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Abstract

In a public goods game, every player chooses whether or not
to buy a good that all neighboring players will have access
to. We consider a setting in which the good is indivisible,
neighboring players are out-neighbors in a directed graph,
and there is a capacity constraint on their number, £, that can
benefit from the good. This means that each player makes a
two-pronged decision: decide whether or not to buy and, con-
ditional on buying, choose which k out-neighbors to share ac-
cess. We examine both pure and mixed Nash equilibria in the
model from the perspective of existence, computation, and
efficiency. We perform a comprehensive study for these three
dimensions with respect to both sharing capacity (k) and the
network structure (the underlying directed graph), and estab-
lish sharp complexity dichotomies for each.

1 Introduction

A public good is one that is both non-rivalrous and usually
non-excludable: the good can be used by many players, even
by those that did not contribute to the cost. This occurs when
either (a) it is difficult, or impossible, to prevent the non-
contributors to use the good — think of public lighting — or
(b) the contributors are allowed to choose to share the good
with a subset of their peers — think e.g. of Netflix allowing
multiple users associated with a single account. Hence, pub-
lic goods also generate a coordination problem because all
parties would prefer to free ride, i.e., every player wants to
use the good, but they prefer someone else to pay its cost.

In this paper, we consider a variant of the public goods
problem in social networks as considered first by Bramoullé
and Kranton (2007): there is an underlying graph, where
nodes correspond to players, each player chooses whether
to contribute or not, and every player can benefit from their
neighbors that contributed. We adopt the limited and asym-
metric shareability point of view in public good games and
we augment the original model in two ways.

First, under limited shareability players might face capac-
ity constraints as in (Gerke et al. 2024; Gutin, Neary, and
Yeo 2020, 2023). Constraints on sharing add an additional
layer of complexity because in order to benefit from some-
one else’s contribution, it is not enough to be neighbours:
one must also be nominated as a co-beneficiary. Consider
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for example an online service where account-sharing is pos-
sible, but where the platform allows at most k& + 1 users to
simultaneously access an account: the owner of the account
cannot legally share the account with more than £ of their
friends. Thus, the owner has to choose which k friends to
invite to the account.

Asymmetric shareability can be captured by modeling the
societal structure by a directed graph (Bayer, Kozics, and
Sz6ke 2023; Lépez-Pintado 2013; Papadimitriou and Peng
2023). A directed edge from node ¢ to j, allows contributing
player ¢ to choose out-neighbour player j. This can be due
to asymmetric preferences, or due to feasibility constraints.
Consider, for example, a group of people each of whom
needs to reach to their work and has to decide whether to
drive or not. Each player j has to choose either to drive, or
to get a lift from a player ¢ that chooses to drive and player j
is on their way to work. Hence, anytime a player ¢, who has
k empty seats, drives, they offer a ride to min {k,d" (i)}
out-neighbours, where d* (i) is i’s out-degree.

While asymmetric shareability is more expressive and
closer to reality, it creates additional complications for the
game. When the underlying network is undirected, pure
strategy Nash equilibria are guaranteed to exist and are
easy to find. When k is greater than the max degree in the
graph, equilibria correspond to independent dominating sets
(Bramoullé and Kranton 2007). When k is less than the
max degree a pure strategy Nash equilibrium always ex-
ists and one can be computed in polynomial time (Gerke
et al. 2024; Gutin, Neary, and Yeo 2020, 2023). On the other
hand, if the underlying social network is directed, matters
are not so straightforward. When sharing is not constrained
(Lopez-Pintado 2013; Bayer, Kozics, and Széke 2023; Pa-
padimitriou and Peng 2023), pure strategy equilibria are de-
scribed by what is known as a kernel, the analog of inde-
pendent dominating sets for digraphs, which does not al-
ways exist.! Worse still, deciding if a digraph contains a ker-
nel is NP-complete (Chvatal 1973; Papadimitriou and Peng
2023). However, the existence and complexity of equilibria
in public good games with limited shareability on digraphs
remained open.

"Kernels are well-studied objects in graph theory but were in-
troduced first in (von Neumann and Morgenstern 1944) as the so-
lutions to cooperative games.



Our Contribution

We perform a comprehensive study on the complexity and
the economic efficiency of Nash equilibria in public good
games on directed graphs with sharing constraints. Our re-
sults revolve around the structure of the underlying digraph
and the sharing parameter k.

