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Abstract

A perfect clone in an ordinal election (i.e., an election where
the voters rank the candidates in a strict linear order) is a set of
candidates that each voter ranks consecutively. We consider
different relaxations of this notion: independent or subelec-
tion clones are sets of candidates that only some of the voters
recognize as a perfect clone, whereas approximate clones are
sets of candidates such that every voter ranks their members
close to each other, but not necessarily consecutively. We es-
tablish the complexity of identifying such imperfect clones,
and of partitioning the candidates into families of imperfect
clones. We also study the parameterized complexity of these
problems with respect to a set of natural parameters such as
the number of voters, the size or the number of imperfect
clones we are searching for, or their level of imperfection.

1 Introduction

Let us consider an ordinal election, with a given set of
candidates and a collection of voters that rank these can-
didates. Such elections may appear in classic political set-
tings where the goal is to elect a president or some other
leader, but also in various other contexts, such as sport events
where the candidates are athletes and “voters” are partic-
ular competitions, ranking them according to their perfor-
mance. Ordinal elections also arise from multicriteria eval-
uations where the “voters” are the applied quality measures,
e.g., when listing the best universities or the most livable
cities; see the work of Boehmer and Schaar (2023) for such
election data. In each of these settings, we expect some
groups of candidates to be similar to each other. For exam-
ple, left- or right-wing politicians are likely to have similar
platforms, athletes with similar abilities—such as, e.g., the
top sprinters in Tour de France—typically perform similarly,
and universities of a particular type—such as small liberal
arts colleges—have similar features. Consequently, we ex-
pect voters to rank such candidates close to each other. For-
mally, sets of candidates that all voters rank on consecutive
positions are called clones and were already studied in some
detail both in Al and (computational) social choice; as ex-
amples, we point to the works of Tideman (1987), Laslier
(1996, 2000) and Elkind, Faliszewski, and Slinko (2011,

Copyright © 2026, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

16889

2012); see also the notion of composition consistency (Laf-
fond, Laine, and Laslier 1996; Laslier 1997) and its con-
nection to clones (Berker et al. 2025). Yet, similar does not
mean identical and, so, expecting all the voters to perfectly
recognize all the clones—i.e., rank them consecutively—
seems overly demanding. Hence, we focus on the problem of
identifying those candidates that form imperfect clones, and
on the problem of partitioning the set of candidates into such
clones. We believe that the ability to solve these problems al-
lows one to better understand the structure and nature of the
candidates in a given election; in this sense, we follow up
on the work of Janeczko et al. (2024) on identifying hidden
structures in voters’ preferences. Our work is also related to
that of Procaccia, Schiffer, and Zhang (2024), who consider
approximate clones in the context of training LLMs. How-
ever, in contrast to their work, our focus is on establishing
the (parameterized) complexity of our problems.

There are two main ways in which clones can be imper-
fect. First, we may require all the voters to recognize all the
clones, but cut them some slack on ranking their members
consecutively: Voters simply need to rank clone members
on close enough positions, but they are allowed to put some
candidates that are not members of the given clone in be-
tween. Second, we may require the voters that recognize the
clones to indeed rank their members consecutively, but allow
each clone to be recognized by a possibly different subset of
the voters. We refer to the former type of clones as approx-
imate and to the latter one as independent. If we insist that
all the independent clones are recognized by the same voters,
then we refer to them as subelection clones. We find that the
complexity of our clone identification/clone partition prob-
lems very strongly depends on the type of imperfection that
we consider. For example, we obtain the following results:

1. There is a simple, polynomial-time algorithm for identi-
fying independent clones, but recognizing approximate
clones is NP-hard. Yet, if members of approximate
clones are not ranked too far apart, then we can identify
them using an FPT algorithm (see Section 3).

Partitioning the set of candidates into a given number of
imperfect clones, each of at most a given size, is NP-
hard, but there are algorithms for some special cases.
For example, there is an FPT algorithm for approximate
clones for parameterization by their imperfection level,
an XP algorithm for independent/subelection clones for



parameterization by the number of clones, and an FPT
algorithm for subelection clones for parameterization by
the number of voters (see Section 4 and Table 1).

Indeed, we classify the parameterized complexity of the par-
titioning problem for all our basic parameters that clone par-
titions may have. The proofs of results marked by a x symbol
are deferred to the full version (Faliszewski et al. 2025).

2 Preliminaries
For an integer k, we write [k] for the set {1,...,k}.

Elections. An (ordinal) election is a pair E = (C,V),
where C' = {ec1,...,cm} is a set of candidates and V' =
{v1,...,v,} is a set of voters (sometimes also referred to as
votes). Each voter v has a preference order -, that strictly
ranks all candidates in C. We write v: a > b to indicate that
v ranks candidate a above candidate b, and we use analogous
notation for larger candidate sets. A set of candidates in a
preference order should be interpreted as ranking its mem-
bers in some arbitrary but fixed order. For a voter v and can-
didate ¢, we write pos, (c) to denote the position of ¢ in v’s
preference order; the top-ranked candidate has position 1.

