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Abstract

While classical control theory assumes that the controller has
access to measurements of the entire state (or output) at every
time instant, this paper investigates a setting where the feed-
back controller can only access a randomly selected subset of
the state vector at each time step. Due to the random spar-
sification that selects only a subset of the state components
at each step, we analyze the stability of the closed-loop sys-
tem in terms of Asymptotic Mean-Square Stability (AMSS),
which ensures that the system state converges to zero in the
mean-square sense. We consider the problem of designing
both a feedback gain matrix and a measurement sparsifica-
tion strategy that minimizes the number of state components
required for feedback, while ensuring AMSS of the closed-
loop system. Interestingly, (1) we provide conditions on the
dynamics of the system under which it is possible to find a
sparsification strategy, and (2) we propose a Linear Matrix
Inequality (LMI) based algorithm that jointly computes a sta-
bilizing gain matrix, and a randomized sparsification strat-
egy that minimizes the expected number of measured state
coordinates while preserving the AMSS. Our approach is
then extended to the case where the sparsification probabil-
ities vary across the state components. Based on these the-
oretical findings, we propose an algorithmic procedure to
compute the vector of sparsification parameters, along with
the corresponding feedback gain matrix. To the best of our
knowledge, this is the first study to investigate the stability
properties of control systems that rely solely on randomly
selected state measurements. Numerical simulations demon-
strate that, in some settings, the system achieves comparable
performance to full-state feedback while requiring measure-
ments from only 0.3% of the state coordinates.

Introduction
In control theory, the primary objective is to design control
strategies that ensure a system behaves according to a de-
sired specification (Åström and Murray 2021). Among the
most fundamental specifications is the requirement for the
system to converge to a specific operating point, most com-
monly the origin (Khalil 2009). This property, known as
stabilization to the origin, is essential in many applications
where the system must settle into a rest state or nominal
condition after initial transients (Hespanha 2018). Achiev-
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ing this goal typically involves the design of a feedback con-
troller that adjusts the input based on the system’s current
state, ensuring asymptotic convergence to the origin.

In closed-loop control systems, feedback is critical for
ensuring asymptotic stability, but measuring the full state
vector can be resource-intensive, particularly in high-
dimensional systems or constrained environments. To ad-
dress this, we introduce in this paper a novel control
paradigm in which the controller accesses only a randomly
selected subset of the state vector at each time step. A
clear motivation for incorporating sparsity in control design
stems from recent technological advances that have enabled
individual components of large-scale systems to integrate
their sensing, actuation, communication, computation, and
decision-making capabilities.

In this paper, we study the AMSS of linear discrete-time
systems under a feedback control strategy with access to
a randomized sparse state vector. Our main objective is to
minimize the expected sparsity, the average number of ac-
tive sensors, while ensuring AMSS. To this end, we intro-
duce randomized sparsification strategies and analyze the
system’s expected dynamics. We show that the expected
state converges to zero if the closed-loop system is determin-
istically asymptotically stable. We then formally define ex-
pected sparsity and study the system’s variance, with a focus
on stabilizing the system using the minimum expected num-
ber of sensors. We derive conditions under which AMSS can
be achieved and propose algorithms that jointly design the
feedback controller along with the sparsification probabili-
ties minimizing the expected sparsity. Finally, we validate
our results through experiments. Proofs are provided in Ap-
pendix A, and additional experiments in Appendix B.

Our contributions are summarized as follows:

• First study of randomized sparse-feedback control:
Providing sufficient conditions for the system dynam-
ics to support randomized sparsification and integrating
these conditions into controller design that ensures min-
imum expected sparsity while achieving AMSS of the
system.

• Extension to adaptive sparsification: Tailored sparsifi-
cation strategies for each state vector component to en-
able flexible adjustment of sparsity based on the diffi-
culty of operating or measuring the state component.
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• Efficiency and practicality: Experimental results un-
derscore the practical impact of this work, demonstrat-
ing that the proposed approach achieves performance
comparable to full-state feedback while requiring mea-
surements from only 0.3% of state coordinates in some
settings. This drastic reduction in measurement require-
ments is a game-changer for large-scale systems, where
sensing all state variables is often infeasible due to cost,
energy, or bandwidth limitations.

