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Abstract

Algorithms for resolving majority cycles in preference ag-
gregation have been studied extensively in computational
social choice. Several sophisticated cycle-resolving meth-
ods, including Tideman’s Ranked Pairs, Schulze’s Beat Path,
and Heitzig’s River, are refinements of the Split Cycle (SC)
method that resolves majority cycles by discarding the weak-
est majority victories in each cycle. Recently, Holliday and
Pacuit proposed a new refinement of Split Cycle, dubbed Sta-
ble Voting, and a simplification thereof, called Simple Stable
Voting (SSV). They conjectured that SSV is a refinement of
SC whenever no two majority victories are of the same size.
In this paper, we prove the conjecture up to 6 alternatives and
refute it for more than 6 alternatives. While our proof of the
conjecture for up to 5 alternatives uses traditional mathemati-
cal reasoning, our 6-alternative proof and 7-alternative coun-
terexample were obtained with the use of SAT solving. The
SAT encoding underlying this proof and counterexample is
applicable far beyond SC and SSV: it can be used to test prop-
erties of any voting method whose choice of winners depends
only on the ordering of margins of victory by size.

1 Introduction

Aggregating the preferences of multiple agents is a funda-
mental problem in group decision making, studied exten-
sively in computational social choice (Brandt et al. 2016).
One reason the problem is difficult is that when there are
more than two alternatives, majority aggregation of ordinal
preferences can lead to a majority cycle, as occurs when,
e.g., a majority of agents prefer a to b, a majority prefer
b to ¢, and a majority prefer ¢ to a. The question of how
to resolve such majority cycles has occupied social choice
theorists since Condorcet (1785). One natural approach, al-
ready anticipated by Condorcet (see Young 1988), is to re-
solve majority cycles based on the sizes of majority victories
within each majority cycle. If more agents rank alternative
a above b than vice versa, then a beats b head-to-head—but
by how much? How many more agents rank a above b than
rank b above a? This is a’s margin of victory over b, and
these margins can help to resolve majority cycles.

For example, the Split Cycle rule (Holliday and Pacuit
2023b) breaks each cycle at its weakest link. E.g., if a beats
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b head-to-head in a cycle (e.g., a beats b, who beats ¢, who
beats d, who beats a), but a’s margin of victory over b is
the smallest margin of victory in that cycle, then a does not
count as defeating b, according to Split Cycle. After splitting
all cycles at their weakest links in this way, there are always
some undefeated alternatives, so this is one way of resolving
majority cycles. See Figure 1 for an example.
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Figure 1: Upper row and bottom left: three majority cycles,
with their weakest links shown as dashed arrows. Bottom
right: the head-to-head victories that count as defeats ac-
cording to Split Cycle. The only undefeated candidate is d.

Split Cycle enjoys strong axiomatic motivation, e.g., by
mitigating spoiler effects and avoiding the Strong No-Show
Paradox (Ding, Holliday, and Pacuit 2025). But this cannot
be the end of the story, because there may be multiple unde-
feated alternatives after splitting all cycles at their weakest
links, as in Figure 2. How then do we choose from among
the undefeated alternatives? Several sophisticated Condorcet
voting methods,’ including Tideman’s (1987) Ranked Pairs,

'A Condorcet method is a voting method such that whenever
there is a Condorcet winner, an alternative that beats every other



Figure 2: Left: margins between alternatives. Right: the de-
feats according to Split Cycle, yielding multiple undefeated
candidates.

Schulze’s (2011) Beat Path, and Heitzig’s River (Doring,
Brill, and Heitzig 2025), always choose from among the un-
defeated alternatives according to Split Cycle; these voting
methods refine Split Cycle.

Recently, Holliday and Pacuit (2023b) proposed a new re-
finement of Split Cycle, dubbed Stable Voting, and a simpli-
fication thereof, called Simple Stable Voting. The winning
alternatives according to Simple Stable Voting (SSV) are de-
fined recursively as follows, for any profile P of agent pref-
erences over a set X of alternatives:

« if there is only one alternative in X, that alternative is the
SSV winner in P;

* otherwise, list all head-to-head matches a vs. b by de-
creasing margin of a vs. b, and find the first such match
for which «a is the SSV winner in the profile P_; with b
deleted; then a is the SSV winner in P.

For example, consider the head-to-head margins between al-
ternatives shown in Figure 2. If there are only three alterna-
tives and no ties between them, then the SSV winner is the
alternative with the smallest loss—or the alternative with no
loss, if there is one (Holliday and Pacuit 2023b, Prop. 1). Us-
ing this Lemma, we can determine the SSV winner by going
down the list of matches in Figure 2 as follows:

* dvs. a: margin of 12. But by the Lemma, d loses in the
profile after deleting a (see Figure 3).

a vs. c: margin of 10. But by the Lemma, a loses in the
profile after deleting c (see Figure 3).

b vs. c: margin of 8. But by the Lemma, b loses in the
profile after deleting c (see Figure 3).

¢ vs. d: margin of 6. But by the Lemma, c loses in the
profile after deleting d (see Figure 3).

d vs. b: margin of 4. And by the Lemma, d wins in the
profile after deleting b (see Figure 3).

Thus, d is the SSV winner, and SSV chooses from among
the undefeated alternatives according to Split Cycle.

The recursive definition of SSV seems to have little to do
with Split Cycle:? there is no mention of cycles, and SSV re-
moves alternatives from the election, rather than removing

alternative head-to-head, the voting method elects that alternative.
2This margin may be negative if a loses head-to-head to b.
*However, the recursive definition of SSV may remind one of

17041

after deleting b

after deleting a

after deleting d

after deleting ¢

Figure 3: Three-alternative elections considered in the com-
putation of the SSV winners for the four-alternative election
in Figure 2. SSV winners are shown in green.

edges from the margin graph of the election. Yet it is remark-
ably difficult to find elections in which SSV does not choose
from among the undefeated alternatives according to Split
Cycle; extensive Monte Carlo searches and pen-and-paper
work by multiple research groups yielded no counterexam-
ples. Thus, the following conjecture remained unsolved.