Clone Structures and Clone Partitions. Let F = (C,V)
be an election and let b > 1 be an integer. We say that a
nonempty subset X of candidates is a b-perfect clone in E if
|X| < b and each voter ranks members of X consecutively
(but, possibly, in a different order). We are also interested in
clones that are in some way imperfect, i.e., either not all vot-
ers recognize the given candidates as forming a clone (so in-
dependent groups of voters may recognize different clones),
or the voters do not agree on the exact compositions of the
clones (so the clones are approximate). We formalize these
ideas below:

Approximate Clones. Let b > 1 and ¢ > 0 be inte-
gers. A subset X of candidates is a (g, b)-approximate
clone if |X| < b and for each voter v € V we have
maxX,e x pos, (z)—ming e x pos, (z) < g+b—1.In other
words, each voter ranks the candidates from X almost
consecutively, ranking at most ¢ candidates outside X in
between any two candidates from X.

Independent Clones. Let b and w be positive integers. A
subset X of candidates is a (w, b)-independent clone if
|X| < b and at least w voters recognize X, i.e., rank
all members of X consecutively. Janeczko et al. (2024)
studied such sets under the name hidden clones.

A g-approximate clone or a w-independent clone is a
clone that is (g,b)-approximate or (w,b)-independent for
some b, respectively. A {perfect, q-approximate, w-inde-
pendent}-clone structure for election E is the set of all
{perfect, g-approximate, w-independent }-clones that appear
in E. A {perfect, q-approximate, w-independent}-clone
partition for E is a family C {C1,...,C} of sub-
sets of C' whose members are {perfect, g-approximate, w-
independent}-clones and each candidate belongs to exactly
one C;. We also consider subelection-clone partitions:

Subelection Clones. Let b and w be positive integers. Then
(C1,...,C4) is a subelection-clone partition if there is a
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subset W C V of at least w voters such that (C4, ..., C})
is a perfect-clone partition for election (C, W) with each
clone C; having size at most b. We refer to the members
of such a partition as (w, b)-subelection clones.

We often speak of clones, clone structures, and clone
partitions without specifying the exact type of clones in-
volved. In such cases, the relevant type is clear from the
context. Similarly, we sometimes speak of, e.g., (¢, b)-
approximate-clone partition to mean an approximate-clone
partition whose each member is a (g, b)-approximate clone.

Remark 2.1. The difference between independent clones
and subelection clones is that two sets are (w,b)-
independent clones if for each of them there is a group of
w voters who ranks their members consecutively, but these
two groups do not need to coincide and for small enough w
may even be disjoint. On the other hand, subelection clones
have to be ranked consecutively by the same w voters.

Our theoretical results mostly regard the computational
complexity of the following family of problems.

{PERFECT, APPROXIMATE, INDEPENDENT,
SUBELECTION }-CLONE PARTITION

Input:  Anelection E = (C, V), positive integers b
and ¢, as well as integer ¢ > 0 for the AP-
PROXIMATE variant, and integer w > 1 for
SUBELECTION and INDEPENDENT variants.

Question: Is there a clone partition of size at most ¢ for

election F that consists of b-perfect, (q,b)-
approximate, (w, b)-independent, or (w,b)-
subelection clones, respectively?

Computational Complexity. We assume familiarity with
classic and parameterized computational complexity theory,
as presented in the textbooks of Papadimitriou (1994), Nie-
dermeier (2006) and Cygan et al. (2015). The following
problem plays an important role in our hardness proofs.

Definition 2.2. The input of the RESTRICTED EXACT
COVER BY 3-SETS (RX3C) problem, consists of a ground
set X and a family S of size-3 subsets of X with eachx € X
occurring in exactly three sets of S. We ask if there is a col-
lection of k = 1X1/3 sets from S whose union is X.

Naturally, the k sets about whose existence we ask must be
disjoint. This variant of the problem was shown to be NP-
complete by Gonzalez (1985). Some of our proofs will rely
on the 7-colorability of a certain graph underlying an in-
stance of RXC3, as stated in the following observation.

Proposition 2.3. Given an instance (X, S) of RX3C, we can
partition S in polynomial time into S, ...,S7 so that for
each i € [7] the sets in S; are pairwise disjoint.

Proof. Consider the graph H whose vertex set is S and
where two triples from S are connected by an edge if and
only if they share a common element of X. The maximum
degree in H is at most 6, because for any S € S, there
are at most two triples in S \ {S} containing a fixed ele-
ment x € S. Thus, we can find a proper coloring of H with 7
colors in polynomial time (using a greedy coloring). The 7
color classes obtained give the desired partitioning of S. [J



We will also use the following special variant of the EX-
ACT COVER problem in some of our algorithms.

