The Fortieth AAAI Conference on Artificial Intelligence (AAAI-26)

Matrix Editing Meets Fair Clustering: Parameterized Algorithms and Complexity

Robert Ganian, Hung P. Hoang, Simon Wietheger

Algorithms and Complexity Group, TU Wien, Austria
{rganian, phoang, swietheger} @ac.tuwien.ac.at

Abstract

We study the computational problem of computing a fair
means clustering of discrete vectors, which admits an equiv-
alent formulation as editing a colored matrix into one with
few distinct color-balanced rows by changing at most k values.
While NP-hard in both the fairness-oblivious and the fair set-
tings, the problem is well-known to admit a fixed-parameter
algorithm in the former “vanilla” setting. As our first contri-
bution, we exclude an analogous algorithm even for highly
restricted fair means clustering instances. We then proceed
to obtain a full complexity landscape of the problem, and
establish tractability results which capture three means of
circumventing our obtained lower bound: placing additional
constraints on the problem instances, fixed-parameter approx-
imation, or using an alternative parameterization targeting
tree-like matrices.

1 Introduction

In a typical matrix modification problem, we are given a ma-
trix M and are tasked with modifying it into some matrix
M’ satisfying a specified desirable property. Matrix mod-
ification problems arise in a broad range of research con-
texts directly related to artificial intelligence and machine
learning, prominently including recommender systems and
data recovery (Candes and Plan 2010; Candes and Recht
2012; Elhamifar and Vidal 2013) but also occurring in, e.g.,
Markov inference (Roth and Yih 2005) and computational
social choice (Bredereck et al. 2014). Matrix completion is
perhaps the most classical example of matrix modification:
there, certain entries in the provided matrix M are marked
as “missing” and the task is to complete the missing entries.
A second classical example—one which will be the focus of
our interests here—is matrix editing, where we are allowed
to alter at most k entries of a (complete) matrix M in order
to achieve the sought-after property.

The vast majority of matrix completion and matrix editing
problems are known to be NP-hard, leading to the investiga-
tion of these problems using the more refined parameterized
complexity paradigm (Cygan et al. 2015). There, the gen-
eral aim is to circumvent the intractability of problems by
designing algorithms with running times which are not ex-
ponential in the whole input size, but only exponential in
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some well-defined integer parameters of the input. From a
complexity-theoretic perspective, we ask for which natural
parameters p one can obtain an algorithm solving the problem
in time f(p) - n®1), where f is a computable function and
n the input size; such algorithms are called fixed-parameter
and form a weaker (but still desirable) baseline of tractability
than polynomial-time algorithms.

The parameterized complexity of matrix completion was
first investigated by Ganian, Kanj, Ordyniak and Szei-
der (2018), who targeted the two fundamental cases where
M’ must adhere to an input-specified bound 7 on either
the rank, or the number of distinct rows. Subsequent works
in the completion setting then considered a variety of dif-
ferent constraints on the output matrix M’ (Eiben et al.
2021, 2023a; Ganian et al. 2022; Koana, Froese, and Nie-
dermeier 2020, 2023). For matrix editing, Fomin, Golovach
and Panolan (2020) studied the parameterized complexity
of the two problems analogous to those considered in the
completion setting (Ganian et al. 2018) and as their main
positive result obtained a fixed-parameter algorithm for the
task of editing a binary matrix to achieve at most r distinct
rows, parameterized by the budget k& on the number of altered
entries (i.e., edits).! This task is particularly interesting, as it
precisely corresponds to the classical BINARY MEANS CLUS-
TERING problem (Kleinberg, Papadimitriou, and Raghavan
2004; Ostrovsky and Rabani 2002)—a discrete counterpart
to the means clustering that is frequently used on real-valued
data in machine learning (Charikar et al. 2023; Marom and
Feldman 2019; Zhang, Lange, and Xu 2020). Intuitively, the
reason the editing and clustering tasks coincide is that each
time we edit a row ¥ to its final value w0, the number of edits
is equal to the cost of placing a data point ¢ into a cluster
centered at i; see Figure 1 (Top) for an illustration.

In this article, we investigate the computational complex-
ity of the same task of editing a matrix to achieve at most
r distinct rows, but in the presence of a fairness constraint.
The reason for considering fairness in this setting is directly
tied to the clustering perspective, where requiring each of
the clusters to be “fair” is equivalent to ensuring that the (at
most r) distinct rows in M’ are “fair”. Fair clustering has

"We remark that there, the bound  is chosen to be on the number
of columns as opposed to rows; however, the role of columns and
rows is entirely symmetric.



