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Abstract

Structural measures of graphs, such as treewidth, are central
tools in computational complexity resulting in efficient algo-
rithms when exploiting the parameter. It is even known that
modern SAT solvers work efficiently on instances of small
treewidth. Since these solvers are widely applied, research
interests in compact encodings into (Q)SAT for solving and
to understand encoding limitations. Even more general is the
graph parameter clique-width, which unlike treewidth can be
small for dense graphs. Although algorithms are available for
clique-width, little is known about encodings.

We initiate the quest to understand encoding capabilities with
clique-width by considering abstract argumentation, which
is a robust framework for reasoning with conflicting argu-
ments. It is based on directed graphs and asks for computa-
tionally challenging properties, making it a natural candidate
to study computational properties. We design novel reduc-
tions from argumentation problems to (Q)SAT. Our reduc-
tions linearly preserve the clique-width, resulting in directed
decomposition-guided (DDG) reductions. We establish novel
results for all argumentation semantics, including counting.
Notably, the overhead caused by our DDG reductions cannot
be significantly improved under reasonable assumptions.

Introduction

Many problems in combinatorics, symbolic Al, and knowl-
edge representation and reasoning are computationally
very hard (Eiter and Gottlob 1993; Truszczynski 2011;
Dvorak 2012). In the literature, various structural restric-
tions have been identified under which problems become
tractable (Niedermeier 2006; Downey and Fellows 2013;
Cygan et al. 2015). In theory, we are interested whether
an efficient algorithm exists (Courcelle 1990; Borie, Parker,
and Tovey 1992; Fischer, Makowsky, and Ravve 2008;
Courcelle 2018). In practice, we seek effective practical
algorithms (Lampis, Mengel, and Mitsou 2018; Jirvisalo,
Lehtonen, and Niskanen 2025). From both perspectives, we
want to understand the structural combinatorial core of the
problem. Structure preserving reductions to other problems
support this understanding by its algorithmic and logic-
based definability character. Important structural properties
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of input instances are for example hierarchical graph decom-
positions, which are quite interesting for algorithmic pur-
poses and for solving problems in polynomial-time in the
input size and exponential in a parameter defined on the de-
composition, e.g., treewidth (Freuder 1985; Dechter 1999).
Even more general than treewidth is the graph parameter
clique-width (Courcelle, Engelfriet, and Rozenberg 1993),
which can even be small for dense graphs where treewidth
is large, measuring the distance from co-graphs (Courcelle
and Olariu 2000). Dynamic programming algorithms for
deciding acceptance under preferred semantics are known
for clique-width (Dvordk, Szeider, and Woltran 2010), but
little is known about structure guided reductions to other
problems. This is particularly interesting when reasoning re-
lies on tools such as SAT solving where research increas-
ingly asks for efficient encodings and theoretical limita-
tions (Heule et al. 2023) under the light that logic-based
characterizations are known that allow to solve SAT faster.

Proposition 1 (Fischer, Makowsky, and Ravve, 2008). For
Boolean formulas of directed incidence clique-width k and
size n, counting SAT can be solved in time 2°%) - poly(n).

The proposition immediately yields the natural research
question: Can we encode problems into (Q)SAT while pre-
serving the clique-width? Indeed, such encodings would al-
low to easily reuse Proposition 1 for solving. In this paper,
we address this question for abstract argumentation, a nat-
ural knowledge representation framework widely used for
reasoning with conflicting arguments (Dung 1995; Rahwan
2007). There, relationships between arguments are speci-
fied in directed graphs, so-called argumentation frameworks
(AFs), and conditions are placed on sets (extensions) of
arguments that allow AFs to be evaluated. The computa-
tional complexity of argumentation is well-studied (Dvorak,
Szeider, and Woltran 2010; Dvorak, Pichler, and Woltran
2012; Dvorak 2012; Charwat et al. 2015; Fichte, Hecher, and
Meier 2024). Since AFs are already given as direct graphs
and the complexity is often even beyond NP, it makes it a
perfect candidate to study clique-width aware encoding.

Our main contributions are as follows:

1. We design reductions from argumentation problems to
satisfiability of (quantified) Boolean formulas. Our re-
ductions are directed decomposition-guided (DDG), em-
ploy k-expressions, and linearly preserve clique-width.



so () #4
o€ {stab,adm, comp} {pref, semiSt, stage}
CW-Aw. O(k) O(k)
CW-LB (ETH) Q(k) (k)
Rt (UB/LB) 20(0) . poly(n) 92" - poly(n)
Ref. (UB) Thm 7-12 Thm 1418
Ref. (LB) Thm. 20/Corr. 21 Prop. 22

Table 1: Overview of our results, where k = dew(G¢(F)),
and n = |A| for given AF F' = (A, R). We use c,, for cred-
ulous acceptance, s,, for skeptical acceptance, and #,, is the
extension counting problem. “CW-Aw.” refers to the clique-
width increase caused by DDG reductions. “CW-LB (ETH)”
refers to clique-width lower bounds of DDG reductions un-
der ETH, “Rt (UB/LB)” are runtime upper and ETH lower
bounds. *: Results for cgap, also apply to existsap Whereas
exist, is trivial for all other semantics. Finally, c,ef can be
solved faster via c,gm and therefore shares the same bounds.