Conjecture 1 (Holliday and Pacuit 2023a). SSV chooses
from among the undefeated alternatives according to Split
Cycle in every profile in which there are no tied margins.

As explained in Section 2, if true, this conjecture would
imply that SSV is equivalent to the more complicated
(to define) Stable Voting method that has been used
in hundreds of elections (Holliday and Pacuit 2024) at
https://stablevoting.org. This would in turn imply that
the simpler SSV definition could be the definition pre-
sented to voters, while the (empirically) faster Stable Vot-
ing implementation could be used behind the scenes (see
https://github.com/epacuit/stablevoting).

By “no tied margins” in Conjecture 1, we mean there are
no alternatives a, b, c,d with a # b, ¢ # d, and (a,b) #
(¢, d) such that the margin of a vs. b is equal to the margin
of ¢ vs. d. If we instead allow such ties, we must decide how
to define Simple Stable Voting to handle them.

the more familiar Instant Runoff Voting (IRV), which can be de-
fined recursively in a similar fashion: if there is only one alterna-
tive, they win; otherwise a is an IRV winner if there is some alter-
native b with the fewest first-place rankings from voters such that
a is the IRV winner after b is deleted from all ballots.



Under one way of handling tied margins, simultaneous
elimination, the version of the conjecture allowing tied mar-
gins was refuted by Yifeng Ding (personal communication)
using an exhaustive computer search for counterexamples
with up to 5 alternatives; we present one of his counterex-
amples with 5 alternatives in the Appendix. However, we
also show in the Appendix that under another way of han-
dling tied margins, parallel-universe tiebreaking, those five-
alternative counterexamples disappear, and there is a coun-
terexample with tied margins only if there is one without tied
margins. This returns us to the above conjecture, which has
proven much more difficult to resolve. No counterexamples
were revealed by an exhaustive search up to 6 alternatives or
by extensive Monte Carlo sampling with more alternatives.

In this paper, we prove Conjecture 1 for up to 6 al-
ternatives, and we refute it for more than 6 alternatives.
While our proof of the conjecture for up to 5 alternatives
(Section 3) uses traditional mathematical methods, our 6-
alternative proof and 7-alternative counterexample were ob-
tained with the use of satisfiability (SAT) solving on a com-
puter (Section 4). This provides another example of the
power of SAT solving in social choice theory (for prece-
dents, see, e.g., Brandt, Geist, and Seedig 2014, Brandt and
Geist 2016, Brandt, Geist, and Peters 2017, Brandt, Saile,
and Stricker 2018, Brandt, Saile, and Stricker 2022, Kluiv-
ing et al. 2020, and Holliday et al. 2024). Moreover, our
SAT encoding used for Conjecture 1 is applicable far beyond
Split Cycle and SSV: it can be used to test properties of any
voting method whose choice of winners depends only on the
ordering of margins of victory between alternatives by size
(see Definition 1).

All of the code associated with the paper is available in
the repository at https://github.com/chasenorman/ssv-sc.

2 Preliminaries

To settle Conjecture 1 in the following sections, we need
some preliminary setup.

First, note that Split Cycle and SSV, like Beat Path,
Ranked Pairs, River, Minimax (Simpson 1969; Kramer
1977), Weighted Covering (Dutta and Laslier 1999; Pérez-
Ferniandez and De Baets 2018), and all so-called C1 meth-
ods (Fishburn 1977), do not need the numerical values of the
margins between alternatives in order to determine the win-
ners; it suffices to have an ordering of pairs of alternatives
by margin, as in the following definition.

Definition 1. An ordinal margin matrix is a pair M =
(X,>) of a nonempty finite set X (of alternatives) and a
strict weak order (i.e., an asymmetric and negatively tran-
sitive relation) = on X? satisfying ordinal skew-symmetry:
forall a,b,c,d € X,
(a,b) = (¢,d) if and only if (d, c) > (b, a).

We say M is linear if the restriction of = to X?\ {(a, a) |
a € X} isalinear order. If (a,b) > (c,d), we say that (a, b)
is stronger than (¢, d). If (a,b) = (b, a), we say that a has a
positive margin over b.

Given an ordinal margin matrix (X, >), its majority graph
G(X, ) is the directed graph whose set of nodes is X with
an edge from a to b if (a,b) = (b,a).
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To relate Definition 1 to the standard setup in voting the-
ory (see Zwicker 2016), recall that a preference profile is a
function P : V' — L£(X) where V' is a nonempty set of vot-
ers, X is a nonempty set of alternatives, and £(X) is the set
of all linear orders on X.* Given a,b € X, the margin of a
vs. b in P, denoted Marging (a, b), is the number of voters
who rank a above b minus the number who rank b above a:

{ieV[(ab) eP@)}| - {icV[(ba) P}

Any profile P induces an ordinal margin matrix M(P) =
(X,>) by setting (a,b) > (c,d) iff Marginp(a,b) >
Marging (¢, d). Conversely, we have the following represen-
tation result, proved in the Appendix.

Lemma 2. For any ordinal margin matrix M, there is a pref-
erence profile P such that M(P) = M.

Let us now define Split Cycle on ordinal margin matrices.

Definition 3. Given an ordinal margin matrix M = (X, >)
and a,b € X, we say that a defeats b if

1. (a,b) > (b,a) and

2. there is no cycle in the majority graph G(X, ) such that
(a,b) is an edge that is weakest® in the cycle according
to >.

Then the Split Cycle winners for M are the alternatives that
are not defeated by any other alternative.

We recall the following from Holliday and Pacuit 2023a.

