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Abstract

Crowdsourcing is a common approach for training data-
hungry models by collecting high-quality labeled data with
human labor. With crowdsourcing data, the end-to-end learn-
ing paradigm is rising, where the classifier is concatenated
with annotator-specific confusion layers and the two parts are
co-trained in a parameter-coupled manner. However, learn-
ing with the size of a very large set of annotations is a chal-
lenge when computation or energy is limited. In this paper,
we analyze and refine the coresets for end-to-end learning
from crowds under the sensitivity sampling framework. This
coreset is a small possible subset of annotations, so one can
efficiently optimize the Coupled Cross-Entropy Minimiza-
tion problem with guaranteed approximation. We first prove
the lower bound, which shows no coresets smaller than com-
plete data with confusion layers. Then, with workers’ transi-
tion matrices Ar , we show that with the regularization term
log detA⊤

r Ar , this lower bound can be prevented. Our main
result is that under mild assumptions, a smaller coreset ex-
ists for the regularized Coupled Cross-Entropy Minimization
problem. An upper bound of sensitivity is proposed for de-
signing a sampling algorithm called CrowdCore. The exper-
imental results on synthetic and real-world datasets demon-
strate the effectiveness of our analysis.

Introduction
In recent years, deep neural network training on large-scale
datasets has achieved remarkable success (LeCun, Bengio,
and Hinton 2015; Vaswani et al. 2017; Momeni et al. 2025).
For these data-hungry deep models, crowdsourcing serves
as a valuable approach for gathering labeled data from hu-
man workers (Chu, Ma, and Wang 2021). However, a key
challenge arises when dealing with very large datasets of an-
notations. The size of annotations is usually far larger than
the size of instances, e.g., images. Therefore, the compu-
tational burden of learning from crowds is worse than that
of traditional machine learning, and it is urgent to develop
efficient algorithmic techniques for reducing computational
complexity.

Coreset (Feldman, Schmidt, and Sohler 2013) is a well-
studied technique that can efficiently sketch large datasets
without sacrificing performance. For example, existing work
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shows that empirically, a coreset of size less than 1% of the
input is enough to represent the whole dataset with an error
less than 0.001 (Tolochinksy, Jubran, and Feldman 2022).
For input data with size N , developing coreset means that
there will be a smaller subset with size O(f(N)) that can
play the role of the whole dataset, where f(N) is the sam-
ple complexity. Assume that there are R annotators to la-
bel N data points. The worst sample complexity will be
O(R · f(N)). However, this bound is not satisfied since the
number of annotations M is much smaller than RN .

Our goal is to find a better bound on the coreset size
for crowdsourcing. More detailed, we focus on the end-to-
end learning from crowds. “End-to-end” means that the task
model and label correction mechanism are co-trained in an
end-to-end fashion (Rodrigues and Pereira 2018). The ba-
sic paradigm is connecting the confusion layer behind the
classifier. Since the parameters of confusion layers Ar and
classifier f are coupled optimized with cross-entropy loss,
this approach is called Coupled Cross-Entropy Minimiza-
tion (CCEM). It is proven that under CCEM, the distances
between the trained classifier, the confusion layer, and their
ground truth are bounded (Ibrahim, Nguyen, and Fu 2023).

Our analysis is under the sensitivity framework, where the
key challenge is to find the upper sensitivity function and to-
tal sensitivity. Our first observation is that with the original
CCEM loss function, there is no coreset smaller than the
complete annotations. This lower bound is similar to tradi-
tional classification, where a norm regularization of weight
is introduced to prevent the lower bound. In CCEM, we find
that the regularization term log detA⊤

r Ar can help coreset
to exist. Geometrically, this term is a surrogate of the volume
of conv{Ar} = {x ∈ Rd|x = Arθ,θ ≥ 0}. Therefore,
this term is called volume regularization. This regulariza-
tion is widely used in improving identifiability in the non-
negative matrix factorization tasks (Fu et al. 2019; Ibrahim,
Nguyen, and Fu 2023). Nonetheless, its property in coresets
has not been studied yet.

