[F] ≡ GML, GNN+G[F] ≡
GML+G and GNN+GC[F] ≡ GML+GC. This also
holds when each type of GNN[F] is simple.

This theorem follows from the proof techniques of Theo-
rem 3.2 of (Ahvonen et al. 2024), which showed that (sim-
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ple) recurrent float GNNs are equally expressive as a re-
cursive rule-based bisimulation invariant logic called the
graded modal substitution calculus (GMSC). Unlike the
float GNNs in that paper, our GNN[F]s are not recurrent,
meaning they only scan the neighborhood of a vertex up
to some fixed depth. The corresponding constant-iteration
fragment of GMSC is GML. The techniques in (Ahvonen
et al. 2024) generalize for global readouts and modalities,
see (Ahvonen et al. 2025) for the technical details of the
proof.

We now characterize float-based GPS-networks.

Theorem 16. The following have the same expressive
power: GML+GC, soft-attention GPS[F]-networks, aver-
age hard-attention GPS[F]-networks and GNN+GC[F]s.
This also holds in the case where the GPS[F]-networks and
GNN+GC[F]s are simple.

The result follows from Theorems 14 and 15. Importantly,
any transformer layer and message-passing layer can be sim-
ulated by a GPS-layer of a higher dimension by append-
ing the inputs and outputs of the transformer and message-
passing layer with zeros on the GPS side. The technical de-
tails of the proof are in (Ahvonen et al. 2025).

We make some final observations. As seen in Example 5,
‘relative global counting’ is expressible by real-based GTs.
However, the same construction does not work for GT[F]s
as, due to Proposition 12, the softmax-function and aver-
age hard function lose accuracy in a drastic way with large
graphs. For the same reason, Lemma 8 fails with floats;
GT[F]s and GPS[F]-networks are not invariant under the
bisimilarity ∼G%. However, Theorems 14, 15 and 16 show
that with float-based GTs, GPS-networks and GNNs, ‘ab-
solute counting’ is possible (locally or globally depending
on the model), since the matching logics can count.

We note that our results with floats immediately hold
when restricted to word-shaped graphs, i.e., graphs where
the domain is a prefix [n] of positive integers, the edge rela-
tion is the successor relation over [n], and λw(v) is a single-
ton for each vertex. For example, a GT over word-shaped
graphs is just an ‘encoder-only transformer without causal
masking’. A popular example is BERT (Devlin et al. 2019),
which is such a model inspired by (Vaswani et al. 2017). In
the technical report (Ahvonen et al. 2025), we study unique
hard-attention graph transformers over word-shaped graphs.
In the same technical report, we also consider generaliza-
tions of our float results for graph classification tasks and
non-Boolean classification tasks.

We also briefly discuss how our float results
could be modified to cover positional encodings.
Often, each GNN[F], GT[F], or GPS[F]-network
A = (P,L(1), . . . , L(k), C) (with input dimension ℓ)
is associated with a positional encoding (or PE) π over
F , i.e., an isomorphism-invariant mapping that assigns to
each graph G a function π(G) : V (G) → Fℓ. For example, a
popular PE is LapPE (Rampásek et al. 2022). Now, A with
π computes over G a sequence of feature maps similarly to
A without π (see Section 2.2), but for each vertex v in G,
we define λ(0)v := P (λ)v + π(G)v . Our characterizations
with floats can be modified to cover PEs by simply adding

proposition symbols to the logic that encode the PE of each
vertex, see the technical report (Ahvonen et al. 2025) for
more details. Positional encodings are an important future
topic that warrants further study.

5 Conclusion
We have given logical characterizations for GPS-networks
and graph transformers, based on reals and on floats. As fu-
ture work, it would be interesting to lift all our characteriza-
tions from vertex to graph classification, and to more com-
prehensively study the expressive power of GPS-networks
and GTs enriched with common forms of positional encod-
ings such as graph Laplacians. Our results in the float case in
fact already lift to graph classification tasks and also to non-
Boolean classification, and they also hold when restricted to
word-shaped graphs; this is covered in the technical report
(Ahvonen et al. 2025). Another interesting open question is
whether, in the case of the reals, every GPS-network can be
expressed as a GNN+GC.
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