Our first set of technical results focuses on pure Nash
equilibria. We observe that when k = 1, equilibrium compu-
tation boils down to a graph-theoretic problem which closely
related to what Gongalves et al. (2012) refer to as a spanning
galaxy, a vertex-disjoint union of stars containing all ver-
tices. We use this connection to prove that deciding whether
a pure Nash equilibrium exists is NP-complete in general
(Thm. 3). However, when the underlying graph is strongly
connected, then the problem can be solved in polynomial
time (Thm. 3). Unfortunately though, for every k& > 2,
the problem is NP-complete even on strongly connected di-
graphs (Thm. 4). On the positive side, in Thm. 5, we iden-
tify some structural properties of the underlying digraph that
guarantee the existence of a pure Nash equilibrium.

Then, we study the problem of computing a mixed Nash
equilibrium, which is guaranteed to exist and we show a di-
chotomy with respect to k. In Thm. 6 we derive a linear-time
algorithm for the problem, when k = 1. The dichotomy fol-
lows from previous results that showed PPAD-hardness for
k > 2 (Papadimitriou and Peng 2023) even for approximate
Nash equilibria (Do Dinh and Hollender 2024).

Our last set of results almost resolves completely the
(pure) Price of Stability (PoS) (Schulz and Moses 2003)
and Anarchy (PoA) (Koutsoupias and Papadimitriou 1999)
of this type of game. When k£ = 1 and a pure strategy equi-
librium exists, Thm. 9 shows that PoS=1; in fact, the theo-
rem exactly characterizes the number of buyers in every pure
Nash equilibrium that maximizes the social cost. For k£ > 1,
in Thm. 8 we prove an almost tight bound on PoS, again
assuming that a pure Nash equilibrium exists: it is lower
bounded by k& and upper bounded by k+ %H Next we move
to Price of Anarchy and we prove that the pure PoA is ex-
actly £ + 1 (Thm. 10). Interestingly, we show that the same
bound, i.e., k + 1 holds for PoS when we consider mixed
Nash equilibria (Thm. 11).

Further Related Work

Our model is a special case of a graphical game (Kearns,
Littman, and Singh 2013) that has received significant atten-
tion over the years (Deligkas et al. 2023). Bramoull¢ and
Kranton (2007) initiated the study of public good provi-
sion in networks. They considered an undirected network
and continuous action space. This influential paper has gen-
erated a long line of follow up work (Allouch 2015, 2017;
Baetz 2015; Bramoullé, Kranton, and D’ Amours 2014; El-
liott and Golub 2019; Kinateder and Merlino 2017; Klimm
and Stahlberg 2023).

Given their importance in society, the ability to compute
equilibria in environments with public goods games has be-
come a major topic of interest. Yu et al. (2020) show that
finding a pure Nash equilibrium in a discrete version of the
public goods game with heterogeneous agents players is NP-
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hard. Yang and Wang (2020) consider a binary action pub-
lic goods game and show that computation of equilibria are,
in general, NP-hard but become polynomial time solvable
when the underlying network is restricted to some special
domains, e.g., those with bounded treewidth. Gilboa and
Nisan (2022) answer a question of Papadimitriou and Peng
(2023) and prove that for some simple “best-response pat-
tern” the problem of determining whether a non-trivial pure
Nash equilibrium exists is NP-complete; they further find
a polynomial time algorithm for some specific simple pat-
tern. Gilboa (2023) and Klimm and Stahlberg (2023) present
alternative proofs that extend this result to show that the
problem is NP-complete for patterns that are finite and non-
monotone.

Some of the complete proofs of our results, identified with
(%), are deferred to the full version of our paper.

2 Model and Preliminaries

An instance of our problem is described by a directed graph

= (V, A), where V is the set of n vertices and A is the
arc set. For every vertex + € V, we denote its outgoing de-
gree by dT (i). The vertices correspond to players and arcs
represent directed connections between pairs of them. Each
player has two options: buy or abstain. If a player buys, they
are required to choose k of their out-neighbors, or all of their
out-neighbors if £ > d* (7). To simplify notation we write
k; to mean min {k, d* (i)}.

Formally, the set of pure strategies of player ¢ is given
by X; = {-}U (N;(i)), where — means that player ¢ does
not buy and each element in the collection of sets (N Z_(i))
conveys that player ¢ buys and chooses a particular subset of

size k; of their out-neighbours. In particular, ( ) = {0}.

A pure strategy profile is a vector (x1,...x,) €
x_1 X that specifies a pure strategy for each player. With
price of buying given by ¢ € (0,1), utilities are formally
defined as follows.