Related Work
Asymptotic stability via deterministically-sparse feed-
back controllers. Numerous works deal with the sparsity of
the control gain matrix to reduce sensor/actuator usage and
communication bandwidth, which applies to networked con-
trol systems or large-scale systems. For instance, in (Bykov
and Shcherbakov 2018), the authors focused on sparsity in
the control gain matrix (zero rows in K) to reduce the num-
ber of control inputs. Another way to achieve sparsity deter-
ministically is by minimizing the l1 norm, which leads to a
gain matrix K with zero columns or rows (Lin, Fardad, and
Jovanović 2012), (Polyak, Khlebnikov, and Shcherbakov
2014). The sparsity structure is fixed and designed a priori,
see (Polyak, Khlebnikov, and Shcherbakov 2013) for details.
Furthermore, in (Sun et al. 2025), the authors introduced a
mixed-integer programming approach to address row cardi-
nality constraints, in contrast to the l1 norm-based convex-
ification method. However, all these approaches mainly fo-
cus on deterministic sparsity. Moreover, in (Sriram, Joseph,
and Murthy 2023), the authors provide sufficient and nec-
essary conditions for achieving stability using s-sparse con-
trol inputs. Their work only deals with deterministic sparsity
under open-loop control strategies where the control inputs
depend only on the initial point and parameters of the sys-
tem. As stated in (Bishop 2011), open-loop control strate-
gies, lacking feedback, can not adapt to disturbances or pa-
rameter variations, resulting in unreliable performance. Our
work presents an analysis of randomized sparsity and deals
with the stability of closed-loop systems.
Sparsity in distributed learning. In the context of limited
access to the full state, (Cheng et al. 2021) addresses effi-
cient data representation to maintain control performance
by focusing on compressing high-dimensional time series
data, such as cellular demand or electricity load, into a low-
dimensional representation to reduce communication over a
bandwidth-constrained network. Our work is also inspired
by gradient vector sparsification used in the context of dis-
tributed machine learning. For example, in (Wangni et al.
2018), the authors introduce a sparsification technique that
minimizes communication costs while keeping the increase
in gradient variance small, ensuring that the optimization al-
gorithm converges with only a slight increase in iterations.
Sensor scheduling. The existing literature on sensor
scheduling can be grouped into three main directions: (1)
Several approaches (Maity, Hartman, and Baras 2022; Vitus
et al. 2012) analyze randomness in settings where sensors
communicate over constrained channels to remote estima-
tors, focusing on estimation performance only and not on
controller synthesis. (2) Other works, such as (Kundu and

Quevedo 2019), examine scenarios with multiple systems
sharing a communication channel, where periodic schedul-
ing is combined with randomness arising from network-
induced losses. (3) Continuous-time co-design approaches
such as (Nugroho et al. 2019) provide time-invariant de-
terministic schedules. To the best of our knowledge, the
proposed approach in our paper is the first framework that
jointly designs time-varying randomized sensor selection
procedures together with the control gain K to ensure global
mean-square asymptotic stability.

Preliminaries
Mathematical Notations
We denote by ∥.∥2 the two norm on Rn. The n-by-n iden-
tity matrix is denoted by In. Given A ∈ Rn×n, we de-
note by σ(A) the set of all eigenvalues of A, by ρ(A) :=
max{|λ| : λ ∈ σ(A)} the spectral radius of A, by ∥.∥ the
spectral norm of A given by: ∥A∥ := sup∥x∥2=1 ∥Ax∥2,
by A⊤ the transpose of A, by A:,i the i − th column vec-
tor of A, and by Diag(A) a diagonal matrix whose diago-
nal entries are the diagonal elements of A. For simplifica-
tion, we denote also by Diag(α1, . . . , αn) a diagonal ma-
trix of order n with diagonal coefficients α1, . . . , αn. Given
A,B ∈ Rn×m × Rn×m, we denote by K(A,B) the set
of stabilizing control gain matrices defined by K(A,B) :=
{K ∈ Rm×n | ρ(A + BK) < 1}. We denote by Ber(p) a
Bernoulli random variable of parameter p ∈ (0, 1] where p
represents the probability of success. The notation A > B is
equivalent to the matrix A−B being positive definite.