. For all common argumentation semantics, we establish
favorable upper bounds (tractability) for extensions ex-
istence, argument acceptance, and counting. This also
works for the maximization-based (second-level) seman-
tics and demonstrates the flexibility of our approach. For
these, we rely on an auxiliary result that establishes how
one can convert mixed normal-form QBF matrices into
DNF and CNF (for inner-most V and 3), respectively.

. We show that the overhead caused by our DDG reduc-
tions cannot be significantly improved under reasonable
assumptions providing structurally optimal reductions.
Indeed, this already holds for skeptical reasoning and
then immediately carries over to the counting problem.

Related Works. Abstract argumentation is widely studied in
knowledge representation and reasoning (Dung 1995; Rah-
wan 2007; Amgoud and Prade 2009; Rago, Cocarascu, and
Toni 2018). The computational complexity depends on the
considered semantics and common decision tasks range be-
tween polynomial-time and the second level of the polyno-
mial hierarchy. For example, deciding whether a given ar-
gument belongs to some extension (credulous acceptance)
is NP-complete for stable semantics and X%-complete for
the semi-stable semantics (Dunne and Bench-Capon 2002;
Dvotdk and Woltran 2010; Dvotak 2012). Counting com-
plexity in abstract argumentation is well-studied (Baroni,
Dunne, and Giacomo 2010; Fichte, Hecher, and Meier 2024)
with complexity reaching # - P (admissible, complete, sta-
ble) and # - coNP (preferred, semi-stable, stage) for ex-
tension counting and # - NP (admissible, complete, sta-
ble) and # - X% (preferred, semi-stable, stage) for pro-
jected counting. For treewidth, many results in abstract ar-
gumentation (Dvotdk, Pichler, and Woltran 2012), includ-
ing and decomposition-guided reductions (Hecher 2020;
Fichte et al. 2021), are known. For clique-width, Dvordk,
Szeider, and Woltran (2010) established dynamic program-
ming algorithms and tractability results for acceptabil-
ity under preferred semantics. SAT encodings are com-
monly used for solving argumentation problems (Niska-
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nen and Jarvisalo 2020) and QBF encodings enable tight
computational bounds (Lampis, Mengel, and Mitsou 2018;
Fichte, Hecher, and Pfandler 2020). In propositional satis-
fiability, tractability results for directed incidence clique-
width (Fischer, Makowsky, and Ravve 2008), modular
treewidth (Paulusma, Slivovsky, and Szeider 2016), and
symmetric incidence clique-width (Slivovsky and Szeider
2013) and hardness results for undirected clique-width (Fis-
cher, Makowsky, and Ravve 2008) exist. Tractability results
for validity of QBFs are also known for incidence treewidth
and directed clique-width (Capelli and Mengel 2019).

Preliminaries

We assume that the reader is familiar with standard termi-
nology in Boolean logic (Biere et al. 2021), computational
complexity (Papadimitriou 1994), and parameterized com-
plexity (Cygan et al. 2015). For an integer k, let [k]
{1,...,k} and AU B be the union over disjoint sets A, B.

Satisfiability. A literal is a (Boolean) variable x or its nega-
tion —x. A clause or cube (also known as term) is a fi-
nite set of literals, interpreted as the disjunction or con-
junction of these literals, respectively. A CNF formula or
DNF formula is a finite set of clauses, interpreted as the
conjunction or disjunction of its clauses or cubes. Some-
times we say formula to refer to a CNF formula. We use
the usual convention that an empty conjunction corresponds
to T and an empty disjunction to L. Let ¢ be a formula. For
a clause ¢ € @, we let var(c) consist of all variables that
occur in ¢ and var(p) = U, var(c). An assignment is a
mapping « : var(p) — {0,1}, a is total if it maps all vari-
ables in . For = € var(p), we define a(—z) = 1 — a(x).
The CNF formula ¢ under the assignment o € 2¥2"(#) is
the formula ¢, obtained from ¢ by removing all clauses c
containing a literal set to 1 by « and removing from the re-
maining clauses all literals set to 0 by a. An assignment « is
satisfying if |, = () and ¢ is satisfiable if there is a satisfy-
ing assignment . SAT asks to decide satisfiability of ¢ and
#SAT asks for its number of total satisfying assignments.

Computational Complexity. For integer ¢ > 0, exp(i, p)
means a tower of exponentials, i.e., exp(i — 1,2P) if i > 0
and p if i = 0. We assume that poly(n) is any polynomial for
given positive integer n. The Exponential Time Hypothesis
(ETH) (Impagliazzo, Paturi, and Zane 2001) is a widely ac-
cepted standard hypothesis in the fields of exact and param-
eterized algorithms. ETH states that there is some real s > 0
such that we cannot decide satisfiability of a given 3-CNF
formula ¢ in time 25°1#1.[| || (") (Cygan et al. 2015, Ch.14),
where || refers to the number of variables and ||| to the
size of , which is number of variables and clauses in .