Our main result lies in proving that, under mild assump-
tions, a smaller coreset exists for the regularized CCEM
problem. We only add an assumption that limits the eigen-
values of Ar . The other assumptions follow the existing
works. We first analyze the properties of the new cost func-
tion, then bridge the sensitivity to the confusion layer Ar .
Then, we propose an upper-sensitivity function and derive
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the sample probability for each data point. With total sen-
sitivity, the bound of the coreset size is given. Our proof
leverages the framework proposed in (Tolochinksy, Jubran,
and Feldman 2022) but differs significantly from the study in
that work due to different cost functions, assumptions, and
data spaces. The contribution can be summarized as follows:
• We provide a rigorous theoretical analysis of coresets for

end-to-end learning from crowdsourced data, establish-
ing a lower bound that demonstrates the necessity of us-
ing complete data with confusion layers to achieve opti-
mal solutions in the CCEM problem.

• We show that the lower bound identified in our analy-
sis can be avoided with a volume regularization term. We
prove, under mild assumptions, the existence of a smaller
coreset that can be used to solve the regularized CCEM
problem efficiently. This provides an approach to scal-
ing end-to-end learning from crowdsourced data without
degrading much accuracy.

• Through empirical evaluation of both synthetic and real-
world datasets, the results empirically show that the pro-
posed sampling strategy, CrowdCore, can reduce the
number of annotations with small approximation error,
and model performance will not significantly decrease.

The originality of this work stems from our analysis and
refinement of coresets for end-to-end learning from crowds
under the sensitivity sampling framework to optimize the
CCEM problem with guaranteed approximation.

Related Works
End-to-end Learning from Crowds. The first work in
end-to-end models is CrowdLayer (Rodrigues and Pereira
2018), which applies a learnable crowd layer after the clas-
sifier for confusion modeling. After that, TraceReg (Tanno
et al. 2019) introduces a regularization term in mapping the
classifier output onto the worker-specified output. Besides,
CoNAL (Chu, Ma, and Wang 2021) goes further by distin-
guishing a common confusion from the individual confusion
of each worker. UnionNet (Wei et al. 2022) integrates the
confusion of all workers into a parametric transition matrix,
treating all workers as a unified entity. The CCEM problem
is formally analyzed in (Ibrahim and Fu 2021), where the er-
ror bounds of learning ground-truth classifier and confusion
layers are provided. Besides, the geometry property of the
non-negative matrix factorization is introduced to improve
the identification (Ibrahim and Fu 2021; Fu et al. 2019).
Coresets. Coreset is well-studied in clustering (Feldman,
Schmidt, and Sohler 2013), classification (Chen et al. 2022),
and regression (Mirzasoleiman, Bilmes, and Leskovec
2020). The most used framework to analyze coresets is pro-
vided in (Feldman and Langberg 2011), where the sensi-
tivity of data points is modeled. The work most related
to our paper is the coresets for classification. Existing
works show that with an additional common regularization
term, i.e., norm-2 regularization of classifier parameters, the
smaller coreset always exists with sensitivity-based sam-
pling (Tolochinksy, Jubran, and Feldman 2022) or uniform
sampling (Alishahi and Phillips 2024; Samadian et al. 2020).
There is no direct research on coresets in crowdsourcing, but

some work has been done to decrease cost-saving. Probably
approximately correct (PAC) is used to study the cost-saving
effect, and an upper bound for the minimally sufficient num-
ber of crowd labels can be given (Wang and Zhou 2016).
Then, the cost complexity, also based on PAC, is proposed
to model the trade-off between costs and quality (Fang et al.
2018).

Preliminaries
End-to-end Learning from Crowds
Notation. In this paper, we focus on binary classification
with crowdsourcing datasets. Suppose that there are R work-
ers labeling N instances as belonging to K = 2 possi-
ble classes, and the number of annotations is M . Notation
xi ∈ Rd refers to the i-th instance, and yri ∈ {1,−1} refers
to the label from the r-th worker on the i-th instance, where
d is the data dimension.

We denote the instance set as X = {xi}Ni=1, the anno-
tation set as Y = {yri}, where |Y | = M , and the un-
known instance truth set as Z = {zi}Ni=1. Let us repre-
sent the classifier as f , and the workers’ transition matri-
ces as {Ar}Rr=1, where the columns of Ar are conditional
probability distributions. To keep consistent with the exist-
ing study (Tolochinksy, Jubran, and Feldman 2022), f is pa-
rameterized with a vector w with shape d× 1 as:

f(x) =
1

1 + exp (−w⊤x)
. (1)

End-to-end Training. In general, the end-to-end training
paradigm, classifier f and worker parameters {Ar}Rr=1 are
optimized jointly, called CCEM. Note that the classifier is
sequentially combined with a feature extractor and a linear
layer. The objective function of CCEM is:

min
f ,{Ar}R

r=1

− 1

M

∑
yri∈Y

K∑
k=1

I(yri = k) log[Arf(xi)]k. (2)

After proper network initialization, the optimal parame-
ters of crowd layer {Ar}Rr=1 and classifier f can be esti-
mated with stochastic gradient descent.

