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Abstract
Geometry Problem Solving has become a hot topic these
years due to its complexity of enabling the machine with geo-
metric abstraction, multi-modal reasoning and mathematical
capabilities. Majority of research works place their attention
on the fusion of multi-modal data or the synergistic combi-
nation of neural and symbolic systems for performance im-
provement. However, their neglect of the unique characteris-
tics of geometric diagrams, which distinguish them from nat-
ural images, impedes the further exploring of critical infor-
mation in geometric diagrams. In this work, we introduce the
novel concept of geo-graph and propose the Geo-Graph Ge-
ometry Problem Solving model which encodes the geometric
diagram from a new perspective. The geo-graph is designed
to include semantic, structural and spatial information in the
diagram, which is crucial to subsequent problem reasoning
stage. To facilitate the model’s comprehension of the actual
layout of geometric diagram, spatial and connecting atten-
tions are devised to serve as intrinsic knowledge guidance for
feature propagation. An extra cross-modal attention is used as
external guidance to instruct the encoding of geo-graph to be
related to specific problem target. Fused multi-modal features
are then sent into a commonly used encoder-decoder frame-
work for final solution generation. The model is first trained
with three carefully designed pre-training tasks to establish
its fundamental knowledge of geo-graph, leveraging numer-
ous varied samples generated through a geo-graph-based aug-
mentation method. Experiments on popular geometry prob-
lem solving datasets demonstrate the effectiveness and supe-
riority of our model for geometric diagram encoding.

Code — https://github.com/nicktech-git/Geo-Graph

1 Introduction
Geometry Problem Solving (GPS) has drawn growing at-
tention from the automated reasoning community (Liu et al.
2023; Trinh et al. 2024; Zhao et al. 2025; Zhang et al.
2025a) due to its collaborative use of symbolic and neural
systems for high-order logical reasoning. In practical edu-
cational scenarios, the task aims at obtaining both the nu-
merical answer and corresponding solutions with given ge-
ometric diagram and problem text. The text usually contains
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Copyright © 2026, Association for the Advancement of Artificial
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Figure 1: Different strategies of encoding geometric diagram
in existing works. (a) extracts generic features of the whole
diagram; (b) divides the diagram into patches to learn local
features with spatial information; (c) transforms the diagram
into structural languages to retain structural information.

some basic descriptions of the geometry problem and final
goal, while the diagram is a concrete visualization of the ge-
ometric conditions. Therefore, it requires to first understand
the multi-modal geometric information and then reason for
the answer, where geometric abstraction, multi-modal rea-
soning and mathematical capabilities of the machine are in-
dispensable.

Recent works mainly form two mainlines. Neural-based
approaches (Zhang, Yin, and Liu 2023; Ning et al. 2023;
Gao et al. 2025) transform the geometry problem into multi-
modal features and feed them into neural networks to predict
solution sequences. Symbolic-based approaches (Wu et al.
2024; Peng et al. 2023; Zhao et al. 2025) parse the problem
into predefined formal languages and continuously deduct
for the answer with symbolic engines (Lu et al. 2021). While
there has been increasing studies (Xia et al. 2025; Wang
et al. 2025; Zhang et al. 2025c) utilizing the power of large
language models (LLMs), their underlying principles can
still be traced back to the two aforementioned approaches.
However, regardless of the varied data processing mecha-
nisms employed, existing methods generally exhibit limited
consideration for the unique characteristics of geometric di-
agrams in visual information understanding, which are dis-
tinct from those of natural images.