Abstract Argumentation. We use the argumentation ter-
minology by Dung (1995) and consider non-empty, finite
sets A of arguments. An argumentation framework (AF)
is a directed graph F' = (A, R) where A is a set of ele-
ments, called arguments, and R C A x A, a set of pairs
of arguments representing direct attacks of arguments. An
argument s € A is called defended by S if for every
(s',s) € R, there exists s € S such that (s”,s") € R.



Figure 1: An example framework for deciding between go-
ing to see kangaroos in a zoo or in the outback.

The family def (S) is defined by defp(S) = {s | s €
A, s is defended by S in F'}. In argumentation, we are in-
terested in computing so-called extensions, which are sub-
sets S C A of the arguments that meet certain proper-
ties according to certain semantics. We say S C A is
conflict-free if (S x S) N R = (; S is admissible if (i)
S is conflict-free, and (ii) every s € S is defended by S.
Assume an admissible set S. Then, (iiia) S is complete if
defp(S) = S; (iiib) S is preferred, if there is no S’ O S
that is admissible; (iiic) S is semi-stable if there is no ad-
missible set S’ C A with S}, € ()% where S} :
SU{a | (bya) € R,b € S}; (iiid) S is stable if ev-
ery s € A\ S is attacked by some s’ € S. A conflict-
free set S is stage if there is no conflict-free set S’ C A
with S}, € (9')%. We denote semantics by acronyms
adm, comp, pref, semiSt, stab, and stage, respectively. For
a semantics o € {adm,comp, pref, semiSt, stab, stage},
o(F) is the set of all extensions of semantics o in F'. Given
an AF F' = (A, R). Problem exist,, asks whether o (F) # 0;
#. asks for |o(F)|; additionally given argument a € A,
credulous acceptance c, asks whether a € |J ¢, (r) €: and

skeptical acceptance s, asks whether a € [

eco(F) €.

Example 2. Consider an AF F with 4 arguments as de-
picted in Figure 1 arguing about watching kangaroos.
Watching kangaroos in a “zoo” gives you all the excitement
without needing to go the “outback”. To observe them natu-
rally, you need to see them in the “outback”. However, kan-
garoos are “unpredictable” and can be dangerous. Regard-
less, you can go for a tour with a “ranger” making it safe to
observe kangaroos in the wild, so it is not that dangerous. <

Incidence Graphs and Clique-width. We follow standard
terminology for graphs and directed (multi) graphs (Bondy
and Murty 2008). The directed incidence graph G¢(p) of
CNF (DNF) formula ¢ (Ordyniak, Paulusma, and Szeider
2013) is a bipartite graph with the variables and clauses
(terms) of ¢ as vertices and a directed edge between those,
indicating whether variables occur positively or negatively
in a clause (term), respectively. The incidence graph G;(v)
of ¢ omits edge directions from G¢(¢). We use standard def-
initions for clique-width (Courcelle, Engelfriet, and Rozen-
berg 1993; Courcelle 1993). Intuitively, treewidth (Bod-
laender 2006) measures the distance of a graph from be-
ing a tree and clique-width measures the distance of a
graph to a co-graph. Clique-width is bounded by treewidth,
see (Corneil and Rotics 2005). A co-graph is defined as
follows: (i) a graph with one vertex is a co-graph; for two
co-graphs G; = (V4,E;) and Go = (V3, Es), (iia) the
disjoint union G; @ Gs (ViuV,, B3 UE,) is a co-
graph; and (iib) the disjoint sum G1xG2 = (V43U Vs,
EyUEyU{{u,v} | u € Vi,v € V5 }) is a co-graph.
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Figure 2: A k-expression of F' (directed graph) from Ex-
ample 2, illustrated as parse tree. We color the labels in the
figure to distinguish between operation numbers and colors.

This lifts to k-graphs where £ is a positive integer with k&
labels, called colors. The labeling of a graph G = (V, E) is
a function A : V' — [k] and a k-graph is a graph whose
vertices are labeled by integers from [k]|. An initial k-graph
consists of exactly one vertex v colored by ¢ € [k], de-
noted by ¢(v), e.g., 1(v) is a shorthand for G that is a ver-
tex v of color 1. Now, we can construct a graph G from
initial k-graphs by repeatedly applying the following three
operations. (i) Disjoint union, denoted by &; (i) Relabel-
ing: changing all colors c to ¢/, denoted by p._,; (iii) Edge
introduce: connecting all vertices colored by ¢ with all ver-
tices colored by ¢/, denoted by 7 .+ or 7. .; already existing
edges are not doubled. A construction of a k-graph G us-
ing these operations can be represented by a k-expression,
which is an algebraic term composed of ¢(v), B, pe—s¢r, and
7e,r where ¢, ¢’ € [k] and v is a vertex. To construct directed
graphs, 7). .+ is introducing directed edges (from ¢ to ¢’).

