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Abstract

In standard fair division models, we assume that all agents
are selfish. However, in many scenarios, division of resources
has a direct impact on the whole group or even society. There-
fore, we study fair allocations of indivisible items that, at
the same time, maximize social impact. In this model, each
agent is associated with two additive functions that define
their value and social impact for each item. The goal is to
allocate items so that the social impact is maximized while
maintaining some fairness criterion. We reveal that the com-
plexity of the problem heavily depends on whether the agents
are socially aware, i.e., they take into consideration the social
impact functions. For socially unaware agents, we prove that
the problem is NP-hard for a variety of fairness notions, and
that it is tractable only for very restricted cases, e.g., if, for ev-
ery agent, the valuation equals social impact and it is binary.
On the other hand, social awareness allows for fair alloca-
tions that maximize social impact, and such allocations can
be computed in polynomial time. Interestingly, the problem
becomes again intractable as soon as the definition of social
awareness is relaxed.

1 Introduction

The new equipment for your lab has arrived, and the lab di-
rector (LD) has to decide how to allocate it among lab mem-
bers. Each member has their own preferences, i.e., subjective
valuations, over the items of equipment. Meanwhile, LD an-
ticipates the impact each member can have for the whole lab
when allocated an item. This can depend on the background
and technical skills of each member, and thus it can vary
significantly and might not be aligned with members’ val-
uations. Having said this, LD knows that the members will
compare their bundle against their peers. Thus, LD would
ideally like to find an allocation that maximizes social im-
pact and is perceived as being “fair”.

Consider the following scenario, though. Two items have
to be allocated between reliable-Bill and sloppy-Joe. It is
known that the impact of Bill will be 10 from each item,
while Joe can contribute only 1 for each. This toy example
demonstrates that even the most relaxed fairness criterion —
envy-freeness up to one item (EF1) — cannot always be sat-
isfied if we require maximization of social impact. In many
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cases in the real world, though, people are socially aware.
Thus, they are willing to accept a “non-fair” outcome if they
realize that this is for the benefit of all.

The scenarios above might be seen as fair division with
externalities (Velez 2016; Aziz et al. 2023b; Deligkas et al.
2024), where agents care not only for the items assigned to
them, but also how exactly the remaining items are allocated.
Nevertheless, this model is too general, so Flammini, Greco,
and Varricchio (2025) have recently introduced a model that
captures exactly the setting above: there is a set of goods
and every agent is associated with two additive functions
that define their value and social impact for each good. The
goal is to allocate the goods so that the social impact is max-
imized while maintaining some fairness criterion. They have
studied the “price of fairness”, which essentially quantifies
how much worse in terms of social welfare a fair outcome
is. In addition, they have formally introduced the notion of
socially aware agents and which outcomes they perceive as
fair. They showed that with socially aware agents, EF1 and
social impact maximizing allocations always exist and can
be computed in polynomial time. However, the complexity
of the underlying computational problems was not examined
in detail. Our goal is to extend the fairness solution concepts
for this model and settle their complexity.

Our Contribution

We provide a comprehensive study of the complexity of
computing fair allocations that maximize social impact,
which we term SIM allocations. We investigate seven dif-
ferent fairness criteria, all of which are strengthenings or
weakenings of EF1. For each criterion, we examine the con-
straints on the valuation and social impact functions that al-
low for tractability (see Figure 1 for an overview).

Our initial set of technical results considers socially un-
aware agents, where we study two different dimensions of
the problem and for each of them we provide complemen-
tary results between tractability and NP-hardness. Interest-
ingly, we show that the problem behaves in the same way for
every fairness criterion, albeit we need slight modifications
in our proofs to formally establish this. First, we restrict the
domain of the valuation and social impact functions. There,
we show that the problem is NP-hard even when both func-
tions are binary (Thm. 1), but it becomes tractable if for ev-
ery agent both functions are binary and equal to each other
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Figure 1: A basic overview of the complexity landscape of deciding whether a SIM and F-fair allocation exist.

