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Abstract

We study a sequential decision-making model where a set of
items is repeatedly matched to the same set of agents over
multiple rounds. The objective is to determine a sequence of
matchings that either maximizes the utility of the least ad-
vantaged agent at the end of all rounds (optimal) or at the
end of every individual round (anytime optimal). We inves-
tigate the computational challenges associated with finding
(anytime) optimal outcomes and demonstrate that these prob-
lems are generally computationally intractable. However, we
provide approximation algorithms, fixed-parameter tractable
algorithms, and identify several special cases whereby the
problem(s) can be solved efficiently. Along the way, we
also establish characterizations of Pareto-optimal/maximum
matchings, which may be of independent interest to works in
matching theory and house allocation.

1 Introduction
Traditional machine learning (ML) algorithms often focus
on global objectives such as efficiency (e.g., maximizing
accuracy or minimizing error rates in decision-making sys-
tems) or maximizing revenue/profit (e.g., maximizing click-
through rates for recommendation systems), as they align
closely with organizational goals and are more straight-
forward to quantify and optimize. However, modern ap-
proaches increasingly emphasize fairness as a key desidera-
tum, as societal and regulatory demands push for more eq-
uitable and responsible ML systems.

We consider a multi-agent sequential decision-making
scenario where a set of resources must be allocated among
agents repeatedly over time, with the objective of achieving
fairness in the assignment process. This framework encom-
passes applications such as dynamic spectrum allocation in
wireless networks and energy distribution in smart grids (El-
hachmi 2022; Jain et al. 2022; Rony, Lopez-Aguilera, and
Garcia-Villegas 2021; Soares et al. 2024). In the case of
spectrum allocation, communication channels must be re-
peatedly assigned to devices, with each device requiring
exclusive access to one channel in each time slot. Persis-
tent disparities in access can degrade system efficiency, re-
duce user satisfaction, and undermine trust. Similarly, in
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many other ML-driven resource allocation systems, dis-
parities in the distribution of resources—such as GPUs in
distributed computing—can lead to unfair outcomes that
compromise the perceived and actual effectiveness of the
system. Numerous other applications where decisions are
made dynamically—such as assigning tasks to workers in
crowdsourcing platforms (Moayedikia, Ghaderi, and Yeoh
2020), or distributing compute resources in cloud sys-
tems (Belgacem 2022; Gupta, Samvatsar, and Singh 2017;
Saraswathi, Kalaashri, and Padmavathi 2015)—call for cen-
tral decision-makers to ensure that no agent is persistently
disadvantaged, which is critical for both fairness and long-
term trust in the system.

The scenarios described above can be captured using
the repeated matching framework—a multi-agent sequential
decision-making model in which a set of goods is repeatedly
matched to agents over time, and each agent is assigned ex-
actly one good at each round. This can also be viewed as
a multi-round generalization of the bottleneck assignment
problem (Ford and Fulkerson 1962) which is well-known
in multi-agent task allocation: an application of this prob-
lem arises in threat seduction, where decoys are assigned to
multiple incoming threats (Shames et al. 2017). Our problem
can also be viewed as a sequential variant of the Santa Claus
problem (Bansal and Sviridenko 2006), which is closely re-
lated to the classic scheduling problem of makespan mini-
mization on unrelated parallel machines (Lenstra, Shmoys,
and Tardos 1990; Bamas et al. 2024).

In particular, we focus on the maximin (or egalitarian) ob-
jective (Demko and Hill 1988; Thomson 1983), which aims
to find a sequence of matchings that maximizes the min-
imum utility among agents. Maximin fairness serves as a
principled trade-off between fairness and efficiency, as min-
imizing disparities often enhances overall system robustness
and user satisfaction. Moreover, modern ML systems often
involve iterative, data-driven decision-making, and maximin
fairness integrates naturally with these systems by providing
a fairness criterion that adapts dynamically, with its ability
to handle both short-term and long-term outcomes.1

1This is in contrast to other comparative notions of fairness,
such as envy-freeness, which has also been studied in the static
matching (Aigner-Horev and Segal-Halevi 2022; Wu and Roth
2018; Yokoi 2020) and the two-sided repeated matching (Golla-
pudi, Kollias, and Plaut 2020) setting. Maximin fairness is also
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1.1 Our Results
We study the repeated matching problem from the per-
spective of maximin (or egalitarian) fairness, a principle
grounded in game theory, fair division, and matching prob-
lems. Leveraging techniques from classical matching al-
gorithms, approximation methods, dynamic programming,
and online decision-making, we analyze how to design fair
repeated matching policies that ensure long-term fairness
across multiple rounds.