Randomized Sparsification Strategies
Consider a discrete-time control systems Σ of the form:

Σ: x(k + 1) = Ax(k) +Bu(k) (1)

where x ∈ Rn is a state, u ∈ Rm is a control in-
put, and A,B are matrices with appropriate dimensions. In
the sequel, we assume that the system is stabilizable, i.e,
there exists a feedback gain matrix K ∈ Rm×n such that
ρ(A + BK) < 1, (Grüne 2000). In this paper, we con-
sider the case where, at each time step k, the controller
has only access to a randomly selected portion x̂(k) of
the full state x(k), i.e the control inputs are of the form
u(k) = Kx̂(k). More specifically, at each time step k,
x̂(k) contains a random subset of the coordinates of x(k),
and the remaining coordinates are set to zero. The portion
of the state accessed is selected randomly according to a
time-varying map C : N → {0, 1}n×n, which is a di-
agonal matrix of the form k 7→ Diag(c1(k), . . . , cn(k)),
where (ci(k), i ∈ {1, . . . , n}) are independent random vari-
ables, each determines whether the corresponding coordi-
nate xi(k) in x(k) is included in x̂(k) or set to zero at time
k. More precisely, we randomly drop out the i-th coordinate
with a probability of 1− pi, which means the coordinate re-
mains non-zero with a probability of pi ∈ (0, 1]. To preserve
the unbiasedness of the sparsified state vector x̂(k), each
non-zero coordinate xi(k) is scaled by 1

pi
, resulting in xi(k)

pi
.

Thus, our sparsification matrix at each time step k becomes:
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C(k) = Diag
(

c1(k)
p1

, . . . , cn(k)
pn

)
, and c1(k), . . . , cn(k) are

random Bernoulli variables of parameter p1, . . . , pn respec-
tively. In the rest of the paper, we will analyze the stability
properties of the closed-loop system Σcl consisting of the
discrete-time control system Σ in Eq.1 under the feedback
controller k 7→ u(k) = KC(k)x(k), for a gain K ⊆ Rn×m

and the sparsification matrix k 7→ C(k) defined above. The
dynamics of the closed-loop system Σcl is given by:

x(k + 1) = (A+BKC(k))x(k), k ∈ N. (2)

This random sparsification aims to reduce financial costs
(equipment, maintenance) and computational costs (pro-
cessing time, energy) incurred from measuring the system’s
state vector (e.g., position, velocity) for computing control
inputs, which depend on sensors, data acquisition, and pro-
cessing (Zhong et al. 2024). As such, in this paper, we study
two sparsification scenarios:
1. The case where ci(k) are Ber(p) where p ∈ (0, 1], and

C(k) = Diag

(
c1(k)

p
, . . . ,

cn(k)

p

)
. (3)

2. The adaptive sparsification case where ci(k) are
Ber(pi), and the sparsification matrix is given by:

C(k) = Diag

(
c1(k)

p1
, . . . ,

cn(k)

pn

)
. (4)

This second scenario allows for more flexibly. It supports
the prioritization of sensor monitoring of dynamically sig-
nificant states while also reducing reliance on states that are
costly or difficult to measure.

Asymptotic Stability of the Expected State Vector
In this section, we demonstrate that for any sparsification
strategy described in Eq.3 or Eq.4, if there exists K ∈
K(A,B), the expected state trajectory converges to zero
regardless of the initial condition of the system. This pre-
liminary finding represents an initial step toward achieving
AMSS.
Lemma 1. Consider the discrete-time control system Σ in
Eq.1 under the controller k 7→ u(k) = KC(k)x(k), for a
gain K ⊆ Rn×m and where the compressor k 7→ C(k) is

defined by C(k) = Diag
(

c1(k)
p1

, . . . , cn(k)
pn

)
, where for each

time step k, c1(k), . . . , cn(k) are independent Bernoulli ran-
dom variable of parameter p1, . . . , pn respectively. The fol-
lowing holds

E(x(k + 1)) = (A+BK)E(x(k)). (5)

Moreover, if K ∈ K(A,B), then the system is asymptoti-
cally stable in expectation.

Intuitively, the proposed result states that the chosen
Bernoulli-based sparsification policy ensures the asymptotic
stability (in expectation) of the controlled system for any
parameters p1, . . . , pn ∈ (0, 1], if there exists a matrix
K ∈ K(A,B). However, since convergence in expectation
does not imply AMSS, we further analyze the second-order
moment by studying the variance to ensure the system’s
asymptotic stability in the mean-square sense.

