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Abstract

Rank aggregation is a task of combining the rankings of items
from multiple users into a single ranking that best repre-
sents the users’ rankings. Alabi et al. (AAAI’22) presents
differentially-private (DP) polynomial-time approximation
schemes (PTASes) and 5-approximation algorithms with cer-
tain additive errors for the Kemeny rank aggregation problem
in both central and local models. In this paper, we present
improved DP PTASes with smaller additive error in the cen-
tral model. Furthermore, we are first to study the footrule
rank aggregation problem under DP. We give a near-optimal
algorithm for this problem; as a corollary, this leads to 2-
approximation algorithms with the same additive error as the
5-approximation algorithms of Alabi et al. for the Kemeny
rank aggregation problem in both central and local models.

1 Introduction

The rank aggregation problem aims to combine n individ-
ual rankings over m candidates into a single consensus rank-
ing that best reflects the input preferences. We consider two
well-known optimality criteria for this task.

The first is the Kemeny ranking (Kemeny 1959). Given
a collection of rankings {my,...,m,}, the Kendall’s tau
distance between a permutation 1 and m;—denoted by
K (3, m;)—is defined' as the number of candidate pairs
(4, k) for which the relative order in 1 disagrees with that
in m;. The average Kendall’s tau distance of 1 is then
L3 | K(¢, ;). A permutation ) minimizing this quan-
tity is called the Kemeny optimal ranking, and the problem
of finding the ranking is called the Kemeny rank aggregation
problem.

The second criterion is the footrule optimal ranking,
which minimizes the average position-wise discrepancy:
iy 2oy (7)) = mi(4)|, where 7;(5) denotes the posi-
tion of candidate j in the ¢-th input ranking. The problem of
finding the ranking is the footrule rank aggregation problem.

While the footrule rank aggregation problem can be
solved in polynomial time (Dwork et al. 2001), the Kemeny
rank aggregation problem is NP-hard (Bartholdi, Tovey, and
Trick 1989) even when the number of input rankings is
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'See Section 2.1 for formal definitions of rank aggregation.
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as small as four (Dwork et al. 2001). Thus, approxima-
tion algorithms for this problem have been studied. Sev-
eral 2-approximation algorithms have been proposed (Dia-
conis and Graham 1977; Dwork et al. 2001). Later, Ailon,
Charikar, and Newman (2008) introduced algorithm called
KwikSort, which also yields 2-approximation. With a slight
adjustment to the KwikSort algorithm, they obtained an im-
proved 11/7-approximation algorithm. Lastly, a polynomial-
time approximation scheme (PTAS) for this problem was de-
veloped by Kenyon-Mathieu and Schudy (2007).

Often, the input rankings, e.g. votes in an election or pref-
erences over search results, contain highly sensitive infor-
mation about individuals. It is thus important that we per-
form rank aggregation while respecting their privacy.

In this work, we address both rank aggregation problems
under the framework of differential privacy (DP). We recall
the definition of DP below (Dwork et al. 2006b,a).

Definition 1.1 ((¢,6)-DP). Let £,6 > 0. A randomized
mechanism M : X" — Y is (g,0)-DP if, for any neigh-
b()ring2 datasets X, X’ € X™ and any set of output O C ),
PriM(X) € O] < e® - Pr[M(X’) € O] + 4.

When § = 0, we say that the mechanism is e-DP; we refer
to this case as pure-DP, and the case § > 0 as approx-DP.

Since its introduction, DP has become the gold standard
for privacy-preserving data analysis (Abowd 2018; Erlings-
son, Pihur, and Korolova 2014), providing a mathematically
rigorous means of quantifying privacy loss. We also consider
a variant of DP known as local DP (LDP), in which each
user independently perturbs their own data before trans-
mission. This approach ensures privacy without requiring a
trusted central server (Kasiviswanathan et al. 2011).

Rank aggregation under DP have been the subject of mul-
tiple recent studies (Hay, Elagina, and Miklau 2017; Yan, Li,
and Liu 2020; Liu et al. 2020; Alabi et al. 2022; Xu, Sun, and
Cheng 2023; Lan et al. 2024; Xu, Sun, and Cheng 2025).
A central challenge in designing DP algorithms—including
those for rank aggregation—is managing the privacy-utility
tradeoff. In other words, the objective is to develop algo-
rithms that, given a fixed privacy budget (£, ), achieve the
highest possible utility. In the context of rank aggregation,

We say that two datasets X (X1,...,X,), X
(X1,..., X)) are neighbors if they differ on a single coordinate,
i.e. there exists i* € [n] such that X; = X foralli € [n] \ {i*}.



utility is typically measured by the Kendall’s tau distance,
with smaller distances indicating better utility. Prior work
has addressed this challenge from both theoretical and em-
pirical standpoints. We focus on the theoretical utility guar-
antee similar to (Hay, Elagina, and Miklau 2017; Alabi et al.
2022). Specifically, we say that a randomized algorithm is
an (o, §)-approximation algorithm if the expected cost of
its output is at most «v times the optimum plus 5.