Coreset Construction with Sensitivity
To illustrate the concept of sensitivity, we first expand the
confusion layer Ar in the binary classification scenario with

two variables ar, br ∈ [0, 1] as Ar =

[
ar 1− br

1− ar br

]
.

It can be verified that for any θ, if 1⊤θ = 1, 1⊤Arθ = 1.
Then, combine Eqs. (1) and (2), the logistic cost function of
a specific data point (xi, yri) is:

ϕ(t) = log(1 + et),

ϕ1(t) = log[ar + (1− br)e
t],

ϕ2(t) = log[br + (1− ar)e
t],

c(xi, yri) =

{
ϕ(−yriw

⊤xi)− ϕ1(−yriw
⊤xi), yri = 1,

ϕ(−yriw
⊤xi)− ϕ2(−yriw

⊤xi), yri = −1.
(3)

Some necessary definitions are given as follows.
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Definition 1 (Query space). A tuple containing:

• Input data: complete set of data points P = (X,Y );
• Classifier space: f ∈ F or equivalently, w ∈ Rd;
• Confusion layer space: matrix space ∆K , which is sim-

plified to (a, b) ∈ ([0, 1], [0, 1]) when K = 2;
• Cost function: c(xi, yri;f ,Ar).

is called query space for end-to-end learning from crowds.

Note that the confusion layer space is sometimes ignored
since the initialization of Ar is determined as an identify
matrix. Then, the definition of the coreset is as follows.

Definition 2 (ε-coreset). Given query space (P,F ,∆K , c),
and error parameter ε ∈ (0, 1), an ε-coreset for
(P,F ,∆K , c) is a tuple (Q, u), where Q is a subset and u
is a weight function, such that for every f ∈ F ,Ar ∈ ∆K ,

|
∑
P

c(xi, yri)−
∑
Q

u(xi, yri)c(xi, yri)| ≤ ε·
∑
P

c(xi, yri).

(4)

It can be seen that there is a relationship between the
weight function u and the size M of the complete dataset.

Proposition 1. Assume that (Q, u) is a ε-coreset for
(P,F ,∆K , c), where cost c is always positive. The follow-
ing inequality holds:

|
∑
Q

u(xi, yri)−M | ≤ εM. (5)

Proof. Let w = 0, and Ar = I , where I is the identity
matrix. We have that for any data point, c(xi, yri) = ϕ(0) =
log 2. By Definition 2, |

∑
P log 2−

∑
Q u(xi, yri) log 2| ≤

ε
∑

P log 2. Since
∑

P 1 = M , we have |
∑

Q u(xi, yri) −
M | ≤ εM .

Definition 3 (Sensitivity). Given query space
(P,F ,∆K , c), the sensitivity of a data point (xi, yri)
is defined as the supreme value of fraction between the
cost of this point and the cost of all points for all possible
classifiers, i.e.,

sensitivity(xi, yri) ≜ sup
f∈F,Ar∈∆K

c(xi, yri)∑
P c(xi, yri)

, (6)

where the denominator
∑

P c(xi, yri) is assumed to be pos-
itive. Since it is almost impossible to get the closed form of
sensitivity, a function s(xi, yri) is called an upper sensitivity
function if for all xi, yri, s(xi, yri) ≥ sensitivity(xi, yri).

The total sensitivity for (P,F ,∆K , c) is

S ≜
∑
P

s(xi, yri). (7)

With an upper bound for the sensitivity and total sensitiv-
ity, a sensitivity-based sample from P with a size of M ′ is
a set of M ′, independent and identically distributed (i.i.d.),
draws from the complete set of data points, where the sam-

ple probability is Prob(·) =
s(·)
S

. Then, the coreset size is
bounded according to the following theorem.

Theorem 1 ((Feldman and Langberg 2011)). Given query
space (P,F ,∆K , c), let s be the upper sensitivity func-
tion, and S be the upper total sensitivity. Let D be the VC-
dimension of the loss function, and ε, δ ∈ (0, 1) be the error
and probability control parameters. Then, Q is a random
sample of size M ′ that

M ′ ≥ 10S

ε2
(D logS + log(

1

δ
))), (8)

where the sample probability of point i ∈ [1,M ] selected
each time is si/S. Let the associated weight ui for each

point i ∈ [1,M ] be
S

si |Q|
. We have that (Q, u) is an ε-

coreset with probability at least 1− δ.