Problem Formulation
It is evident that maintaining the Bernoulli parameter suf-
ficiently close to zero is essential for implementing an ef-
fective sparsification strategy. However, sparsification inher-
ently introduces errors by reducing the controller’s influence
on the system, thereby creating a trade-off that must be care-
fully managed. In the sequel, we provide formal definitions
of expected sparsity and AMSS, and formally outline the
problem under consideration.

Definition 1. Consider the discrete-time closed-loop con-
trol system Σcl in Eq.1. The system Σcl is said to be AMSS
if limk→∞ E ∥x(k)∥22 = 0 holds for any initial condition
x(0) ∈ Rn (Shaikhet 1997).

Intuitively, the AMSS means that the system is robust and
will asymptotically converge to zero while rejecting the ef-
fect of randomization on the state norm.

Definition 2. Consider the discrete-time closed-loop control
system Σcl in Eq.2. We define the expected sparsity of the
system Σcl, denoted by ES, as the expected number of used
sensors, which is formally defined as follows:

1. For scenario 1 in Eq.3: ES = p× n.

2. For scenario 2 in Eq.4: ES =
∑n

i=1 wipi where
w1, . . . , wn are weights representing the measurement
difficulty or sensing constraints tied to each component
of the state vector.

Sparsity, in this context, refers to how many sensors in a
system of n total sensors are expected to be “active” at each
time step k. With these definitions established, we are now
fully prepared to present and analyze the problem at hand.

Problem 1. Find a sparsification strategy that mini-
mizes the expected sparsity while ensuring the AMSS
of the closed-loop discrete-time system Σcl in Eq.2
under the sparsification strategies defined in Eq.3
and Eq.4 .

To achieve this goal, we analyze the sequence(
E(∥x(k)∥22), k ≥ 0

)
. The problem can be reduced to find-

ing K ∈ Rm×n under which limk→∞ E(∥x(k)∥22) = 0,
for any initial state x(0) ∈ Rn while minimizing expected
sparsity. This ensures that the system’s trajectories, aver-
aged over many realizations, decay to zero. It indicates that
randomness does not cause instabilities that the controller
cannot rectify.

Main Results
In this section, we will primarily focus on the sparsification
strategy described in Eq.3. Then, in the following section,
we will discuss Scenario in Eq.4. The key idea throughout
the section is to provide conditions on the parameters of the
system A,B and the Bernoulli parameter p under which the
dynamics of the expected square norm of the state vector
decay geometrically. To this end, we present the following
result that will be the basis of our later analysis.
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Proposition 1. Consider the discrete-time control system
Σ in Eq.1 under the feedback controller k 7→ u(k) =
KC(k)x(k), for a gain K ⊆ Rn×m, and the spar-
sification matrix k 7→ C(k) is defined by C(k) =

Diag( c1(k)p , . . . , cn(k)
p ), where ci(k) are Ber(p) and p ∈

(0, 1]. Let D := A+BK, L := BK and

f(p) :=

∥∥∥∥DTD +

(
1− p

p

)
× Diag(L⊤L)

∥∥∥∥ .
Then

E
(
∥x(k + 1)∥22

)
≤ f(p)E

(
∥x(k)∥22

)
.

Moreover, the following statements hold:

• if f(p) < 1, then the discrete-time control system Σ in
Eq.1 under the feedback controller u(k) = KC(k)x(k)
is AMSS.

• if there exists a feedback gain K such that the spectral
radius ρ((A + BK)⊤(A+ BK)) < 1, then there exists
p ∈ (0, 1) such that f(p) < 1.

As shown in the previous result, ensuring that f(p) < 1
makes it possible to guarantee the AMSS of the closed-loop
system. Moreover, a sufficient condition to ensure the exis-
tence of such a p ∈ (0, 1), and thus ensuring the existence of
a sparsification strategy, is to design a feedback gain K such
that all eigenvalues of (A + BK)⊤(A + BK) have norms
strictly less than 1. However, the existence of such a feed-
back gain K generally requires conditions that are stronger
than the classical stabilizability of the pair (A,B) (Grüne
2000). As such, we introduce the following intermediate
problem to be addressed in the subsequent discussion.