Definition 2.4. In the WEIGHTED EXACT COVER (WEC)
problem we are given a set X = [m] of elements, a family
S = {S1,...,Sn} of subsets of X where each set S; is
associated with weight w;, and a nonnegative integer t. We
ask if there is a set I C [n] such that

1. foreacha,be I, a#b, S, NSy, =10,
2. Uper Se =X, and

3. ZZEI Wy S t.

Consider some positive integer m. A set A C [m] is an
interval if either A = for A = {i,i + 1,4+ 2,...,5} for
some integers ¢ and j, ¢ < j. Further, given a nonnegative
integer ¢, we say that A is a g-approximate interval if the set

{min(A4) + 1,min(A) +2,...,min(A4) + (¢— 1)} U AU
{max(A) — 1,max(A4) — 2,...,max(4) — (¢ — 1)}

is an interval. Roughly speaking, a g-approximate interval
is an interval that, possibly, is missing some of the first and
last ¢ values. The next result follows due to a simple dy-
namic programming, provided for the sake of completeness.

Proposition 2.5. There is an algorithm that given an in-
stance I of WEC where each set is a q-approximate interval
decides in time O*(2%9) if I is a yes-instance.!

Proof. Consider an instance of WEC with ground set [m],
a family § = {S1,...,Sn} of sets where each S; is a ¢-
approximate interval of weight w;, and an integer ¢. We de-
fine a function f such that, for each integer i € [m] U {0}
andset BC {i+1,i+2...,i+2q}, f(i, B) is the smallest
number ¢’ for which there is a set I’ C [n] such that:

1. foreacha,be I';a#b, S, NS, =0,
2. Uper Se = [i] U B, and

3. ZEGI/ wy =t

If these conditions cannot be met, then we let f(i, B) = oco.
As a base case, we observe that f(0,0) = 0. Consider in-
tegers i, € [m], i < j,sets B C {i +1,...,i+ 2¢}
and B” = {j +1,...,5 + 2q}, and a set S;. We say that
(i,4,B’, B",Sy) is consistent if:

1. S¢n([{JuB’) =0, and
2. S,U([ijuB’) =[j]uB".

In other words, if (i, j, B', B”, S) is consistent and we have
a family of sets whose union is [¢] U B’, then we can extend
this family with set .S, so the union of the extended family
is [j] U B”. Now we express f(i, B) recursively as follows

(we consider j € [m]and B” C {j+1,...,j + 2q}):
f(ij//) = min f(ivB/)+wfa
(i,5,B',B",Sy)

is consistent

and we let f(j, B"”) = oo if there is no consistent (z, j, B,
B",Sy) to consider. Using this recursive formulation and
standard dynamic programming techniques, we can com-
pute f(m, () in time O*(249); this running time stems from

'The notation O* hides polynomial factors.
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the fact that there are O*(22%) arguments that f can take,
and our recursive formula requires us to consider O0*(229)
consistent tuples. We accept if f(m, () < t. The algorithm
is correct because S consists of g-approximate intervals. [J

3 Complexity of Finding Clone Structures

For the case of perfect clones, Elkind, Faliszewski, and
Slinko (2012) characterized what set families can appear as
perfect-clone structures and provided simple algorithms for
computing such structures. Similar algorithms also work for
independent clones, as observed by Janeczko et al. (2024).

Proposition 3.1 (Janeczko et al. (2024)). There are
polynomial-time algorithms that, given an election E and an
integer w, (a) test if a given set of candidates forms an inde-
pendent clone recognized by at least w voters, and (b) com-
pute a clone structure consisting of such independent clones.

In contrast, deciding if there is a single g-approximate
clone of a certain size is NP-complete.

Theorem 3.2. Deciding if there exists a q-approximate
clone of size exactly b in a given election is NP-complete.

Proof. Containment in NP is clear, since we can verify in
polynomial time whether a given set of candidates is a g-
clone in the election. We present a reduction from the IN-
DEPENDENT SET problem that, given an undirected graph
G = (U, F) and an integer k, asks whether G contains an
independent set of size k. We let U = {uq,...,u,}.

We introduce two dummies, d; and ds, and for each ver-
tex u; € U we create a vertex candidate with the same name.
We define V = {v; | i € [r]} U{wy | f € F} as the set of
voters, with preference orders as below (recall the conven-
tion about listing sets in preference orders):

vi tdy = do = U\ {ui} = ug,
’wf:d2>-ui>-d1>-U\{U7’,,Uj}>‘Uj

where f = {u;,u;} € F is an edge (we take i < j). We
finish our construction by setting b = k and ¢ = r — k.