1.1 Our Contributions

Footrule Ranking We present the first DP algorithm for
the footrule rank aggregation problem (Section 4). Our algo-
rithm achieves the optimal approximation ratio o = 1, while
the additive errors are:

* 8 =0(m?/en) for e-DP,
+ 8= 0s(m?"/en) for (¢, 5)-DP,
+ 8= 0(m??®/ey/n) for e-LDP.

Due to lower bounds from (Alabi et al. 2022), our addi-
tive errors for e-DP and (e, §)-DP are nearly optimal (up to
logarithmic factors).

Kemeny Ranking Our contributions for the Kemeny rank
aggregation problem are summarized in Table 1.

The state-of-the-art work by Alabi et al. (2022) provides
two («, 8)-approximation algorithms for the Kemeny rank
aggregation problem under (g, ¢)-differential privacy. The
first algorithm is a PTAS, which achieves a small multiplica-
tive factor &« = 1 + £ for & > 0 but incurs a large additive
error 3 = O¢ 5(m?)/(en). In contrast, the second algorithm

offers a smaller additive term 8 = Os(m?®)/(en), at the
cost of a larger multiplicative factor « = 5 4 &. It is demon-
strated in the paper that there is no algorithm with additive
term 3 = o(m?®)/(en).

We aim to improve upon these trade-offs by designing an
algorithm that retains the small « of the first while reduc-
ing the additive error S, or alternatively, one that preserves
the small 5 of the second while lowering the multiplicative
factor .

Our first algorithm, presented as Algorithm 2 in Section 4,
improves the multiplicative factor « of the second algorithm
in (Alabi et al. 2022) from 5 + £ to 2, while preserving the
same additive error 5. Moreover, this approach extends nat-
urally to the e-DP and e-LDP settings, achieving the same
reduced multiplicative factor o« = 2 without increasing the
additive error 8. For LDP, our algorithm also has the ad-
vantage of being non-interactive whereas Alabi et al.’s algo-
rithm is inferactive and requires O(logm) rounds of com-
munication.

Our second algorithm, presented as Algorithms 3-4 in
Section 5, improves the additive error 3 of the first algorithm
in (Alabi et al. 2022) from L0, 5(m?) to 2O, 5(m5/22).
As it has been shown that no algorithm can achieve an addi-
tive term of order o(m?®)/(en) (Alabi et al. 2022), we be-
lieve that reducing the exponent of m to a value strictly less
than 3 represents a meaningful advancement toward closing
the gap between the known upper and lower bounds. We also
achieve a similar improvement for ¢-DP.

17033

It is worth noting that a (1, O(m?/en))-approximation al-
gorithm can be obtained using the exponential mechanism.
However, as observed in (Hay, Elagina, and Miklau 2017),
this approach is not computationally efficient, as it does not
run in polynomial time.

1.2 Technical Overview

We provide high-level technical overview of our algorithms.

Algorithms for Footrule Ranking Our algorithm for
the footrule ranking builds upon the non-private approach
of (Dwork et al. 2001). For each pair ¢,j € [m], let
the cost of assigning candidate ¢ to position j be 7]
LS 1 Imi(q) — j|. Given a permutation 1, its total cost is

> gelm] ~2(9)  The objective is thus to find ¢ that minimizes

this cost. This corresponds to a minimum weight bipartite
matching problem, which can be solved efficiently.

To construct a DP version of the algorithm, we propose a
method to accurately release the weights 75 for all ¢ and j

privately. If we can publish each value of 73 with additive

error of (3, since there are m values of 'yg in the cost calcu-
lation, we obtain the additive term of m - 5 in the cost.

In a naive approach, each value 7;(q) contributes to up to
m output values (i.e. 77 for all j € [m]), causing the privacy
budget to be split across many computations. This leads to
large noise and significant error. To mitigate this, we adapt
the binary tree mechanism (Dwork et al. 2010; Chan, Shi,
and Song 2011) to better manage the privacy budget.

The original binary tree mechanism is designed to answer
multiple range queries, specifically the frequencies of data
within intervals [low, up]. To achieve this, we define a set of
intervals Z = {[(p — 1) - 2 + 1,p - 2%] : £ € [[logm]],p €
[[m/2%]]}. We privately release the frequency of data falling
within each interval in Z. Since any query range [low, up]
can be decomposed into a disjoint union of intervals from Z,
we can answer the query by aggregating the corresponding
private frequencies. In this mechanism, each data point is
used in only O(log m) intervals, which is significantly fewer
than in the naive approach. As a result, the added noise is
smaller, leading to a reduced additive error.