become an increasingly important research topic in recent
years (Amagata 2024; Backurs et al. 2019; Bandyapadhyay,
Fomin, and Simonov 2024; Dickerson et al. 2023), starting
from the pioneering paper of Chierichetti, Kumar, Lattanzi
and Vassilvitskii (Chierichetti et al. 2017). The fairness con-
straint we adopt here is the same as in the latter foundational
work: each row is equipped with a specified color (represent-
ing an aspect of that data point that should be proportionately
represented in clusters) and each cluster must admit a par-
titioning into fairlets, which are minimum sets of colored
elements exhibiting the same color ratio as M. (For example,
for two colors with 1:1 ratio, a fairlet contains one element of
each color—see Fig. 1 (Bottom).) We remark that while this
“canonical” fairness constraint has been used in several re-
lated works (Ahmadian et al. 2020; Bandyapadhyay, Fomin,
and Simonov 2024; Casel et al. 2023), we also discuss pos-
sible extensions of our results to other fairness notions in
Section 7.
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Figure 1: (Top) A matrix (left) received 7 edits (center), re-
ducing the number of distinct rows from 6 to 2. Equivalently,
the rows are partitioned into clusters (right) with centers 0000
and 1011, respectively. Hamming distances between rows
and their respective center equal the number of edits in the
middle. (Bottom) Example of matrix editing with fairness
colors and . The center matrix has 2 distinct rows but
is not fair. The right matrix is fair, with one cluster consisting
of a single fairlet (a blue row and a rose row) and the other
cluster consisting of two fairlets.

In this work, we consider both the binary and higher-
domain settings. We denote our general problem of inter-
est FAIR DISCRETE MEANS CLUSTERING (or FDMC)
over some input-specified domain (of distinct entries); this
matches the fair version of the matrix editing task where
M’ must have at most 7 distinct rows. 2-FDMC is then the
restriction to the binary case and is equivalent to BINARY
MEANS CLUSTERING under the aforementioned fairness
constraint. Formal definitions are provided in Section 2.

Contributions. Given the aforementioned fixed-parameter
algorithm of Fomin, Golovach and Panolan (2020) for B1-
NARY MEANS CLUSTERING parameterized by k, a first natu-
ral question that arises in our study is whether one can achieve
an analogous result when we require the obtained clustering
to be fair. As our first contribution, we provide a non-trivial
reduction which rules this out under well-established com-
plexity assumptions:
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Theorem 1. 2-FDMC is W[1]-hard when parameterized by
the fairlet size ¢ plus the budget k, even if M already achieves
the target number r of distinct rows.

One may notice that Theorem 1 excludes fixed-parameter
algorithms not only when parameterized by k alone, but even
if the parameter includes ¢, the fairlet size and—as a direct
consequence—also the number of colors. Essentially, our
reduction shows that the problem becomes intractable w.r.t.
k if all the clusters must include a balanced combination of a
small number of colors. However, what is perhaps even more
remarkable is that the lower bound holds even if M already
has at most r distinct rows, i.e., it also applies to instances
which are trivial in the “vanilla” setting without fairness.

In the remainder of the paper, we provide tractability re-
sults to circumvent this strong lower bound via three different
avenues: additional constraints, approximation, and alterna-
tive parameterizations.

Additional Constraints. In Theorem 2, we show that
FDMC is, in fact, fixed-parameter tractable w.r.t. the number
of edits when dealing with instances where the fairlet sizes
are “sufficiently large”.

Theorem 2. When restricted to instances with ¢ > k,
FDMC is fixed-parameter tractable w.r.t. k.

Theorem 2 is fairly surprising, as it shows that the effect of
the fairlet size on the problem’s complexity is “non-uniform”:
instances with fairlet size 1 precisely correspond to the vanilla
setting and are hence also fixed-parameter tractable w.r.t. k.
Moreover, we also obtain a fixed-parameter algorithm for the
problem when parameterized by the budget plus the bound r
on the number of clusters.

Theorem 3. FDMC is fixed-parameter tractable with re-
spect to k + .

These results allow us to piece together the full complexity
landscape of FDMC when parameterized by every combina-
tion of k, r, ¢, the number ¢ of colors and the domain, as we
discuss at the end of Section 4. Nevertheless, the proofs of
these two theorems are comparatively simple and can hence
be seen as a gentle introduction to the reasoning we will
employ for the results which form the bulk of our algorithmic
contributions—specifically Theorems 4 and 5.

Approximation. Theorems 2 and 3 allow us to circum-
vent the aforementioned lower bound if certain conditions are
met; however, a more generally applicable approach would
be to ask for a fixed-parameter algorithm parameterized by
k alone that can compute a fair clustering which is at least
approximately optimal (in the number k of edits). Fixed-
parameter approximation algorithms have found applications
for a number of other clustering problems to date (Bandya-
padhyay, Fomin, and Simonov 2024; Goyal and Jaiswal 2023;
Zhang et al. 2024).

In terms of approximation, the “vanilla” BINARY MEANS
CLUSTERING is known to admit a randomized approxima-
tion (Ostrovsky and Rabani 2002) and also a deterministic
approximation (Fomin et al. 2020). However, both of these al-
gorithms require the number of clusters to be fixed in order to



run in polynomial time, and moreover none of the techniques
developed in the previous works can be directly applied to
solve our problem of interest here.

Instead, we develop a new approach utilizing a matching-
based decomposition of the edit graph, which is a hypothet-
ical structure capturing the modifications carried out by an
optimal solution. By using this decomposition to establish the
existence of a near-optimal and “well-structured” clustering,
we obtain the following constant-factor approximation:

Theorem 4. FDMC admits a (5 — 3/¢)-approximate fixed-
parameter algorithm with respect to k.