We describe a k-expression by a parse-tree T' = (Vr, Er)
and use parse-tree of width k synonymously. We refer by
chldn(b) to the set of children of a node b in V. We de-
fine cols : Vi — 2* that yields the ser of colors in the
graph G = (V, E) constructed up to operation b. Addition-
ally, col : (V' x V) — [k] gives the color of a vertex in G
up to operation b. The last operation is rt for root.

The clique-width cw(G) of an undirected graph is the
smallest k such that GG is definable by a k-expression. The di-
rected clique-width dew(G) of a directed graph is the small-
est k such that G is definable by a k-expression. The directed
incidence clique-width of a formula ¢ is dew(GZ(¢p)).

Example 3 (Cont.). Consider our argumentation frame-
work F from Example 2. The clique-width of F is < 3, since
only three colors are needed to draw this AF. We illustrate
this in Figure 2 where concrete operations are labeled by
numbers {0, . .., 10} for ease and 0 refers to the root. q

Proposition 4 (Fischer, Makowsky, and Ravve, 2008). For
any Boolean formula o, cw(G;(p)) < 2 - dew(GZ(¢)).
There is also a QSAT version of Proposition 1.

Proposition 5 (cf. Capelli and Mengel, 2019). For QBFs
of directed incidence clique-width k, quantifier depth ¢, and
size n, counting QSAT (on free variables) can be solved in
time exp({ + 1, O(k)) - poly(n)).

For fixed k and an undirected graph G, one can find an f(k)-
expression of clique-width £ in polynomial time (Oum and
Seymour 2006); similarly for directed graphs (Kanté 2007).



K-Expression-Aware Encodings

We proceed towards reducing from argumentation problems
to satisfiabilty of (quantified) Boolean formulas by a di-
rected decomposition-guided (DDG) reduction that employs
k-expressions. To this aim, let F' = (A, R) be an abstract
argumentation framework from which we construct a QBF.
There, we use a variable e, for every argument ¢ € A to
store whether a is in the extension or not. We also use auxil-
iary variables to cover the state of attacks. In our encoding,
we employ the structure and need to take care in particular of
the following: (i) initial color of arguments, which is where
we can decide whether the (single) color is defeated by be-
ing in the extension; (ii) merge of colors, which might occur
during disjoint union or relabeling; and (iii) edge introduce,
which occurs when drawing edges from color ¢’ to c.

Basic Semantics

We start by presenting reductions for semantics whose clas-
sical complexity is located on the first level of the poly-
nomial hierarchy, i.e., stable, admissible, complete exten-
sions. Full proof details can be found in the extended ver-
sion (Mahmood et al. 2025). In the following, we assume
a k-expression that defines the considered argumentation
framework (directed graph), while requiring only & differ-
ent colors. We guide our encoding along the k-expression.

Stable Extensions. Here, we require conflict-freeness and
that all arguments, which are not in the extension, are at-
tacked by the extension. We encode this via a set E of ex-
tension variables. In the initial operation c(a) for argument a
of color c, the variable e, encodes whether argument a is in
the extension. Then, variable elc’ encodes whether ¢ contains
an extension variable in operation b, which we refer to by
extension color. To use the fact that colors have extension
members, we guide the information along the k-expression.
Finally, we ensure conflict-freeness of extension arguments
in the (directed) edge introduction operations. Now, we con-
struct our encoding formally.

elc’. < €q initial b, create a of color ¢

b v
o\

disjoint union b, every ¢ € cols(b)
b’ €chldn(b):c€cols(b’)

b b’ v’
€. < \/ e V \/eC

if b relabeling c’+c  if cE€cols(b’)
b b’ b b
€. < e, , \/ﬂec V ey
if b edge introduce (¢’,c)

ey
@

relabeling b, every ¢ € cols(b)
b’ € chldn(b) 3

edge intr. b, every c € cols(b),
' € chldn(b) “4)

Note that the child ¥ in Eq. (3) is unique. However, ¢
could be a fresh color only introduced in b and thus the dis-
junction would be empty (a case that is also covered here).
Here, equations (1)—(4) suffice to model conflict-freeness,
yielding formula ¢cont = Rconf—#sar(Fy X). As stable
extensions also attack non-extension arguments, we require
for every color c that is used in an operation b an auxiliary
variable d’ that indicates whether every non-extension argu-
ment of color c up to operation b is attacked by the extension.
This is achieved via a set D of defeated variables, guided

)
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along the k-expression.

db < e initial b, every ¢ € cols(b) %)
db /\ d”  disjoint union b, every ¢ € cols(b)  (6)
b’ €chldn(b):cecols(b’)
db < /\ b A /\dlgl relabeling b, every ¢ € cols(b),
if b relabeling ¢’+—c if cEcols(b’) S Chldn(b) )
db < dgl v \/ el edge introduce b, every ¢ € cols(b),
/
if b edge introduce (c’,c) b e Chldn(b) ®)

In the root 7, we ensure that all colors are defeated.
drt for root colors ¢ € cols(rt) (9)
Intuition. In the initial k-graphs b = c(a), we remember
whether c is an extension color, this information is guided
along the k-expression via other formulas. The disjunctive
encoding, in Formulas (1)—(4), guarantees that c is an ex-
tension color if it is an extension color in some operation
b. Then, Formula (1) allows to retrieve arguments from ex-
tension colors and Formula (4) requires conflict-freeness of
those arguments. Moreover, given an extension color, the
initial graphs uniquely determine arguments in an extension.
Finally, Formulas (5)—(8) encode whether each argument is
either in the extension, or attacked by it. This is again en-
coded via colors, where a conjunctive encoding is used to
enforce that each argument of a color has been considered.