Remark 1. As one can see, the map f(p) in Theorem 1 is
decreasing in p, indicating that better sparsification (smaller
p) results in a slower convergence rate of the expected
square norm of the state E

(
∥x(k + 1)∥22

)
, which aligns

with the intuition that the controller has access to fewer
states at each time step.

Problem 2. Provide conditions on the pair (A,B) ∈
Rn×n ×Rn×m to guarantee the existence of a matrix
K ∈ Rm×n such that ρ((A+BK)⊤(A+BK)) < 1.

To answer this question, we introduce the following as-
sumptions for the matrices A,B ∈ Rn×n × Rn×m:

Assumption 1. The matrix B ∈ Rn×m is low full rank, i.e
rank(B) = m.

Assumption 2. The largest singular value of (In −
B(B⊤B)−1B⊤)A, denoted by an, is strictly lower than 1.

Assumption 2 ensures that the projection matrix
P := In−B(B⊤B)−1B⊤ onto the orthogonal complement
of the image subspace of B is well-defined. This projection
is central as it isolates the part of A that B cannot directly
affect. The singular values of PA measure how much effect
A has in the directions orthogonal to the image subspace of
B. The condition an < 1 limits the magnitude of A’s effect

in these orthogonal directions. Intuitively, it says that A does
not stretch vectors too much outside the subspace controlled
by B. This constraint ensures that we can adjust A using
BK to achieve the desired singular values without exceed-
ing certain bounds. It has been established that under these
specific assumptions (Martin and Wang 2009), the spectral
radius of the matrix (A + BK)⊤(A + BK) is strictly less
than one; moreover, these assumptions are both necessary
and sufficient for this condition to hold.

Assumptions 1 and 2 are introduced to establish con-
ditions under which it is possible to design a feedback
gain matrix K that ensures the closed-loop system achieves
AMSS under randomized sparsification. To formalize this,
we now present the following result, which provides condi-
tions on the existence of such a stabilizing feedback gain.

Proposition 2. Given A ∈ Rn×n, B ∈ Rn×m and a real
number γ. Consider the following LMI of unknown Kγ ∈
Rm×n: [

γIn (A+BKγ)
T

A+BKγ In

]
> 0 (6)

The following holds:

1. The LMI in Eq.6 has solutions if and only if there exists
Kγ ∈ Rm×n such that ρ((A+BKγ)

⊤(A+BKγ)) < γ.
2. If the matrices A and B satisfy Assumptions 1 and 2, then

the LMI in Eq.6 has a solution Kγ for every γ ∈ [an, 1].

For our application, for each γ ∈ [an, 1], we solve the
LMI in Eq.6 to determine Kγ . Interestingly, one should find,
for each Kγ , the smallest pγ ∈ (0, 1] for which f(pγ) < 1.
Consequently, the best strategy is to consider the smallest
Bernoulli parameter among all candidates pγ for γ ∈ [an, 1].
To this end, we present the following result.

Theorem 1. Let (A,B) ∈ Rn×n × Rn×m satisfying As-
sumptions 1 and 2. For γ ∈ [an, 1], let Kγ be the solu-
tion of the LMI in Eq.6. Moreover, let Dγ := A + BKγ ,
and Lγ := BKγ , and for all i ∈ {1, . . . , n}, let si :=∑n

k=1 l
2
k,i, and smax = max (s1, . . . , sn). Furthermore, let

αγ :=
1−∥Dγ∥2

smax
. If the parameter p satisfies:

p > pKγ
:=

1

1 + αγ
, (7)

then, the system defined by Eq.2 under sparsification defined
by the sparsification matrix k 7→ C(k) in Eq.3 is asymptoti-
cally mean-square stable.

We propose an algorithm based on Theorem 1. The in-
puts to Algorithm 1 are A and B matrices of the dy-
namics satisfying Assumptions 1 and 2. The algorithm
computes an, the largest singular value of the matrix(
In −B(B⊤B)−1B⊤)A, discretizes the interval [an, 1]

with step size δ to a list of discrete points L. Then, it loops
over the list L and solves the LMI in Eq.6. As such, it ob-
tains a list of control gain matrices Kγ for γ ∈ L, which
are required to compute pKγ

using the formula in Eq.7 in
Theorem 1. It returns, as the last step, p⋆, the smallest spar-
sification parameter, and its corresponding gain matrix K.
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Algorithm 1: Compute the control gain matrix K and
Bernoulli parameter p⋆

Input: Matrices A ∈ Rn×n, and B ∈ Rn×m that satisfy
Assumptions 1 and 2.
Output: Bernoulli parameter p ∈ (0, 1] and control gain
matrix K ∈ Rm×n.