Alternative Parameterizations. For our final contri-
bution, we show that one can in fact have an exact fixed-
parameter algorithm at least for 2-FDMC under a different
parameterization than the number k of edits. Towards this,
we consider a structural measure of the input matrix M, thus
yielding exact algorithms—even for instances requiring a
large number of edits—whose performance scales with how
“well-structured” M is. Our structural measure of choice here
is the treewidth t of M, which has been successfully em-
ployed for other problems on binary matrices (Eiben et al.
2023b; Ganian et al. 2022) but not yet in the editing setting.
Essentially, ¢ measures how tree-like the interactions are be-
tween rows which share the underrepresented value (say 1)
on the same coordinate, and is obtained by measuring the
treewidth of the so-called primal graph of M (Ganian et al.
2022). By developing a complex dynamic programming sub-
routine that not only carefully aggregates information from
the previously processed parts of the input, but also antic-
ipates the properties of the remainder of the instance, we
obtain:

Theorem 5. 2-FDMC is fixed-parameter tractable with re-
spect to the treewidth of M.

We remark that Theorem 5 also yields, as a special case,
an alternative parameterization that can be used to solve the
“vanilla” clustering problem studied, e.g., by Fomin, Golo-
vach and Panolan (Fomin, Golovach, and Panolan 2020).

2 Preliminaries
For a positive integer ¢, we write [i] for the set {1,2, ..., i}.
For an m x n matrix M (i.e., a matrix with m rows
and n columns over some arbitrary domain), and for ¢ €
[m],j € [n], M[i,j] denotes the entry in the i-th row
and j-th column of M. We write MJi, x| for the row-
vector (M[i, 1], M[i, 2], ..., M][i,n]), and M][x, j] for the
column-vector (M][1, j], M[2, j], ..., M[m, j]). We call an
n-dimensional vector a fype and refer to M[i, x| as the type
of row 7. We let dr(M) denote the number of distinct types
(i.e., the number of distinct rows) of M. We denote by p(M)
the number of distinct entries in M. For two types 71, 72, let
Hamm(7y, 72) be their Hamming distance. For two m x n ma-
trices M, M', we write HM -M H Lo 10 denote the number

of entries in which they differ.

We refer to the maximal sets of pairwise identical rows
in a matrix as clusters. For an m-dimensional vector -y, and
for i € [m], v[i] denotes the i-th entry of the vector. For
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¢,m € N, avector v € [¢]™ is a (¢, m)-coloring. The input
for our problem will formally include an m X n matrix M and
a (¢, m)-coloring -y; we say that the i-th row of M has color
~[i]. We call M fair (w.r.t. v) if all its clusters are fair, that is,
they each witness the same color distribution as «. Formally,
for each color i € [c], each fair cluster .S contains precisely
% - |S| rows of color i, where ||, denotes the number of
entries of value ¢ in «y. We call a type 7 M-fair if the cluster of
this type in M is empty or fair, and M-unfair otherwise. For
a (¢, m)-coloring =, let ¢ = m/ged(7v|, ,-..,|7v|;) denote
the minimum size of any fair set of rows, where gcd denotes
the greatest common divisor. A fairlet is a fair cluster of size
¢, and we also refer to ¢ as the fairlet size. We are now ready
to define our problem of interest.”

Fair Discrete Means Cluster Editing (FDMC)

Input: m x n matrix M, (¢, m)-coloring -y, positive
integers k and r
Task:  Find am x n matrix M that is fair for « such

that ||[M — M|, < k and dr(M') <.

We refer to such a matrix M’ as a solution to the instance.
We let 2-FDMC denote the problem in the binary domain,
that is, p(M) < 2. Note that for ¢ = 1, every m x n matrix
M’ is fair and hence in this case FDMC reduces to the clas-
sical Matrix Editing problem without the fairness constraint.

Given a matrix M’ and an instance Z = (M, ~, k, ) of
FDMC, we define the edit graph G%/I/ as the following edge-
colored edge-labeled edge-weighted directed multigraph. The
vertex set of G%/I/ is the set of types occurring in Ml or M.
For each row index ¢ € [m], there is exactly one edge of
GM' from M]t, +] to M'[t, %; this edge has label ¢ € [m],
color v[t] € [c], and weight Hamm(M]t, x|, M'[t, x]). We
drop the subscript from G%/I, when the instance is clear from
context. An illustration of an edit graph is provided in Fig. 2.

(3), 2 0100
1000 1100 ’
1000 1000 (2),0 (1), 1
0100 1000 (4), 2
1111 1100 [oig'™” 1100

Figure 2: Example of an edit graph (right) describing the
changes from a matrix M (left) to a matrix M’ (center).
Weights are printed in bold and labels are printed in (brack-
ets). Solid and dashed edges represent changes in the two
different fairness colors.

We call GM’ fair if its edge set witnesses the same color
distribution as ~y. It is easy to see that GM' s fair if and only
if M’ is fair. We say a type survives in GM'| if it has an
incoming edge in GM' | Therefore, M’ is a solution of Z if

For purely complexity-theoretic reasons, here we formalize
the problem in its decision variant. However, all algorithmic re-
sults obtained in this article are constructive and can also solve the
corresponding optimization task.



and only if GM' is fair, at most r vertices survive in GM’,
and the total edge weight of GM' is at most k. Analogous to
the fairness of clusters, we say that a set of edges is fair if it
witnesses the same color distribution as .