(Thm. 2). Then, we restrict the number of agents. Unfortu-
nately, the problem is NP-hard even for two agents with bi-
nary social impact functions (Thm. 3). On the other hand, we
derive a pseudo-polynomial time algorithm that solves the
problem for any constant number of agents (Thm. 4). Hence,
the problem is tractable when we have a constant number of
agents, polynomially bounded valuation functions, and un-
restricted social impact functions.

Then we consider the case where the agents are socially
aware. Our first set of results for this setting adopts the defi-
nition of social awareness from (Flammini, Greco, and Var-
ricchio 2025). Intuitively, we accept allocations that do not
satisfy the “standard” fairness constraint, however, any bun-
dle an agent envies (according to the chosen fairness crite-
rion) cannot produce strictly more social impact if this agent
gets it. We prove that social awareness allows for SIM and
fair allocations that can be computed in polynomial time
(Thms. 5 and 6). This leads us to the question of whether the
definition of social awareness allows for an arbitrary fair-
ness criterion. We prove that this is not the case by showing
NP-hardness if we have “fully envious” agents (Thm. 7).

Finally, we ask whether we can relax social awareness and
still get a fair and SIM allocation in polynomial time. Our
first relaxation considers the case where not all agents are
socially aware. Unfortunately, even if only one agent is so-
cially unaware existence of SIM and fair allocations is not
guaranteed and, in fact, the problem becomes NP-hard even
when there are two agents (Thm. 9). On the positive side, we
complement this negative result with a pseudo-polynomial
time algorithm that works for any constant number of agents
where some of them are socially unaware (Thm. 10). Then,
we limit social awareness for each agent in two different
ways. In the first case, we focus on a-approximately so-
cially aware agents, where a € [0, 1], and an agent accepts
an unfair outcome only if every envied bundle produces at
least o times more social impact under the current alloca-
tion. Strikingly, we get the same behavior as before: there is
not always a solution and the problem is NP-hard for every
possible o (Thm. 11). In the second case, we define weakly
socially aware agents. Intuitively, an agent accepts an unfair
allocation if the proportional gain of their valuation from an
envied bundle is less than the proportional gain in social im-
pact (Def. 11). Once again, there is no guaranteed solution
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and the problem is NP-hard even for two agents (Thm. 12).
The full version is available in (Deligkas et al. 2025b).

Related Work

Our paper lies in the area of fair division with indivisible
items, where there is a flourish of results in the last 15
years (Lipton et al. 2004; Bouveret and Lang 2008; Budish
2011; Caragiannis et al. 2019); for excellent recent surveys,
see (Amanatidis et al. 2023) and (Nguyen and Rothe 2023).

As we have mentioned before, (Flammini, Greco, and
Varricchio 2025) is the most relevant paper to ours, since
we extend their model and their computational results. Hav-
ing said this, both papers fall into the larger, more general
model of fair division with externalities (Velez 2016; Aziz
et al. 2023b; Deligkas et al. 2024). In this model, each agent
gets value from the whole allocation, i.e., they value each
bundle depending on the agent who got it. Hence, we can
see any instance in our setting as an instance of agents with
externalities. On a similar note, Bu et al. (2023) studied the
model in which there is an allocator with its own view of
how the items should be allocated between agents, and the
goal is to be fair to both the agents and the allocator. It should
be highlighted that users deriving their utility not only from
their own benefit but also from the benefit of (or to) others is
a well-described phenomenon in social sciences and behav-
ioral economics; see, e.g., (Overvold 1980; Andreoni 1990;
Huang et al. 2022; Thomas and Thomas 2025).

A different point of view is to consider our problem
as constrained fair division (Suksompong 2021). We iden-
tify two settings that are closest to ours. The first regards
welfare-maximizing fair allocations. Observe that when so-
cial impact equals the valuation of each agent, fair SIM
allocations coincide with welfare-maximizing allocations
that are fair, which was proven to be NP-hard (Aziz
et al. 2023a) in general. The second is related to orienta-
tions (Christodoulou et al. 2023; Zhou et al. 2024; Deligkas
et al. 2025a; Afshinmehr et al. 2025; BlaZej et al. 2025).
Here, every agent is associated with a subset of items they
are interested in. The goal is to find an allocation where
every agent gets items only from their subset. In our case,
agents are only allowed to get items for which they are so-
cial impact maximizers. The crucial difference though is that
in our case, agents value the remaining items as well.