Lower Bound
Given a query space, the first question is whether the core-
set exists. Studies such as those in (Tolochinksy, Jubran, and
Feldman 2022; Samadian et al. 2020) show that for pure lo-
gistic regression, where the cost is cross-entropy between
prediction and ground truth, the ε-coreset does not exist. The
key lemma used is as follows.

Lemma 1 ((Tolochinksy, Jubran, and Feldman 2022)). If ev-
ery data point (xi, yri) in P has sensitivity(xi, yri) = 1,
then the only ε-coreset for P is P itself, i.e., no smaller core-
set.

To determine the lower bound of corsets for crowdsourc-
ing learning, we explore three cases that control the size of
instances and annotators.
Case (a): Multiple Instances, Single Annotator. Assume
that there are N instances {xi}Ni=1 and one annotator whose
confusion layer A0 has diagonal elements a0 and b0. In this
case, there are only single annotator, i.e., M = N . This sit-
uation will degrade to logistic regression when a0 and b0 are
both fixed to 1. For points xi scattered on a circle which
does not pass through the zero point:

sensitivity(xi, y0i) = sup
w∈Rd,a0,b0∈[0,1]

c(xi, y0i)∑
P c(xi, y0i)

(let a0 = b0 = 1) ≥ sup
w∈Rd

c(xi, y0i; a0 = 1, b0 = 1)∑
P c(xi, y0i; a0 = 1, b0 = 1)

(Eq. 3) = sup
w∈Rd

ϕ(−y0iw
⊤xi)∑

P ϕ(−y0iw⊤xi)

(∗) =1.
(9)

We briefly describe the intuition of (∗). A geometric trick
is used in the logistic cost function, where the data point
xi is augmented with yri to become yrixi. With this trick,
all points in Fig. 1(a) can be seen as positive samples. For
each yrixi, there is a hyper-plane that can perfectly separate
this point from others, i.e., for yrixi, one has yriw

⊤xi >
0 holds, while for any other points yrjxj , yrjw

⊤xj <
0. Let ∥w∥2 → ∞. We have that ϕ(−yriw

⊤xi) →
∞ for yriw

⊤xi < 0, and ϕ(yrjw
⊤xj) → 0 for
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(a) (c)

(b) (d)

Hyperplane 

Figure 1: (a) Data points in R3 scattered on a circle, (b)
Cross-sectional view of (a), the hyperplane w exists for ev-
ery data point; (c) A second-order cone C in R3, and (d)
Cross-sectional view of (c), where the dots denote the rows
of Ar and the circle denotes the cone C.

yrjw
⊤xj > 0. Therefore, supw∈Rd

ϕ(−yriw
⊤xi)∑

P ϕ(−yriw⊤xi)
=

lim∥w∥2→∞
ϕ(−yriw

⊤xi)∑
P ϕ(−yriw⊤xi)

= 1.

The above analysis holds for every point (xi, yri). There-
fore, the sensitivity of every point is 1. According to Lemma
1, no smaller coreset exists in this case.
Solution (a): Add Norm Regularization ∥w∥2. To prevent
this lower bound, the norm-2 regularization term ∥w∥2 is
added to the cost function. In this way, when w → ∞, the
cost of all points will approach ∞, and thus the sensitivity
of any data point will not be 1. With this regularization term
and some assumptions, the coreset size is bounded by differ-
ent sampling methods.

Theorem 2 ((Alishahi and Phillips 2024)). The query space
with a single annotator is (P,F , (a0, b0), c), where the con-
fusion layer can be fixed without loss of generality, i.e., a0 =
b0 = 1, and cost function is c(yriw⊤xi) = ϕ(yriw

⊤xi) +
∥w∥2. Assume that for all i, ∥xi∥2 ≤ 1, and any s-
sensitivity sample with size M ′ by specific sampling strategy
guarantees an ε-coreset with a probability of at least 1− δ,

with sensitivity-based sampling, M ′ = O(
d2 logM

ε2
) holds.

Case (b): Single Instance, Multiple Annotators. Assume
that there are M annotators with confusion layer {Ar}Mr=1
and only one instance x0. Similarly to case (a), we analyze
the sensitivity of data point (x0, yr0). We find that for the
cost function in Eq. (3), the sensitivity of every point is 1,
which implies that there is no nontrivial coreset. This obser-
vation is formally stated as follows.