To simplify some proofs, we define the reduced edit graph
R(G™’) as the graph obtained from GM’ by removing self-
loops and edge labels. (Note that the reduced edit graph can
still have multi-edges.) For a reduced edit graph H, there
may be many matrices M’ such that R(GM') = H; however,
all of these are equivalent up to permutation of rows, and in
particular either all or none are solutions.

Parameterizations. We refer to the literature (Cygan et al.
2015) for a formalization of parameterized complexity the-
ory beyond the basic overview provided in Section 1, in-
cluding the notions of parameterized reductions, XP and
WI[1]-hardness. Note that the latter rules out fixed-parameter
tractability under standard complexity assumptions.

If the domain of M is {0, 1}, the primal graph G p(M)
consists of vertices vy, ..., v, and vpv; € E(Gp(M)) if
and only if there is a column j such that M[h, j] # 0 and
M[i, j] # 0. In other words, we can construct Gp(M) by
first adding a vertex for each row and then, for each column
of M, adding a clique among the vertices corresponding to
the rows with a nonzero entry in that column. The treewidth
tw(G) of a graph G is a well-established measure of how
“tree-like” it is; for instance, trees have a treewidth of 1 while
an n-vertex complete graph has treewidth n — 1. For a def-
inition of treewidth, including the notions of nice tree de-
compositions and bags which are used in the formal proof of
Theorem 5, we refer to the literature (Cygan et al. 2015, Sub-
section 7.2). We let the treewidth of M denote the treewidth
of its primal graph, i.e., tw(M) = tw(Gp(M)).

3 Fixed-Parameter Intractability of 2-FDMC

We first note that the NP-hardness of BINARY MEANS CLUS-
TERING directly transfers to FDMC:

Fact 1 ((Feige 2014)). 2-FDMC is NP-hard even ifc = ¢ =
landr = 2.

As our first contribution, we establish that—in contrast to
its fairness-oblivious variant—our problem of interest does
not admit a fixed-parameter algorithm under standard com-
plexity assumptions.

Theorem 1. 2-FDMC is W[1]-hard when parameterized by
the fairlet size ¢ plus the budget k, even if Ml already achieves
the target number r of distinct rows.

Proof Sketch. We reduce from the MULTI-COLORED
CLIQUE problem which asks, given a properly vertex-colored
graph G = (V = {vy,..., vy}, E = {e1,...,eg}) with
g colors [g], whether G contains a clique of size ¢. Such a
clique must contain precisely one vertex of each color, and
the problem is well-known to be W[1]-hard w.r.t. ¢ (Cy-
gan et al. 2015). For each vertex v, let col(v) refer to its
color. Given an instance of the MULTI-COLORED CLIQUE
problem with ¢ > 4, we construct a 2-FDMC instance
(M, ~,dr(M), k) as follows. We begin by carefully choos-
ing a budget £ € O(¢°), and produce a matrix M with
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m € O(¢®+¢%(|V| +|E|)) rows and O(¢* + |V|) columns
along with a (2¢, m)-coloring ~ by following the description
provided below.

We identify the colors of the MULTI-COLORED CLIQUE
instance with the first ¢ row colors for 2-FDMC. Next we
list the types used in M. For every color ¢ € [g], we have a
set of (¢ — 1) types V;; for ¢ € [q] \ {i}. For every pairs of
colors 4, j € [q],% < j, we have a set of (2¢ — 2) types &;j¢
for t € [2q] \ {i,j}. For each vertex v, for a € [|V|] with
color ¢, we have one type V. Lastly, for each edge v, v} for
some a,b € [|V]],a < b with col(v,) = 4, col(vy) = j, we
have one type E,;. We carefully design the types such that
the pairwise Hamming distances are as listed in Table 1.

Vierr Eijpr Va  Eaw

Vi 4 y+d4 3 y+d
gijt — 4 y+3 4

Vo — — 2 y+1
Ew - - - 2

Table 1: Minimum Hamming distances between distinct
types, for a carefully selected y € ©(g*). These are only
achieved if {col(a), col(b) } = {i, j}, col(a) = col(a’), and
col(b) = col(b'); distances between other pairs of types are
too large to be relevant for a hypothetical solution.

We then create rows of each type and color such that each
of the types V, and E;, is M -fair; at the same time, each type
Vi has an “excess” of one row of color ¢ and each type &;;;
has a “deficit” of one row of color ¢. By the choices of dis-
tances between types and the ranges for ¢, we can show that
the only way to make every cluster fair within the prescribed
budget £ is to do the following. Each V;; sends its excess row
to some type V},(;) such that col(h(i)) = i (representing a
vertex in the clique). Further, for each pair of colors ¢ < j
in [q], Ep,(s)n(;) (representing an edge in the clique) sends a
row of color j to V},(;y, a row of color i to V},(;), and each
remaining row to some &, ;. Note that for this to yield a solu-
tion, E,(;)n(j) has to exist for every pair of colors i, j in [q];
that is, vp(1), ... , Up(q) must form a (multi-colored) clique.[]

4 Fixed-Parameter Algorithms for FDMC via
Additional Constraints

Our aim in this section is to identify constraints under which
we can circumvent the lower bounds in Section 3. By the
end of the section, we will in fact have obtained a compre-
hensive classification of the problem’s complexity under the
considered parameterizations.