In Section 2, we formally define the repeated matching
problem and introduce the notion of (anytime) optimality in
the egalitarian sense. We also introduce several tools that is
central in proving some of our results.

In Section 3, we study the computation of optimal so-
lutions. We begin by defining the decision variant of our
matching problem and showing that it is NP-hard in general.
Notably, this hardness holds even with only two timesteps
and ternary agent valuations (i.e., when each agent’s utility
for a good takes one of three possible values). Given these
hardness results, we turn to the optimization variant of the
problem and develop approximation algorithms that achieve
an additive approximation bound independent of the number
of rounds T . Crucially, this implies that as T increases—a
scenario common in real-world applications—the solution
produced by our algorithm converges to the optimal one. In
addition, we also show that the problem is fixed-parameter
tractable (FPT) with respect to the number of agents by
providing a polynomial-time algorithm when the number
of agents is a constant. Notably, in the process, we derive
a characterization of Pareto optimal matchings in terms of
the permutations of agents. This generalizes the previously-
known result that serial dictatorship characterizes Pareto
optimal matchings and may be of independent interest to
communities working on the house allocation problem.

In Section 4, we shift our focus to anytime optimal so-
lutions. We show that such solutions always exist for two
agents, and we provide a polynomial-time algorithm for it.
However, this does not extend to three or more agents—
even with just two rounds, deciding if an instance admits an
anytime optimal solution becomes coNP-hard. Nevertheless,
we design an approximation algorithm that achieves anytime
optimality with an additive bound independent of T . These
results underscore the inherent difficulty of achieving any-
time optimality in our setting.

In Section 5, we revisit optimality and identify three spe-
cial cases admitting polynomial-time algorithms: (i) agents
with binary valuations, (ii) two types of goods, and (iii)
identical agent valuations. These special cases are well-
motivated by the (temporal) fair division literature. For (i),
we present an exact algorithm and a new characterization of
Pareto optimal matchings under binary valuations. For (ii),
we similarly provide an efficient exact algorithm. For (iii),
despite NP-hardness in general, we show that optimal solu-
tions can be computed in polynomial time when the number
of rounds is a multiple of the number of agents. Finally, we
extend our approximation approach to anytime optimality in
these cases, giving us a stronger result than in the general

more demonstrably fair compared to an envy-based approach.

setting.

1.2 Related Work
We highlight several streams of research that are related to
our work. We note that while there are many works on on-
line matching and fair division, they are not directly rele-
vant to our setting, as the underlying assumptions differ fun-
damentally. In our setting, the entire set of goods is made
available in every round, whereas in online models, the set
of goods may vary over time. Thus, we focus only on dis-
cussing works where meaningful implications can be drawn
between their results and ours.

Repeated matching. Repeated matching was first studied
by Hosseini, Larson, and Cohen (2015), which considered
ordinal preferences that could change over time. They study
strategyproofness and approximate envy-freeness. However,
ordinal (their model) and cardinal (our model) preferences
are vastly different, both in techniques and results. Golla-
pudi, Kollias, and Plaut (2020) subsequently looked at a
two-sided repeated matching problem (i.e., each side have
preferences over the other side). They also study approxi-
mate envy-freeness as the key desiderata, albeit under some
strong assumptions. In contrast, our model is on one-sided
repeated matching, which is fundamentally different. Our
model is most aligned with that of Caragiannis and Narang
(2024). However, they consider a slightly more general vari-
ant, whereby the value of an agent for a good in some round
depends on the number of rounds in which the good has
been given to the agent in the past. They study approxi-
mately envy-free notions, show an intractability result, and
special cases where fairness can be guaranteed. Our model,
while more specialized than theirs, has a few distinctions:
(i) we have stronger negative and intractability results, (ii)
the fairness concept we consider is not envy-based, and is
therefore novel in this domain, and (iii) we consider a notion
of fairness at every round prefix, something with prior work
does not consider—they look at fairness at the end. Recently,
Micheel and Wilczynski (2024) also studied essentially the
same model (under a different name: repeated house alloca-
tion), but with ordinal preferences and other kinds of envy-
based measures.

Repeated fair division. Igarashi et al. (2024) studied a
model of repeated fair division, where a set of goods is avail-
able at each round, and every good must be allocated. This
is in contrast to our model where each agent gets exactly
one good. They consider the compatibility of envy-freeness
and Pareto optimality, and show positive results in restricted
cases. Balan, Richards, and Luke (2011) study a similar
model, but with a focus on the average utility of goods re-
ceived by the agents. Note that as with classical fair division,
house allocation (where each agent gets exactly one good) is
a special case and has considerably different results. Elkind
et al. (2025) also consider a non-repeated (but also offline)
variant of this model where a single good needs to be allo-
cate at each round.