Lemma 4. For any ordinal margin matrix M = (X, >),
there is at least one Split Cycle winner.

Proof. Suppose for contradiction that every alternative is
defeated in the sense of Definition 3. Then since the set of
alternatives is finite, it follows that there is a cycle of defeats
in G(X, >). But this cycle must have some >-minimal edge,
in which case by Definition 3.2 that edge is not a defeat, so
we have a contradiction. O

To define SSV, we need to define the result of deleting an
alternative.

Definition 5. Given an ordinal margin matrix M = (X, >)
with | X| > 1and b € X, define M _, = (X _p, >_p) where
X_, = X\ {b} and = _, is the restriction of > to (X_)?.

Clearly M _j is also an ordinal margin matrix.

Definition 6. For any linear ordinal margin matrix M, the
Simple Stable Voting (SSV) winners are defined recursively:

1. if M has only one alternative, this alternative is the SSV
winner in M;

if M has more than one alternative, then the SSV winner
in M is the first coordinate of the >-maximal pair of

alternatives (a, b) such that a is the SSV winner in M _y,.
We recall the following from Holliday and Pacuit 2023b.

Lemma 7. For every linear ordinal margin matrix M =
(X, >), there is a unique SSV winner.

2.

*Everything to follow holds if we allow strict weak orders in-
stead of linear orders.
SPossibly tied for weakest, if > is not linear.



Proof. By induction on |X|. The base case where | X| = 1
is immediate. Suppose | X| = n + 1. For any ¢ € X, there
is an SSV winner in M _. by the inductive hypothesis. Then
since > is a linear order, there is a unique >-maximal pair
(a,b) such that a is the SSV winner in M _y, so a is the SSV
winner in M. O

We can now state Conjecture 1 more formally.

Conjecture 1 (Conjecture 3.21 of Holliday and Pacuit
2023a). For every linear ordinal margin matrix, the SSV
winner is among the Split Cycle winners.

This conjecture, if true, would also settle the relation be-
tween SSV and what Holliday and Pacuit (2023a) call the
Stable Voting (SV) method. SV is defined just like SSV, ex-
cept that in part 2 of Definition 6, the definition of SV re-
places “such that a is the SSV winner in M _;” with “such
that a is a Split Cycle winner in M and the SV winner in
M _p,” s0 SV refines Split Cycle by definition.

Lemma 8. For any positive integer n, if the restriction of
Conjecture 1 up to n alternatives holds, then SV is equiva-
lent to SSV for linear ordinal margin matrices up to n alter-
natives.

Proof. By induction on n, with a trivial base case. For in-
duction, assume SV and SSV agree on n alternative elec-
tions. Then for any M with n + 1 alternatives, the SSV win-
ner in M, i.e., the first member of the >-maximal pair (a, b)
such that a is the SSV winner in M _, is the same, assuming
Conjecture 1 for n+1 alternatives, as the first member of the
>-maximal pair (a, b) such that a is a Split Cycle winner in
M and the SSV winner in M _;, which is the same, by the
inductive hypothesis, as the first member of the >-maximal
pair (a, b) such that a is a Split Cycle winner in M and the
SV winner in M _,, i.e., the SV winner in M. O

3 Proof of Conjecture for < 5 Alternatives

Our first main result is a proof of Conjecture 1 for up to 5
alternatives.

Theorem 9. For any linear ordinal margin matrix M with
up to 5 alternatives, the SSV winner is a Split Cycle winner.

Proof. By induction on the number of alternatives, with a
trivial base case. Let a be the SSV winner in M as witnessed
by the match a vs. b, so a is the SSV winner in M _j. Sup-
pose for contradiction that a is defeated according to Split
Cycle (SC-defeated), say by c. We must have ¢ = b. For if
¢ # b, then c still SC-defeats a in M _;, so by the inductive
hypothesis, a is not the SSV winner in M _;, contradict-
ing our assumption. Thus, we conclude that b SC-defeats a,
which implies that b has a positive margin over a.
The key idea of the proof is to recursively define

ap a

the SSV winner in M_,, .

an+1

Since the match a vs. b witnesses a being the SSV winner,
we claim that for all n,

(a71,aan+1) > (b7 CL) (1)
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and hence a,, has a positive margin over a,, 4. Suppose for
contradiction that the margin of a,, over a,,11 is smaller than
that of b over a. Then by ordinal skew-symmetry, the margin
of a, 41 over a,, is larger than that of a over b, in which case
we consider the match a,,41 vs. a,, before the match a vs. b
in step 2 of Definition 6. Then because a1 is the SSV
winner in M_,_, the match a vs. b is not the first match in
the list of matches by descending margin such that the first
candidate wins after removing the second, contradicting our
assumption at the beginning of the proof.

Since M is finite, the sequence b, ag, a1, ... must loop
back onto itself. Since the shortest cycle is of length 3, there
are only three cases to consider.

Case 1: the sequence loops back at b, as shown below:

P

b etc.
Then we have a path from a to b in the graph such that the
margin of each edge is greater than that of the edge from b
to a by (1). But this contradicts the fact that b SC-defeats a.

Case 2: the sequence loops back at a, as shown below:
] —> a2

.,

a

b

That is, a is the SSV winner in M_,, for some k£ > 0. Then
by the inductive hypothesis, a is SC-undefeated in M _,, , so
from the fact that b has a positive margin over a in M_,, , it
follows that this is the weakest margin in a cycle containing
a and b in M_,, and hence in M, contradicting that b SC-
defeats a in M.