To see the correctness of the reduction, assume first that
Q is a g-clone of size k in our election F. Notice that for
each vertex candidate u;, both d; and d5 are at distance at
least r from u; in some preference order (namely, that of
v;). Consequently, and since k > 2, we get that Q C U.
We claim that the & vertices in ) form an independent set
in G. Indeed, assuming u;, u; € ( are connected by an edge
of G, we know that u; and u; are at a distance r + 1 in
the preference order of voter wy, for f = {u;,u;} € F;a
contradiction. Conversely, it is straightforward to check that
an independent set of size k in G forms a g-clone in £. [

Fortunately, there are ways to circumvent this hardness
result. Below we show an algorithm that decides if a given
election has a size-b g-approximate clone in FPT(g) time.

Theorem 3.3. There is an algorithm that given an elec-
tion E and integers b and q decides in FPT(q) time if E
contains a size-b q-approximate clone and, if so, returns one.



Proof. Let election E = (C,V) and integers b and ¢ be
our input. We give an algorithm that either finds a size-b ¢-
approximate clone () within E or concludes that no such
clone exists. To do so, we employ the bounded search tree
technique. The algorithm works as follows.

First, we fix an arbitrary voter v € V and guess candidates
c', " € C such that, supposedly, v ranks ¢’ highest and ¢”
lowest among the members of Q). Since () is to be a size-b
g-approximate clone, there must be some ¢’ < ¢ such that:

pos,, (CN) - pOS,U(C/) +1= b + q/a
that is, v must rank exactly b + ¢’ candidates between ¢’
and ¢” (inclusively). If this is not the case, then our guess
was incorrect and we terminate the current computation path
in the search tree without producing a result. We refer to
each candidate d € C'\ @ such that v: ¢/ > d > ¢’ as an
intruder. We must have exactly ¢’ intruders. We form a set
Qo={ceC|d =, c=,"}U{d, "}
Naturally, @ C Qo, and Qo \ Q@ is exactly the set of intruders.

We next build a sequence Qg 2 Q1 2 Q2 2 --- of sets
where each (Q; has one intruder fewer than Q;_1, and all
constructed sets contain (). Given (Q;_1, we compute Q; as
follows: If |@Q;—1] < b then we terminate this computation
path as no subset of ();_1 can be a size-b g-approximate-
clone. Otherwise, we check if there is a voter u € V for
which u’s most- and least-preferred candidates in ();_1, de-
noted a’ and a”, satisfy

pos, (a”) —pos,(a’) +1>b+q.

If no such voter w exists, then ;1 is a g-approximate
clone, and all its size-b subsets are g-approximate clones as
well. Thus, we output one of them arbitrarily, and terminate
with answer yes. Otherwise, it is clear that at least one of a’
and a” is an intruder that we need to remove. We guess the
intruder & € {a’,a"} \ @, and set Q; = Q;—1 \ {a}. This
finishes the description of the algorithm.

The algorithm terminates at latest after forming the set
Q¢'+1 which must have fewer than b candidates. The num-
ber of guesses that the algorithm makes is therefore at most

Cl-(¢+1) - 27
—_—— ~—
guesses of ¢’ and ¢’/ guesses of

the intruders
Since each set @; can be obtained from Q;_; in O(|C] -
|[V|) time, we conclude that the algorithm runs in FPT(q)
time. The correctness follows from the remarks made in the
description of the algorithm. O

In fact, the algorithm that we use in the above proof can

produce a succinct description of all size-b g-approximate
clones that are subsets of a given set S of candidates such
that |.S| < g + b. To do so, whenever the algorithm is about
to terminate with a yes answer, it outputs the then-considered
set ();_1 indicating that each of its size-b subsets is a g-
approximate clone, and proceeds to the next path within the
search tree instead of terminating.
Corollary 3.4. There is an algorithm that given an election
E = (C,V), integers b and q, and a subset S of at most b+q
candidates from C outputs in FPT(q) time a family of sets
51,52, ... such that a set Q C S is a size-b q-approximate
clone if and only if it is a subset of some S;.
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Approximate Independent ~ Subelection
clones clones clones
b=2 P (P4.2) P (P4.2) NP-c (T4.9)
b=3 NP-c (T4.3) NP-c (T4.6)  NP-c (T4.9)
XP(t) (P4.7)  XP(t) (P4.10)
param. ¢ paraNP-h (T4.3) WI[1)-h (T4.8) W[1]-h (T4.12)
param. ¢ FPT(q) (T4.5) - -
w=2 - NP-c (T4.6) P (P4.10)
XP P4.10
param. w - NP-c (T4.6) W[l(]u-}lz ET4‘12;
param. n. paraNP-h (T4.4) paraNP-h (T4.6) FPT(n)

Table 1: Computational complexity of finding partitions into
imperfect clones. The cells marked with “~” refer to param-
eterizations undefined for the given problem. NP-c, W([1]-h,
and paraNP-h stand for NP-completeness, W[1]-hardness,
and para-NP-hardness, respectively.