-1, ifz; =-andi ¢ x;forall j € N~ (i),
Ui(x) = 0, ifzx;=-andie€z;foraje N~ (i),
—c, ifax; £ .

Observe that maximizing utility is equivalent to minimiz-
ing cost. Moreover, note that the utility of a player that buys
does not depend on who they nominate.

Questions of Interest

We focus on existence, computation, and the (relative) effi-
ciency and inefficiency of equilibria.

From the perspective of player ¢, a pure strategy profile
@ can be written as (z;,_;), where z; € X is player i’s
strategy and x_; is the (n — 1)-dimensional vector listing
the behavior of all players other than . With this, pure Nash
equilibria are defined as follows.

Definition 1. Strategy profile x* = (a:l, L.xt)isa pure
Nash equilibrium if for every i=1,. n and every x; €
X, it holds that U;(zf, x* ;) > (zz, )



Pure Nash equilibria do not always exist even when shar-
ing is unconstrained, i.e., ¥k > max; d*(4). If we allow for
mixed strategies then existence is assured. Formally, a mixed
strategy for player ¢, denoted o, is a probability distribution
over their set of pure strategies. That is, o;(z;) > 0 for all
z; € Xjand ) . 0i(w;) = 1. As with pure strategy pro-
files, a given mixed strategy profile o = (o1, ...0,,) can be
viewed from the perspective of some player i as (o;,0_;).
The following extends the notion of equilibrium to mixed
strategies. (As is standard, we abuse notation somewhat and
also use U; to denote player ¢’s utility defined on the space
of mixed strategies.)

Definition 2. A strategy profile o* = (o7, ...07) is a mixed
strategy Nash equilibrium if for every i = 1,...,n, and ev-
ery oy, it holds that U; (o, 0% ,) > U;(0;, 0% ,).

Given a digraph D, we denote pny (D) and Pny(D) the
minimum and maximum, respectively, number of buyers in
a pure strategy Nash equilibrium (conditional on existence)
and we write by (D) to denote the smallest number of buy-
ers needed such that everyone either buys or is chosen by
an in-neighboring buyer. The (pure) price of stability (PoS)
and the (pure) price of anarchy (PoA) are defined by com-
paring most/least efficient equilibrium against the most effi-
cient outcome. 2 Formally, both are given as follows, where
suprema are taken for fixed k over all D that have a pure
Nash equilibrium.

Pny (D)

br(D)

pni(D) |
br(D) ’

PoSy, = sup

PoAy = sup
D D

The mixed price of anarchy and mixed price of stability
are then defined analogously except that mixing is allowed.
If mixing is permitted, then by definition the efficiency at-
tainable, both in and out of equilibrium, can only increase
since optimization occurs over a strictly larger set.

3 The Complexity of Pure Nash Equilibria

We begin this section by showing how all pure strategy
outcomes in our model can be described in purely graph-
theoretic terms; we follow standard terminology on di-
graphs, see Bang-Jensen and Gutin (2008).

Let D be a digraph and let £ > 1 be an integer. We say
that a subset of vertices S is a k-buyer set if by picking k;
arcs out of every vertex ¢ in S we can obtain a subdigraph
with no isolated vertex in V' \ S. If a subdigraph, R, has no
isolated vertex in V'\ S and is obtained by adding k; arcs out
of every vertex in S, then we call R an extension of S. We
will refer to the vertices in S as buyers, the vertices in V' \ S
as non-buyers, and the k; arcs out of each vertex v € S as an
indication of which non-buyers will be chosen by v. We say
that a k-buyer set S in V' is k-pure-Nash if S is independent
in the extension R (note it need not be independent in D)
and by picking k; arcs out of every vertex ¢ in S we obtain a
subdigraph without any isolated vertex in V' \ .S. When k >

2Observe, the most efficient outcome is equivalent to minimum
the number of buyers required to guarantee that every player has
access to the good.
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max; d* (i), a pure strategy Nash equilibrium is a kernel in
the digraph D (recall Footnote 1).

Whenever the value & is clear from context, we will sim-
ply refer to each the above as buyer sets and pure-Nash sets
respectively. The following example illustrates buyer sets
and pure Nash sets.

Figure 1: If k 2 then {z}, 23,23} is a buyer set but
not a pure-Nash set. In fact, the unique pure-Nash set is
{x%7 x}i? I’g’ Ig’ xé}'

We note that, for any digraph D and any sharing capacity
k, there always exists a buyer set because the entire vertex
set of the digraph is one such a set. However, even with un-
constrained sharing, pure strategy equilibria are not guaran-
teed to exist; think of a directed cycle of length 3.