Concept Case (a) Case (b)

Perspective Instance Annotator
Problematic c → ∞ c → 0

Reg. Term ∥w∥2 log detA⊤
r Ar

Existing Usage Avoid overfitting Improve identifiability
Geometry Length Volume

Table 1: Correspond concepts in classification and crowd-
sourcing.

Theorem 3 (No coreset for one-instance crowdsourcing).
Given a query space (P,F ,∆K , c), where the instance
space contains only one item. If the cost is a CCEM loss
function, i.e., Eq. (3), and let the error parameter be ε ∈
(0, 1), then there is only an ε-coreset Q such that Q = P .

Proof. It can be checked that:

• If ar = 1 and br = 1, then c(x0, yr0) = ϕ(−yr0w
⊤x0),

• If yr0 = 1, ar = 1 and br = 0, then c(x0, yr0) = 0,
• If yr0 = −1, ar = 0 and br = 1, then c(x0, yr0) = 0.

Therefore, for any data point, we have:

sensitivity(x0, yr0) = sup
w∈Rd,ar,br∈[0,1]

c(x0, yr0)∑
P c(x0, yr0)

≥ sup
w∈Rd

c(xi, yri; ar = 1, br = 1)

c(xi, yri; ar = 1, br = 1) +
∑

P ′ 0

=1,
(10)

where P ′ = P − {(x0, yr0)}.
With Lemma 1, one concludes that there is no smaller

coreset for P .

Solution (b): Add Volume Regularization log detA⊤
r Ar.

What we need to prevent this lower bound is an additional
item that dominates the cost when the cross-entropy loss ap-
proaches zero. We found that the volume regularization sat-
isfied this requirement.

Remind that Ar =

[
ar 1− br

1− ar br

]
. We have

log detA⊤
r Ar = log(ar + br − 1)2. Either ar → 1 and

br → 0 or ar → 0 and br → 1, log detA⊤
r Ar → ∞ holds.

Coincidentally, this regularization term is used to improve
the identifiability of crowdsourcing (Ibrahim, Nguyen, and
Fu 2023), where the volume of Ar cone is maximized. We
summarize the corresponding concepts in coresets for logis-
tic regression and crowdsourcing in Table 1.
Case (c): Multiple Instances, Multiple Annotators. In this
case, it is intuitive that to sample the smallest coreset, the
norm and volume regularization terms should both be used.
The cost function is:

c(xi, yri) = ∥w∥2 − log detA⊤
r Ar+{

ϕ(−yriw
⊤xi)− ϕ1(−yriw

⊤xi), yri = 1,

ϕ(−yriw
⊤xi)− ϕ2(−yriw

⊤xi), yri = −1.

(11)

In the next section, we show that a better coreset does
exist for any input.
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Coresets with Volume Regularization
Main Results
We make the following assumptions.

Assumption 1 (Bounded ∥xi∥2, (Alishahi and Phillips
2024)). For all xi, ∥xi∥2 < 1, i.e., Prob(∥xi∥2 ≥ 1) = 0.
This assumption is easy to satisfy with normalization.

Assumption 2 (Bounded log detA⊤
r Ar). Let ξ ∈ (0, 1).

The minimum eigenvalue of Ar is greater than or equal to
ξ, which implies that |ar+br−1| ≥ ξ, and log detA⊤

r Ar ≥
2 log ξ. Note that log detA⊤

r Ar ≤ 0.

Remark 1. Assumption 2 is natural when there is no mali-
cious annotator whose annotations are independent of in-
stances. If the minimum eigenvalue of Ar is 0, or ar +
br = 1, it can be checked that the output probability is al-
ways [ar, br]

⊤. Without loss of generality, in our analysis,
ar + br > 1. If ar + br < 1, with multiplying by an addi-
tional permutation matrix, ar + br > 1 (Ibrahim, Nguyen,
and Fu 2023).

With the above assumption, and also, with the cost func-
tion Eq. (11), we first define auxiliary functions:

sA(yri, ar, br) =

{
2 log |ar+br−1|+log(br−ar+1)−log 2

2 log |ar+br−1|+log(1−br)
, yri = 1,

2 log |ar+br−1|+log(ar−br+1)−log 2
2 log |ar+br−1|+log(1−ar)

, yri = −1.