Let r(I) denote the smallest value in the interval I. To
compute fyg for all ¢ and j, we privately release, for each
interval I € Z, the values 1 Yim(ger(mila) — r(I))
and |{: mi(q) € I}|. These allow us to calculate
%Zi:m(q)el |mi(q) — j| when j ¢ I. Since there exists a
collection of disjoint intervals in Z whose union equals [m]\
{7}, summing over these intervals yields = > | |m;(q)—j].
Similar to the original binary tree mechanism, each data
point appears in only O(logm) intervals instead of m, re-
sulting in a smaller additive error in our mechanism.

(2, B)-approximation algorithm for the Kemeny rank ag-
gregation Since the Spearman’s footrule distance is at
least the Kendall’s tau distance and at most twice that dis-
tance, any (1, 3)-approximation algorithm for the footrule
rank aggregation, as described in the previous paragraph,
also serves as a (2, 3)-approximation algorithm for the Ke-
meny rank aggregation problem.



a B
(,00DP  1+¢ L O¢s(m®)  (Alabi et al. 2022)
5+¢& =0¢ 5(m*®)  (Alabi et al. 2022)
any o > 1 LQ(m*5) (Alabi et al. 2022) [Lower Bound]
1+¢ ;nO 5(m%/22) " Our Work [Section 5]
2 L0s(m??) Our Work [Section 4]
e-DP 1 Eing)(m?’) (Hay, Elagina, and Miklau 2017)
1+¢ 2 0e(m*) (Alabi et al. 2022)
5+¢& L O¢(m?) (Alabi et al. 2022)
any o > 1 sinQ(ms) (Alabi et al. 2022) [Lower Bound]
1+¢ i@g ~(m27/ ™) Our Work [Section 5]
2 L0(m?) Our Work [Section 4]
e-LDP 1+¢ ——0¢(m?) (Alabi et al. 2022)
5+¢ —2-0¢(m*°)  (Alabi et al. 2022)
2 L_O(m2®)  Our Work [Section 4]

Table 1: Comparison of our («, [3)-approximation algorithms for Kemeny Rank Aggregation with previous works. All algo-
rithms run in (nm)©() time, except the exponential mechanism (Hay, Elagina, and Miklau 2017) which runs in O(n-m!) time.

(14+¢&, B)-approximation algorithm for the Kemeny rank
aggregation Our improved PTAS requires separate treat-
ments of the cases where n is “small” and where n is “large”.
For exposition purpose, we focus on (¢,4)-DP and it is
best to think of n as being large when it is slightly larger
than m, i.e. n O s(mlogm). Note that, although this
is the regime relevant to most practical ranking applica-
tions—where the number of voters 7 is typically much larger
than the number of candidates m—the error guaranteed by
the PTAS in (Alabi et al. 2022) is only 0575 (mg), which is

barely nontrivial, since any ranking incurs error at most m?.

Large n: Leveraging Unbiasedness Define the matrix
wit € [0, 1] by wy, = 5 ¥ eq Umi(w) < m(v)]
We start from the following observation: we can privatize
w!l by adding independent Gaussian noise A/ (0, o2) where
O (m log(1/5)

privatized matrix w. Indeed, it is simple to see that, if we
look at any permutation 7, the difference in its cost between
w!l and w-which is a summation of O(m?) of the Gaussian
noise-has variance only O, s(m?). Since there are only m!
rankings in total, a union bound (and concentration of Gaus-
sian) then tells us that w.h.p. the cost difference for every
ranking is at most O, s(m??®). So if we run the non-private
PTAS (Kenyon-Mathieu and Schudy 2007) on w, then we
should already improve upon (Alabi et al. 2022), right? Al-
though ostensibly correct, there is one flaw in this argument:
w can have negative entries, for which the non-private PTAS
cannot handle. Indeed, if we proceed by “clipping” w to en-
sure non-negativity, then the bias would make the error be-
come O, 5(m?), so unfortunately we obtain no improvement
over (Alabi et al. 2022).