4 Complexity of Finding Clone Partitions

In this section we discuss the complexity of our CLONE
PARTITION family of problems for various types of clones.
While for perfect clones the problem is easily seen to be
solvable in polynomial time (indeed, this is essentially a
folk result), for imperfect (i.e., approximate, independent,
and subelection) clones the problem is NP-complete. We
explore to what extent these intractability results can be cir-
cumvented using parameterized algorithms.

Proposition 4.1. PERFECT-CLONE PARTITION is in P.

Proof. Let our input consist of election E = (C, V') over m
candidates, together with integers b and ¢. We fix an arbitrary
voter v and we rename the candidates so that

Vi€l > Co > > Cm-

For each pair of integers 7,5 € [m], i < j, we test if
{¢i,Cit1,- -, cj} is a clone. We form an instance I of WEC
with ground set [m] and set family S where for each per-
fect clone {c;,cit1,...,¢;} the set {3,414+ 1,...,7} is put
into S with weight 1. We let ¢ be the upper bound on the total
weight of a solution for I. We solve I using Proposition 2.5
for ¢ = 0, and accept if and only if [ is a yes-instance. [J

Before examining our three problems of partitioning the
candidate set into imperfect clones in Sections 4.1, 4.2,
and 4.3, we show that finding a partition into approximate
or independent clones can be easily solved if the maximum
allowed size of the clones is b = 2.

Proposition 4.2. APPROXIMATE- and INDEPENDENT-
CLONES PARTITION are in P for b = 2.

Proof. Let our input be E = (C, V) with integers b, ¢ or w
(depending on the problem), and t. We create a graph G
over C where candidates c and ¢’ are connected by an edge if
they form a g-approximate clone or if they are seen as perfect
clones by at least w voters, depending on the problem; note



that G can be constructed in polynomial time. Now, we find
a maximum-size matching M in G. Clearly, our instance is
a yes-instance exactly if |[M| + (|C| — 2|M]) < t. O

4.1 Approximate Clones

Focusing now on APPROXIMATE-CLONES PARTITION, we
present two strong intractability results that show the hard-
ness of this problem even for very restricted instances.

We prove the first of these results, Theorem 4.3, by a re-
duction from the following NP-hard problem that we call k-
PARTITION INTO INDEPENDENT SETS: given an undirected
graph G = (U, F), the task is to decide whether U can be
partitioned into k independent sets of size |Ul/k. This prob-
lem is NP-hard for k£ = 3, since it is equivalent to the special
case of 3-COLORING where we require each color class to
be of the same size. Moreover, k-PARTITION INTO INDE-
PENDENT SETS is also NP-hard in the case when k = 1U|/3,
by areduction from the PARTITION INTO TRIANGLES prob-
lem (Garey and Johnson 1979) whose input is an undirected
graph H and the task is to decide whether we can partition
its vertex set into cliques of size 3. The construction resem-
bles the one used in the proof of Theorem 3.2 but uses not
only two, but a set of k¥ dummies. Setting £ = 3 in our re-
duction yields hardness for the setting ¢ = 4, while setting
k = 1Ul/3 yields our result for b = 3.

Theorem 4.3 (x). APPROXIMATE-CLONE PARTITION is
NP-complete, even if b = 3 ort = 4.

The next result uses an intricate reduction from RX3C,
relying on Proposition 2.3.

Theorem 4.4 (x). APPROXIMATE-CLONE PARTITION is
NP-hard even if the number of voters is constant (n = 17).

Contrasting Theorems 4.3 and 4.4, we now present an
FPT algorithm for APPROXIMATE-CLONES PARTITION
with parameter g, measuring the level of imperfection al-
lowed. Hence, if ¢ is a small constant, then we can find an
approximate-clone partition efficiently, provided it exists.

Theorem 4.5. There is an FPT(q) algorithm for APPROX-
IMATE-CLONE PARTITION.

Proof. Consider an instance (F, b, q,t) of APPROXIMATE-
CLONE PARTITION with election £ = (C, V). Our main
idea is to convert it into an instance of the WEC, where
the sets are intervals over [m], for m = |C|, with possi-
ble “holes” on the first and last 2q entries. Such instances of
WEC can be solved in FPT(g) time using Proposition 2.5.

Initializing the WEC Instance. Letm = |C| be the num-
ber of candidates in  and let us fix an arbitrary voterv € V.
We rename the candidates so that C' = {c1,..., ¢, } and

V:iCl >y C2 >y " >y Cye

We form an instance of WEC with underlying set [m/], where
each ¢ € [m] corresponds to candidate ¢; € C. The sets
included in the family S for WEC will correspond to (seg-
ments of) (g, b)-approximate clones, defined below.
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Segments. Let () be some (g, b)-approximate clone and
let @ and b be its top- and bottom-ranked members according
to v. We say that a set P of candidates is enclosed by () if for
each ¢ € P we have a =, ¢ =, b. A set S of candidates is
a segment if it can be partitioned into a (g, b)-approximate
clone @ and a collection Py, ..., P of additional (g,b)-
approximate clones such that each P; is enclosed by ). We
refer to @, Py, ..., Py as an implementation of S, with @
being its base, and we let 1 4 k be its size. The size of a
segment S, denoted size(.9), is the smallest among the sizes
of its implementations.