We begin by noting that FDMC admits a straightforward
O((mnp(M))*)-time algorithm—indeed, one can exhaus-
tively branch over precisely which cells are edited into which
value of M.

Observation 1. FDMC is in XP when parameterized by k.

Next, we identify the first constraint that yields fixed-
parameter tractability: in particular, a fairlet size that is larger
than the parameter k.



Theorem 2. When restricted to instances with ¢ > k,
FDMC is fixed-parameter tractable w.r.t. k.

Proof. Every fair cluster contains at least ¢ rows. Hence, due
to the fairness constraint, when ¢ > k£ we cannot create any
new type in M. Further, for an M-fair type, in order for it to
be M'-fair, we have to remove or add either zero or at least &
rows, requiring at least ¢ edits. Therefore, as ¢ > k, no row
can be edited from or into an M-fair type.

With k edits, the clusters of at most 2k types change be-
tween an input matrix M and a solution matrix M’. Thus, if
more than 2k types are M-unfair, we can correctly reject. For
every M-unfair type 7 with a cluster S, note that there are at
most two sizes in {¢ | i € N, |S| — k < & < |S| + k} that
the cluster of type 7 can have in a solution M’. We test each
of the at most 22* branches for all choices across all M-unfair
types. In particular, we attempt to construct a fair reduced
edit graph such that there is no new type, all M-fair types are
isolated (i.e., they are incident to only self-loops in the ordi-
nary edit graph), and the total edge weight is at most k. We
do so by having colored “half-edges” at each M-unfair type,
such that the number of incoming (or outgoing) half-edges
of each color is the number of rows of that color to be added
to (or removed from) its cluster to obtain a fair cluster of the
branched size. Then we match each outgoing half-edge with
an incoming half-edge of the same color and assign the com-
bined edge the Hamming distance between the corresponding
types as weight. By fixing an arbitrary order of the outgoing
half-edges, we can view a matching of these half-edges as
a permutation of the incoming half-edges—yielding at most
O(k!) such matchings and allowing us to exhaustively branch
over these. After that, for each graph, we compute its total
edge weight, which can be done in O(kn) time. Clearly, the
FDMC instance has a solution if and only if at least one of
the branches succeeds. In total, this algorithm runs in time
O(2%k! - kn + m). O

Next, we show that the problem is fixed-parameter
tractable with respect to k& + r. For this, we first establish
that we can assume that every YES-instance has at least one
well-structured solution, which follows by observing that the
center for any cluster can be determined by column-wise
majority votes.

Lemma 1. Every YES-instance (M,~,k,r) of FDMC
is witnessed by a matrix M™ such that for every clus-

ter S = {31,...75‘S|} in M* and for each j € [n),

M*[s1, j] corresponds to the winner of a majority vote of
{M[s;, 5] | i € [|S|]}. breaking ties arbitrarily.

Theorem 3. FDMC is fixed-parameter tractable with re-
specttok +r.

Proof. Since we can remove at most k clusters with £ edits,
if there are more than k + 7 types in M, we correctly reject.
If ¢ > k, we use the algorithm in Theorem 2. Otherwise, we
have ¢ < ¢ < k.

Consider a modified reduced edit graph where there are
k/2 new types that are undetermined (we will determine them
later). The number of new types is at most k/2, because we
can assume that a cluster with a new type is formed by rows
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of at least two types in M (otherwise it would be cheaper
to keep the previous type). Since ¢ < k, there are at most
O((2(**/2*7)k)*) such graphs. We disregard graphs with
outgoing edges of new types. For each graph, we then fix the
new types according to the majority vote rule described in
Lemma 1. Finally, we check whether the resulting graph is
indeed a fair reduced edit graph and whether the total edge
weight is at most k.

It is straightforward to see that for a YES-instance, there
exists a graph that passes all the checks above, while for a
NO-instance, each graph will fail at least one check. We then
output accordingly. The running time of the algorithm is at
most (k 4+ r)°®) . (n +m)©™), and the theorem follows.(]

With Theorem 3, we have an essentially full picture of
the parameterized complexity of FDMC w.r.t. k, r, p(M), ¢
and ¢. Indeed, the problem is fixed-parameter tractable w.r.t.
every superset of {k, r}. All remaining considered parame-
terizations which are supersets of {k} yield XP-tractability
and W[1]-hardness. Finally, FDMC is paraNP-hard under
every considered parameterization not covered by the first
two cases.

S Parameterized Approximation

In this section, we discuss the parameterized approximability
of FDMC. To this end, we say that FDMC admits an a-
approximate fixed-parameter algorithm if there is a fixed-
parameter algorithm that for every instance Z = (M, ~, r, k)
of FDMC either correctly identifies that Z is a NO-instance,
or outputs a fair m x n matrix M’ such that dr(M') < r
and HM — M/H;&o < ak. We start with the following key

technical result that our main theorem for this section hinges
upon.