To overcome this issue, our main observation is that, to get

o = ) to each of its entry. Let us call the
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a good approximation for w'l, it suffices to get a good ap-
proximation for the instance where, for some u, v such that
Wy < Wy, We replace w,,, with zero and replace w,,,, with
Wayy — Wy Using this observation, by adding the noise only
to the latter, we can ensure non-negativity with high proba-

L ) With some additional tech-

logm
nical work, this solves the bias issue. However, the require-
ment on o means that n has to be at least Q. 5(mlogm).
This indeed necessitates another algorithm when 7 is small.

bility as longas 0 = O (

Small n: Reduction to 2-Way Marginal. In the case of
small n, our intuition starts from the following: Suppose in-
stead of each 7; being a permutation [m] — [m], it is a
mapping [m] — {0, 1}. Then, the term 1[m;(u) < m;(v)]
is exactly equal to 1[m;(u) = 0,m;(v) = 1]. Thus, each
entry of wl is simply a 2-way marginal query, which is
well studied in DP literature. In particular, there is an ef-
ficient algorithm that can answer such queries with error
O. s(m'/*/\/n) (Dwork, Nikolov, and Talwar 2015) per
query. If we were to achieve this error for estimating w'l,
then we would already achieve improvement over (Alabi
et al. 2022) for n = O, s(mlogm).

The main challenge is now to extend the above simplified
setting m; : [m] — {0, 1} to the desired setting 7; : [m] —
[m]. To do this, we apply bucketing. Roughly speaking, we
pick a number of buckets B, divide the range [m| into B
buckets of equal size and separate the term 1[m; (u) < 7;(v)]
into two parts, based on whether 7;(u), 7;(v) are from the
same bucket. If they are from the same bucket, we use the
Gaussian mechanism; since there are only m? /B such pairs,
we can add smaller noise than without bucketing. If they are
from different buckets, then we use a generalization of the 2-
way marginal reduction described in the previous paragraph.
By picking B appropriately, we can optimize the error which



when n = O, 5(m).

s

ends up being O, 5(m*3/?2)

2 Preliminaries
2.1 Rank Aggregation

For any m € N, we use [m] to denote {1,...,m} and let
S, denote the set of all permutations (i.e., all rankings)
on [m]. In the rank aggregation problem, we are given a
dataset II of n rankings (m,...,m,) € (S;)", the goal
is to output a ranking ¢ € S,, that minimizes d(¢,II) :
= Zie[n] d(y,m;) where d : S,, x S,, = R is a certain
distance. We will discuss two distances here:

* Spearman’s footrule distance:
F@,m) = e [00) — 7)1

 Kendall’s tau distance: K (v, 7) = [{(j,7) € [m] x
[m] | w(5) <7(G") Ab(G) > () }H-

An algorithm is efficient if it runs in (nm)°™) time.

2.2 Differential Privacy

We use the DP notion as defined in Definition 1.1. Note that
in rank aggregation problems, we have X = Y = S,,,, and
two datasets IT, IT" € (S,,,)™ are neighbors iff they differ on
a single ranking. We also consider the non-interactive local
model, defined below.

Definition 2.1 (¢-LDP). An algorithm in the (non-
interactive) local model consists of a randomizer R
X — Z and an analyst A Z™ — Y; with input
dataset X = (x1,...,x,), the final output is computed as
A(R(x1),...,R(zy)). The algorithm (or the randomizer)
is said to be e-LDP iff, for any z, 2’ € X and O C Z,

Pr[R(z) € O] < e - Pr[R(2') € O].

Note that these DP notions are the same as the ones used
in (Hay, Elagina, and Miklau 2017; Alabi et al. 2022).

For simplicity of presentation, we will assume throughout
thate < 1,4 € (0,1/2), and we will not state this explicitly.

3 DP Approximate Median

In this section, we study the Approximate Me-
dian (APXMED) problem, which is closely related to
the footrule ranking objective. The universe is X = [m)],
and the input is x = (z1,...,2,) € [m|™ For each
Jj € [m], define v;(x) := L 3" |x; — j|. The goal is to
output estimates (1, ..., %m). We measure the quality of
these estimates by the /o.-error max;ecpm)|7; — 7;(x)|. We
say that an algorithm is S-accurate if the expected ¢, -error
of its output is at most 3.

We refer to this task as Approximate Median because the
median j* is a minimizer to 7]»*(x) and, thus, answering
the queries (7;(X));e[m allows us to determine how “far”
each j is from the median. While other approximate notions
of median have been studied under DP (cf. (Gillenwater,
Joseph, and Kulesza 2021)), to the best of our knowledge,
APXMED has not been considered and may be of indepen-
dent interest beyond the context of rank aggregation, e.g. in
DP clustering (Ghazi, Kumar, and Manurangsi 2020).
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Theorem 3.1. There is an efficient algorithm for
APXMED that is [3-accurate with

e 3=0 (%)ﬁ)r e-DP,
e B=0 (wgmlgu/é)
my/logm

.520( Lo

Modified Binary Tree Mechanism We present an algo-
rithm for answering approximate median queries by adapt-
ing the well-known Binary Tree Mechanism (Dwork et al.
2010; Chan, Shi, and Song 2011), originally designed for
range queries. We assume wlog? that the domain size m is a
power of two, i.e., m = 29 for some d € N.