There is a clear dichotomy in the complexity of determin-
ing the existence of a pure-Nash equilibrium for two cases.
The first is £ = 1 and the second is when k& > 2. We deal
with each in turn, beginning with the simplest case where
k = 1. We conclude this section by presenting some suffi-
cient conditions for the existence of pure Nash equilibria.

Pure Equilibria when k£ = 1

For k = 1, we observe that both equilibrium existence and
the computation of deciding on existence depend on the
structure of the underlying digraph. To obtain our results,
we require some notions and tools from graph theory.

A digraph D is strong if for every pair of vertices 7, j of
D, there exists a directed path from i to 5 and a directed
path from j to i. A directed star, or simply a star, consists of
a central vertex, called the root, and at least one leaf vertex,
with arcs from the root towards all leaves. In Gongalves et al.
(2012), a galaxy is defined as vertex-disjoint union of stars
and a spanning galaxy is a galaxy containing all vertices in
the digraph. We consider the reverse of a galaxy, that we call
an r-galaxy, which is a galaxy with all arcs reversed. If R is
an r-galaxy in a digraph D, then let Roots(R) denote all
the roots of the stars and let Leaves(R) denote all the leaves
(i.e., non-roots) in the stars.

Before stating our first result, we introduce the following
notation. Given a digraph D, let 51 (D) denote the minimum
out-degree of any vertex in D.

Theorem 1. Let D be a digraph with 67 (D) > 1. If R
is a spanning r-galaxy in D then Leaves(R) is a 1-pure-
Nash set in D. Furthermore, if S is a 1-pure-Nash set in



D then there exists a spanning r-galaxy, R, in D, such that
Leaves(R) = S.

Proof. First let R be a spanning r-galaxy in D and let S =
Leaves(R). We note that S is a pure-Nash set in D, as R is
an extension of .S.

Now let S be a pure-Nash set in D and let R be the sub-
digraph obtained by adding one arc out of each vertex of S,
such that S remains an independent set and there are no iso-
lated vertices. We note that R is now a spanning r-galaxy
with Leaves(R) = S, as desired.

The qualifier that 67 (D) > 1 is important for Theorem 1,
because, if some vertex in D has out-degree zero, then it
may still belong to a 1-pure-Nash set, but it can never be a
leaf in a spanning r-galaxy.

We will utilize the following useful results from
Gongcalves et al. (2012), which were proved for spanning
galaxies and therefore trivially hold for spanning r-galaxies.

Theorem 2 (Gongalves et al. (2012)). The following holds.

(@) Deciding whether a digraph D has a spanning r-galaxy
is NP-complete, even when restricted to digraphs which
are acyclic, planar, bipartite, subcubic, or with maximum
in-degree 2.

(b) If D is a strong digraph, then D contains a spanning
r-galaxy if and only if D contains a strong subdigraph of
even order.

(¢) If D is a strong digraph containing no spanning r-galaxy
then D —v contains a perfect matching for allv € V(D).

(d) We can in polynomial time decide if a strong digraph
contains a spanning r-galaxy.

(e) It is NP-complete to decide, given a strong digraph and
one of its arc, whether there exists a spanning r-galaxy
containing (resp. avoiding) this arc.

We now prove our first result on the existence of pure
strategy equilibria when & = 1. The result presents a di-
chotomy on the complexity of deciding whether a game pos-
sesses a pure Nash equilibrium based on the structure of the
underlying digraph D.

Theorem 3. When k = 1, the problem of deciding whether
there exists a pure Nash equilibrium is NP-complete. On the
other hand, the problem is polynomial-time solvable if k = 1
and the digraph is strong.

Proof. To prove the first part of the theorem, we reduce from
the problem of finding a spanning r-galaxy in a digraph,
which by Theorem 2(a) is known to be NP-hard. Let D be
any digraph and let X+ = {z | d*(z) = 0}. Now construct
D’ from D as follows: for each vertex z € X' add two
new vertices, u, and v,, and the arcs xu,, UV, v.x. We
will now show that D’ contains a pure-Nash set if and only
if D contains a spanning r-galaxy, which will complete the
proof.