We present three typical strategies to encode geomet-
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Figure 2: Illustration of geo-graph. (a) is the original geo-
metric diagram from PGPS9K data set; (b) is a simplified
visualization of virtual geo-graph that corresponds to the ac-
tual layout of diagram, where centers of geometric and non-
geometric primitives are represented by colored and black
dots respectively. For easier correspondence in vision, the
primitives are painted or grounded the same color as their
paired primitive centers. For instance, the circle in (b) is
painted yellow as same as its centre point and the text E is
grounded in a green box as same as the point below it.

ric diagrams in fig. 1. Some early works (Zhang, Yin, and
Liu 2023) treat geometric diagrams equivalently to natu-
ral images, extracting the generic features of a whole dia-
gram by using CNN. This is primarily beneficial for learn-
ing only certain overall content-related information, often
failing to capture fine-grained geometric properties. Other
works (Chen et al. 2021; Ning et al. 2023) recognize the sig-
nificance of layout clues contained in diagram, thus divid-
ing the diagram into patches and aligning local visual fea-
tures with characters in text. This is also widely adopted by
GPS researches (Li et al. 2024a; Cho et al. 2025) that in-
volve LLMs with pretrained vision encoders (Radford et al.
2021). While such approach effectively captures the spacial
information of individual points, it inevitably breaks the ge-
ometric structures in the diagram, where the visual connect-
ing of primitives is highly sensitive. For example, Line BD
in fig. 1(b) is divided into four patches and could be eas-
ily recognized as multiple lines if the network is not ade-
quately trained. To preserve the structural information, some
studies (Zhang, Yin, and Liu 2023; Li et al. 2024b; Zhang
et al. 2025c) transform the diagram into structural clauses
as in fig. 1(c), which are then processed by language mod-
els to explore the geometric relations. However, this strat-
egy lacks consideration of spatial feature, which is another
critical determinant in understanding and solving geometry
problems. Additionally, a high risk of information loss exists
in such vision-to-language transformation due to the subop-
timal performances of existing parsers.

In contrast, we contend that the underlying motivation be-
hind the formalization and drafting of geometric diagrams
suggests their representation and modeling as graphs. We
follow the classification principles of previous works (Zhang
et al. 2022) to divide the fundamental elements in the di-
agram into geometric primitives (i.e. points, lines and cir-
cles) and non-geometric primitives (i.e. symbols and texts).
Therefore, geometric diagram serves as the concrete visu-
alization of symbolized primitives and their abstract rela-
tions, illustrating specific geometric conditions. As shown

in fig. 2(a), Line BD ⊥ Line AE is visualized as Line
BD and Line AE being perpendicularly intersecting at
Point C with a vertical bar connecting them three. To
this end, graph provides inherent advantages in modeling
the representations of multiple elements and their intrinsic
structural relations. Moreover, spatial clues are also instru-
mental for accurate diagram understanding. For example in
fig. 2(a), text 2 and 3 are paired and allocated to Line AE
according to their relative locations. Hence, the graph is re-
quired to include spatial information of the primitives for
more fine-grained encoding of the diagram. We name it as
geo-graph, depicted in fig. 2(b). It is actually the reconstruc-
tion of visual geometric conditions within a virtual environ-
ment, projected from the real geometric diagram.

To achieve this, we propose the Geo-Graph Geometry
Problem Solving (G3PS) model which provides a new per-
spective to encode geometric diagram. It first parses the
basic geometric and non-geometric primitives, which are
taken as nodes of the geo-graph. In details, the semantic and
spatial embeddings of the primitives are fused to compose
the initial features of the nodes. Next, a graph transformer
is utilized to encode geo-graph based on its node repre-
sentations, guided by a multi-attention mechanism devised
from three aspects: spatial attention, connecting attention
and cross-modal target attention. On one hand, the spatial
and connecting relations are integrated into the attention as
intrinsic knowledge to help the model understand the actual
layout of geometric diagram. On the other hand, the rele-
vance between primitives and problem goal is transformed
as cross-modal attention for target-guided encoding of geo-
graph. For textual data, the original problem text is extended
by structural and semantic clauses and processed by lan-
guage model. The multi-modal features are then fed into
an encoder-decoder framework for problem reasoning to fi-
nally predict the executable solution sequence and generate
the answer. Additionally, three pre-training tasks are care-
fully designed to help the graph transformer establish fun-
damental knowledge of geo-graph. Specifically, the model
is trained to predict the classes of nodes, the locations of
nodes and indicative relations within node pairs. To provide
diverse samples of geometric diagram content, a novel geo-
graph-based data augmentation method is also implemented
and used in both pre-training and training stages. Our con-
tributions can be summarized as four-folds:

• We introduce the concept of geo-graph and the Geo-
Graph Geometry Problem Solving model, encoding the
geometric diagram from a novel perspective. To the best
of our knowledge, it is the first work to transform the dia-
gram into geo-graph, considering all semantic, structural
and spatial information.