Example 6 (cont.). Consider F' from Example 2 and the
operations corresponding to the parse tree from Figure 2.
For operation 9, which creates the initial graph , we add
e? < e, by Formula (1) and d° < €7 by Formula (5). For
operation 8 (disjoint union), we add the formulas 5 <> €9,
e5 < €30 by Formulas (2) and d§ < d?, d5 « di° by
Formulas (6). For operation 5 (edge-introduce), we obtain
e« €8, 5 « €8, and —~e3V—e? by Formulas (4) and d5 <
d?, d8 « di° by Formulas (8). For operation 3 (relabeling),
we obtain, €3 <+ €3, €3+ €2 by Formulas (3) and d3 < €3,
d3 < €% by Formulas (7). Rest formulas are analogous. <

From now on, we denote our reductions by directed de-
composing guided (DDG) reduction R 44—, 4sar and use this
notion also for other semantics o. Moreover, we denote the
resulting (#)SAT-instance by 4. First, we prove the cor-
rectness of our reduction for stable semantics.

Theorem 7 (x,Correctness). Let F' (A, R) be an AF
and X be a k-expression of F. Then, the DDG reduc-
tion Rustab—#sar i correct, that is, #stab on I coincides
with #SAT on R#stab%#SAT(Fy X)

Proof (Sketch). We establish a bijective correspondence be-
tween stable extensions of F' and satisfying assignments of
(#stab- In the forward direction: we construct a unique sat-
isfying assignment o from a given stable extension S of
F. This is achieved by setting the truth values for exten-
sion variables E according to S, i.e., a(e,) = liffa € S.
Moreover, we set the value of a(e?) according to the color
c and operation b in the k-expression to simulate the propa-
gation of the evaluation along the parse-tree. Then we re-
peat the same construction for defeated variables D. Our



construction of « from S ensures that & | pxgsap. TO
prove the uniqueness of the assignment: we observe that
S uniquely determines the evaluation of o for variables
eq, € F, whereas the value of « for remaining variables is
simply propagated due to the nature of formulas in Y4stap.
In the reverse direction: we construct a unique stable
extension S by considering a satisfying assignment « for
@stab- Once again, S is obtained via the extension variables
in E by letting S contain an argument «a iff a(e,) = 1. Then,
it follows from Formulas 4 and 9 that S is stable. O

Next, we establish that our encodings linearly preserve
the clique-width. That is, reducing an AF instance to a SAT-
instance increases the clique-width only linearly. Moreover,
the size of the obtained formula grows with the size of the
input decomposition and a cw-expression for the SAT in-
stance does not have to be computed from scratch, given a
cw-expression for the AF.

Theorem 8 (x, CW-Awareness). Let ' be an AF and X be a
k-expression of F. The DDG reduction R gstab—#sar (F, X)

constructs a SAT instance 1 that linearly preserves the di-
rected clique-width, i.e., dew (G2 (¢)) € O(k).

Proof (Sketch). Given an AF F and a k-expression X of F,
we construct a k-expression X’ of G&(1) as follows. We
first specify additional colors. For each color ¢, we need an
extension-version e and a defeat-version d. of c. Then, we
additionally need two more copies for each of these versions,
called child-versions ec. and dc,. to add clauses correspond-
ing to the child-operation &’ of an operation b and expired-
versions ex. and dx. to simulate the effect that all the edges
between certain variables and their clauses have been added.
This is required, since otherwise, we will keep adding edges
from the child-versions in future, which is undesirable. Fi-
nally, to handle both positive and negative literals in clauses,
we duplicate current and the child versions of each colors
for x € {ec,ece,de,dc.}, denoted as zT for positive and
x~ for negative literals. For clauses, we use two additional
colors, called clause-making (cm) and clause-ready (cr) to
add edges between clauses and their respective literals, since
we are in the setting of incidence graphs. Intuitively, when
adding edges between clauses and their respective variables,
we initiate a clause C' to be of color cm and its literals z to be
of the appropriate color z or #~. Then, we draw directed
edges between C and its literals, and later relabel C' to cr
to avoid any further edges to/from C'. Similarly, when going
from an operation b’ to its parent b, we change the labels of
extension and defeated variables in b’ to their child-versions.
We conclude by observing that the above mentioned addi-
tional colors suffice to construct a k-expression X’ of G&(1),
leading to a requirement of 11k + 2 colors. O

One might be tempted to consider AFs as undirected
graphs. However, this would not work as outlined next. Two
AFs could be “same” considering undirected edges (or, sym-
metric edges) and can thus be constructed using the same
labels. However, one cannot insert directed edges using the
labels for undirected edges. Thus, information is lost when
encoding only undirected edges, even for stable semantics.
Importantly, one can construct AFs (Mahmood et al. 2025)
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where directed and undirected clique-width differ and such
that both AFs admit different number of extensions.