Assume that R is a spanning r-galaxy in D and let § =
Leaves(R)U{u, | z € XT}. We note that S is a pure-Nash
setin D, as RU {u,v, | x € Xt} is an extension of S in
D'

Now let S be a pure-Nash set in D’. For the sake of contra-
diction assume that u, ¢ S for some x € X . This implies
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that v, € S (as otherwise v, € V(D’)\ S would be isolated
in an extension of .S) and = ¢ S (as S is independent in an
extension of S). However this implies that u, is isolated in
an extension of S, a contradiction. Therefore u, € S for all
x € XT. Analogously to above, this implies that v, & S
and x ¢ S forall z € X*+. Let R’ be an extension of S in
D’ and let R be the subdigraph obtained from R’ after delet-
ing all arcs u,v, for all x € X+. We now note that R is
a spanning r-galaxy in D, which completes the proof of the
first part of the theorem.

Deciding whether there exists a pure strategy Nash equi-
librium when k£ = 1 and the digraph is strong follows im-
mediately from Theorem 1 and Theorem 2(d). O]

Pure Equilibria when k£ > 2

We now show that deciding whether a pure strategy Nash
equilibrium exists for £ > 2 is NP-hard. We emphasize that
there is no qualifier along the lines of Theorem 3 for strong
digraphs as there was when k£ = 1.

Theorem 4. For all k > 2, deciding whether a strong di-
graph possesses a pure strategy equilibrium is NP-complete.

Proof. We will reduce from the NP-complete problem of de-
ciding if a 3-uniform hypergraph has a transversal of size at
most r. For an integer p > 2, a hypergraph H is p-uniform
if every (hyper)edge of H has p vertices. (A graph is a 2-
uniform hypergraph.) A set 1" of vertices in a hypergraph
H is a traversal if every edge of H contains a vertex from
T'. In the problem deciding if a 3-uniform hypergraph has a
transversal of size r, given a 3-uniform hypergraph H and
an integer r, we have to decide whether /7 has a traversal
with at most r vertices. This problem is NP-hard, since the
same problem for 2-uniform hypergraphs is NP-hard (Karp
1972).

Let H = (V, E) be a 3-uniform hypergraph. We may as-
sume that H contains no isolated vertices (as such vertices
can just be removed). We will construct a strong digraph,
D*, such that D* contains a k-pure-Nash set if and only if
H has a transversal of size r. This will complete the proof
of the theorem.

We first construct a digraph, D, as follows. Let V(D) =
ZUEUVUX, where V = {v1,vs,...,v,} corresponds
to the vertices in H and E = {ej, e, ...,¢e,,} correspond
to the edges in H and Z and X are independent sets such
that |Z]| = (k — 1)|E| and | X| = k(|V| — r). Now add arcs
from every e; € E to the three vertices in V' which belong
to e; in H. Then, from every e; add & — 1 arcs to vertices in
Z in such a way that every vertex in Z gets in-degree one.
Finally, add all the arcs from V to X. See Figure 2 for an
illustration of D.

We now construct D* from D. For every vertex, ¢ €
Z U X, add the vertices {uq,wq, Sq,tq} and the arcs
{qug, uqwq, wqq, gsq, Sqtq} and all arcs from ¢, to E. See
Figure 3 for an illustration of this gadget (ignore the differ-
ent colors of the vertices for now). Note that D* is strong as
every vertex in D lies on an (E, X UZ)-path and the gadgets
imply the existence of paths from every vertex in X U Z to
every vertex in E.
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Figure 3: The gadgets added in order to transform the di-
graph D into D*.

First assume that H has a transversal, T, of size r. Let
every vertex in F (in D*) buy and choose its £k — 1 out-
neighbours in Z and one of the vertices in 7' (which exists
as every edge in H contains a vertex from 7T). Let every
vertex in V'\ T buy and chooses k out-neighbours in X such
that every vertex in X is chosen (which is possible as | X | =
E(|V| — r)). Finally, for every ¢ € Z U X, we let 1, and s,
buy (that is, the gray vertices in Figure 3) and chooses w,
and t,, respectively. We note that this buyer assignment is a
k-pure-Nash set in D*.

Conversely, assume that S is a k-pure-Nash set in D* (that
is, S is the set of buyers in a pure strategy Nash equilibrium).
We will show that H contains a transversal of size r, which
will complete the proof. Let ¢ € ZUX be arbitrary. If ¢ € S,
then u, & S (as d},. (¢) = 2 and qu, € A(D*)). Therefore,
wg € S (as no in-neighbour of wy buys), which contradicts
the fact that ¢ € S, as N, (wq) = {¢}. So no vertex from
Z U X belongs to S.