Case 3: the sequence loops back at aq, as shown below:
42 ———> a3

~

ay <

etc.

a b

In M_,,, the SSV winner is a;. Hence by the inductive
hypothesis, a; is SC-undefeated in M _,,, so there must be
a path from a; back to a whose edges have stronger margins
than the margin of a over a;, which recall is stronger than
the margin of b over a. Hence we have at least the following
relations, with thicker edges indicating stronger margins:®

a
a1

y)
)

a b

Now since a wins in M _; and hence is SC-undefeated by
the inductive hypothesis, the edge from ay to @ must be the
weakest link in some cycle in M _;. Since the edge from as
to a is not weakest in the cycle involving a, a1, and as, it fol-
lows that there must be an edge from a to ag that is stronger
than the edge from as to a (here dotted lines indicate no
claim about relative strength of margins):

Equal edge thickness does not imply equal margins.



a

Since ag wins in M_,, and hence is SC-undefeated by the
inductive hypothesis, the edge from a to as must be the
weakest in some cycle in M_,,. But by inspection of the
initial graph in Case 3, such a cycle must contain the edge
from b to a, which is weaker than the edge from a to a; by
(1), which is weaker than the edge from as to a, which is
weaker than the edge from a to as—a contradiction. O

Our proof does not generalize. It finds cycles C1, ..., C), with
increasingly strong edges, ending with an impossible C,,. Cy
always exists, but M may have exponentially many cycles,
and some C; may block induction by including none of the
alternatives that win when either of two others is removed.

4 SAT Encoding

In this section, we prove Conjecture 1 for 6 alternatives and
refute it for 7 with the help of SAT solving. First, we recall
the necessary basic notions from propositional logic (see,
e.g., Enderton 2001, Ch. 1). We begin with the formal lan-
guage and semantics of propositional logic.

Definition 10. Given any set {x1, ...,z } of propositional
variables, the set L(x1, . .., xy) is the smallest set of strings
over {x1,...,2, (,), 7, A, V, =} such that:

1. each z; isin L(xzy,...,2);
2. if ¢ and ¢ are in L(zq,...

(¢ Vi), and (¢ — ).

We call elements of L(z1,...,xz)) the Boolean formulas
that can be constructed from x4, . .., x;. Examples include
X1 — g, Tz A (2 V 24), etc. (omitting outermost paren-
theses since no ambiguity will arise).

,T), SO are —p, (o A P),

Definition 11. A truth-value assignment v for {1, ..., z}
is a function mapping each variable z; to either TRUE or
FALSE. Such an assignment extends recursively to an arbi-
trary formula ¢ in L(z1, ..., xy) as follows:

0(x;) = v(x;)
0(—p) = TRUE iff () = FALSE;
(@ V 1) = TRUE iff ©(¢) = TRUE or ¥(¢)) = TRUE;
(¢ A1) = TRUE iff 0(¢) = TRUE and ©(1)) = TRUE;
0(p — 1) = TRUE iff () = FALSE or ©(¢)) = TRUE.

The Boolean satisfiability (SAT) problem asks whether
for a given Boolean formula ¢, there exists a truth-value as-
signment v for the variables in ¢ such that () = TRUE. If
80, we say ¢ is satisfiable; otherwise ¢ is unsatisfiable.

SAT solvers are programs that accept a Boolean formula
¢ written in Conjunctive Normal Form’ (CNF) and either
produce an assignment for its variables such that ¢ evaluates
to TRUE or produce a proof that the formula is unsatisfiable.
A formula that is not in CNF can be converted to an equi-
satisfiable CNF formula (that is, a formula that is satisfiable

e.,aformula (l1,1 V- Vi )A--
where each [, 4 is of the form x; or —z;.

Allma VeV
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if and only if the original formula is satisfiable) with only a
constant-factor increase in size by way of a Tseitin transfor-
mation (Tseitin 1983), which introduces auxiliary variables
that were not present in the original formula.

In this section, we construct a formula for any n that is
satisfiable if and only if there exists a linear ordinal margin
matrix for n alternatives where Simple Stable Voting does
not select a Split Cycle winner, contrary to Conjecture 1.
We will write the formula as a conjunction of constraints
in propositional logic, assuming a Tseitin transformation is
performed to obtain a CNF formula for the SAT solver.

4.1 Linear Ordinal Margin Matrices

We begin by encoding the property of being a linear ordinal
margin matrix over n alternatives. Without loss of generality
we assume the alternative set X is [n], the set of numbers
from 1 to n. We begin by introducing variables s, 1), (c,q)
forall a,b, c,d € [n] with a # b, ¢ # d, and (a,b) # (c,d),
representing (a,b) > (¢, d) in the ordinal margin matrix. For
all such variables, we add the following constraints to our
formula (where e # f, (e, f) # (a,b), and (e, f) # (¢, d)):

* Transitivity: (S(a,b),(c,d) AN S(C,d),(e,f)) — S(a,b),(e,f)}

o Asymmetry: S, p),(c,d) — TS(c,d),(a,b)>

* Connectedness: =S (. a),(a,b) — S(a,b),(c,d)>

* Ordinal skew-symmetry: s(4 p),(c,d) < s(d7c)7(b7a).8

Fact 12. Given an assignment v, define M,, = ([n],>) by
(a,b) = (c,d) iff (i) 5(a,p),(c,a) €Xists and v(8(q,p),(c,d)) =
TRUE or (ii) a = b, ¢ # d, and v(8(4,c),(c,q)) = TRUE or
(i) a # b, ¢ = d, and V(8 (4 p),(b,a)) = TRUE. If v satisfies
the constraints above, then M,, is an ordinal margin matrix.