(12)

bA(yri, ar, br) = sA(yri, ar, br) · (2−
1

log |ar + br − 1|
).

(13)
bx(xi) = 2 + ∥xi∥22 . (14)

Then, the sensitivity is bound as follows.

Theorem 4 (Sensitivity). Given input data P = (X,Y ) =
{(xi, yri)} such that |P | = M , let the data points ascend-
ing sorted by bA(yri, ar, br) · bx(xi). Then the sensitivity
of every (xi, yri) in position m is bounded by s(xi, yri) =

O(L(bA(yri,ar,br)·bx(xi)+1)
m ), where L is a sufficiently large

constant, and the total sensitivity is

t =
∑
P

s(xi, yri) = O(logM +
∑
P

L(bAbx + 1)

m
).

Compared with the existing bound of sensitivity which
only considers the index position m and the norm of the
data point ∥xi∥2, our bound extensively considers the factor
of the annotator bA. With this upper sensitivity bound, the
sampling strategy is given in Algorithm 1, and the bound of
coreset size is given in the following theorem.

Theorem 5 (Coreset). Given input data P = (X,Y ) =
{(xi, yri)} such that |P | = M , let ε, δ ∈ (0, 1), for every
xi ∈ Rd, yri ∈ {1,−1}, the cost function is given as Eq.
(11). Let (Q, u) be the output of Algorithm 1 while the input
is query space (P,F ,∆K , c). Then, with probability at least
1− δ, (Q, u) is an ε-coreset for (P,F ,∆K , c). And the size
of Q is bounded by |Q| = O( logM

ε2 (d log logM + log 1
δ )).

Algorithm 1: CrowdCore Sample Strategy.
Input: Query space: (P,F ,∆K , c), and coreset size M ′.
Output: Coreset (Q, u), where Q is a subset of P and u is
a weight function.

1: Sort the data points (xi, yri) in input P ascending by
bA(yri, ar, br) · bx(xi), and record index position m.

2: Compute the upper sensitivity for data
points in position m such that s(xi, yri) =
L(bA(yri, ar, br) · bx(xi) + 1)

m
, where L is a suf-

ficiently large constant.
3: Compute total sensitivity S =

∑
P s(xi, yri).

4: Sample M ′ data points from P to Q with probability
s(xi, yri)

S
, and set weight u(xi, yri) =

S

M ′s(xi, yri)
.

5: return Coreset (Q, u).

Proofs of Main Results
Define function g(t) = g(−yriw

⊤xi) = c−∥w∥2 = ϕ(t)−
ϕri(t)−log(ar+br−1)2, where c is the cost function defined
on Eq. (11), and ϕri(t) depends on yri. The properties of the
function g are as follows.
• Given yri, the function g is increasing with −yriw

⊤xi,
• The minimum is min g = min(log 1

ar
, log 1

br
)−log(ar+

br − 1)2 when yriw
⊤xi → −∞.

• The maximum is max g = max(log 1
1−ar

, log 1
1−br

) −
log(ar + br − 1)2 when yriw

⊤xi → ∞.
• g(0) ≥ log 2−max(log(ar−br+1), log(br−ar+1))−
log(ar + br − 1)2 ≥ 0.

Using these properties, the key is to find the zero point
of g(−t) = t2. Since the function g is always positive and
increasing, it is clear that there is only one zero point t0.
However, it is hard to give a closed form for this root. We
give a bound of t0 related to (ar, br).
Proposition 2. For g(t) = ϕ(t)−ϕri(t)−log(ar+br−1)2,
let t̂0 =

√
− log(ar + br − 1)2 ∈ [0,

√
−2 log ξ], it holds

g(−t̂0) > t̂20.

Proof. By the symmetry of a and b, let ϕri = ϕ1. The proof
for ϕri = ϕ2 is similar. Let t̂0 =

√
− log(ar + br − 1)2.

We have

g(−t̂0) =ϕ(−t̂0)− ϕ1(−t̂0)− log(a+ b− 1)2

=ϕ(−t̂0)− ϕ1(−t̂0) + t̂20,
(15)

therefore, g(−t̂0) − t̂20 = ϕ(−t̂0) − ϕ1(−t̂0) ≥
min(log 1

ar
, log 1

br
) > 0. This bound t0 is tight since when

ar → 1, br → 0, g(−t̂0) = t̂20.