1: Compute an ∈ (0, 1], the greatest singular value of the
matrix

(
In −B(B⊤B)−1B⊤)A.

2: Discretize the interval [an, 1] with step-size δ into a list
L.

3: for various values of γ ∈ L do
4: Compute the corresponding gain Kγ by solving the

LMI in Eq.6.
5: Compute pKγ

from Eq.7 in Theorem 1.
6: end for
7: Return p⋆ = Minγ∈L

(
pKγ

)
and the corresponding K.

Remark 2. Building on Theorem 3.11 in (Sun and Ge 2011),
one can show that AMSS ensures the almost sure stability of
the discrete-time control system Σ in Eq.2 under the random
sparsification mechanism defined in Eq.3.

Adaptive sparsification
While the previous section addressed stability under a uni-
form sparsification strategy, real-world systems often face
heterogeneous sensing costs. This motivates a more prac-
tical, component-wise approach, where sparsity levels are
tailored to each state component. We therefore analyze the
adaptive sparsification strategy defined in Eq.4, and jointly
design the gain matrix K and parameters p1, . . . , pn to en-
sure AMSS while minimizing expected sparsity. Accord-
ingly, we extend the results of Proposition 2 to this more
general setting, where each state component is accessed with
its own probability. This leads to the following result.
Proposition 3. Consider the discrete-time control system
Σ in Eq.2 under the feedback controller given by u(k) =
KC(k)x(k) for K ⊆ Rn×m and C(k) defined in Eq.4. Let
D := A+BK,L := BK, and

g(p1, . . . , pn) =

∥∥∥∥D⊤D +Diag

(
−s1 +

s1
p1

, . . . ,−sn +
sn
pn

)∥∥∥∥ .
The following holds for all k ∈ N,

E(∥x(k + 1)∥22) ≤ g(p1, . . . , pn)E(∥x(k)∥22)
Moreover, if g(p1, . . . , pn) < 1, then the system Σ in Eq.1
under the feedback controller u(k) = KC(k)x(k), where
the compressor C(k) defined in Eq.4, is AMSS.

This result illustrates that it is sufficient to design K and
Bernoulli parameters p1, . . . , pn to have g(p1, . . . , pn) < 1
and by that guarantee the AMSS of the system. To achieve
this goal, we assume that the dynamics of the system A and
B satisfy Assumptions 1 and 2. Moreover, we propose Al-
gorithm 2 based on the following result:
Theorem 2. Let (A,B) ∈ Rn×n × Rn×m satisfying as-
sumptions 1 and 2. For γ ∈ [an, 1], let Kγ be the solu-
tion of LMI in Eq.6. Moreover, let Dγ := A + BKγ , and

Algorithm 2: Compute the Gain Matrix K and Bernoulli pa-
rameter [p⋆1, . . . , p

⋆
n]

Input: Matrices A ∈ Rn×n, and B ∈ Rn×m that satisfy
Assumptions 1 and 2, and weights w1, . . . , wn.
Output: sparsification parameter [p1, . . . , pn], control gain
matrix K.

1: Compute an ∈ (0, 1], the greatest singular value of the
matrix

(
In −B(B⊤B)−1B⊤)A.

2: Discretize the interval [an, 1] with step-size into a list
L.

3: for various values of γ ∈ L do
4: Compute the corresponding gain Kγ by solving the

LMI in Eq.6.
5: Compute p1,Kγ , . . . , pn,Kγ using the formula in

Theorem 2.
6: Compute the expected sparsity

ESγ :=
∑n

i=1 wipi,Kγ

7: end for
8: Return [p⋆1, . . . , p

⋆
n] = Minγ∈L (ESγ), the correspond-

ing K.

Lγ := BKγ , and for all i ∈ {1, . . . , n}, let si :=
∑n

k=1 l
2
k,i.