As no vertex from Z U X belongs to .S, we note that
{ug,sq} C S and {wq,t,} NS = forevery g € ZU X
(that is, the gray vertices in Figure 3 belong to S). This im-
plies that £ C S (as no in-neighbour of any vertex in E
buys) and for every e; € E' it chooses k — 1 vertices in Z
and one vertex in V', which implies that this vertex does not
belong to S. So V' \ S is a transversal in H.

As every vertex in X must be chosen by at least one
buyer, we note that at least |V'| — r vertices in V' buy (as
|X| = k(JV]| = r). So V' \ S contains at most r vertices
and these vertices form a transversal in H. So H contains a

transversal of size at most r and therefore also a transversal
of size exactly r (just add arbitrary vertices to the transver-
sal). That is, D* contains a k-pure-Nash set if and only if H
has a transversal of size r, as desired. O

Sufficient Conditions for Pure Nash Equilibria

We now present some structural properties of D for which
a pure strategy Nash equilibrium is guaranteed to exist. We
also show the complexity of determining whether the prop-
erty is satisfied. Before stating the result, note that we write
A+(D) to denote the maximum out-degree, taken over all
vertices, in digraph D. Also, a strong component C' of di-
graph D is terminal if there is no arc from a vertex in C'to a
vertex outside of C.

Theorem 5 (x). Let D be a digraph. Then, a pure Nash
equilibrium exists if one of the following holds:
(i) D contains no odd cycles and A+ (D) < 1.
(ii) Every terminal strong component of D either contains an
even cycle or it is a single vertex.

(iii) D is acyclic.

(iv) D is bipartite.

Before proceeding, we remark on the complexity of de-
termining the properties above. First, observe from parts
(iii) and (iv) of Theorem 5 that deciding if a digraph has a
spanning r-galaxy and deciding if it has a pure Nash set are
fundamentally different problems (even though they are the
same in many cases as per Theorem 1). This holds for part
(iii) because it follows from Theorem 2(a) that is is NP-hard
to decide if an acyclic digraph contains a spanning r-galaxy.
Similarly, for part (iv) since, by Theorem 2(a), it is NP-hard
to decide if a bipartite digraph contains a spanning r-galaxy.

4 The Complexity of Mixed Nash Equilibria

In this section, we turn to the issue of computing mixed strat-
egy Nash equilibria.

Mixed Equilibria when £ = 1

First we prove how to efficiently find a mixed Nash equilib-
rium when k = 1.

Theorem 6. When k = 1, we can compute a mixed Nash
equilibrium in linear time.

Proof. The algorithm works in three phases. In the first
phase, we create a subgraph D’ of digraph D as follows.
We arbitrarily order the vertices of the digraph, and for each
one we arbitrarily pick an out-neighbor, if it has an out-
neighbor. The idea is that if a player buys, then, they will
choose the identified out-neighbor with probability 1. In the
second phase, we focus on D’ and more specifically on ver-
tices with in-degree zero (called sources), i.e., players that
have to buy in every Nash equilibrium. So, while there is a
source in the remaining directed graph, we arbitrarily pick
one of them and the chosen out-neighbor, if it exists. We
set the strategy of the source to buy, the strategy of the cho-
sen out-neighbor (if any) to not buy, we delete these vertices
from the digraph, and we check again for sources in the re-
maining graph. At the end of the second phase, the remain-
der of digraph D’ consists of disjoint directed cycles only.
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For each remaining vertex, we set the probability of buying
to 1 — c and choose the designated out-neighbor.

We argue that the constructed strategy profile is a mixed
Nash equilibrium. There are three types of players depend-
ing on the strategy they play and we will consider them inde-
pendently and prove that each of them plays a best response.

* Players that buy with probability 1 incur cost c. Observe
that the constructed strategy guarantees that for every
such player there is no in-neighbor that buys and chooses
her. Hence, if they deviates to not buy, they will incur
cost of 1. Hence, every such player plays a best response.

Every player that buys with probability 0, must have
an in-neighbor that buys with probability 1 and chooses
them. Hence, every such player incurs cost 0, which is
clearly a best response.

For the players who mix between two actions we will
calculate the cost of each action and we will prove that
the expected cost in each case is optimal. Indeed, observe
that the expected cost for buying is c; the cost is the same
for every out-neighbor the player chooses. Furthermore,
since by construction of the strategy profile exactly one
in-neighbor of the player will choose the player, the ex-
pected cost for not buying is calculated as follows. With
probability p the in-neighbor will buy and will pick the
agent and the agent will incur cost 0. With probability
1—p=1-(1-c¢) = cthe in-neighbor will not buy
and the player will incur cost 1. Hence, the expected cost
for not buying is again c. So, the player plays with posi-
tive probability only actions that yield minimum cost and
thus they have no incentives to deviate.