Given a segment .S, we define its signature as a length-m
binary string such that for each ¢ € [m], its i-th character
is 1 if ¢; belongs to .S and it is 0 otherwise. Note that since a
segment’s base is a (g, b)-approximate clone, the segment’s
signature can have at most ¢ Os between its leftmost and
rightmost 1.

An important observation is that an instance of
APPROXIMATE-CLONE PARTITION is a yes-instance if and
only if there is a partition of the candidate set C' into seg-
ments S1, ..., Sy such that none of them is enclosed by any

other and 22;1 size(S;) < t. We observe that each S; in
such a partition has the following property: If a 0 appears
in its signature between the leftmost and rightmost 1, then
it must be within 2¢ positions either from the leftmost 1 or
from the rightmost 1. Indeed, otherwise one of the segments
would be enclosed by another one (or would not be a seg-
ment at all, as any implementation for it would require the
base not to be a (g, b)-approximate clone). We refer to the
segments that satisfy this property as valid. Similarly, we
say that signatures of valid segments are valid.

Adding Sets to the WEC Instance. For each valid seg-
ment S, we form a set for our WEC instance whose weight
is size(S) and that includes exactly those elements i € [m]
for which ¢; belongs to S. We fix the threshold on the to-
tal weight of the desired solution for our WEC instance to
be t. Note that there are at most O((%f)m?) = O(2%9m?)

(signatures of) valid segments: we have m? choices for the
positions of the left- and rightmost 1 in the signature, and
between them we have at most ¢ Os, each located at most 2¢
positions from the left- or the rightmost 1. Hence, it suffices
to show that we can compute all valid segments.

Computing Valid Segments and Their Sizes. Given a
valid signature, we show how to verify in FPT(¢) time if
it indeed corresponds to a segment and compute its size.
First, we let S = {e1,...,es} be the set of candidates
that correspond to the 1s in the signature (so if the first 1 is
on position ¢ in the preference order of v, then e; is ¢;, and
so on). Thus, S is the candidate set about which we want to
decide whether it is a segment and, if so, establish its size.
Suppose that @, P, . .., Py is an implementation of S with
the smallest size. We guess the size b’ of Q; we have b’ < b.
Next, we apply Corollary 3.4 for the candidate set S (re-
call |S| < b+ q) and size b', and guess a set Q' C S from its
outputs, such that @ is a size-b’ subset of Q' and, moreover,
every b’-sized subset of Q' is a (g, b’)-approximate clone.
We proceed to search for P, ..., Py that together with



Q=@Q"\ (P, U---U P) have the following properties:

1. Each of Py,...,P; is a (¢, min(q,b))-approximate
clone; indeed we are looking for a (g, b)-approximate
clone partition, so each P, needs to be (qg,b)-
approximate, and at most ¢ members of .S can belong to
Py, ..., Py, so each of them must be (g, ¢)-approximate.
Py U...U Py includes all the candidates in S\ @)’ as the

segment S must include them, but they are not in Q).
Q| ="V

Due to the first property, for each i € [k] we see that there
is a 7 such that P; is a subset of {e;,e;j11,...,€j424} Of
size at most q. Since for each such candidate set we can
decide whether it forms a (¢, min(q, b))-approximate clone,
it follows that we can compute in FPT(g) time a sequence
R = Ry, Ry, ... of (¢, min(q, b))-approximate clones such
that each P; is equal to some R, from this list k.

Furthermore, for each candidate e € S\ Q' there are at
most 229 clones in the list R that include e. Hence, for each
candidate e € S\ Q' we guess the clone R, € R that in-
cludes e and belongs to the implementation @, P, ..., Py
of S, ensuring that each of these guessed clones is either
disjoint from the other ones or equal to one already guessed
(as the same clone R, may include more than one candidate
from S \ @'). This way we obtain some first P, ..., Py
clones that satisfy the second of the above conditions, i.e.,
eache € S\ Q' is contained in some P}, for j € [k'].

Now we move on to compute the remaining k¥ — k’ clones

2.

3.