• We devise three attentions to guide the model’s compre-
hension and encoding of geo-graph with both intrinsic
knowledge and external cross-modal information.

• We design three pre-training tasks and a novel geo-graph-
based data augmentation method to enhance model learn-
ing in scenarios with limited training samples.

• Experiments over popular GPS datasets demonstrate the
effectiveness of G3PS in geometric diagram encoding.
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2 Methodology
Given a geometry problem (D,T ), where D is a geometric
diagram and T is problem description in natural language,
the task aims at obtaining the final answer of problem goal
and corresponding solutions. The overall framework of our
G3PS is illustrated in fig. 3.

2.1 Geometric Diagram Encoding
While geometric diagrams contain rich geometric condi-
tions, their unique characteristics that differentiate them
from natural images have been overlooked by prior research.
Therefore, the geo-graph is introduced for enhanced explo-
ration of spatial and structural information in diagrams.

Geo-Graph Construction For a geometric diagram D,
the commonly used parser (Zhang et al. 2022) is used to
first detect Kng non-geometric primitives and segment Kg

geometric primitives with their locations. The correspond-
ing visual or semantic dsem-dimension embedding is taken
as the initial semantic feature of nodes in geo-graph, denoted
as V = {v1, v2, · · · , vK} where K = Kg + Kng . Differ-
ent from nodes in normal graphs, the nodes in geo-graph
are location-sensitive, which means even if the nodes have
similar semantics, they represent different primitives when
they have different locations in the diagram. Therefore, a
mapping rule is used to generate the initial dloc-dimension
location features P = {p1, p2, · · · , pK} of the nodes from
their bounding boxes or segmentation locations. Then, the
semantic features and location features are concatenated af-
ter two multi-layer perceptrons to compose the initial node
representations N = {n1, n2, · · · , nK}:

ni = [MLP1 (vi) ;MLP2 (pi)] , (1)

where ni ∈ Rdemb

. For inclusion of as much potential in-
formation as possible, the geo-graph is first considered as a
fully connected undirected graph.

Multi-attention for Geo-Graph To better propagate in-
formation among nodes, the Graphormer (Ying et al. 2021)
is used to encode geo-graph for its strong modeling capa-
bilities. However, necessary guidance is needed to instruct
the transformer to learn the actual geometric layout and fo-
cus on parts that benefit solving the problem. To this end,
three kinds of supervision are proposed to provide the model
with intrinsic knowledge and external guidance as atten-
tion bias, namely spatial attention, connecting attention and
cross-modal target attention.
Spatial Attention. For a pair of nodes (ni, nj), the closer
they are when corresponded back to the diagram, the larger
possibility that they have correlation and constitute one ge-
ometric condition. For example, the text symbols “2” and
“3” in fig. 2 should be paired with Line AE to define its
length rather than Line AD. Thus, the relative distances
between nodes are calculated according to the center coor-
dinates (xi, yi) and (xj , yj) of their locations to generate a
symmetric spatial attention matrix MS

i,j (1 ≤ i, j ≤ K):

MS
i,j = 1−Norm

(√
(xi − xj)

2
+ (yi − yj)

2

)
, (2)

where Norm (·) function norms the value of each MS
i,j into

[0, 1] according to the minimum and maximum values.
Connecting Attention. Despite the spatial relevance, there
is another stronger relation to constrain the induction of
geometric conditions, i.e. connecting relevance. Geometric
primitives that are visually connected in the diagram form
a concrete geometric structure, such as Line BD intersect-
ing with Circle A at Point B and D in fig. 2. In order
to facilitate the model to understand such structural clue, a
symmetric connecting attention matrix MC

i,j (1 ≤ i, j ≤ K)
is generated from the prediction of parser:

MC
i,j =

{
1, if ni is connected to nj

0, if ni is not connected to nj
. (3)

Notice that such prediction provides valuable reference but
is not definite, ergo serving as one of the intrinsic attention
guidance instead of a filtering mask.
Cross-modal Target Attention. Intrinsic guidance focuses
on the diagram itself, while external information from the
geometry problem is also needed to concentrate on key parts
that could eventually lead to the answer. Hence, the problem
target representation etg∗ from section 2.2 is used to compare
the degrees of correlation between it and all nodes, followed
by a softmax function:

aTj =
exp

(
sim

(
nj , e

tg
∗
))∑K

j=1 exp
(
sim

(
nj , e

tg
∗
)) , (4)

where sim (·) can be any similarity function and 1 ≤ j ≤
K. Since such attention should be directly related to the
global representation of geo-graph, a virtual global node ng

is introduced by averaging the features of N . Thus, the target
attention matrix MT

i,j (1 ≤ i, j ≤ K + 1) is generated by al-
locating the correlation degree aTj to the nodes with respect
to the global node ng:

MT
i,j =


aTj−1, if i = 1, 1 < j ≤ K + 1

0, if 1 < i ≤ K + 1, 1 ≤ j ≤ K + 1

m, if i = 1, j = 1

, (5)

where m is set to 0.5 empirically. To merge both intrinsic at-
tention and external target guidance, a final attention matrix
Mi,j (1 ≤ i, j ≤ K + 1) is derived by aligning each atten-
tion matrix with its corresponding position, which is also
illustrated in fig. 3 (a):

Mi,j =

{
α1M

T
i,j , if i = 1 or j = 1

α2M
S
i−1,j−1 + α3M

C
i−1,j−1, otherwise

, (6)

where α1, α2 and α3 are hyper-parameters.

Global Representation Encoding Under internal and ex-
ternal guidance, the graph transformer is instructed to en-
code the high-level semantics of the geo-graph from local
nodes to the global node. For a L-layer graph transformer,
the l-th layer fGT

l (·) takes in the global node ng
l−1 and lo-

cal nodes Nl−1 from previous layer with the attention matrix
M obtained by eq. (6), and outputs the new representations
ng
l and Nl:

ng
l , Nl = fGT

l

(
ng
l−1, Nl−1,M

)
. (7)
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Figure 3: The overall framework of G3PS which includes four parts. In (a), the proposed geo-graph is constructed and then
encoded by pre-trained graph transformer under multi-attention guidance. Textual features are generated by a language model
in (b). Combined multi-modal features are fed into an encoder-decoder network to obtain final solution and answer in (c). In
pre-training stage, three auxiliary tasks and data augmentation method are used, as depicted in the top-right yellow box.

The representations of global node of all L layers are taken
as the guided encoding results of the whole geo-graph, de-
noted as Ng = {ng

1, n
g
2, · · · , n

g
L}.

2.2 Text Encoding
Problem text includes not only the problem target, but also
some crucial geometric conditions that are complementary
to diagram. Following previous works (Zhang, Yin, and Liu
2023; Li et al. 2024b), the structural and semantic clauses
parsed from the diagram are combined with the original
problem text. It effectively strengthens the understanding of
geometric conditions from the textual perspective. In de-
tails, the extended text T = {T cont, T tg} is sent into a
pre-trained language model to obtain its generic features
E = {Econt, Etg} from the semantic, class and section as-
pects of each word token:

E = fLM
sem (T ) + fLM

cls (T ) + fLM
sec (T ) , (8)

where fLM
∗ (·) are corresponding embedding layers, cont

and tg refer to extended content and problem target. For
cross-modal interaction, the representation of problem tar-
get etg∗ is generated by averaging the word features in Etg

after a linear projection:

etg∗ = avg
(
Linear

(
Etg

))
, (9)

which is considered as external target guidance in eq. (4).