4.2 Simple Stable Voting

The SSV winner in a linear ordinal margin matrix M on the
set [n] is defined in terms of the SSV winners in restrictions
of M to nonempty sets V' C [n]. To encode Definition 6,
we introduce variables SSVy,, foreach V C [n]anda € V
representing that a is the SSV winner in the restriction of M
to V. We add two constraints for each nonempty V' C [n]:

e at least one winner: \/ SSVy,;
acV

N (=2SSVy, vV =SSVyy).
a,beV

a#b
Note that the “at least one” condition subsumes the base
case of Definition 6. For the second part of the definition,
we add the following constraint for all nonempty V' C [n]
and a,b € V such that a # b:

¢ at most one winner:

(SSVV\{b},a A

A

c,deV

(SSVV\{(!},C — S(a,b),(c.d))) — SSVv)a.

cAd
(a.)%(c,d)
2
Thus, if SSVi\ (s}, and (a,b) = (c, d) for any c # d satis-
fying SSVin\ (4},c» then we must have SSVy,,. Because we
have ensured that there is at most one SSV winner in V/, this
will be the only winner, completing our encoding of SSV.

8Enforced by mapping sa.1),(c,d)» S(d,c),(b,a) L0 ONE variable.



Fact 13. If an assignment v satisfies all of the constraints
above, then v(SSVy,,) = TRUE if and only if @ is the SSV
winner in the restriction of M, to V.

Proof. By induction on |V|. For V = {a}, v(SSVy,) =
TRUE by the “at least one” constraint. Suppose |V| > 1.
Let x be the unique SSV winner, given by Lemma 7, in the
restriction of M, to V, which we will call . Since z is
the SSV winner in NV, there is a y € V such that z is the
SSV winner in N_,, and (z,y) = (s,t) for any (s,t) #
(z,y) such that s is the SSV winner in A/_;. Then by the
inductive hypothesis, v(SSVy\ f,},2) = TRUE, and for any
(s,t) # (x,y) such that v(SSVy\(41,) = TRUE, we have
(w,y) = (s,t) and hence v(5(z,y),(s,+)) = TRUE. Since v
satisfies (2), it follows that v(SSVy/ ;) = TRUE. Then by the
“at most one” constraint, v(SSVy,) = TRUEiffa = z. O

4.3 Split Cycle

An alternative is an SC winner iff it is not SC-defeated. In a
linear ordinal margin matrix M, an alternative a SC-defeats
b iff a has a positive margin over b and a is not reachable
from b in G(M) using only edges stronger than (a, b).

For each (a,b) with a # b and each ¢, we create a vari-
able 7(43),. and impose the following constraints for all
a,b,c,d € [n] such that a # b, ¢ # d, and (¢, d) # (a,b):

T(a,b),bs
3

Fact 14. Let v be an assignment satisfying all the constraints
above. If d is reachable from b in G(M,,) using only edges
stronger than (a, b) in M, then v(r (4 4).4) = TRUE.?

(T(a,b),e N S(e,d),(de) N S(ed),(asb)) = T(a,b),d-

Proof. We prove by induction on k& € N thatif d is reachable
from b using a path of length £ whose edges are stronger
than (a,b) in M,, then v(r(,4),4) = TRUE. For k = 0,
one of our constraints is that v(r(q,4)5) = TRUE. Now as-
suming the claim holds for paths of length &, suppose that
d is reachable from b using a path of length £ + 1 whose
edges are stronger than (a, b) in M,,. Call the last edge in
the path (¢, d). Then c is reachable from b using a path of
length k& whose edges are stronger than (a, b), so by the in-
ductive hypothesis, v(r(4),.) = TRUE, and by definition
of My, (¢,d) = (d,c) and (c,d) > (a,b) together imply
0(8(c,d),(d,c) /N S(c,d),(a,p)) = TRUE. Then since v satisfies
(3), v(7(a,p),a) = TRUE, which completes the proof. O

Next, for each b € [n], we introduce a variable SC}, sub-
ject to the following constraint:

( /\ (S(ap),(ba) = T(ap),a)) = SCh.
et

“

The following is straightforward to check.

Fact 15. Given an ordinal margin matrix M = (X, >), let
v be an assignment such that for all s(4 p),(c,a)

1. v (S(a,b),(c,d)) = TRUE iff (a, b) - (C, d),

“We do not need an ‘if and only if” here for our purposes.
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. vm(SSVy,,) = TRUE iff a is the SSV winner in the
restriction of M to V;

. UM (7 (a,p),c) = TRUE iff b = c or ¢ can be reached from
b in the majority graph G(M) using only edges stronger
than (a, b) according to >;

4. v\ (SC,) = TRUE iff a is an SC winner in M.

Then all of the constraints above are TRUE according to ¥ 4.
We can now prove the main fact about our SAT encoding.

Proposition 16. Where ¢ is the conjunction of all con-
straints introduced above, there exists a linear ordinal mar-
gin matrix in which the SSV winner is not an SC winner iff
SSVinj1 A =SC1 A p is satisfiable.

Proof. From left to right, suppose there is a linear ordinal
margin matrix M in which the SSV winner, who we rela-
bel as 1, is not an SC winner. Then by Fact 15, v, satis-
fies SSVn),1 A 7SCy A . From right to left, suppose there
is an assignment v satisfying SSV},,;,1 A =SC1 A . Then
by Fact 12, we can consider M,, in which 1 is the SSV
winner by Fact 13. Since v satisfies =.SC; and (4), there is
some a # 1 with v(8(4,1),(1,0)) = TRUE and v(7(q,1),a) =
FALSE, which with Fact 14 implies that a SC-defeats 1. [J

4.4 Symmetry Breaking

With the constraints added thus far, a linear ordinal margin
matrix over n alternatives may be represented in n! ways,
one for each permutation of [n]. To simplify our encoding
and make SAT solving more efficient, we symmetry break
on permutations of the alternatives: any given ordinal margin
matrix is represented uniquely up to isomorphism. We do so
by asserting that for all ¢ € [n] with ¢ > 2, alternative 1 is
the SSV winner in [i] as witnessed by the pair (1,7):

A

¢,d€li]
c#d
(1,i)#(c,d)

Adding these constraints to  in Proposition 16, an analo-
gous proposition holds. If a € X is the SSV winner for a
linear ordinal margin matrix M over n alternatives, there
is a unique pair (a,b,) that is >-maximal such that a is
the SSV winner in M_; . This is witnessed by a unique
pair (a,b,_1) that is maximal and such that a is the SSV
winner in (M_;, )_p,_,. This continues until we reach
(a,bs). The bijection that sends a to 1 and b; to ¢ is there-
fore a canonical relabeling. We note that symmetry break-
ing does not make exhaustively searching among linear or-
dinal margin matrices tractable; restricting attention to ma-
trices which are not isomorphic to each other, there are still
21,259,022,134,381,903,872,000 matrices for n = 7.