We define a complete binary tree with the set of nodes B;
each node t € B is associated with a subset of the domain,
denoted by I(t) C [m]. Each leaf corresponds to a singleton
set. The tree has d + 1 levels, indexed by ¢ € {0,...,d}
(where leaves are at level 0). For any internal node ¢ at level
¢, the set I(t) consists of the union of I(¢') for all leaves ¢’ in
its subtree and is of the form I(t) = [(p—1)-2¢41, p-2¢] for
some p € [m/2%]. A node t in the tree is called a left node if
all elements of I(¢) are smaller than those of its sibling. The
smallest value in I(t) is denoted by 7(¢) and the level of the
node ¢ is defined by £(t).

Our algorithm is presented in Algorithm 1. In the original
binary tree mechanism (Dwork et al. 2010; Chan, Shi, and
Song 2011), each node ¢ stores the number of the data points
that fall within its associated interval I(¢). In our algorithm,
to support the APXMED computation, each node ¢ maintains
v, %8 % Zz,;@](t) |z —r(t)| and u;*® = % Zziel(t) 240,

For APXMED, we consider all sibling nodes of the nodes
whose intervals contain the candidate value j. These sibling
intervals are disjoint and their union is equal to [m] \ {j}.
Therefore, Lines 8—13 of Algorithm 1 compute the contri-
bution of all data points x; # j exactly once. This allows
us to estimate the quantity 2 3. |2; — j| by the expression
1 Zt,GB; >zie1(w) |%i—Jl, where B denotes the set of rel-

>f0r (¢,0)-DP,

) for e-LDP.

evant sibling nodes. The sum 3, ;) [2; — j| is estimated
by the computation at Line 13 of the algorithm.

Note that we have to compute v;®® u;#® while respect-
ing the privacy constraints. To do this, we write out these
as summands v;®¢ = 37, 1z € I(t)] - (zi — 7 (1))
and uy®® = 137, 1fa; € I(t)] - 2“Y). Note that each in-
ner term depends only on z;. This means that v?8& 1,#8& are
simply the average of n vectors, where each vector depends
only on a single x;. Thus, we may employ known vector ag-
gregation algorithms in e-DP, (e, 6)-DP and e-LDP for this
task; indeed, this is the only difference between the three
settings. Specifically, we use the Laplace mechanism, the
Gaussian mechanism, and an algorithm of (Duchi, Jordan,
and Wainwright 2014), respectively. Finally, to optimize the
error further, we employ a weighting strategy where we mul-
tiply the contributions to v38%, 428 by k9~*() before aggre-
gation (Lines 2-3), and multiplying ‘() =¢ back to the es-

31f not, we may increase m to the next power of two.



timates (Lines 6-7). Here x can be any constant between 1
and 2. This helps reduce the error by a logarithmic factor.

Algorithm 1: Modified binary tree mechanism for APXMED
Zy) € [m]™

Input: Dataset x = (x1, ...,

Output: Vector (7;) je[m]

Parameters: DP vector aggregation algorithm VECAGG,

weight growth factor k € (1, 2)

forallt € B,i € [n] do {Weighted Contribution}
OVE e gD 1wy € T(1)] - (w5 — 7(1))

R0 g, € 1(0)] 240

Use VECAGG to aggregate vectors v}"*" and )

all ¢ € [n]; let 0°88VE! and 288 WVE! be the result.

WEI

WEL across

5: for all ¢t € Bdo {Reweight Aggregate Vector}
6 TUEE ¢ ln—d . gassVE
7 ~agg “— Kk L(t)—d 7,268, WEI
8: for all j € [m] do {Compute Estimates}
9: B, < the set of non-root nodes ¢ such that j € I(t).
10:  forallt € B; do
11: " + sibling of ¢
1o o 1 if ¢ is a left node
' »t —1  otherwise.
13: '~Yj,t St (@?/gg + Tgtzl()tgj . ﬂ?,gg).
4: 55 4 Dien, Vit
15: return (:}/j)je[m]

Parallel Approximate Median. Now, we consider an m-
parallel version of APXMED, which will be convenient for
the next application. In this variant, the domain X is now
[m]™; i.e. the i-th input is now x; = (z;1,...,%im). The
goal is to compute approximate median for zq q,..., Ty
for all ¢ € [m]. That is, forallj € [m],q € [m], we wish
to estimate v;4(x) = 23" | |z;, — j|. Similar to be-
fore, the /..-error of the estimates (7;,4);,qc[m] is defined
as Max; ge(m] [¥j,¢ — Vj,q(X)|- An algorithm is S-accurate if
the expected /. -error of its output is at most /3.
The following is a simple corollary of Theorem 3.1:

Corollary 3.2. There is an efficient algorithm for m-
parallel APXMED that is 3-accurate with

e 3=0 (m:l%)for e-DP,
m'-®y/logmlog(1/5)

EN

=0
c5=0f

)for (e,6)-DP,

mIER ) for e-LDP,

evn

4 From APXMED to Rank Aggregation

We next provide a reduction from APXMED to footrule rank
aggregation. We use the matching-based non-private algo-
rithm of (Dwork et al. 2001) but with the weights computed
based on our APXMED algorithm, as shown in Algorithm 2.
We can show that the additive error of Algorithm 2 is
O(m) times the {-error of the estimates for m-parallel
APXMED. Thus, from Corollary 3.2, we immediately have
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Algorithm 2: Footrule Rank Aggregation from APXMED

Input: Dataset IT = (7q,...,7,) € (S;)"
Output: Aggregatedrank ) € S,;,

1: (%,)j.qe[m] < output from running m-parallel
APXMED algorithm in Corollary 3.2 on input II.

2: G + weighted complete bipartite graph where both the
left and right vertex sets are [m], and the weight of each
edge (¢,J) 15 7y.q-

3: return Minimum-weight bipartite matching of G. (i.e.,
if edge (a, b) belongs to the matching, let 1(a) = b.)

Theorem 4.1. There is an efficient (1, B)-approximation al-
gorithm for footrule rank aggregation with

e 3=0 (m El‘fm>f0r5 DP,
. ﬂ =0 (m . loga;nlog(l/é)) f()r (6,5)'DP,
¢ =0 (=LEER) for =LDP

Since the Spearman’s footrule distance is always at least
the Kendall’s tau distance and at most twice that distance,
we also get the following as a corollary:

Theorem 4.2. There is an efficient (2, 3)-approximation al-
gorithm for Kemeny rank aggregation with

e =0 (w>for5 DP,

«B=0 (m . /logs;nlog(l/(; )for (E,é)-DP,
e 3=0 (mz% vl7‘;‘(57”)]‘0;’ e-LDP.

As mentioned earlier, the additive errors § in Theo-
rems 4.1 and 4.2 for e-DP and (e, §)-DP are optimal due
to the lower bound of (Alabi et al. 2022).

5 PTAS for Kemeny Rank Aggregation
In this section, we present our PTAS for Kemeny rank aggre-
gation. Recall that Alabi et al. (2022) gave PTASes for the
problem with additive errors g = OE ( ) and OE 5 ( 2)
for ¢-DP and (g, ¢)-DP, respectively. Our algorithm im-
proves on these additive errors, as stated below.
Theorem 5.1. For every constant & > 0, there is an effi-

cient (1 + &, B)-approximation algorithm for Kemeny rank
aggregation with

* 3= O ( )fors DP,
« B=0 (W W) for (¢,8)-DP

5.1 Additional Preliminaries
Our PTAS will require additional tools and preliminaries,
which we list below.

For an instance IT = (my,...,m,) of rank aggregation,
we define the matrix w'l € [0, 1]™*™ by

(D



One important observation to make is that the desired
objective, K (1,II), can be written in terms of w!l as

KW, TI) =35 wvem W),

YW <y (v)
Weighted Feedback Arc Set. For our PTAS, we need to
consider a more general problem, called the Weighted Feed-
back Arc Set (WFAS) problem.

Definition 5.2 (Weighted Feedback Arc Set (WFAS)). The
input is a set of candidates [m] and a weight matrix w €
R™>™_ The goal is to output 7 that minimizes cost, (7) :=
Woy -

u,v€E[n]
m(u)<mw(v)

Note that the Kemeny rank aggregation problem is a spe-
cial case of WFAS where w = w'l is as defined in (1). We
remark that we deliberately allow the weights to be negative
and unbounded as this will be useful later on. Nevertheless,
we also need a boundedness definition here:

Definition 5.3 (Bounded WFAS Instance). An instance w

is said to be bounded if wy, > 0 and wy, + Wy, € [3,2].
While WFAS is hard to approximate on general in-

stances (Guruswami et al. 2011; Kenyon-Mathieu and

Schudy 2007) gave a PTAS for bounded instances*:

Theorem 5.4 (Kenyon-Mathieu and Schudy 2007). For ev-
ery constant §& > 0, there exists an efficient (1 + &)-
approximation algorithm for WFAS on bounded instances.

We also state another simple but important lemma below,
which states that, if we give a good approximation algorithm
on one weight matrix w, it remains a good approximation on
a “nearby” weight matrix w.