Admissible Extensions. For admissible extensions, we re-
quire conflict-freeness and that every attack from outside is
defeated. Therefore, we reuse Equations (1)—-(4) to model
conflict-free extensions. Furthermore, we need to maintain
attacks between colors containing extension arguments. This
is achieved via attack variables T, specified as follows.

b
c

—a initial b, every ¢ € cols(b) (10)

/ . . . .
al < \/ ab disjoint union b, every ¢ € cols(b)(11)
b’ €chldn(b):cecols(b’)
’
alé A \/ ag, \
if b relabeling c’+c if cEcols(b’)

ab s al v \/ e, edge introduce b, every cecols(b),
/ . /
if b edge introduce (¢,’) 0 € chldn(b), not introd. (¢, ¢)(13)

b

c

relabeling b, every ¢ € cols(b),

a
\/ ' € chldn(b) (12)

ab + al' A el edge introduce b, every cecols(b),

b' € chldn(b),introd. (¢, c) (14)

In the root rt we ensure that no color remains attacking.

rt

-a, for root colors ¢ € cols(rt) (15)

Intuition. The intuition behind this encoding is to remem-
ber whether some non-extension argument attacks an exten-
sion argument. To this aim, Formulas (10) initiate that no
argument attacks an extension to begin with. Then, Formu-
las (11)—(12) guide this information along the k expression.
Our disjunctive encoding via colors enforces that each ar-
gument of a particular color has been considered. Formu-
las (13)-(14) update the status of attacking argument de-
pending on whether an argument of color c attacks an argu-
ment of the extension color ¢’. Finally, Formula (15) forces
that no color remains attacking to our extension.

Theorem 9 (x,Correctness). Let F' be an AF and X be a
k-expression of F. Then, the DDG reduction R adm—s#sar
is correct, that is, #adm on F coincides with #SAT on
Rstadm—s#sar (F, X).

Theorem 10 (x,CW-Awareness). Let I be an AF
and X be a k-expression of F. The DDG reduc-
tion Rgadm—psar(F, X) constructs a SAT instance 1 that
linearly preserves the width, i.e., dew (G2 (1)) € O(k).

Complete Extensions. For complete semantics, we com-
pute admissible extensions such that there is no argument
that could have been included. That is, there is no argument
that is not in the extension but defended by it. Moreover,
we additionally need the information of whether a color
has been defeated or not. To achieve this, we reuse Equa-
tions (1)-(4), (10)—(14) and, on top, we compute whether
we could have included an argument via a collection O of
out variables. These are encoded and propagated as follows.

initial b, every ¢ € cols(b) (16)
\/ of  disjoint union b, every ¢ € cols(b) (17)

b’ €chldn(b):c€cols(b’)



b b’ v’
o, < \/ 0y V \/0c

if b relabeling c’+c if cEcols(b’)
b b’ b
o, <> 0, N /\ﬁec,

ifb edge introduce (c,c’)

relabeling b, every ¢ € cols(b),
b' € chldn(b) (18)

edge introduce b, every cecols(b),
b’ chldn(b), not introd. (¢, ¢)(19)

ol o oU'A (e£c) A d?b edge introduce b, every c€cols(b),
b'€ chldn(b),introd. (¢, c¢)  (20)

To compute dZ°, we need to propagate the information of
being defeated backwards, from the root towards the leaves.

>rt rt
d; <> \/ €or

if rt edge introduce (c¢’,c)
>b’ >b b’
dc— S dc— \Y \/ €or

if b’ edge introduce (c’,c)

2"« \/ dz'v \[dz*

if b relabeling c—¢’ if c€cols(b)

for root colors cecols(rt)  (21)

non-relabeling b with b’ €
chldn(b), ¢ € cols(b') (22)

relabeling b with b’ €
chldn(b), ¢ € cols(b’) (23)
In the root rt no color remains attacking or out.

rt
c

Tt

—Q c

-0 for every ¢ € cols(rt) (24)

Intuition. We encode whether some argument is incorrectly
left out via a set O of variables. To achieve this, Formula (16)
initiates arguments not in an extension as candidates for in-
correctly left out. Formulas (17)—(18) guide this information
along the k-expression. Our disjunctive encoding here guar-
antees that we have considered each argument of any color.
Then, Formulas (19)—(20) update the status of an argument
depending on whether there is a valid reason to leave this
out. Precisely, Formula (19) guarantees that if a color c at-
tacks an extension argument, it can not be left out since this
must be defeated by the extension, due to the admissibility,
and Formula (20) encodes that an argument was correctly
left out, if there is some undefended attacker. Then, Formu-
las (24) confirm that no argument is incorrectly left out.