SSVii—11 A (SSVip(ay.e = 8(1). () -

4.5 Results

For the encoding described above, we apply the Tseitin
transformation and run CaDiCal (Biere 2019) release ver-
sion 1.0.3. The tests were performed on a MacBook Air with
an M4 processor and 24 GB of RAM.

Using the reasoning from the proof of Theorem 9, if 1
is SC-defeated, it must be by n. Otherwise, there exists a



counterexample to the conjecture of smaller size. To search
for a minimal counterexample, we add the constraint SC,, A
S(n,1),(1, n) A =T (n,1),n to the formula in Proposition 16.

Atn = 5, we found a proof of unsatlsﬁablhty in 0.01
seconds, verlfymg Theorem 9 given in Section 3. Atn = 6,
we found a proof of unsatisfiability in 0.5 seconds, verifying
Yifeng Ding’s exhaustive search as discussed in Section 1.
Thus, we can strengthen Theorem 9 as follows.

Theorem 17. For any linear ordinal margin matrix with at
most 6 alternatives, the SSV winner is a Split Cycle winner.

However, for n = 7, we produced the counterexample to
Conjecture 1 in Figure 4 in 73 seconds. The edges are la-
beled 1 through 21 in order of increasing strength according
to . Alternative a is the SSV winner and SC-defeated by b.
The SC winners are b, ¢, and d. These claims are verified in a
notebook in the GitHub repository using the pref_voting
package (Holliday and Pacuit 2025).

Figure 4: The 7-alternative counterexample to Conjecture 1.

Using the counterexample in Figure 4, we show:

Theorem 18. For every n > 7, there is a linear ordinal
margin matrix for n alternatives in which the SSV winner
is not an SC winner.

Proof. Let k = n — 7. Start with the 7-alternative example
in Figure 4 and then expand to an n-alternative linear ordi-
nal margin matrix with new alternatives a1, . . ., aj such that
(i) the descending order of pairs according to > begins with
(a,ar),(a,ak-1),...,(a,a1), and (i) where c is any old al-
ternative, we have (¢, a;) > (a4, c), and the ordering of the
pairs of old alternatives remains the same. We prove by in-
duction on k that a is the SSV winner in the expanded ordi-
nal margin matrix. The base case of £ = 0 is given by Fig-
ure 4. Now suppose the claim holds for k£ — 1. To prove it for
k, by (i) the first pair to consider in computing the SSV win-
ner is (a, ay ), and by the inductive hypothesis, a is the SSV
winner after the removal of ag, so a is the SSV winner with
all of aq, ..., ax included. Yet a is still SC-defeated with all
of ay,...,ay included, since by (ii) their inclusion does not
create any new cycles involving old alternatives. O
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It is striking that Split Cycle chooses 3 winners for the
counterexample in Figure 4, given that it is estimated to pro-
duce only 1.08 winners on average with 7 alternatives in
preference profiles sampled according to the Impartial Cul-
ture with many voters (Holliday and Pacuit 2023a). Thus,
we decided to search for a counterexample with only a sin-
gle Split Cycle winner. We add constraints =SC, V =SC,
for each pair of distinct alternatives a,b € [n]. At size 7,
this formula was determined unsatisfiable in 6 hours and
45 minutes. Going to size 8, we must remove the constraint
SCp A =T (n,1),n, because smaller counterexamples exist, so
the reasoning from the beginning of the proof of Theorem 9
no longer applies. With this encoding, we find the counterex-
ample in Figure 5, where a is the SSV winner and g is the
Split Cycle winner, in 24 minutes. In fact, a is SC-defeated
by g, so it is possible for SSV to choose a winner that is
SC-defeated by the SV winner. This graph does not contain
a subgraph that has distinct SV and SSV winners.

Figure 5: The 8-alternative counterexample with one Split
Cycle winner (g) that defeats the SSV winner (a).

To understand the nature and distribution of counterex-
amples to Conjecture 1, we performed a separate counterex-
ample search on each of the 456 tournament'® isomorphism
classes of size 7. To do this, we removed our symmetry-
breaking clauses and replaced them with constraints assign-
ing each of the variables s(, 1), (,4) for distinct a,b € [n)]
to match a representative of the given isomorphism class.
We found that 115 (25.2%) of the isomorphism classes con-
tained counterexamples, while the others did not.

We also performed model enumeration on counterexam-
ples of size 7, where we subsequently disallow the order-
ing of the edge weights after each counterexample is found.
Using this method, we were able to find over 9.8 million
models over the course of 19 days with CaDiCal. We did
not exhaust all models with this search; in fact, progress in
finding models remained steady until the end.

10Recall that a tournament is a directed graph whose edge rela-
tion is an asymmetric and connected binary relation.



Although our SAT encoding can be formally verified us-
ing Lean (Holliday et al. 2024), formal verification does not
seem a pressing issue in this case, since we have a human-
readable proof up to n 5, a verified DRAT proof for
n = 6, and satisfiability results for n > 6, which we veri-
fied using the pref_voting package (Holliday and Pacuit
2025, https://pref-voting.readthedocs.io/en/latest/).