Lemma 5.5 (Alabi et al. 2022, Theorem 1). For any w,w €
[0, 1]™*™ such that |[W—w||1 < e, any (14+&)-approximate
solution to WFAS on w is also an (14 &, O(e))-approximate
solution to WFAS on w.

Two-Way Marginals. Finally, we recall the two-way
marginal problem which is defined as follows:

Definition 5.6 (Two-Way Marginal Queries). The universe
X here is {0,1}%, the set of all binary vectors of length
d. For notational convenience, we view z; € {0,1}% as a
function x; : [d] — {0,1} instead. A two-way marginal
query’ is indexed by a size-2 set S = {ji1,j2} C [d].
On input dataset X = (x1,...,,), the query has value
4s(X) = 3 Yicp Lzi(j1) = 1 Axi(j2) = 1]. The goal
of an algorithm for two-way marginal is to output estimates
(ds) g e (1) for the above queries.

The two-way marginal problem is well-studied in DP lit-
erature (e.g. (Barak et al. 2007; Bun, Ullman, and Vadhan
2014; Dwork, Nikolov, and Talwar 2015; Nikolov 2024)).
A crucial aspect we will use here is that when n is small,
there are efficient e-DP and (e, §)-DP algorithms (Nikolov

*In fact, the algorithm of (Kenyon-Mathieu and Schudy 2007)
allow the numbers 1/2, 2 in the boundedness assumption to be
changed to any constants. However, we do not use this in our work.

SHere we restrict two-way marginal queries only to those with
attributes equal to “1”, which is sufficient for our setting.
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2024; Dwork, Nikolov, and Talwar 2015) that achieve sig-
nificantly smaller errors compared to standard noise addition
algorithms, i.e. the Laplace or Gaussian mechanisms.

As discussed in Section 1.2, our algorithm requires us to
handle two cases based on whether n is “small” or “large”.

5.2 Small n: Two-Way Marginal

Lemma 5.5 gives us a fairly clear overall strategy towards
obtaining good approximation algorithms for Kemeny rank
aggregation: Design a differentially private algorithm that
publishes the weight matrix w'' with small error. Indeed,
this was the same strategy deployed in (Alabi et al. 2022),
who use Laplace and Gaussian mechanisms to add noise to
w!l. To improve upon this in the small n regime, we will
instead employ DP two-way marginal algorithms.

Let B € N be a parameter to be specified. We parti-
tion [m] into B buckets (indexed by 1, ..., B), where each
bucket is an interval of size < [m/B]. For every i € [m],
let ¢(i) denote the index of the bucket it belongs to.

The matrix w'' can now be decomposed into the sum of
two parts: (i) comparison within the same bucket s, and (ii)
comparison across buckets t. More formally, we define the
matrices s, t € R™*™ as follows:

Sup = 1 1e(mi(w)) = o(m;(v)) A mi(u) < 7 (v)],
1€[n]
1
tuw = — 1e(mi(u)) < e(mi(v))].
i€[n]
It is simple to see that wll = s + t. Thus, it suffices to

give DP algorithms for approximately computing s, t. For
computing the estimate of s, we can simply use Laplace and
vanilla Gaussian mechanism, because the sensitivity is now
reduced as we only compare candidates in the same bucket.

For computing the estimate of t, we encode t,,,, as a two-
way marginal query as follows. First, let d = m- B where we
associate [d] naturally with [m] x [B]. Then, for each ¢ € [n],
we let z; € {0,1}? be defined by ;(u,b) = 1[t(m;(u)) =
b] for all uw € [m],b € [B]. The crucial observation here
is that t can now be written in terms of marginal queries:
tuw = Zbub,bzi[B] Q{(uba),(v,by)} (X). As such, we can use

the aforementioned DP two-way marginal query algorithms
to estimate t. Our algorithm is shown in Algorithm 3. The
choice of distribution D and subroutine TWOMARALG de-
pends on whether we aim for ¢-DP or (¢, d)-DP. The oper-
ation clip, which ensures that the outputs lie within the in-
terval [0, 1]. It is simple to analyze the error of Algorithm 3.
By optimizing the parameter B to minimize the error and
invoking Lemma 5.5, we arrive at our PTAS for small n.