Lemma 2. For g(t) = ϕ(t) − ϕri(t) − log(ar + br − 1)2,
let c > 0. Then, for every t > 0,

g(ct) + t2

g(−ct) + t2
≤ max g

g(0)
(2− 1

log |ar + br − 1|
)(2 + c2).

(16)
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MNIST MiniBooNE

UniSamp SenSamp GradSamp CrowdCore UniSamp SenSamp GradSamp CrowdCore

1% 1.422±0.986 0.647±0.439 2.408±1.467 0.471±0.212 1.091±0.425 1.180±0.699 1.233±0.388 0.804±0.130
Time 8.63±0.62 15.36±0.16 200.22±9.58 16.49±0.70 0.29±0.01 4.94±0.09 4.99±0.10 4.98±0.03

3% 0.789±0.418 0.599±0.360 1.181±0.677 0.467±0.191 0.636±0.268 0.785±0.315 1.039±0.207 0.471±0.050
Time 23.98±1.78 31.92±1.89 300.10±9.39 32.85±1.49 0.48±0.02 4.93±0.04 5.13±0.12 5.07±0.03

5% 0.784±0.510 0.422±0.257 0.856±0.654 0.394±0.175 0.451±0.179 0.668±0.269 1.062±0.484 0.345±0.090
Time 39.26±0.67 47.51±2.12 590.95±10.36 47.15±2.25 0.65±0.02 5.04±0.03 5.21±0.02 5.22±0.02

7% 0.568±0.336 0.312±0.188 0.890±0.729 0.344±0.169 0.424±0.164 0.534±0.189 0.601±0.223 0.343±0.129
Time 58.33±3.12 58.18±2.29 790.95±10.36 62.72±2.55 0.84±0.02 5.15±0.03 5.33±0.06 5.32±0.04

9% 0.362±0.229 0.317±0.089 0.793±0.634 0.256±0.208 0.313±0.172 0.478±0.244 0.628±0.153 0.235±0.107
Time 63.78±3.58 77.79±4.97 900.28±10.63 73.52±1.98 1.04±0.02 5.25±0.04 5.41±0.04 5.40±0.02

Table 2: Approximation Error and Running Time of Synthetic Annotations.

Proof. See the appendix.

Then, we give the proof of our main results. For a data
point (xi, yri), according to Lemma 2,

g(∥xi∥2 t) + t2

g(−∥xi∥2 t) + t2

≤ max g

g(0)

(
2− 1

log |ar + br − 1|

)
(2 + ∥xi∥22). (17)

We divide the bound in Eq. (17) into two parts:

bA(yri, ar, br) =
max g

g(0)
(2− 1

log |ar + br − 1|
), (18)

bx(xi) = 2 + ∥xi∥22 . (19)
According to Lemma 4.2 in (Tolochinksy, Jubran, and

Feldman 2022), for (r′, i′) ̸= (r, i), it holds

c(x′
i, yr′i′) ≤ max

P
c(xi, yri) ≤ L(bAbx + 1)c(xi, yri),

(20)
where L is a sufficiently large constant.

Then, sort points in P with bAbx. For data point (xi, yri)
in the m position, we have∑

Top m

c(x′
i, yr′i′) ≥

∑
Top m

1

L(bAbx + 1)
c(xi, yri)

≥m · c(xi, yri)

L(bAbx + 1)
.

(21)

Consider the cost on all data points in P , it holds∑
P

c(xi, yri) ≥
∑

Top m

c(x′
i, yr′i′) ≥

m · c(xi, yri)

L(bAbx + 1)
. (22)

Therefore, the upper sensitivity function is derived, i.e.,

sensitivity(xi, yri) = sup
f∈F ,Ar∈∆K

c(xi, yri)∑
P c(xi, yri)

≤L(bAbx + 1)

m
= s(xi, yri),

(23)

where m is the index after sorting.
Finally, summarize the upper sensitivity function over all

data points to get the total sensitivity:

S =
∑
P

s(xi, yri) = O(logM+
∑
P

L(bAbx + 1)

m
). (24)

Theorems 4 and 5 are directly derived from Theorem 1
and Eq. (24).

Experiments
Experimental Setup
To solve these three research questions, we conduct experi-
ments on both synthetic datasets and real-world datasets.
• RQ1: Though there is a theoretical guarantee of the ap-

proximation error of cost, how does the coreset sampling
algorithm perform with the large-scale dataset?

• RQ2: How does the model perform on unseen data with
different coreset sampling algorithms?