5 Conclusion and Future Directions

The negative results of Section 4.5 refute Conjecture 1.
However, in many applications, we seek a voting method
for fewer than 7 alternatives. The positive results in Theo-
rems 9 and 17 imply that in such cases, the choice between
Simple Stable Voting (SSV) and Stable Voting (SV) is im-
material when there are no tied margins: SSV, with its rela-
tively simple definition, can be used to explain the method
to voters, while SV, with its superior average-case runtime
(see https://github.com/epacuit/stablevoting), can be used to
compute winners more quickly. That said, the computational
complexity of computing winners for SV and for SSV re-
mains an open problem.

The techniques employed in this paper are applicable to
other questions in voting theory. As an illustration, in our
GitHub repository, we show how our SAT encoding can be
used to prove that SSV satisfies the property of Reversal
Symmetry (Saari 1994, § 3.1.3, Saari 1999, § 7.1) up to 6
alternatives: if a is the winner in a linear ordinal margin ma-
trix (X, >), then a is not the winner in the reversed ordinal
margin matrix (X, ="1).!! We can apply a similar approach
to other axioms and to other voting methods that require only
the information in the ordinal margin matrix to select win-
ners. As far as we know, there are no complete axiomatic
characterizations of the Ranked Pairs (Tideman 1987), Beat
Path (Schulze 2011), or River (Doring, Brill, and Heitzig
2025) methods, or of SV and SSV.!2 We hope that our ap-
proach can be useful for testing conjectured axioms in ef-
forts toward characterizations of these methods.

Contributing to a tradition of work applying SAT solving
to computational social choice, the results in this paper pro-
vide further evidence of the power of SAT solving to answer
open questions that have resisted other techniques.

A Proof of Lemma 2

Proof. We first turn M = (X, ) into a matrix M in the
usual sense, where the (a,b) entry is the margin of a vs.
b. Since > is a strict weak order, it induces a linear order
of equivalence classes under the equivalence relation ~ de-
fined by (a,b) ~ (c,d) if (a,b) # (¢,d) and (¢, d) ¥ (a,b).
Starting with the set ST = {(a,b) | (b,a) # (a,b)} of “non-
negative” pairs, if there are any pairs (a,b) € ST for which
(b,a) € ST, which are then >~-minimal elements in ST,
these pairs are assigned weight O; the pairs in the next weak-
est equivalence class are assigned weight 2, the next 4, etc.

""Thinking in terms of preference profiles, Reversal Symmetry
requires that if @ is the winner in an initial profile, then after all
voters reverse their ballots, a is not a winner in the new profile.

2By contrast, Split Cycle was recently axiomatically character-
ized (Ding, Holliday, and Pacuit 2025).
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Let S~ = {(a,b) | (b,a) > (a,b)} be the set of “negative”
pairs. For each (a,b) € S, the weight assigned to (a, b) is
the negative of the weight assigned to (b, a) in the previous
step. Now define a relation =5, on X2 by (a,b) = (c,d)
iff the weight of (a, b) is greater than that of (¢, d) according
to M. We claim that (a,b) > (¢, d) iff (a,b) = (¢,d).

Case 1: Both of the pairs (a,b), (c,d) are non-negative.
Then the claimed equivalence is clear by construction.

Case 2: One pair is non-negative and the other negative.
Without loss of generality, suppose (a,b) € ST and (c,d) €
S~.Then (a,b) = (c,d), since the weight of (a, b) is non-
negative and the weight of (¢, d) is negative in M. We claim
that (a,b) = (c,d) as well. Since (a,b) € ST and (c,d) €
S~, we have (b,a) ¥ (a,b) and (d,¢) = (c,d). Since > is a
strict weak order, (d, ¢) > (¢, d) implies that either (a, b) >
(c,d) or (d,c) = (a,b). In the first case, we are done. In the
second case, by ordinal skew-symmetry, we have (b,a) >
(c,d). But then since (b,a) ¥ (a,b) and > is a strict weak
order, it follows that (a,b) > (c,d).

Case 3: (a,b) and (¢, d) are both negative. Then without
loss of generality, it suffices to consider two cases.

Case 3a: (a,b) =u (c,d). Then by the construction of
=, we have (d,¢) = (b,a). Since (a,b) and (c, d) are
negative, (b,a) and (d, c) are positive, so (d, c) > (b, a) by
Case 1, so (a,b) = (c,d) by ordinal skew-symmetry of .

Case 3b: (a,b) #n (¢,d) and (¢,d) ¥ (a,b). Then
the negative weight assigned to (a,b) by M is the same as
that assigned to (¢, d) by M, which implies that the positive
weight assigned to (b, a) by M is the same as that assigned
to (d,c) by M, which implies (b,a) ¥ (d,c) and (d,c) %
(b, a) by construction of M, which in turn implies (¢, d) ¥
(a,b) and (a,b) % (c,d) by ordinal skew-symmetry.

Now clearly M is a skew-symmetric matrix with even
integer entries, so by Debord’s Theorem (Debord 1987)
(see (Fischer, Hudry, and Niedermeier 2016, Theorem 4.1)),
there is a preference profile P whose margin matrix is M.
Then M(P) = (X, >n) = (X, ) = M. O

B Tied Margins

In this appendix, we address the status of Conjecture 1 if we
drop the restriction to /inear ordinal margin matrices. First,
if we drop this restriction, we must decide how to define
Simple Stable Voting in the presence of tied margins. The
simplest approach, adopted in (Holliday and Pacuit 2023a,
Footnote 7), is the following.

Definition 19. For any ordinal margin matrix M, the win-
ners according to Simple Stable Voting with Simultaneous
Elimination (SSV-SE) are defined recursively as follows:

1. if M has only one alternative, this alternative is the SSV-
SE winner in M;

if M has more than one alternative, then the SSV-SE
winners in M are the first coordinates of the >-maximal
elements of {(a, b) | a is an SSV-SE winner in M _;}.
Interestingly, while Conjecture 1 holds for linear ordinal
margin matrices up to 6 alternatives (Theorem 17), if we
allow tied margins, then the conjecture only holds up to 4.