Lemma 2. For  every  YES-instance = (M,~,rk)
of FDMC, there is a fair matrix M’ such that
(i) at most r vertices survive in GM'; (ii)
all these surviving vertices are types of WM;
(iii) each M-fair type either has no out-
neighbor or has no in-neighbor and at most one
out-neighbor in R(GM/); and (iv) the total edge weight of
GM' s at most (5 — 3/¢)k.

Proof Sketch. Let M™ be a solution of the YES-instance
(M, ~,7, k), and recall that G := G™  may contain self-
loops. By the redirection of some edges and a simple applica-
tion of the triangle inequality, we can assume that for every
M-fair type 7, in R(G), 7 has no out-edges or no in-edges.
For the construction of the partitions and auxiliary graphs
described below, see Fig. 3 for an illustration.

As @ is fair, for each type 7 we can partition the set of
in-edges to 7 (including self-loops) in G into fair sets of
size ¢. Let P denote such a partition. For each M-fair type
7, additionally consider an arbitrary partition P~ of the out-
edges of 7 in G into fair sets of size ¢; here, P is guaranteed
to exist since 7 is M-fair and has no out-edges or no in-edges
in R(G). As the set of all out-edges from all M-fair types
is fair, the set of all out-edges of all M-unfair types is fair
as well. Thus there exists a partition P, of the latter set into
fair sets of size ¢.
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Figure 3: For the edit graph in Fig. 2, the partitions of edges
into fair sets of size ¢ = 2 are described on the left. (Numbers
refer to labels of the edges in Fig. 2.) Note that there are no
M-fair types, and hence no partitions of the form P in this
example. The right side depicts the union of two auxiliary
graphs for the two color classes, one with the pink solid edges
and one with the blue dashed edges.

For every color i € |[c], create an auxiliary undirected
bipartite graph H; from G as follows. For each type 7, create
|P| vertices 7,7, 75, ..., called (+)-nodes. For each M-
fair type 7, create | P | vertices 7y , Ty , ..., called fair (—)-
nodes. Further, we create | P, | unfair (—)-nodes uj ,u , ....
Consider an edge (7, p) of color 7 and some label ¢ € [m] in
G, i.e., (1, p) intuitively represents the change in the ¢ row
of M. Suppose this edge belongs to the j* part of P; and

the A" part of either P~ or P, depending on whether 7 is
M-fair or not. Then we add to H; an edge of label ¢ and color
i between p;r and either 7,” or u, , whichever is applicable.
Proceed this way for all edges of color i.

Let ¢; be the number of occurrences of the color 7 in a
fairlet with respect to ~. Observe that H; as constructed
above is bipartite with all the (4)-nodes as one part and all
the (—)-nodes as the other. Further, every vertex in H; has
degree c;. Such a graph can be decomposed into c; perfect
matchings (Konig 1916). Doing this for all ¢ € [c], we obtain
Zie[c] ¢; = ¢ matchings in the multigraph H, defined as
the edge-disjoint union of all H;. We label these matchings
M, ..., Mz in the increasing order of their total edge weights,
breaking ties arbitrarily. Note that for each row index ¢ € [m]
exactly one edge e of H has label ¢, this edge has color ~[t]
and belongs to exactly one perfect matching. We assign the
weight of the edge of label ¢ in G to e.

We now modify G in three phases. In Phase 1, our aim
is to make every fair (—)-node have exactly one neighbor
in H, namely its neighbor in M;. We do this by repeatedly
identifying an alternating path in the union of M, and another
matching M. Then we modify the edges in the matching
M; in the path; most of them become identical to the edges
in M7, except for potentially one edge incident to an unfair
(—)-node, whose weight may increase. We translate these
changes in H into G to obtain a graph G;. This means that
in (G1, the set of edges from an M-fair type to another type
is fair.

In Phase 2, we modify GG; to obtain G5: For every M-fair
type 7, we redirect all its out-edges to the type Tmin closest
to 7, among all surviving types in G (7,i, may be 7 itself).
Then each M-fair type has only one out-neighbor in G2. In
Phase 3, we aim to remove the new types (i.e., types that
are not in M) from Go. Let 7 be a surviving new type in
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(. Note that 7 only has in-edges. Let 77°P be the closest
in-neighbor of 7 in G. We then redirect all in-edges of 7 to
7P Exhaustively performing the procedure above until
there is no surviving new type, we obtain an edit graph Gf.
We then show that (G5 satisfies conditions (i)—(iv) of the
lemma. For (iv), note that due to Phase 2, the total weight
on out-edges from M-fair types may only increase in the
last phase (by a factor of 2). For the out-edges from M-
unfair types, we bound the total weight increase via a careful
charging scheme and the fact that M, has the smallest total
edge weight among My, ..., M. ]

Theorem 4. FDMC admits a (5 — 3/¢)-approximate fixed-
parameter algorithm with respect to k.