Multi-agent sequential decision-making. Several other
works in multi-agent systems bear resemblance to our
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model. For instance, Zhang and Shah (2014) also study the
egalitarian objective multi-agent decision-making problems.
However, they take a non-cooperative game-theoretic ap-
proach and do not study a matching problem. Lim, Tan, and
Soh (2024) consider an assignment problem in the context
of stochastic multi-armed bandits, with egalitarian fairness
as the objective. In their setting, at each round, exactly one
“arm” must be assigned to each user such that no two users
are assigned to the same arm. However, the user’s utility
(“reward”) in this case is stochastic, and therefore explores
a different problem. Several other works (Cheng, Kellerer,
and Kotov 2005; Kellerer et al. 1997) consider the problem
of semi-online multiprocessor scheduling, with the objective
of minimizing the makespan (i.e., minimize the maximum
time taken by any any processor). This is analogous to the
egalitarian objective. However, results in this setting only
hold for identical valuations (since machines are identical),
and primarily apply to a (semi-)online setting, where goods
arrive one at a time (and so valuations over future goods are
known not in advance), but the total valuation is known.

Santa Claus problem. Another related line of work is
egalitarian fair division, also known as the Santa Claus prob-
lem. The standard model here is a single-shot fair divi-
sion setting with an egalitarian objective, which was stud-
ied as far back as Thomson (1983), who axiomatically char-
acterized the egalitarian solution using numerous desirable
properties. Bansal and Sviridenko (2006) then initiated the
study of approximation algorithms for this problem, by pro-
viding an O(log logm/ log log logm) approximation algo-
rithm for the special case when agents have restricted addi-
tive valuations. Annamalai, Kalaitzis, and Svensson (2015)
and Davies, Rothvoss, and Zhang (2020) subsequently pro-
vided a 12.33- and (4+ ε)-approximation algorithm for this
restricted case, respectively. Numerous other works study
online variants of this problem, but typically under various
relaxations—since strong worst-case guarantees are impos-
sible without additional assumptions. Some of these restric-
tions include allowing for some reordering in the allocation
process (Epstein, Levin, and van Stee 2010) or restricting the
number of agents (He and Jiang 2005; Tan and Cao 2005;
Wu, Cheng, and Ji 2014), or allowing transfer of items after
assignment (Chen and Qin 2011).

2 Preliminaries
Given a positive integer z, let [z] = {1, . . . , z}. We consider
the problem of fairly matching a set of n agents N = [n]
to a set of m ≥ n goods G = {g1, . . . , gm} over T rounds.
We note that this is without loss of generality—to model the
case of m < n, one can simply add zero-valued goods to
arrive at the m ≥ n case and the results remain the same.

Matchings. A matching M is an injective map from N
to G. We have M(i) = g if and only if agent i ∈ N is
matched to good g ∈ G. In some instances, we also repre-
sent a matching either as a n-tuple M = (M(1), . . . ,M(n))
or as an n×m matrix M , where Mij = 1 if M(i) = gj , and
0 otherwise. We denote the set of all sequences of matchings
with length at least t ∈ [T ] as St.

Valuations. Let ui(g) denote the non-negative value that
agent i ∈ N receives when matched to good g ∈ G.
The valuation profile of a matching M is the n-tuple
(u1(M(1)), . . . , un(M(n))). Given a sequence of T match-
ing S = (M1, . . . ,MT ), the value that agent i receives un-
der S up to round t ∈ [T ] is the sum of the values received
up to that round, that is, vti(S) :=

∑t
s=1 ui(M

s(i)).

Instances. An instance of the egalitarian repeated match-
ing problem is a tuple I = (N,G, T, {ui}i∈N ). The egal-
itarian (or maximin) objective seeks to maximize the value
received by the worst-off agents. Let t ∈ [T ]. We define
the bottleneck agents of a sequence S ∈ St at round t as
the set of agents who received the lowest value under S up
to that round. We further define the bottleneck value as the
value received by the bottleneck agents, that is, bt(S) :=
mini∈N vti(S).

Objective. Motivated by the egalitarian objective, we de-
note the maximum bottleneck value at round t as OPT(t) :=
max{bt(S) |S ∈ St}. In this work, we consider two no-
tions of optimality2: one that ensures the best outcome at a
specific round, and another that ensures the best outcome at
every round up to a given round. Both concepts of this na-
ture (fairness at the end or at the end of each prefix) have
been studied in temporal/repeated fair division (Elkind et al.
2025; Igarashi et al. 2024) and repeated matching (Caragian-
nis and Narang 2024).