2.3 Problem Reasoning
As the encoding results of geo-graph and problem text (i.e.
Ng and E) have been acquired after problem understand-
ing stage, the features from both modalities are then con-
catenated for mutual complement of information. We adopt
the commonly used encoder-decoder structure (Chen et al.
2021, 2022; Zhang, Yin, and Liu 2023) in reasoning stage
for effectiveness and simplicity. Specifically, a GRU-based
encoder and a self-limited GRU-based decoder (Zhang, Yin,
and Liu 2023) are used to explore high-level geometric clues
and predict the solution S = {s1, s2, · · · , sH}. An offline
symbolic executor is employed to calculate the final answer
a∗ of the problem according to the predicted executable pro-
gram S. In practice, the model is optimized to generate cor-
rect solution sequence by Cross Entropy Loss:

L = −
H∑
i=1

C∑
j=1

ysi,j · log q (si,j) , (10)

where H is the length of S, C is the size of self-limited
sequence vocabulary space and ysi,j is the ground-truth label.

2.4 Multi-task Pre-training
Although the graph transformer excels at modeling compli-
cated graph structures, it requires sufficient training samples
to support the optimization of its parameters. However, fine-
grained GPS data sets have always been hard to acquire and
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annotate, making it a natural challenge for learning of deep
neural networks in GPS. To alleviate this, three pre-training
tasks are designed to help the model establish fundamental
knowledge of geo-graph, namely class prediction, location
prediction and relation prediction.
Class Prediction. Each node representation is supposed to
maintain key semantic features for its class classification
(e.g., point or text) after multi-layer information propaga-
tion among the neighbors. We randomly mask and replace
the class tags of partial nodes with mask token or other word,
and urge the model to predict their ground-truth class labels:

qclsi = fcls
(
fGT (ni)

)
, (11)

where fcls (·) is a one-layer linear projection and qclsi is pre-
dicted class tag of node ni.
Location Prediction. As one major difference of geo-graph
from ordinary graphs is that each node contains the location
of represented primitive in the diagram, the model should
learn to merge and retain such spatial information in the
nodes. Therefore, it is expected to predict the precise loca-
tions qloc of nodes using a one-layer linear function freg (·):

qloci = freg
(
fGT (ni)

)
. (12)

Relation Prediction. The indicative relation between nodes
is crucial for understanding the structure of geo-graph. A
well-trained model should be able to differentiate strong and
weak correlations between nodes, which forms the founda-
tion for subsequent high-level tasks such as graph encoding
and problem reasoning. To achieve this, the relation predic-
tion task is applied to discriminate whether a strong bond
relation exists between two nodes:

qreli,j = frel
(
fGT (ni)− fGT (nj)

)
, (13)

where qreli,j ∈ {0, 1} and frel (·) is a multi-layer perceptron.
To optimize the model, the commonly used Cross Entropy
Loss is applied for class prediction and relation prediction
(i.e., Lcls and Lrel), while the Smooth L1 loss is used for
location prediction (i.e., Lreg). Hence, the final loss function
in pre-training stage is defined as Lpre = Lcls + β1Lreg +
β2Lrel to teach the model at both node-level and structure-
level, where β1 and β2 are manually set hyper-parameters.

2.5 Data Augmentation
While pre-training can efficiently help the model build fun-
damental knowledge of geo-graph, there is still a risk of
over-fitting on small scale datasets. Previous works adopted
some basic approaches to augment diagram and text, such
as diagram flipping, token replacement and representation
transposition. These methods indeed generate various repre-
sentations of each sample, but they are constrained by the
original geometric conditions which ultimately leads to the
same reasoning path of model. Instead, we seek for a way
that could actually provide samples of diverse geometric
conditions, which is also one of the reasons for introduc-
ing the concept of geo-graph. As shown in fig. 4, we assume
that any geometric diagram, regardless of how complicated

Figure 4: Data augmentation method for geo-graph. Taking
an optimized geo-graph as an example which is transformed
from the geometric diagram, the content in red on the right
are added by our augmentation method.

it could be, can be transformed into the form of geo-graph.
Therefore, it is feasible for us to make editions on primitives
and structures as follows:

• Primitive Addition: To randomly add new virtual primi-
tive node in the geo-graph such as points, lines and cir-
cles. Each virtual node is assigned the same attribute cat-
egories as real nodes but with various labels.