Proof. Consider an instance (M, v, 7, k) of FDMC.If ¢ > k,
compute an exact solution using Theorem 2. Otherwise, if it
is a YES-instance then there exists a matrix M’ as described
in Lemma 2. In particular, since the total edge weight of G™

is at most (5 — 3/¢)k, there are at most 2(5 — 3/¢)k non-
isolated vertices in R(GM'). Note that all M-unfair types

have to be non-isolated in R(G™M").

We now define a colorful variant of the problem as follows:
Given an FDMC instance (M, ~, r, k) with an assignment
of every M-fair type to a code® in [2(5 — 3/¢)k], the goal is
to find a fair reduced edit graph G with total edge weight at
most (5 — 3/¢)k and at most r surviving types such that all
M-fair types of non-isolated vertices have distinct codes, or
to decide that no such graph exists.

Given a fixed-parameter algorithm with respect to k for
this colorful variant, we get a (5 — 3/¢)-approximate fixed-
parameter algorithm with respect to k for FDMC, using the
color coding technique. In particular, it is well-established
that for at most m types and 2(5 — 3/¢)k < 10k codes one
can enumerate a set of encodings of the types (an assignment
of each type to a code) in time at most k©*)m such that
for every set T of types with |T'| < 10k there is at least one
encoding in which all codes in T are distinct (Cygan et al.
2015, Subsections 5.2 and 5.6). Thus, given an instance of
FDMUC, we can iterate through all enumerated encodings of
the M-fair types and, for each of them, solve the respective
instance of the colorful variant. As argued above, for every
YES-instance of FDMC at least one of the tested encodings
will yield a YES-instance of the colorful variant and output a
corresponding reduced edit graph. This reduced edit graph
then implies the existence of a computable fair m x n matrix
M’ such that dr(M') < 7 and | M — M/H;&o < (5-3/c)k.

It remains to provide a fixed-parameter algorithm with
respect to k to solve a given colorful instance (M, ~y,r, k)
with a code assignment. We define a template as a directed
multigraph H = (V, E), where V contains all M-unfair
types and some other unlabeled vertices. Each edge of H has
a weight of a positive integer and a color in [¢]. The weight of
an edge between two M-unfair types must be the Hamming
distance between the two types, and the total edge weight
must be at most (5 — 3/¢)k. Each vertex is incident to at

31n the color coding technique used here, these codes are usually
referred to as colors (Alon, Yuster, and Zwick 1995). We employ the
term code to avoid confusion with the colors in FDMC instances.



least one edge and is assigned a unique code in [2(5 — 3/¢)k].
Each unlabeled vertex has either at most one out-neighbor
and no in-neighbor or no out-neighbors.

By the definition above, a template has at most 2(5—3/¢)k
vertices and (5 — 3/¢)k edges. Since we assume ¢ < k, and
since the number of codes is at most 10k, the number of

templates is upper bounded by k)| For each template,
we test for the existence of an assignment of a type that is
M-fair and not new to each unlabeled vertex, so that the
resulting graph can then be extended to a reduced unlabeled
edit graph on M and -~ (by adding suitable isolated vertices
to the resulting graph). In particular, for each unlabeled vertex
v of code z we need to identify an M-fair type 7 of code z
such that (i) for every out-edge of v there is a distinct row
of the same color in the cluster of type 7 in M and (ii) for
every edge (v, 7’) or (7/,v), the weight on the edge equals
Hamm(7, 7') (where 7’ might be in an M-unfair type or an
M-fair type assigned to some unlabeled vertex).

For every unlabeled vertex, we discard all M-fair types
of the respective code that do not fulfil property (i) or do
not satisfy property (ii) for at least one M-unfair type. By
the definition of the template, the induced subgraph on the
unlabeled vertices is a union of pairwise vertex-disjoint stars,
each of which has the edges oriented towards the center. We
test whether there is a suitable assignment of the remaining
M-fair types to unlabeled vertices independently for every
star. For every remaining M-fair type 7 with the code of
the center vertex, test whether for each leaf of the star there
is at least one remaining M-fair type with respective code
and whose Hamming distance to 7 matches the weight of
the respective edge. If this is successful for all unlabeled
vertices, the resulting graph witnesses a YES-instance of the
colorful problem variant. Otherwise, we correctly decide that
(M, ~,r, k) is a NO-instance of FDMC. This process can be
completed in polynomial time for each template graph, yield-

ing an overall running time bound of Ok (n+m)°M,

It remains to show that for every YES-instance for the
colorful variant of FDMC, at least one branch succeeds. In
this case, there is a matrix M’ as described in Lemma 2.
Removing all isolated vertices in GM' and the labels of all
M-fair types yields a valid template and the proof follows.[J

6 A Treewidth-Based Fixed-Parameter
Algorithm

As our final contribution, we provide an alternative route to-
wards fixed-parameter tractability for 2-FDMC—specifically,
by utilizing the structure of the input matrix IM rather than
the budget k. Here, the restriction to binary matrices is nec-
essary in order to facilitate a suitable definition of tw(IM);
that being said, the binary setting has also been extensively
studied in the literature (Fomin, Golovach, and Panolan 2020;
Kleinberg, Papadimitriou, and Raghavan 2004; Ostrovsky
and Rabani 2002).