We first introduce the weaker notion of optimality,3 which
is defined by mandating fairness at the end of a particular
round t ∈ [T ]. More formally, we say that a sequence S ∈ St
is optimal at round t ∈ [T ] if bt(S) = OPT(t).

Note that this property does not require optimality to hold
at any previous rounds s, for s < t. However, for any round
t ∈ [T ], if we require optimality at every round s ≤ t, then
we get a stronger notion of optimality. More formally, we
say that a sequence S ∈ St is anytime optimal up to round
t ∈ [T ] if bs(S) = OPT(s) for all rounds s ∈ [t].

Observe that while anytime optimality is significantly
stronger than standard optimality, positive results for any-
time optimality do not necessarily extend to the well-studied
online setting. This is because, in the online setting, goods
typically arrive one at a time, and valuations over these
goods can be arbitrary—potentially over an unlimited set.

Efficiency. We also consider Pareto optimality, a notion of
economic efficiency commonly studied in the social choice
literature. Formally, a matching M is said to weakly Pareto

2For simplicity, we refer to optimality as shorthand for the egal-
itarian welfare-maximizing optimal solution.

3Note that our problem with optimality as an objective can be
reformulated as a single-shot fair division problem with T copies
of each good and an added constraint that each agent receives ex-
actly T goods. While mathematically equivalent, this formulation
is unintuitive in the classical setting, non-standard, and remains
unexplored (with no known algorithms designed for it) in the lit-
erature. Furthermore, the sequential perspective is necessary for
defining and motivating anytime-optimality and enabling potential
extensions, neither of which can be naturally accommodated in a
single-shot optimization framework.
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dominates another matching M0 if all agents i ∈ N receive
at least as much value under M as M0, that is, ui(M(i)) ≥
ui(M0(i)). A matching M is said to strongly Pareto domi-
nates M0 if M weakly Pareto dominates M0 and there exist
some agent i ∈ N with ui(M(i)) > ui(M0(i)). A match-
ing M is Pareto optimal when no matching strongly Pareto
dominates M .

2.1 Allocations and Bistochastic Matrices
Working with sequences of matchings can be challenging
due to the constraints imposed by each matching. It would
be helpful if we could ignore these constraints in our analy-
sis and focus solely on the frequency with which each good
is allocated to each agent. We refer to such an abstraction as
an allocation. An allocation A = (A1, . . . , An) is a collec-
tion of multiset, where Ai is the multiset of goods that are
allocated to agent i ∈ N . We can represent an allocation as
a matrix A where Aij is the number of times good gj ∈ G
appears in Ai. The value that agent i receives under A is
defined as

vi(A) :=
∑
g∈Ai

ui(g) =
∑
gj∈G

Aijui(gj).

Lemma 2.1 states that an allocation can be transformed
into a polynomial-length sequence of unique matching.
Hence, when a proof is phrased in terms of allocations in-
stead of a sequence, no generality is lost. Accordingly, we
will often reason with allocations in our proofs, invoking
the lemma whenever an explicit sequence of matchings is
required.
Lemma 2.1. Suppose A ∈ Rn×m is an allocation with∑

i∈N

Aij ≤ T and
∑
gj∈G

Aij ≤ T.

Then, there exist a sequence of matchings S consisting of
d ≤ m2 − m + 1 unique matchings that satisfy vTi (S) ≥
vi(A). This can be computed in polynomial time.

Several proofs of our results, including the preceding
lemma, represent an allocation as a bistochastic matrix. A
bistochastic matrix is a non-negative square matrix whose
rows and columns each sum to 1, and a scaled integer bis-
tochastic matrix is its integer counterpart, with non-negative
integer entries and the sum of each row and column is a com-
mon integer. We defer an extended discussion of the mathe-
matical preliminaries (along with all other omitted proofs in
this paper) to the appendix.

3 Finding Optimal Sequences
We begin by focusing on optimality in this section. We first
show that finding an optimal sequence of matchings is com-
putationally intractable. We then show an relationship be-
tween a multiplicative approximation to our problem and the
popular Santa Claus problem. Since computing exact solu-
tions is intractable for large instances, we propose an ap-
proximation algorithm to find a near-optimal sequence effi-
ciently. We also complement the hardness result by introduc-
ing a fixed-parameter tractable (FPT) algorithm that finds an

optimal sequence when n or m is a constant, thereby pro-
viding an efficient algorithm for practical applications.