• Structure Addition: To randomly add new indicative rela-
tions between real nodes and virtual nodes. Each relation
added indicates the join of a new geometric condition.

These two strategies are not independent but interrelated and
they are compatible with aforementioned basic augmenta-
tion methods in both pre-training and training stage. Because
they actually enrich the geometric conditions with confusing
noise, the model is further encouraged to explore the deci-
sive content for feasible solutions. We decide not to add any
numerical attributes (e.g., length of line or measure of an-
gle) because it may lead to conflicts with original geometric
conditions and affect the solution discovery.

3 Experiments
3.1 Datasets
We mainly compare the performances on the following two
popular and appropriately annotated GPS datasets.
PGPS9K (Zhang, Yin, and Liu 2023). A fine-grained GPS
dataset with diagram annotation and interpretable solution
programs. It consists of 9,022 geometry problems paired
with non-duplicate 4,000 geometric diagrams, part of which
are selected from Geometry3K (Lu et al. 2021). For com-
prehensive examination of model performance, the dataset
is split into 8,022 training and 1,000 testing samples accord-
ing to all problem types with a ratio of 8:1.
Geometry3K* (Zhang, Yin, and Liu 2023). A derivation
of the original Geometry3K, which is enriched by PGPS9K
but keeps the test set of 589 disjoint samples. It is a typical
benchmark to measure the performances of both symbolic-
based and neural-based models. We follow previous works
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Method Geometry3K* PGPS9K ParametersCompletion Choice Top-3 Completion Choice Top-3
Human Expert - 90.9 - - - - -

InterGPS-pred (Lu et al. 2021) 44.6 56.9 - - - - -
InterGPS-diagram (Lu et al. 2021) 64.2 71.7 - 59.8 68.0 - -

InterGPS-GT (Lu et al. 2021) 69.0 75.9 - - - - -
GeoDRL-pred (Peng et al. 2023) - 68.4 - - - - -

E-GPS-pred (Wu et al. 2024) - 67.9 - - - - -
Pi-GPS (Zhao et al. 2025) 70.6 77.8 - 61.4 69.8 - -

LLaVA-v1.5 (Liu et al. 2024) 7.6 11.2 - 6.3 9.1 - 7B
Qwen-VL (Bai et al. 2023) 22.1 26.7 - 20.1 23.2 - 7B

GPT-4V (Achiam et al. 2023) 38.6 42.3 - 31.8 40.3 - -
GeoGen-SFT-7B (Pan et al. 2025) 46.3 58.4 - 43.9 54.3 - 7B

Neural Solver (Lu et al. 2021) - 35.9 - - - - -
NGS (Chen et al. 2021) 35.3 58.8 62.0 34.1 46.1 60.9 80M

Geoformer (Chen et al. 2022) 36.8 59.3 62.5 35.6 47.3 62.3 267M
SCA-GPS (Ning et al. 2023) - 76.7 - - - - >310M

LANS (Li et al. 2024b) 71.3 82.3 82.0 66.1 73.8 81.7 26M
– baseline (PGPSNet) 65.0 77.9 80.7 62.7 70.4 79.5 23M

G3PS (ours) 70.6 85.1 83.4 66.6 77.5 81.8 16.6M

Table 1: Comparison of GPS on Geometry3K* and PGPS9K. Best/second best results are in bold/underlined.

and choose this data set for its consideration for neural-based
methods that need more training data.