We first show that instances with a “large” fairlet size are
trivial when parameterized by treewidth.
Lemma3. A 2-FDMC instance (M,~,r k) with
2tw(M) + 2 < ¢ is a YES-instance if and only if k
is at least the number of non-zero entries in M.
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Proof. If k is at least this large, changing every non-zero
entry to zero will witness a YES-instance by creating a single
fair cluster containing all rows. For the other direction, let
w = tw(M) 4 1 and assume a YES-instance is witnessed
by a matrix M’ that satisfies Lemma 1. Note that, due to the
fairness requirement, every cluster in M’ contains at least
¢ > 2w rows. For every column j there are at most w rows
i with M[i, j] # 0 as all rows with a 1 in column j would
form a clique and thus cannot exceed the width w of the tree
decomposition. Hence, in every column at least half of the
rows in S have value 0, so by Lemma 1 and breaking ties in
favor of 0, every cluster has type (0, ..., 0). Thus, we have
k> HM — M’H o+ Which equals the number of non-zero

entries in M. O

Theorem 5. 2-FDMC is fixed-parameter tractable with re-
spect to the treewidth of M.

Proof Sketch. Let w = tw(M) + 1 and consider a nice tree
decomposition T of G p(M) with treewidth at most tw(M).
If ¢ > 2w we solve the instance in linear time by using
Lemma 3.

Otherwise, we have ¢ < 2w and employ a treewidth
dynamic program which, intuitively, works on the follow-
ing principles. At each node of T, we keep track of which
states (configurations of relevant values) are candidates (i.e.,
whether they describe a valid sub-solution). The theorem then
follows as we ensure that the number of states at each node is
upper bounded by f(w)(nm)®™) for a computable function
f, the candidates at each node can be efficiently identified
given the candidates of its child nodes, and any candidate at
the root describes a valid solution matrix.

Here, a state describes how a potential sub-solution parti-
tions the rows (i.e., vertices in the primal graph) in the bag
into clusters, the number of distinct types in the sub-solution,
and the total cost of all columns which are processed for
this bag. Crucially, we show that for each column, there is
precisely one node where a vertex representing a row with
value 1 in that column is forgotten and all remaining rows
with a 1 in that column are in the bag. At this step, using
Lemma 1, we can already process the column, that is, com-
pute the total number of required edits in that column based
on each possible partition of the vertices in the bag, as this
partition reveals in which clusters there will be a majority of
1s in that column (as all rows outside the bag have a O there).

To ensure fairness, states further include some additional
information. Intuitively, whenever a new row r of color ¢ is
added to a bag, there are three possibilities. Firstly, 7 may
be part of a cluster that is of type (0, ..., 0) or that includes
rows from previous bags and does not overlap the current
one. With the above observation, we know that » does not
share any 1s in any column with the previous rows in the
cluster, so we set all such new rows aside. Secondly, » may
be part of a cluster that overlaps the current bag. In this case,
we need to ensure that the cluster still has space for color
i. In order to check this, for each cluster in a hypothetical
solution overlapping the current bag, the state tracks its final
size and how many rows of which color in that cluster were
already encountered in the bag of its descendants. This way,
we know whether “adding” a new row to an existing cluster



would make it irrepairably unfair (since from the final size
we know how many rows of each color it should have). We
show that one can assume the final size of such clusters to
be at most 2w since for larger clusters all 1s would be set
to Os by Lemma 3, so the corresponding rows would be set
aside. Lastly, » may be part of a new cluster that has no rows
in any of the previous or the current bags and is of type other
than (0, ..., 0). To ensure that we do not open up too many
clusters which cannot be filled later, the state also keeps track
of the total (final) size of all clusters which have received at
least one row from the bag or its descendants (at most m,).

In the end, for a candidate, as the set of all rows is fair and
the total final size of clusters that we added vertices to is at
most m, there are sufficiently many rows of each color set
aside to fill up all the remaining spots in the clusters. The
other set-aside rows form a fair set as well and are placed in
a cluster with type (0, ..., 0), yielding a fair solution.

As the number of distinct states at each bag can be shown

to lie in wO(WQ)krm, the proof follows. O

7 Concluding Remarks

We remark that while our investigation concentrates on the
well-established fairlet-based notion of fairness, many of our
results can be lifted to different or more general variants. For
example, if we assume that the instance is equipped with pre-
scribed ranges for the proportion of each color in the clusters,
then the lower bounds in Section 3 carry over immediately
to the arising more general problem. Moreover, analogous
results to those obtained in Section 4 can be obtained using
similar proof ideas; on the other hand, it is not immediately
clear whether or how the more involved algorithmic ideas in
Sections 5 and 6 would generalize to such a setting.

Future work can also focus on optimizing the running time
bounds of the algorithms and the lower bounds arising from
the reductions in order to pinpoint the exact fine-grained
complexity of the problem under the Exponential Time Hy-
pothesis and/or its strong variant (Impagliazzo, Paturi, and
Zane 2001).

Another avenue that could be explored in the future is
whether the results of Section 6 can be generalized to higher-
domain instances. Finally, while this work provides a foun-
dational analysis of the problem’s complexity, it would be
interesting to see how and whether the obtained insights can
be used in more applied settings.
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