We assume that the reader is familiar with basic notions of
classic complexity theory (Papadimitriou 2007) and param-
eterized complexity (Flum and Grohe 2006; Niedermeier
2006).

3.1 Hardness Results
Consider the decision problem associated with the egalitar-
ian repeated matching problem, as follows.

EGALITARIAN REPEATED MATCHING (ERM)

Input: An instance (N,G, T, {ui}i∈N ) and a target κ.

Question: Is there a sequence S ∈ ST with bT (S) ≥ κ?

We show that ERM is NP-complete by reducing from
a known NP-hard problem, 3-OCC-3-SAT (defined in the
proof). This result also implies that ERM is APX-hard—that
is, there exists no polynomial-time approximation scheme
(PTAS) for the problem. Our result is as follows.

Theorem 3.1. ERM is NP-complete (and APX-hard) even
when ui(g) ∈ {0, 0.5, 1} for all i ∈ N and g ∈ G, for any
T ≥ 2.

An implication of ERM not having a PTAS is that only
constant-factor multiplicative approximations may be possi-
ble (though its existence is not guaranteed). We define this
formally: for any c ∈ [1,∞), we say that an algorithm is
c-approximate (or simply c-approx) if the sequence S ∈ St
returned by the algorithm satisfy bt(S) ≥ OPT/c for all
t ∈ [T ]. When c = 1, we have an exact algorithm. A natural
question is whether ERM admits a c-approx algorithm, for
some constant c ∈ [1,∞). Interestingly, we show that the
existence of a c-approx algorithm for ERM would imply the
existence of a c-approx algorithm for the single-shot egal-
itarian fair division problem (i.e., the Santa Claus problem
with additive valuations4).

Proposition 3.2. For any c ∈ [1,∞), there is a c-approx
algorithm for ERM only if there is a c-approx algorithm for
the Santa Claus problem with additive valuations.

The result above implies that finding even a constant-
factor multiplicative approximation algorithm for ERM is
likely to be very challenging. This is because, despite
the Santa Claus problem being a well-studied and long-
standing problem, no constant-factor approximation is cur-
rently known for the version with general additive valua-
tions. A constant-factor approximation is only known in the
restricted additive case.5

4We specify “additive valuations” explicitly as some works
(e.g., Davies, Rothvoss, and Zhang (2020)) consider a more re-
stricted variant of the Santa Claus problem with restricted additive
valuations.

5The current best known approximation factor is (4 + ε), for a
small ε > 0 in this restricted case (Davies, Rothvoss, and Zhang
2020).
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Algorithm 1: Approximation algorithm for finding an opti-
mal sequence of matchings
Input: An instance I = (N,G, T, {ui}i∈N )

1: let B be the solution to linear program (P1)
2: decompose B into α1M1+· · ·+αdMd using Birkhoff’s

algorithm
3: let S be an empty sequence
4: add ⌊Tαk⌋ copies of Mk in S for each k ∈ [d]
5: add any matchings into S so that |S| = T
6: return S

3.2 Approximation Algorithm
Given the results above, we focus on whether we can achieve
an additive approximation with respect to optimality instead.
We now describe an approximation algorithm that achieves
an additive approximation bound independent of the number
of rounds T . Crucially, this implies that as T increases, the
approximate solution converges rapidly to the optimal one.
The setting when the number of rounds is large can be ob-
served in applications where the matching process runs con-
tinuously over extended periods—such as dynamic spectrum
allocation (where the system operates continuously, often
measured in (milli)seconds), leading to an immense number
of allocation rounds.

Without loss of generality, we can assume that n = m;
otherwise, we can simply create m− n dummy agents with
ui(gj) = maxi′∈N maxg′

j∈G ui′(g
′
j) for all dummy agents i

and goods g. Then, consider the following linear program:

maximize
b,B

b (P1)

subject to
∑
gj∈G

Bijui(gj) ≥ b, ∀i ∈ N,

∑
gj∈G

Bij = 1, ∀i ∈ N,

∑
i∈N

Bij = 1, ∀gj ∈ G,

Bij ≥ 0, ∀i ∈ N, ∀gj ∈ G.

Note that the solution to (P1) is a bistochastic matrix B. Our
approximation algorithm uses Birkhoff’s algorithm to de-
compose B into a convex combination of matchings. The
number of times each matchings are included in the se-
quence is then determined by the convex coefficients (see
Algorithm 1).

Then, we prove the following result.
Theorem 3.3. Given an instance (N,G, T, {ui}i∈N ), the
sequence S ∈ ST returned by Algorithm 1 satisfy

bT (S) ≥ OPT(T )−m ·max
i∈N

max
g∈G

ui(g).