3.2 Baselines and Evaluation Metrics
We choose the state-of-the-art and some typical methods as
competitors for detailed comparison.
Symbolic-based methods. Inter-GPS (Lu et al. 2021) made
the first attempt to continuously deduct for new geometric
conditions with a predefined rule base. Following previous
work (Li et al. 2024b), we list out its performances under
different situations, where -pred, -diagram and -GT refer to
using predicted parsing results of diagram and text, annota-
tions for diagram, and annotations for both modalities, re-
spectively. GeoDRL (Peng et al. 2023) constructs a compli-
cated logic graph from formal language conditions and pre-
dicts each theorem application with an improved rule base.
E-GPS (Wu et al. 2024) proposes to first reason for the so-
lution in a top-down decomposition manner and then solve
the problem by obtained solution. Pi-GPS (Zhao et al. 2025)
utilizes MLLMs to disambiguate text based on diagram. Al-
phaGeometry (Trinh et al. 2024) is not selected, which is de-
signed for geometry problem proving, due to its rule base be-
ing inapplicable for educational use and calculation, as well
as its lack of diagram processing capabilities.
Neural-based methods. Earlier typical works such as NGS
(Chen et al. 2021) and Geoformer (Chen et al. 2022) re-
lies more on textual modality without using diagram parsers.
For consistency, we report their performances from (Li et al.
2024b). SCA-GPS (Ning et al. 2023) enhances the model’s
understanding of geometric conditions by aligning the sym-
bolic characters in diagram and language, which introduces
visual information. PGPSNet (Zhang, Yin, and Liu 2023),
treated as our baseline model, extends the problem text with
structural and semantic clauses parsed from diagram and ex-
tracts features of diagram by CNN. LANS (Li et al. 2024b)

further improves the layout awareness of model by align-
ing the points in patches of diagram with the characters. We
also recognize the attention from the community on perfor-
mances of large language models, e.g., LLaVA (Liu et al.
2024) and GPT-4V (Achiam et al. 2023), to solve geometry
problems and borrowed results from (Li et al. 2024b).
Evaluation Metrics. Following the settings of previous
works (Li et al. 2024b), three evaluation metrics are mainly
used to assess the problem solving performances, namely
Completion, Choice and Top-k. In Completion, the problem
is solved correctly if the first executable solution from model
output obtains the correct numerical answer. It changes into
Top-k for looser tolerance where any one within top k solu-
tion programs can lead to the ground-truth answer. Choice is
prepared for more practical scenarios, where model is forced
to choose one closest answer out of candidates or by random
if it fails to, and is considered correct if the choice is made
right. For more detailed analysis, an extra evaluation metric
Solution Accuracy is added to further measure the reasoning
abilities, where the solution is seen as correct if it is shorter
than or equal as the annotated programs under Completion.

3.3 Implementation Details

We simply set the graph transformer with 6-layers, 8-head,
256-dimension input size and 512-dimension hidden size.
The dloc, dsem and demb are set as 9, 256 and 256, re-
spectively. In consistency with baseline PGPSNet, the pa-
rameter settings of encoder and decoder remain the same.
Empirically, we assign {1, 0.5, 0.5} and {10, 1} to hyper-
parameters {α1, α2, α3} and {β1, β2}. The overall model
is optimized by Adam optimizer with initial learning rates
0.001, 0.0001 and 0.0005 for normal layers, pre-trained lan-
guage model and pre-trained graph transformer.
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Method Solution Accuracy
Geometry3K* PGPS9K

PGPSNet 64.4 61.0
G3PS 69.8 64.5

Table 2: Comparison of quality of solutions. Best results are
in bold.