Theorem 11 (x,Correctness). Let F' be an AF and X be
a k-expression of F. The DDG reduction R pcomp—s#Sar
is correct, that is, #comp on F' coincides with #SAT on
R#comp%#SAT(Fv X)

Theorem 12 (x,CW-Awareness). Let F' be an AF and X be
a k-expression. The DDG reduction R gcomp—sar(F, X)
constructs a SAT instance 1 that linearly preserves the

width, i.e., dew(G2(1)))) € O(k).

Semantics Using Subset-Maximization

Before we turn our attention to maximization-based seman-
tics, we require some meta-result on DNF matrices, which
will substantially simplify our constructions below.

Lemma 13 (). Let QQ be a QBF with inner-most ¥ quan-
tifier and matrix @ N\ 1, where o is in CNF and 1) is in
DNF. Assuming k=dcw (G (¢) U GA(v))), there is a model-
preserving DNF matrix ¢’ with dew (G2 (¢")) € O(k).

Proof (Sketch). 1t suffices to encode the CNF ¢ into a DNF
formula ¢’ along the k-expression. The idea of our en-
coding is to guide the satisfiability of clauses along the k-
expression, thereby keeping the information of whether a
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variable is assigned false or true. The resulting DNF ma-
trix uses the formula ¢’ instead. Importantly, our encoding
linearly preserves the directed incidence clique-width. [

Preferred Extensions. As before, we take an AF F, a k-
expression X’ of F', and compute admissible extensions via
the formula ¢ 4,9m. However, we also need to keep track of
subset-larger extension candidates. So, we additionally cre-
ate the formula ¢% . where starring refers to renaming
every resulting variable v by a new copy v*. It remains to de-
sign a structure-aware encoding of subset-larger extensions
via starred variables. We construct the following CNF @pef
(given as Equations (25)—(31)).

P forevery ¥ € ¥hagm  (25)
s o ezb A —eb initial b, create a of color ¢ (26)
L \/slgl disjoint union b, every ¢ € cols(b) (27)

b’ €chldn(b):c€cols(b’)

b b
S. \/ SV

if b relabeling ¢’+>c if c€cols(b’)

b

o relabeling b, every ¢ € cols(b),

b € chldn(b) (28)

edge introduce b, every cecols(b), b’ e chldn(b)
(29)

We skip subset-larger extension counter candidates that are

not in a superset relation to the candidate.

b

\/s

b b’
S, &> 5,

el —er initial b, create a of color ¢ (30)

Further, for the root operation ¢, we need to find an admis-
sible extension that is subset-maximal, expressed as follows.

\/ s

c€Ecols(rt)

rt

. for root operation rt (31)

Then, the reduction Rpref—#2-qer(F; X) constructs a
QBF @pprer = (pgadm A (IE*,T*, S.0pref) ), Which
searches for an admissible extension (free variables) where
there is no subset-larger admissible extension (—3). So, if
there indeed is a larger extension than the candidate given
via eg variables, the QBF evaluates to false.

If we bring this QBF into prenex normal form (shifting
negation inside), we obtain an V-QBF with free variables
whose matrix is of the form ¢4 adm A @pref With Qagm in
CNF and prer in DNF. This matrix can then be converted to
DNF by Lemma 13. We obtain the following result.

Theorem 14 (x,Correctness). Let F' be an AF and X be
a k-expression of F. The DDG reduction Rpref—42-Qsr
is correct, that is, #pref on F' coincides with #2-QBF on
R#pref—)#Z—QBF(Fy X)

Theorem 15 (x,CW-Awareness). Let ' be an AF and X k-
expression. The reduction R gpref—2-Qer(Fy X) constructs
a QSAT instance 1) that linearly preserves the width, i.e.,
dew G (matrix(¢)) € O(k).

Semi-Stable Extensions. To compute semi-stable exten-
sions, we must maximize the range of arguments. Interest-
ingly, the range is computed, but via the information on col-
ors we can not directly access it. We construct the following
CNF @semist (given as equivalences).

v

for every v € Formulas (5) — (8)



P for every 1 € ¥lagm (32)
sb o AP A db initial b, every ¢ € cols(b)  (33)
Lo \/ s disjoint union b, every ¢ € cols(b) (34)

b’ €chldn(b):cecols(b’)

b b’ b’
S. \/ Sor V \/sc
if b relabeling ¢’—c if c€cols(b’)

b (s v d?) A =db

c

relabeling b, every c€cols(b),
b' € chldn(b) (35)

edge introduce b, every ¢ €
cols(b),b" € chldn(b) (36)

For the root rt, we keep extensions of strictly larger range.

V

c€Ecols(rt)

S

Tt

Se

drt — d’, for root operation rt (37)

The reduction R ssemist—#2-Qer(F, X') constructs a QBF
((P#adm A (VE*, DT, S-ﬁ@semiSt)), where —(gemis 1s in
DNF, but ¢4a4m is in CNF. As above, Lemma 13 converts
the matrix into DNF as desired.