Proof. Consider the allocation A in which Aij = ⌊TBij⌋
for all i ∈ N and gj ∈ G. Note that for each gj ∈ G, we
have ∑

i∈N

Aij =
∑
i∈N

⌊TBij⌋ ≤
∑
i∈N

TBij = T,

and similarly, for each i ∈ N , we have∑
gj∈G

Aij =
∑
gj∈G

⌊TBij⌋ ≤
∑
gj∈G

TBij = T.

By Lemma 2.1, there exist a sequence S over T rounds
composed of at most O(m2) unique matchings such that
vTi (S) ≥ vi(A). Then, for any agent i ∈ N , we have

vTi (S) ≥ vi(A) ≥
∑
gj∈G

ui(gj)⌊TBij⌋

≥
∑
gj∈G

ui(gj) · (TBij − 1)

=
∑
gj∈G

TBijui(gj)−
∑
gj∈G

ui(gj)

≥ Tb−m ·max
gj∈G

ui(gj)

≥ OPT(T )−m ·max
gj∈G

ui(gj).

Let k ∈ N be a bottleneck agent of sequence S at round T
so that bT (S) = vTk (S). Then, we have

bT (S) ≥ OPT(T )−m ·max
gj∈G

uk(gj)

≥ OPT(T )−m ·max
i∈N

max
gj∈G

ui(gj).

Note that although the maximum valuation can be arbi-
trarily large, they are typically bounded in practice. Con-
sequently, such a bound remains informative and relevant.
Instance-dependent additive bounds of this type are well-
established in the literature, particularly in the context of
stochastic bandits (Lattimore and Szepesvári 2020; Lim,
Tan, and Soh 2024) and online fair division (Benadè et al.
2018; Hajiaghayi et al. 2022).

3.3 Fixed-Parameter Tractable (FPT) Algorithm
Next, we consider another approach to dealing with com-
putational intractability. We show that the problem is fixed
parameter tractable (FPT) when the number of agents is a
fixed parameter, i.e., there exists an algorithm that can com-
pute an optimal sequence in polynomial-time when n is a
constant. This provides a practical solution for small-group
matching. Our result is as follows.

Theorem 3.4. Given an instance (N,G, T, {ui}i∈N ), ERM
is FPT with respect to n.

The proof of Theorem 3.4 relies on our newly established
characterizations of Pareto-optimal and maximum match-
ings in terms of permutations of agents. These results may
be of independent interest to researchers in matching and
house allocation.

In particular, let π : N → [n] be a permutation of the
agents. A matching M∗ is said to be π-optimal if there exists
no matching M such that

• Some agent i ∈ N satisfies ui(M(i)) > ui(M∗(i)); and
• For every such agent i, it holds that for all agents i′ ∈ N

with π(i′) < π(i), we have ui′(M(i′)) ≥ ui′(M∗(i
′)).
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Then, we obtain the following lemma.

Lemma 3.5. A matching M is Pareto optimal if and only if
it is π-optimal for some permutation π.

In the context of house allocation without indifferences,
it is well-established that serial dictatorship characterizes
Pareto-optimal allocations (Abdulkadiroğlu and Sönmez
1998). However, when agents are allowed to express indif-
ferences between houses, the allocations produced by serial
dictatorship are not guaranteed to be Pareto optimal (Abra-
ham et al. 2004). Therefore, our definition of π-optimal can
be interpreted as an extension of serial dictatorship that en-
sures Pareto optimality even in the presence of indifferences.

We describe how this characterization leads to an FPT al-
gorithm in Section 3.3.

4 Anytime Optimality
In this section, we consider the problem of anytime optimal-
ity, a stronger notion that requires optimality at every round
prefix. We show that an anytime optimal sequence always
exists when n = 2, but determining whether such a sequence
exists for n ≥ 3 is coNP-hard. The setting of n = 2 is a
widely studied and is an important special case in related
literature (Elkind et al. 2025; Gollapudi, Kollias, and Plaut
2020; Igarashi et al. 2024). Our results are as follows.

Theorem 4.1. Given an instance (N,G, T, {ui}i∈N ) with
n = 2, there always exist an approximate anytime opti-
mal sequence of matchings, and we can find it in polynomial
time.

However, we show that this positive result does not extend
to the case when n ≥ 3, for all T ≥ 2, with the following
impossibility result.

Proposition 4.2. An anytime optimal sequence might not
exist for any problem instance (N,G, T, {ui}i∈N ) with n ≥
3 and T ≥ 2.