2.

Proposition 20. For any ordinal margin matrix M with < 4
alternatives, the SSV-SE winners are among the SC winners.



Proof. For two alternatives the result is immediate, and for
three alternatives it follows from Proposition 1 of (Holliday
and Pacuit 2023b), which characterizes the SSV-SE winners
in three-alternative elections.

Finally, suppose M has four alternatives. Suppose for a
contradiction that (a, b) is >--maximal such that a is an SSV-
SE winner in M _p, but a is not an SC winner in M. Since a
is an SSV-SE winner in M _,, which has three alternatives,
a is an SC winner in this submatrix; it follows that b (and
only b) SC-defeats a in M. Now let ¢ be an SSV-SE winner
in M_,, and let d be an SSV-SE winner in M_.. Given
that ¢ has a negative margin vs. b, i.e., (b,a) > (a,b), the
previous sentence implies ¢ has a negative margin vs. a and
d has a negative margin vs. ¢, for otherwise (a, b) would not
be >-maximal such that a is an SSV-SE winner in M _,,.
If ¢ = b, then a is not an SSV-SE winner in M after all,
since (b,a) > (a,b), and b (= ¢) wins when ¢ is removed.
If d = a, then a is an SC winner in M __., which contains
b, so b does not SC-defeat a after all. If d = b, then since
we know (c,a), (d,c) # (a,b), the edge (b,a) is a weakest
edge in the cycle (b, a, ¢), so b does not SC-defeat a after all.
Thus, we have distinct alternatives b, a, ¢, d. Let e be an SSV-
SE winner in M _,. By reasoning analogous to that proving
d # a,b, we have e # a, b. Hence e = ¢ since | X| = 4. But
then a is not an SSV-SE winner in M after all, since (¢, d) >
(a,b), and ¢ (= e) is an SSV-SE winner in M _.

Example 21. Yifeng Ding (personal communication) pro-
vided the example in Figure 6 in which SSV-SE does not
refine SC.

Figure 6: An example with tied margins (red) in which the
SSV-SE winner (green) is not among the SC-winners (blue).

However, SSV-SE is not the only way of generalizing
SSV to allow tied margins. We will now consider an ap-
proach to tied margins inspired by the parallel universe tie-
breaking used for the Ranked Pairs rule (Tideman 1987,
Brill and Fischer 2012): faced with tied margins, we con-
sider all possible ways of breaking such ties, and if an alter-
native wins under one such way, then they count as a winner.

Definition 22. Given an ordinal margin matrix
M = (X,>), we say that a linear ordinal margin ma-
trix M’ (X,>') is a linearization of M if for all
a,b,c,d € X, (a,b) = (c¢,d) implies (a,b) = (¢, d).

Definition 23. For any ordinal margin matrix M, the win-
ners according to Simple Stable Voting with Parallel Uni-
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verse Tiebreaking (SSV-PUT) are defined by
SSV-PUT(M) = U

M a linearization of M

To relate SSV-PUT to Split Cycle, we use the following fact
about how Split Cycle behaves with respect to linearizations.

Lemma 24. For any ordinal margin matrix M and lineariza-
tion M’ of M, we have SC(M') C SC(M).

Proof. Let M = (X,>) and M’ (X,>"). Suppose
a € SC(M’). To show that a € SC(M), consider any
b € X such that (b,a) > (a,b), so (b,a) is an edge in
the majority graph G(X,>). We must show that there is a
cycle in G(X, =) such that (b,a) is an edge that is weak-
est in the cycle according to . Since (b,a) >~ (a,b) and
M’ is a linearization of M, we have (b,a) >’ (a,b). But
then since a € SC(M’), there is a cycle p in the majority
graph G(X, >’) such that (b, a) is an edge that is weakest
in the cycle according to >'. We claim that p is a cycle in
G(X, ) such that (b, a) is weakest in the cycle according
to >. First, we show that each edge (z,y) in p is an edge in
G(X,»), ie., (z,y) = (y,z). Forif (z,y) # (y,z), then
since (b,a) > (a,b), it follows by the properties of > that
(b,a) > (x,y), in which case (b,a) >’ (z,y) since M’
is a linearization of M, contradicting the fact that (b, a) is
the weakest edge in p according to =’. It follows that p is
also a cycle in G(X, ). Moreover, (b, a) is a weakest edge
in p according to >, for if there is another edge (w,v) in p
such that (b,a) = (w,v), then (b,a) =" (w,v) since M’
is a linearization of M, contradicting the fact that (b, a) is
the weakest edge in p according to >. Thus, we have shown
that for any b € X such that (b, a) > (a,b), there is a cycle
in G(X, >) such that (b,a) is a weakest edge in the cycle
according to >, which establishes that a € SC(M). O

SSV(M').

Now we can show that SSV-PUT is “as good” at refining
Split Cycle on arbitrary ordinal margin matrices as SSV is
at refining Split Cycle on linear ordinal margin matrices.

Proposition 25. Let M be an ordinal margin matrix. If
for all linearizations M’ of M, we have SSV(M’) C
SC(M'"), then SSV-PUT (M) C SC(M).

Proof. We have

SSV-PUT(M) = U SSV(M')
M a linearization of M
C U SC(M')
M a linearization of M
c SCWM)

using Lemma 24 for the last inclusion. O

Combining Theorem 17 and Proposition 25, we have the
following immediate corollary.
Corollary 26. For all ordinal margin matrices M with 6 or
fewer alternatives, SSV-PUT (M) C SC(M).

On the other hand, since SSV-PUT (M) = SSV (M) for
any linear ordinal margin matrix M, the example in Sec-
tion 4.5 shows that SSV-PUT does not refine Split Cycle in
all 7-alternative elections.
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