Theorem 16 (x,Correctness). Let ' be an AF and X be a k-
expression of I. Then, the DDG reduction R 4semist—#2-Qsr
is correct, that is, #semiSt on F’ coincides with #2-QBF on
R stsemist—#2-Qer (Fy X).

Theorem 17 (x,CW-Awareness). Let F' be an AF and X a
k-expression. DDG reduction R gsemist—s2-qsr (F, X') con-

structs a QSAT instance 1) that linearly preserves the width,
i.e., dew(GE(matrix(v))) € O(k).

Stage Extensions. The reduction R stage—s#2-qer(F, X)

constructs a QBF VE*, D*, S.(¢4conf A " Pstage), Where
Pstage 18 @ CNF comprising 1 for every ¥ € @uconr as well
as Equations (33)-(37). Correctness and CW-Awareness
works as above, so we obtain the following upper bounds.

Theorem 18 (Runtime-UBs). Let F' = (A, R) be an AF of
size n and directed clique-width k, For a semantics o, the
problem #ao can be solved in time

 2000) _poly(n) for o € {stab,adm, comp}.
« 22°Ypoly(n) for o € {pref, semiSt, stage .

Credulous and Skeptical Reasoning

The preceding reductions can be extended to determine
credulous and skeptical acceptance of an argument. Let F’
be an AF and o be a semantics. To solve credulous accep-
tance ¢, for a, we append “e,,” to each formula ¢4, where
e, € E is the extension variable corresponding to argument
a. Then, each satisfying assignments for ¢, A e, yields an
extension (via extension variables) containing a. Moreover,
to solve skeptical acceptance s, we add “—e,” to ¢4, and
flip the answer in polynomial time, i.e., s,, is true for a if and
only if there is no satisfying assignment for @4, A —e,.

We observe that correctness and CW-awareness in both
cases for each semantics follows from proofs of correspond-
ing “Correctness” and “CW-Awareness” theorems, e.g.,
Thm. 7 and Thm. 8 for stable semantics.

Theorem 19 (Runtime-UBs). Let F' = (A, R) be an AF of
size n and directed clique-width k, For a semantics o, the
problem s, can be solved in time
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. 200(’1) - poly(n) for o € {stab,adm, comp}.
o 22 poly(n) for o € {pref, semiSt, stage}.
Co behaves similarly, but cpes can be solved via Cadm.

Lower Bounds: Can We Improve?

It turns out that we can not significantly improve most of
our reductions. Indeed, we can create a clique-width-aware
reduction from 3SAT to asking whether some argument is
included in an admissible extension.

Theorem 20 (x,Admissible CW-LB). Unless ETH fails, we
can not decide for an AF F = (A, R) of directed clique-
width w in time 2°") - poly(| A| + | R|) whether there exists
an admissible extension of I' containing argument a.

We can easily extend this to other semantics. Indeed, the
lower bound immediately carries over to other semantics.

Corollary 21 (Stable/Complete CW-LB). Under ETH we
can not decide for an AF F = (A, R) of directed clique-
width w in time 2°C) - poly(|A| + |R|) whether there is a
stable/complete extension of F' containing a.

The bounds can be extended to second-level extensions.

Proposition 22 (Preferred/Semi-Stable/Stage CW-LB). Un-
der ETH we can not decide for an AF F = (A, R) of di-

rected clique-width w in time 22" -poly(|A|+|R|) whether
there exists a preferred (semi-stable/stage) extension of F'
that does not contain a (contains a).

These results indicate that we cannot significantly im-
prove our reductions. Indeed, for solving the second-level
semantics, a reduction to SAT is expected to be insufficient.

Conclusion

Our results answer whether we can efficiently encode
knowledge representation and reasoning (KRR) formalisms
into (Q)SAT while respecting the clique-width. Table 1 pro-
vides a comprehensive overview. Our directed decomposi-
tion guided (DDG) reductions based on k-expressions make
existing results on clique-width for SAT (Proposition 1) and
QSAT (Proposition 5) accessible to abstract argumentation.
Using these results and our novel DDG reduction, we estab-
lish efficient solvability when exploiting clique-width for all
argumentation semantics and the problems of extension ex-
istence, acceptance, and counting. Finally, we prove that we
cannot significantly improve under reasonable assumptions.
Our approach remains effective even when the attack graph
includes large cliques or complete bipartite structures, where
other parameters (e.g., treewidth) fail.

We see various directions for future works. We are in-
terested whether these results can be extended to other
KRR formalisms such as abductive reasoning, logic-based
argumentation, answer-set programming, and many more.
We expect that this work might be useful for simple
classroom-type proofs of Courcelle’s theorem for clique-
width, see (Bannach and Hecher 2025). Since our reduc-
tions preserve the solutions bijectively, we are interested in
enumeration complexity as well. Finally, generalized or or-
thogonal versions of clique-width such as modular incidence
treewidth and symmetric incidence clique-width.
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