The above implies that we cannot hope for anytime op-
timality in most cases. However, given a problem instance,
one may still wish to obtain an anytime optimal result if it ex-
ists. Unfortunately, we show that even determining whether
an instance admits an anytime optimal solution is computa-
tionally intractable, with the following result.

Theorem 4.3. Given instance I = (N,G, T, {ui}i∈N ),
the problem of deciding if I admits an anytime optimal se-
quence is coNP-hard.

Finally, we complement the above hardness result with an
approximation algorithm that achieves an additive approxi-
mation bound independent of the number rounds T . Again,
this means that as T increases, the approximate solution con-
verges rapidly to the optimal one.

Theorem 4.4. Given an instance (N,G, T, {ui}i∈N ), there
always exist a sequence of matchings that is anytime opti-
mal. Furthermore, Algorithm 2 outputs a sequence of match-
ings S, in polynomial time, that satisfy

bt(S) ≥ OPT(t)− 5m ·max
i∈N

max
g∈G

u(g), ∀t ∈ [T ].

Algorithm 2: Approximate algorithm for anytime optimal
sequence
Input: An instance I = (N,G, T, {ui}i∈N )

1: let B be the solution to (P1)
2: decompose B into α1M1+· · ·+αdMd using Birkhoff’s

algorithm
3: initialize nk = 0 for all k ∈ [d]
4: for t = 1, . . . , T do
5: choose matching M t = argminMk

(nk + 1)/αk

6: update nk ← nk + 1
7: end for
8: return {M1, . . . ,MT }

Proof sketch. Let nkt be the value of nk after round t. After
each round t ∈ [T ], we claim that our choice of matching
M t maintains the invariant nkt ≥ αk · t − 1 for all k ∈
[d]. Intuitively, this says that by any round t, each matching
Mk has been selected for roughly its intended αk fraction
of the rounds. Thus, we will get a result similar to that of
Theorem 3.3. More specifically, we can show that vti(S) ≥
OPT(t) − d · maxg∈G ui(g) for all i ∈ N . Observe that
since (P1) has m2 + 5m inequality constraints and m2 + 1
variables, m2+1 constraints will be tight at a vertex solution,
meaning there are at most 5m non-zero entries in B, which
implies that d ≤ 5m.

5 Special Cases
In this section, we shift our focus back to optimality6 and
consider three special cases: (1) when agents have binary
valuations, (2) when there are only two types of goods, and
(3) when agents share identical valuations. For each of the
first two cases, we provide an algorithm that computes an
optimal sequence of matchings in polynomial time. A key
technique that we used here is to reduce the problem to
one of circulation with demand and leveraging the Ford-
Fulkerson algorithm to compute a feasible circulation. We
then show for the third case that the problem is hard even for
optimality, address a special case where we it can be solved
in polynomial time, and provide an approximate anytime op-
timal algorithm for it.

5.1 Binary Valuations
The first setting we consider is when agents have binary val-
uations, i.e. ui : G → {0, 1} for all agents i ∈ N . This is
an important and well-studied subclass of valuations (some-
times referred to as binary additive valuations). Numerous
fair division (Aleksandrov et al. 2015; Amanatidis et al.
2021; Bouveret and Lemaı̂tre 2016; Freeman et al. 2019;
Halpern et al. 2020; Hosseini et al. 2020; Suksompong and
Teh 2022) and matching (Bogomolnaia and Moulin 2004;

6Unfortunately, anytime optimality is a strong condition with
relatively strong negative results (as with many similar problems
in the online setting). We leave the existence (or impossibility) of
obtaining anytime optimality in special cases as an interesting di-
rection for future work.
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Gollapudi, Kollias, and Plaut 2020) papers consider this set-
ting. Binary valuations can also be viewed as approval votes,
which have long been studied in the voting literature (Brams
and Fishburn 2007; Kilgour 2010), and permit very simple
elicitation.

Notably, under binary valuations, maximizing egalitarian
welfare is equivalent to maximizing Nash welfare (i.e., the
geometric mean), which is an extremely popular concept in
fair division, and has many desirable properties (Halpern
et al. 2020; Suksompong and Teh 2022).

We first establish the following lemma.
Lemma 5.1. Let G′ be the goods in a maximum matching.
Then, for any matching M , there is a matching M∗ that
weakly Pareto dominates M and that the goods matched by
M∗ is a subset of G′.

The above lemma basically provides another characteriza-
tion, this time, of maximum matchings under binary valua-
tions in terms of Pareto optimality. To the best of our knowl-
edge, this result is also novel in the context of house alloca-
tion, which may be of independent interest. This lemma is
used to prove the following result.
Theorem 5.2. Given an instance (N,G, T, {ui}i∈N ) with
binary valuations, we can find an optimal sequence of
matchings in polynomial time.