• RQ3: How does the annotators’ confusion matrix af-
fect the approximation quality and generalization perfor-
mance of the constructed coreset?

Four comparable sampling algorithms are used.
UniSamp: Sample annotations with the same probabil-
ity (Alishahi and Phillips 2024). SenSamp: Only consider
the norm of inputs ∥xi∥2 in the sensitivity (Tolochinksy,
Jubran, and Feldman 2022). GradSamp: Set the sample
probability to the norm of the gradient of parameters.
CrowdCore: See Algorithm 1.

Extending to Multiple Classes
A one-vs-rest strategy is taken to handle multi-class classifi-
cation. We specify the label class as positive and the rest of
the classes as negative.

For K > 2 classes, the complete confusion matrix A is
a K ×K matrix. For a sample with label y, the one-vs-rest

confusion matrix is
[

a 1− b
1− a b

]
, where a = Ay,y , and

b = 1− 1
K−1

∑
k ̸=y Ak,y .
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Figure 2: Performance of Classifiers Trained on Real-World Annotations.

Performance on Synthetic Annotations (RQ1)
Settings. We take MNIST (Deng 2012) and Mini-
BooNE (Aguilar-Arevalo et al. 2009) datasets. The number
and dimension of MiniBooNE data points are 70,000 and
784, respectively. The number and dimension of MNIST
data points are 130,064 and 50, respectively. To generate
noisy annotations, R = 5 annotators are simulated. The
ground-truth of the confusion layer is generated by Ar =
Normalization(I+0.2M rand), where M rand is sampled from
uniform distribution in range [0, 1].

Results. We run sampling algorithms and report the mean
and standard error of the mean absolute approximation er-
ror (1e-3) and the running time (in seconds), as shown in
Table 2. As the sample size increases, the approximation
error for all sampling methods generally decreases. Crowd-
Core and SenSamp perform better than the other two, imply-
ing that sensitivity-based sampling is helpful for preserving
dataset information. When the coreset size is pretty small,
the CrowdCore performs significantly better than others.

Performance on Human Annotations (RQ2)
Settings. LabelMe (Rodrigues and Pereira 2018) is an
open-source dataset containing 59 annotators, 1,000 in-
stances, and 8 classes. The backbone is the VGG-16 net-
work. Music (Rodrigues, Pereira, and Ribeiro 2014) is a mu-
sic genre classification dataset. The backbone is a 3-layer
MLP classifier. Normalization is used to control the feature
norm before the last network layer. The training epochs for
LabelMe and Music are set to 25 and 120, respectively.

Results. We run sampling algorithms and report the clas-
sification accuracy on test data, as shown in Figure 2.
CrowdCore consistently maintains the highest performance,
demonstrating its effectiveness in finding coresets, whereas
GradSamp shows a significant decline in model perfor-
mance, suggesting that the coreset sizes for this strategy
should be larger. The performance gap between CrowdCore
and other methods increases at smaller coresets, indicating
that it is better at finding more relevant data.

Case Study (RQ3)
We conduct a case study in LabelMe to analyze how anno-
tator identifiability |ar + br − 1| influence coreset selection.
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Figure 3: Weight across Sampled Annotations.

We take annotators in the dataset with different confusion
properties, including: 1) high-quality with ar, br → 1, 2)
systematic-bias with ar, br → 0, and 3) non-identifiable
with ar + br → 1. For the former two, identifiability
|ar + br − 1| → 1 and for the last one, identifiability
|ar + br − 1| → 0. Figure 3 shows the expected value of the
normalized weights as a function of |ar + br − 1|. We find
that CrowdCore shows a clear preference for data labeled
by high-quality and systematic-biased annotators, while ac-
tively downweights samples from non-identifiable annota-
tors. This result shows that CrowdCore not only selects in-
formative instances but also implicitly performs data denois-
ing, enhancing robustness with different annotators.

Conclusion
In this paper, we focus on the coresets for end-to-end learn-
ing from crowdsourced data. By analyzing the CCEM prob-
lem with data sensitivity, we provide: (1) It is impossible to
find coresets smaller than the complete dataset with confu-
sion layers under the CCEM loss. (2) With the volume reg-
ularization term, coresets exist for any input data. (3) After
proposing the upper-sensitivity function, we derive a novel
sample algorithm called CrowdCore. Experimental valida-
tion on synthetic and real datasets confirms that our pro-
posed method can effectively sample better coresets com-
pared to some existing sampling strategies.
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