Hence, the constructed strategy profile is a Nash equilib-
rium. O

Mixed equilibria when £ > 2

Unfortunately, for every £k > 2, the problem is PPAD-
hard even for finding an approximate Nash equilibrium, i.e.,
there is unlikely to exist a polynomial-time algorithm (unless
PPAD=P (Papadimitriou 1994)) that finds a strategy profile
that every player cannot decrease their cost by “much”. The
result essentially follows from the construction of Do Dinh
and Hollender (2024), where they study public good games
without the sharing constraint k. In their reduction, they con-
struct a directed graph with maximum out-degree 2, hence
their PPAD-hardness holds for our model, for any £ > 2.
We state the result for completeness.

Theorem 7 (Do Dinh and Hollender (2024)). For every k >
2, finding a mixed Nash equilibrium is PPAD-hard.

5 The Efficiency of Nash Equilibria

We now consider the efficiency of equilibria. As before, we
begin with restricting attention to pure strategies before al-
lowing for randomization. By definition, mixing can only
improve welfare since every pure strategy can be viewed as
a special case of a mixed one.
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Efficiency of Pure Strategy Equilibria

As with deciding on the existence of pure strategy Nash
equilibria, there is a difference between the case of £ = 1
and that of £ > 2. We begin with a general result that holds
for all k.

Theorem 8 (x). Fix k > 1. Then k < PoSi < k + 47

Proof sketch. The proof of the upper bound is rather techni-
cal and it is deferred to the supplementary material.

Next we show that the price of stability is at least k. Fig-
ure 1 presents an out-tree where every non-leaf has out-
degree k = 2 and r = 3 levels. Consider a generalization of
this example where every vertex has out-degree k£ and there
are r levels, where 7 is odd. Comparing efficient equilibria
and efficient outcomes in such structures parallels our analy-
sis of Figure 1. The most efficient buyer set involves forcing
all vertices in the first two levels to buy and then alternat-
ing levels with non-buyers and buyers thereafter. But this
is not an equilibrium because in the unique equilibrium the
root must buy and therefore those in the second level will
not. This continues, meaning that each vertex in every odd-
numbered level buys. As r increases in any such structure,
the price of stability tends to k. O

In fact, we believe that k is the right answer for PoS.

Conjecture 1. If a digraph admits a pure strategy Nash
equilibrium, then the price of stability is equal to k.

The following theorem verifies our conjecture for k = 1.
Before stating the result, we introduce the following nota-
tion: given a digraph D, let o’ (D) denote the size of a max-
imum matching in D.

Theorem 9 (x). Fix k = 1. If the model admits a pure strat-
egy Nash equilibrium then the price of stability is equal to
1. Moreover, the most efficient outcomes (equilibrium and
non-equilibrium alike) have exactly n — o' (D) buyers.

Proof sketch. Assume that the digraph D contains a 1-pure-
Nash set. We first show that n — o/ (D) = by (D). Let M be
a maximum matching in D and let S denote all the heads of
the arcs in M. Now V(D) \ S is a 1-buyer set in D of size
n—|S| = n—a’(D) (where each vertex in S gets chosen by
its in-neighbour in M), implying that b1 (D) < n — &/(D).

Conversely, let R be an extension of a 1-buyer set, @,
where |Q)| = b1(D). For each vertex z € V(D) \ Q we
can pick an arc into z from R. Note, these n — |Q)| arcs
form a matching, implying that o/ (D) > n — b1(D). As
b1(D) < n—a'(D), we obtain by (D) = n — o/ (D).

We will now prove that pni(D) = n — /(D). First let
H be an extension of a 1-pure-Nash set, S, where |S| =
pny (D). For each vertex x € V(D) \ S we can pick an arc
into x from H. Note that these n — | S| arcs form a matching,
implying that o/ (D) > n — pny(D). Or, alternatively, that
pni(D) > n— /(D).