Note that the NP-hardness result of Theorem 3.1 implies
that we cannot strengthen the positive results to the setting
where agents have ternary valuations (or three-valued in-
stances) (Fitzsimmons, Viswanathan, and Zick 2025).

5.2 Two Types of Goods
Next, we consider the setting with two types of goods: each
good can be divided into two groups, and each agent val-
ues all goods in a particular group equally. This preference
restriction is also commonly studied in (temporal) fair divi-
sion (Aziz et al. 2023; Elkind et al. 2025; Garg, Murhekar,
and Qin 2024). Formally, let G0, G1 ⊆ G be a partition of
the set of goods such that G0 ∩ G1 = ∅, G0 ∪ G1 = G,
and for all agent i ∈ N and all goods g, g′ ∈ Gr for some
r ∈ {0, 1}, we have ui(g) = ui(g

′). Then, our result is as
follows.
Theorem 5.3. Given an instance (N,G1∪G2, T, {ui}i∈N )
with two types of goods, we can find an optimal sequence of
matchings in polynomial time.

5.3 Identical Valuations
The last special case we consider here is one where agents
have identical valuation functions, i.e., ui = ui′ for all
agents i, i′ ∈ N . The setting with identical valuations is also
well-studied in the repeated fair division/matching (Cara-
giannis and Narang 2024; Igarashi et al. 2024) and stan-
dard fair division (Barman and Sundaram 2020; Mutzari,
Aumann, and Kraus 2023; Plaut and Roughgarden 2020)
literature. Moreover, works on semi-online multiprocessor
scheduling with the makespan minimization objective (anal-
ogous to the egalitarian objective) (Cheng, Kellerer, and Ko-
tov 2005; Kellerer et al. 1997) focus on identical valuations
as well (since machines are identical in that setting).

We show that even under this restricted setting of identical
valuations, the problem of finding an optimal sequence is
generally still NP-hard.

Theorem 5.4. Given an instance (N,G, T, {ui}i∈N ) with
identical valuations, finding an optimal sequence of match-
ings is NP-complete.

However, when T is a multiple of n, we shown that the
problem can be solved in polynomial time. We note that the
case when T is a multiple of n is also a popular special case
studied in repeated matching/fair division (Caragiannis and
Narang 2024; Igarashi et al. 2024)

Theorem 5.5. Given an instance (N,G, T, {ui}i∈N ) with
identical valuations and T = kn for some k ∈ Z, we can
find an optimal sequence of matchings in polynomial time.

Finally, we complement the above with an approximation
algorithm that achieves (even anytime) optimality up to an
additive approximation factor of maxg∈G u(g).7 This gives
us a stronger result compared to the general case, which is
also only for optimality (as in Theorem 3.3).

Theorem 5.6. Given an instance (N,G, T, {ui}i∈N ) with
identical valuations, we can find, in polynomial time, a se-
quence of matchings S that satisfy

bt(S) ≥ OPT(t)−∆, ∀t ∈ [T ],

where ∆ is the difference in value between the most valuable
good and the n-th most valuable good.8

6 Conclusion
In this work, we introduced and studied a model of repeated
matching with goal of obtaining egalitarian optimality. We
investigated the computational complexity of achieving opti-
mality and anytime optimality, and identified several settings
where these problems can be solved efficiently, together with
accompanying algorithms. Specifically, for optimality, we
provided an approximation algorithm independent of T , and
FPT algorithms with respect to n or m. For anytime optimal-
ity, we provided an approximation algorithm that comple-
ments the hardness and impossibility result even in simple
cases. We also showed two special cases (binary valuations,
two types of goods) where optimality can be achieved, and
a final special case (identical valuations) where approximate
anytime optimality can be achieved.

Directions for future work include considering other spe-
cial cases that admit efficient optimal solutions, such as bi-
valued utilities (where each agent values each good at either
1 or some integer p > 1) or identical rankings. It would
also be interesting to study concepts that interpolate opti-
mality and anytime optimality (e.g., optimality at every τ
timesteps). In two of our special cases, we mentioned the
equivalence between egalitarian and Nash welfare. It would
be interesting to identify the conditions under which these
two objectives are equivalent in this setting.

7We denote agents’ identical utility function as u. Then,
vti(S) :=

∑t
s=1 u(M

s(i)) for all t ∈ [T ].
8This is equivalent to the concept of gap in bandits literature.
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