5.3 Large n: Leveraging Unbiasedness

As mentioned in Section 1.2, if we were able to use the
noised weights without any clipping, then we would have
been done. Unfortunately, this is not possible since the
weights could become negative due to the noises. It turns
out that, when n is large, we can handle this as follows.
Consider each pair u,v € [m]. First, consider the “bal-
anced” case where w,,,, and w,,,, are both not too small, say



Algorithm 3: DP Approximation of w for Small n

Algorithm 4: DP PTAS for Large n

Input: Dataset Il = (7q,...,7m,) € (S;,)"
Output: Estimate w'! of w!
Parameters: Distribution D, # of buckets B, DP two-way
marginal algo TWOMARALG
1: for u,v € [m] do {Noising sy}
2: Suv = Syv + Tuw Where 7y, ~ D
3: for i € [n] do
4 z; €{0,1}mB be s.t. z;(u, b) = 1[1(m;(u)) = b]
5: (qS)SG([d]) < output of TWOMARALG(x1, ..., Zy)
2
6: for u,v € [m] do {Estimate t.,,, from marginals}
7 tuw = Zbubfié%LB] q{(u,bu),(v,b1,)}
8

: return clip(Suy 4 tuv)u,vefm)

Wapyyy, Wy, € [%, %} In this case, when n is sufficiently large,

the noise added has such a small variance that with high
probability all the values w,,,, , w,,, remain non-negative af-
ter noise addition. Hence, we can keep this case as is.

Next, consider the “imbalanced” case where either w,,,, or
Wy, 18 smaller than 1/6. Assume wlog that w,,, < %. In this
case, we replace w,, with zero and w,, With Wy, — Wy
While this new instance is not a Kemeny rank aggrega-
tion instance anymore, it still is a bounded WFAS instance,
meaning that we can apply the PTAS from Theorem 5.4. We
can show that this also yields a (1 + £)-approximation for
the original Kemeny rank aggregation instance.

To add noise in the imbalanced case, notice that w,, —
Wy = % Thus, we can add noise to w,, — Wy, and leave
the other term zero. One can argue that, with high probabil-
ity, all the values w,,,, —w,,, remains non-negative after noise
addition. In the balanced case, we simply add noise to both
Wy, Wy, as usual. As already mentioned above, since they
are both at least % beforehand, they remain non-negative af-
ter noise addition with high probability.

In our full algorithm—presented in Algorithm 4, we need
one additional step in order to determine which case each
pair u, v belongs to. This is because directly checking if e.g.
Wyy € [§, 2] violates DP. Nevertheless, this step turns out to
be simple: We can add noises to all of w,,,, and classify them
accordingly. As with the small n case, the noise distribution
D here is either Laplace or Gaussian based on whether we
desire e-DP or (e, §)-DP.

The crux of the proof is to show that, with high proba-
bility, the following two events hold: (i) the instance W’ is
bounded, and (ii) for a/l permutations m, the cost difference
costyw () — cost () has small magnitude. (i) follows from
standard concentration of the noise. As for (ii), we can write
the cost difference as a summation of at most m? (indepen-
dent) noises, and we argue that this sum is highly concen-
trated. For Gaussian noise, this is again simple since the sum
of noises is also a Gaussian. However, for Laplace noise, we
need to use a result of (Chan, Shi, and Song 2011) on the
concentration of a sum of Laplace random variables.

Input: Dataset IT = (7q,...,7,) € (S;)"
Output: Aggregated rank ) € S,,
Parameters: Noise distribution D
1: Z[ — @, ZB < (Z)
2: foralll <u <wv<mdo {Pairwise Classification}

. / 1T
30wy, — Wy, + 0y, where 0, ~ D

4: ifw!, > 5/6 then

5: Add (u,v) to Z;

6: elseifw,, < 1/6then

7: Add (v,u) to Z;

8: else {§ <wl, <32}
9: Add (u,v) to Zp

10: for all (u,v) € Z; do {Noise Addition: Imbalanced}

11: W,  Wyy — Wy + Ty Where 1y, ~ D

12: @, <0

13: for all (u,v) € Zg do  {Noise Addition: Balanced}

14: W,  Wyy + Ty Where 7y, ~ D

15: 12)1/)” —1- ﬁ):w

16: if W’ is a bounded instance then {Approximation}

17:  return Output from running the algorithm from The-
orem 5.4 on w’

18: else

19:  return random permutation from S,,

6 Conclusion and Discussion

We study rank aggregation problems under DP, both in the
central and local models. For footrule rank aggregation, we
give a polynomial-time algorithm with nearly optimal errors
in the central model, which translates to 2-approximation
algorithms for Kemeny rank aggregation. We also improve
the additive error in the PTAS for the problem compared to
(Alabi et al. 2022). The obvious open question here is to
close the gap in terms of the additive errors of the PTAS.
In particular, for e-DP and (e, §)-DP, our upper bounds are

L.0(m?"/7) and L - O(m/22), respectively, whereas the
lower bounds from (Alabi et al. 2022) are only = - Q(m?)

and i - Q(m?9), respectively. Another interesting research
direction is to prove lower bounds for LDP; to the best of
our knowledge, no previous work has pursued this direction.
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