Next we now prove that pnq (D) < n — o/(D), which
will complete the proof of the theorem. For the sake of con-
tradiction assume that pnq(D) > n — o/(D). Let M be a
maximum matching in D and let H be an extension of a
1-pure-Nash set, S, where |S| = pni(D). Let X; be the



vertices in H with in-degree one and let X, be the vertices
in H with in-degree at least 2. Let Y; be the vertices in H
with an arc into X; and let Y5 be the vertices in H with
an arc into X5, and let Z be the isolated vertices in H (see
Figure 4).

Xs| Q Q |

Figure 4: An illustration of Z, X3, X2, Y7 and Y5 in the
proof of Theorem 9, where the digraph H is shown above.
Note that S = Z U Y] U Ys.
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We first consider the 2-edge-colored graph, G, defined as
follows. Let V(G) = V(D) and let the edges in the un-
derlying undirected graph of H have color 1 in G. Let the
underlying undirected edges of the matching, M, have color
2 in G. This defines the 2-edge-colored multi-graph G (there
could be both an edge of color 1 and an edge of color 2 be-
tween 2 vertices).

We then define the graph G’ as follows. Let V(G') = Z U
X5 UY; and define the edge-set of G/, such that ab € E(G’)
if and only if there is an alternating path between a and b in
G starting and ending with edges of color 2 and such that a
and b are the only vertices on the path from Z U X5 U Ys.
We need the following claim.

Claim A (%) : |[E(G")| > | X2|.

We now return to the proof of Theorem 9. Let G be ob-
tained from G’ by deleting at most | X| edges in the follow-
ing way. For each x € X5 we delete at most one edge using
the below approach.

¢ If d;; (x) = 2 and there is an edge in G’ between the two
vertices in N (x) then delete this edge from G’.

 If we did not delete an edge above, then delete the edge
incident with x in G’ (if such an edge exists).

Let G” denote the resulting graph and note that by
Claim A we have |E(G")| > |E(G")| — | X2| > 0. So there
exists an edge uv € E(G").

In all four cases below, which exhaust all possibilities (see
Fig. 5), we can obtain a contradiction (by finding a 1-pure-
Nash set of smaller size than S).

Case 1(x): |{u,v} N X3 =2.

Case 2(x): |[{u,v} N Xz = 1.

Case 3(x): [{u,v} N Xa| = 0and Nj;(u) = Nj(v) # 0.

Case 4(x): [{u,v} N X3| = 0 and Ny (u) # N*(v)
Nt () = N (v) = 0.

This implies that pny (D) > n—a/(D) is false, and there-
fore pn1 (D) < n — a/(D), as desired. O

The pure price of anarchy is more straightforward.

16827

(Case 1) (Case 2) (%ase 2) (Case 3)
o000 | O j&/IX
(Case 4) (Case 4) (Case 4)

Figure 5: An illustration of the four cases in the proof of
Theorem 9, where the dotted edges indicate edges in G’ and
the arcs indicate arcs in H.

Theorem 10. Fix k > 1. Then the pure price of anarchy is
equal to k + 1.

Proof. Consider a complete digraph on n vertices and fix
sharing capacity at k& < n. The least efficient Nash equilib-
rium has n — k buyers each choosing the same & non-buyers.
In contrast, at the most efficient outcome each buyer chooses
k non-buyers, and so has buyer set of size k%l, when n is
divisible by k£ + 1 and round up otherwise. The ratio of these
terms equals the price of anarchy and tends to &k + 1 as n
gets large. Moreover, the price of anarchy is always bounded
from above by k + 1 because there cannot be more than n
buyers in any pure Nash equilibrium and there must be at
least n/(k + 1) buyers. O

Efficiency of Mixed Strategy Equilibria

Extending our terminology from that used for pure strategy
outcomes, the minimum cost of a mixed Nash equilibrium is
denoted by mpny, (D), and the corresponding minimum cost
of a mixed buyer assignment is denoted by mby (D).

Theorem 11 (x). Let k > 1. Then the mixed price of stabil-
ity is equal to k + 1.

6 Discussion

Our paper provides a complete investigation of the exis-
tence, the complexity, and the efficiency of Nash equilib-
ria in public good games with sharing constraints. We fo-
cus on directed networks and as we demonstrate this restric-
tion makes a difference for the existence of pure equilib-
ria which always exist in undirected networks (Gerke et al.
2024; Gutin, Neary, and Yeo 2020, 2023). In addition, we
show that the underlying structure of the network affects
the existence of pure Nash equilibria and we provide a di-
chotomy for this problem. Finally, we obtain bounds, which
are tight in many cases, on the price of anarchy and stabil-
ity; the only open case is stated in Conjecture 1 which we
strongly believe is true.
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