3.4 Performance Comparison
The overall performance results are recorded in table 1, from
which we mainly make the following observations:
(1) G3PS achieves the state-of-the-art performances over al-
most all evaluation metrics on both datasets. Specifically, it
obtains an average improvement of 5.2% and 4.4% on Ge-
ometry3K* and PGPS9K with a decrease of 6.4M parame-
ters, compared with the baseline model PGPSNet. It demon-
strates the effectiveness of our G3PS to encode information
in geometric diagram, and indicates that understanding geo-
metric diagrams by graph representations is promising.
(2) Among the neural-based methods, our G3PS achieves
the best overall performances with the least parameter scale.
In details, G3PS outperforms the previous SOTA model
LANS over almost all metrics with a sum of 7.8% improve-
ment gain, while reducing the parameter count from 26M
to 16.6M. Note that LANS integrates an additional LA-FA
module based on the encode-decoder framework of base-
line which we use. The results further demonstrates the effi-
ciency of G3PS to explore crucial information in diagrams.
(3) Symbolic-based methods can be improved with ease by
augmentation of rules and exhaustive search, but they are
sensitive to correctness of parsing results. Take InterGPS-
diagram and InterGPS-pred as examples, the large perfor-
mance gap between with and without diagram annotation in-
dicates the importance of understanding geometric diagram.
(4) Large vision language models present excellent perfor-
mances over general tasks, but are still unsatisfactory on
GPS task which requires geometric abstraction, multi-modal
reasoning and mature mathematical capabilities.

We further evaluate the solution quality of G3PS in com-
parison with the baseline model PGPSNet in table 2. It can
be seen that G3PS is more capable of generating shorter so-
lutions that lead to correct answers. It mainly benefits from
the enhanced understanding of geometric diagrams, thereby
reducing the unnecessary steps of solution.

3.5 Ablation Studies and Discussion
We have carried out extensive experiments for ablation stud-
ies to verify the effectiveness of different parts. As shown
in table 3, the model performance is constrained in all sit-
uations when any part of the proposed method is removed,
which means they all contribute to the final performance im-
provement. In details, connecting and spatial attentions are
both necessary for establishing basic understanding of geo-
graph, while external target guidance seems even more im-
portant because it instructs the model to concentrate on the
problem goal-related primitives. Without target guidance,
the encoding of geo-graph will be general and rough. Re-
moving pre-training tasks does not prevent the model from

Pre. Aug. Attentions Geometry3K*
Spa. Con. Tgt. Completion Solution

64.2 63.3
✓ ✓ 67.7 67.4
✓ ✓ ✓ ✓ 68.6 67.6
✓ ✓ ✓ ✓ 68.3 68.1
✓ ✓ ✓ ✓ 68.1 67.4
✓ ✓ ✓ ✓ 67.4 66.7

✓ ✓ ✓ ✓ 68.8 68.1
✓ ✓ ✓ ✓ ✓ 70.6 69.8

Table 3: Ablation study results. Pre., Aug., Spa., Con., Tgt.
are the abbreviations for pre-training, data augmentation,
spatial attention, connecting attention and target guidance,
respectively. Solution metric refers to Solution Accuracy.
✓indicates enabling the module. Best results are in bold.

Figure 5: Examples of case study. The colored lines are solu-
tion programs generated by the models, where red means it
leads to wrong answer and green refers to correct solutions.

learning key information with attention provided, but it is
helpful to build geo-graph knowledge for better optimiza-
tion. Augmentation for geo-graph and problem is important
to provide various training samples in case of over-fitting.
With all parts disabled, the encoding of geo-graph would
rather become noise and results in performance decrease.
Case Study. Two typical cases are shown in fig. 5 for fur-
ther discussion. In case 1, PGPSNet predicts the same solv-
ing logic but with wrong operands, while G3PS successfully
selects related sides of the triangle and builds correct equa-
tions. In case 2, both models obtain the ground-truth answer.
However, the mastery of the layout of diagram enables G3PS
to reason within one triangle and generate shorter solutions.

4 Conclusion
In this paper, we introduce a novel way of encoding geo-
metric diagram by geo-graph to provide valuable spatial and
structural information for subsequent problem reasoning.
The method is developed based on characteristics of geomet-
ric diagrams, rather than adopting same approach for natural
images. We will take a further step to integrate our method
with symbolic-based models for improved theorem predic-
tion and LLM-based models for feature extraction, as well
as other educational reasoning task (Zhang et al. 2025b).
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