If for all i ∈ {1, . . . , n},

pi > pi,Kγ
:=

1

1 +
1−∥Dγ∥2

si

,

then, the system defined by Eq.2 under sparsification strat-
egy k 7→ C(k) in Eq.4 is asymptotically mean-square stable.

Theorem 2 provides a sufficient condition to ensure that
the closed-loop system operates under AMSS. It quantifies
the influence of each individual state component on the con-
trol input via the term si, which represents the squared norm
of the i-th column of BKγ . Specifically, a small si allows
for a smaller pi, meaning that the controller can drop the
corresponding state component xi more frequently. In con-
trast, a significant si leads to a large pi, indicating that the
corresponding state component significantly affects control
performance and should be sampled more often. Moreover,
∥Dγ∥2 captures how close the system is to stability. A lower
norm of Dγ = A+KγB indicates a more stable system and
enables better sparsification without compromising AMSS.

Based on Theorem 2, Algorithm 2 computes the sparsi-
fication vector [p1,Kγ

, . . . , pn,Kγ
] that minimizes expected

sparsity ES and returns the corresponding gain matrix K.

Remark 3 (Link to observability). We explain how our
framework naturally extends to the case where the controller
receives a sparsified version of the reconstructed state. Con-
sider the discrete-time linear system

Σo :

{
x(k + 1) = Ax(k) +Bu(k),

z(k) = Cx(k),
(8)

where x(k) ∈ Rn is the state, u(k) ∈ Rm is the control
input, and z(k) ∈ Rr is the measured output. The matrices
A,B,C have compatible dimensions. Assuming (A,B) is
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stabilizable and (A,C) is observable/detectable, the sepa-
ration principle (Åström and Murray 2021) ensures a Luen-
berger observer can reconstruct x(k) from z(k) while pre-
serving closed-loop stability. Our randomized sparsification
can then be applied to the estimated state, maintaining the
theoretical guarantees of full-state feedback.

Numerical Results
We validate our analysis on benchmark discrete-time con-
trol systems. To approximate the expected state trajectory
E[x(k)|x(0)], we use Monte Carlo simulations: multiple tra-
jectories are generated from a common initial state x(0),
each subject to independent realizations of the randomized
sparsification strategies in Eq.3 and Eq.4. The expected tra-
jectory is estimated as the empirical mean over N = 100
runs, with x(0) sampled from a zero-mean Gaussian distri-
bution with variance σ = 100. Additional experiments are
provided in Appendix B. All simulations were conducted in
Python using the CVX toolbox (CVX Research 2012) with
MOSEK as the solver (ApS 2022).

Figure 1: Time evolution of the expected state components.
The figure depicts stability for the case where p = p⋆ = 0.79

Figure 2: Time evolution of the expected state components.
The Figure Shows the stability of every component of the
expected state under the adaptive sparsification strategy.

Grid-Forming Converter
We consider a grid-forming converter from (Chen et al.
2023). We use our approach on a slightly modified dynamics

(a) The system’s AMSS is satisfied when the sparsification parame-
ter meets or exceeds p⋆.

(b) The system’s AMSS is not fulfilled for values of the sparsifica-
tion parameter strictly lower than p⋆.

Figure 3: Variation of Ex(0),C

(
∥x(k)∥22

)
displayed for dif-

ferent values of the sparsification parameter.

where the matrices A and B are given by

A =

[
0 0 0.1017
0 0 0.025
0 0 2

]
, B =

[
1 0.005
0 1.5095

314.1593 0

]
.

Algorithm 1 allows to compute the Bernoulli parameter
used for the sparsification strategy given by p⋆ = 0.79
along with the control gain matrix K. Fig.1 illustrates
that all three components of the expected state converge
to 0, which is consistent with the theoretical results in
Lemma 1 and Theorem 1. Fig.2 shows the variation of
expected state components with the sparsification vector
p⋆ = [0.026, 0.026, 0.794] resulting from our Algorithm 2.
Finally, Fig. 3(a) illustrates the evolution of the expected
squared two-norm of the state based on a Monte Carlo sim-
ulation, showing that with any sparsification strategy with
(p ≥ p⋆ = 0.79), the system achieves AMSS. Moreover,
one can also see the effect of sparsification on the conver-
gence rate; higher sparsification implies slower convergence
rates, which follows the analytical insights provided in Re-
mark 1. Fig.3(b) depicts that, for values of p strictly lower
than p⋆, the AMSS of the system is not fulfilled.