Pyiyq, ..., Py, so that |Q/ \ (P1 J-.--u Pk)‘ = b. We
let " =Q \ (PLU---UPy)and b’ = |Q"|. We need
Pyryq,..., P to be disjoint subsets of Q”, each chosen

from R, whose total cardinality is exactly b — b < gq.
Finding such a subset in FPT(g) time is possible by invok-
ing the PARTIAL SET COVER algorithm of Bliser (2003).
His algorithm—based on color coding—finds a minimum-
weight family of sets that covers at least a given number of
elements; however, by only very minor adaptations of the
dynamic programming part of his algorithm we can guar-
antee that the returned set family (if there is one) contains
pairwise disjoint sets whose total size is exactly b — /.
Altogether, after considering all the guesses, we either
find that our signature corresponds to a segment and output
its size (the smallest size of an implementation that we have
found), or none of the guesses led to finding an implementa-
tion and the signature does not correspond to a segment.

Putting It All Together. Let us summarize our algorithm.

1. We consider all valid signatures, for each of them check-
ing if it corresponds to a segment and computing its size.
We collect all such segments in a WEC instance, where
the segments’ weights are their sizes.

We solve the WEC instance by applying Proposition 2.5,
by observing that in the language of WEC, our segments
are 2g-approximate intervals.

3. We accept if the answer for our WEC instance is yes.

The correctness and FPT(g) running time follow from the
preceding discussion. O
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4.2 Independent Clones

Regarding independent-clone partitions, our first result rules
out an efficient algorithm for finding such a partition even in
the case when we have a constant number of voters and we
are searching for clones of size at most three. It follows by a
reduction from RX3C and relies on Proposition 2.3.

Theorem 4.6 (x). INDEPENDENT-CLONE PARTITION is
NP-complete, even if we require clones of size at most b = 3,
each recognized by at least w = 2 voters, and the number of
voters is a constant (n. = 14).

Yet, if the number of clones in the desired partition (that
is, t) is constant, we can find this partition in polynomial-
time by a simple brute-force approach.

Proposition 4.7. INDEPENDENT-CLONE PARTITION has
an XP algorithm with parameter t, the number of clones.

Proof. We take all the preference orders of the voters
in the input election (C,V) and merge them into a sin-
gle list. Then, in this list, we guess at most ¢ intervals;
there are O((mn)?!) guesses to consider, where m = |C|
and n = |V|. For each group of intervals, we verify in poly-
nomial time if it indeed corresponds to an independent-clone
partition that meets the conditions of the input instance. [J

Next, we show that INDEPENDENT-CLONES PARTITION
is W([1]-hard for parameter ¢, which means that under stan-
dard complexity-theoretic assumptions we cannot improve
the above algorithm to be an FPT one. We prove this by
giving a parameterized reduction from the PERFECT CODE
problem whose input is an undirected graph G and an inte-
ger k, and the task is to decide whether G admits a set S
of k vertices such that each vertex of GG is contained in the
closed neighborhood of exactly one vertex from S. In fact,
we need the multicolored version of this problem—where
each vertex of G is assigned a color from [k] and we require
S to contain one vertex from each color class. NP-hardness
of this variant follows from the NP-hardness of PERFECT
CODE (Downey and Fellows 1995) by standard techniques.

Theorem 4.8 (x). INDEPENDENT-CLONES PARTITION is
W(1]-hard with parameter t, even if w = 2.

4.3 Subelection Clones

While for approximate and independent clones we found ef-
ficient algorithms for computing partitions into clones of
size at most two (recall Proposition 4.2), for subelection
clones the same task is intractable.

Theorem 4.9 (x). SUBELECTION-CLONE PARTITION is
NP-complete, even if we require clones of size at most b = 2.

Proof. To see that the problem is in NP, it suffices to guess
a subelection and its perfect-clone partition, and verify that
they meet the requirements of the given instance.

Next, we give a reduction from RX3C. Let (X, S) be our
input instance where X = {z1,...,xz3;} is a set of 3k ele-
ments and § = {51, ..., S3;} is a family of size-3 subsets
of X. We form an election £ = (C, V') where

_ + - + -
C ={51,5],51 ,-+53ks S35 S35, |

and V contains the following sets of voters:



1. There are 9% type-1 voters, each with preference order
ST =81 = 8] =53 =83 =85 = -
and 9k? type-2 voters, each with preference order
8] =81 =87 =8y = sy =855 =

For each element x; € X and each set S; that con-
tains x;, we form a coverage voter v; ; whose preference
order is the same as that of type-1 voters, except that we
have the following modifications:

(@) v;: s > sj' = s;, and
(b) for each ¢ € [3k], if Sy contains x; but £ # j, then
V5 szr =S, = Sy
There are at most 92 coverage voters.

We set the upper bound on the clone sizes to be b = 2, the
maximum number of clones to be ¢ = 6k, and the number
of voters in the subelection to be w = 18k? + 3k.