Large-scale power system
We consider the model of a large-scale power system from
(Alonso et al. 2022). It describes the dynamics of a fully
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connected network of n nodes. The discrete-time state equa-
tions for the i-th node are given by:
θi(k+1)=θi(k) + ∆k · ωi(k) + b1,iu1,i,

ωi(k+1)=
n∑

j=1
j ̸=i

kij
mi

∆k ·(θj(k)−θi(k))+αi

n∑
j=1

ωj(k)+b2,iu2,i,

for i = 1, 2, . . . , n, where θi(k) is the phase angle of
node i, ωi(k) is the frequency deviation of node i, mi is
the inertia parameter of node i, αi = 1 − di

mi
∆k where

di is the damping parameter of node i, kij is the cou-
pling strength between nodes i and j, with kii = 0, and
∆k the sampling period. The global state vector is given
by x(k) := [θ1(k), ω1(k), . . . , θn(k), ωn(k)]

⊤. We write
the dynamics of x(k) in the form of Eq.1, where the con-
trol input matrix B is a 2n × 1 input vector given by
B = [b1,1, b2,1, . . . , b1,n, b2,n]

⊤, and the matrix A is a
2n × 2n matrix constructed as follows: (1) For each row
block i = 1, . . . , n, concatenate the submatrices Aij (for
j = 1, . . . , n) horizontally to form a 2 × 2n block row, (2)
concatenate these n block rows vertically to form the full

2n × 2n matrix A with Aii =

[
1 ∆k

− ki

mi
∆k 1− di

mi
∆k

]
and

Aij =

[
0 0

kij

mi
∆k 1− di

mi
∆k

]
. For numerical simulation, we

consider n = 1000 nodes and use ∆k = 0.2, the numeri-
cal values of the masses mi (and damping parameters di),
i = 1, . . . , 1000, are generated from a uniform distribution
over the interval [0.5, 2.0) ( [0.5, 1.0), respectively).
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Figure 4: Time evolution of the expected state components.
It depicts stability for the case where p = p⋆ = 0.0025.

Using Algorithm 1, we determine the Bernoulli param-
eter (p⋆ = 0.0025) and the associated control gain ma-
trix K. Fig.4 displays the evolution of the expected state
components, which converge to 0, which is consistent with
the result in Lemma 1. Fig.5 shows the variation of the
expected state components with the sparsification vector
p⋆ = [p⋆1, . . . , p

⋆
n] resulting from Algorithm 2. Finally, we

compare the expected square norm of the state vector for dif-
ferent values of parameter p from p⋆ to p = 1 (classical sta-
bilization based on full state measurement without sparsifi-
cation). The results shown in Fig.6 align with the theoretical
result in Theorem 1. Simulations show that deterministic ap-
proaches require at least 37 state measurements for full state
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Figure 5: Stability of components
{1, 400, 900, 1200, 1600, 2000} of the expected state
under the adaptive sparsification strategy.
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Figure 6: Ex(0),C

(
∥x(k)∥22

)
for different values of the spar-

sification parameter p ≥ p⋆, with AMSS satisfied.

reconstruction, whereas our randomized method achieves
AMSS with only 6 measurements. Moreover, finding such
minimal measurement sets is NP-hard (Olshevsky 2015), as
it involves combinatorial observability verification.

Conclusion

In this work, we studied the AMSS of linear discrete-time
systems under a randomized feedback strategy. We showed,
for the first time, that AMSS can be ensured using only a
randomly selected subset of state measurements. We pro-
posed a procedure to jointly design the feedback gain and
sparsification parameters that balance stability and sensing
efficiency. We extended our analysis to adaptive sparsifica-
tion, where access probabilities are tailored to state compo-
nents. Our experimental results showed that AMSS can be
achieved using only 0.3% of the state components in some
settings. Future work will extend the proposed framework
in several directions. First, we will assess the tightness of
our inequality-based derivations and the conservativeness of
p⋆. Second, we will extend our analysis to the case of noisy
systems. Finally, we will generalize the proposed approach
from stabilization to more complex control objectives, such
as those described using temporal logics (Saoud, Jagtap, and
Soudjani 2024; Han and Sanfelice 2020).
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