Let us assume that there is a subelection £/ = (C,V’)
with at least w = 18k? + 3k voters that has a perfect-clone
partition IT = (C4,...,Cy) witht' < t = 6k and |C;| < 2
for each ¢ € [t']. By a simple counting argument, F’ must
include some type-1 and some type-2 voters and, hence, we
can assume it includes all of them. Due to the preference or-
ders of type-1 and type-2 voters, for each set .S}, either (i) II
contains {s;, s;r} and {s; }, or (ii) II contains {s;, s; } and
{s;"} or (iii) IT contains each of {s;}, {sj}7 {s; }. How-
ever, this last option is impossible, as [II| < 6k. Intuitively,
if {s;,s7} € II then S; is included in a solution for the
RX3C instance, and if {s;, s; } € Il then it is not.

Next, we observe that if £’ includes some voter v, ; then,
due to v; ;’s preference order and the preceding paragraph,

we must have {s;, s} € Tl and for every £ € [3k]\{;} such

that z; € S; we must have {s/, s, } € II This means that
for each i € [3k], E’ contains at most one coverage voter
for x;. However, since E’ contains 18k?2 + 3k voters, it must
contain one coverage voter for each x; € X. Thus, the sets
Sy for which {sg, sz'} € II must form an exact cover of X.
For the other direction, assume that (X,S) is a yes-
instance of the RX3C problem and that there are k sets
from S whose union is X . For simplicity, let us assume that
these are S1,...,S;. We form a clone partition that con-
tains clones {s;, s } and {s; } for each i € [k], and clones
{s¢,s; }and {s/ } foreach ¢ € [3k]\[k]. We form a subelec-
tion £’ that includes all type-1 voters, all type-2 voters, and
for each x; we include a single coverage voter v; ; such that
j € [k] and z; € S; (this is possible since Sy, ..., Sk form
an exact cover of X). This shows that we have a yes-instance
of our SUBELECTION-CLONE PARTITION instance. O

On the positive side, we do have an FPT algorithm param-
eterized by the number n of voters. This strongly contrasts
our results for the other type of clones, where this parame-
terization leads to intractability. We also find XP algorithms
for the parameterizations by the size ¢ of the partition and
the number w of voters needed to recognize the clones.
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Proposition 4.10. SUBELECTION-CLONE PARTITION has
an FPT algorithm for the parameterization by the number n
of voters, an XP algorithm for parameterization by the num-
ber w of voters in the subelection, and an XP algorithm for
the parameterization by the number t of clones.

Proof. The FPT(n) algorithm guesses the voters that are in-
cluded in the subelection and then runs the polynomial-time
algorithm for PERFECT-CLONE PARTITION. The XP(w) al-
gorithm proceeds similarly, by explicitly guessing w voters.
The XP(t) algorithm first guesses a single voter to be in-
cluded in the subelection, and then a partition of its prefer-
ence order into at most ¢ clones of appropriate sizes (i.e.,
it guesses a size-at-most-¢ perfect-clone partition consistent
with this vote, where each clone contains at most b candi-
dates). Finally, it checks if there are at least w — 1 additional
voters that recognize all of these guessed clones. O

Corollary 4.11. SUBELECTION-CLONE PARTITION can be
solved in polynomial time for parameter w = 2.

The XP algorithms from Proposition 4.10 cannot be im-
proved to FPT ones as the problem is W[1]-hard even for
w + t. The reduction is from the classic MULTICOLORED
CLIQUE problem (Fellows et al. 2009; Pietrzak 2003).

Theorem 4.12 (x). SUBELECTION-CLONE PARTITION is
W(1]-hard with parameter w + t.

5 Summary, Conclusions, and Future Work

We have introduced three natural types of imperfect clones
and we have studied the complexity of (a) identifying them
in elections and of (b) partitioning the candidates into clones
of these types, with desired properties (such as the number
of clones, their sizes, or their levels of imperfection). Over-
all, our problems are largely intractable, but we also found
some polynomial-time, FPT, and XP algorithms for special
cases. The main conclusion from our work is that if one were
to solve our problems in practical settings, most likely one
should use heuristic approaches, such as ILP solvers.

Our work can be extended in several ways. Foremost,
while we tried to separate the different types of imperfect
clones, it would be more realistic to study clones that can
be both approximate and independent at the same time (i.e.,
only some voters would be required to recognize them, and
even they could do so approximately). It would also be very
interesting to perform experimental analysis of imperfect
clones in elections. It is interesting to see how often they in-
deed appear, and for what levels of imperfection. Next, Cor-
naz, Galand, and Spanjaard (2012, 2013) described how one
can use clones to generalize classic single-peaked (Black
1958) and single-crossing (Mirrlees 1971; Roberts 1977) do-
mains, while maintaining good computational properties of
resulting elections. It might be interesting to analyze if im-
perfect clones can be used in a similar way. Finally, it would
be natural to consider approximate clones not only in the or-
dinal setting, but also in the approval one. In particular, this
would open up the possibility of clone analysis in participa-
tory budgeting elections, which often use approval data (Rey
and Maly 2023).
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