2 Preliminaries

We assume a set M of m items which need to be parti-
tioned between a set N of n agents. Each agent i € N is
associated with a valuation function v;: 2™ — Ny which
assigns to each subset S of items, called a bundle, a nu-
merical value expressing how satisfied ¢ is when S is allo-
cated to them. Additionally, there is a social impact function
s 2M — Ny for every agent i € N expressing what social
impact agent ¢ generates for the society with each bundle
S C M. Throughout the paper, we assume that both the val-
uation functions and the social impact functions are additive,
meaning that for every agent ¢ € N and every S C M we
have v;(S) = >_gegvi({g}) and s:(S) = > g si({9}),
respectively, and normalized, i.e., v;(#) = s;(#) = 0. An in-
stance of fair division with social impact is then a quadruple
Z=(N,M, (vi)ien, (8i)ien)-

A partial allocation is a tuple A = (A, ..., A,), where
A; C M is a (potentially empty) bundle received by agent
i € N, for which it holds that A, N A; = 0 for each
pair of distinct i, j € N. If additionally | J;_, A; = M,
then we say A is a complete allocation. In the remain-
der of the paper, we are interested in complete allocations.
Let A be a (partial) allocation. We naturally extend the val-
uations and social impact functions from bundles to alloca-
tions by setting v; (A) = v;(A4;) and s;(A) = s;(A;). More-
over, we denote the overall social impact generated by A as

Solution Concepts. The first solution concept crucial for
our work is the requirement to maximize social impact.
Specifically, we require that in each solution the sum of so-
cial impacts is the maximum possible.

Definition 1. An allocation A is social impact maximizing
(SIM) if for every allocation A" we have SI(A) > SI(A").

It is easy to see that SIM allocations always exist and can
be found efficiently. It is enough to allocate each item to an
agent that maximizes the social impact for it. However, such
allocations may be very unfair. Assume an instance with so-
cial impact functions that assign one to every combination of
an agent and an item. It may happen that the previous proce-
dure allocates all items to a single agent ¢, which is arguably
very unfair to all remaining agents.

To overcome this issue, we combine SIM requirement
with various notions of fairness. We focus on axioms based
on pairwise comparison of agents’ bundles. The prototypical
concept in this line of research is envy-freeness (Foley 1967),
which requires that each agent prefers their own bundle be-
fore the bundles of other agents and is defined as follows.

Definition 2. An allocation A is called envy-free (EF) if for
any pair of agents i,j € N we have v;(A4;) > v;(A;).

It is well known that envy-free allocations are not guaran-
teed to exist, even without social impact functions. Simply
assume an instance with two agents and one item strictly
positively valued by both agents; the agent who does not
receive this item is always envious. Moreover, deciding the
existence of EF allocations is a notoriously hard computa-
tional problem. Therefore, in the rest of the paper, we focus
on several relaxations of envy-freeness for which, without
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social impact function, existence is guaranteed and there are
efficient algorithms finding such desirable outcomes.

We start with a relaxation called envy-freeness up to one
item (Lipton et al. 2004; Budish 2011) which requires that if
there is envy from agent ¢ to agent j, then this envy can be
eliminated by the removal of one item from j;’s bundle.

Definition 3. An allocation A is called envy-free up to one
item (EF1) if for every pair of agents i,5 € N there exists
an item g € M such that v;(A;) > v;(A; \ {g}).

Note that in the definition of EF1, the item removed
from j’s bundle can be specific for each agent © € N. A
stronger variant of this notion requires that the removal of
one universal item from A; prevents potential envy from all
other agents. This notion is due to Conitzer et al. (2019).

Definition 4. An allocation A is called strongly envy-free
up to one item (SEF1) if for every j € N there exists an item
g € M such that v;(A;) > v;(A; \ {g}) for everyi € N.

As noted by Wu, Zhang, and Zhou (2025), in traditional
EF1 (or sEF1), it is assumed that all agents have equal obli-
gations. However, this assumption can be very unrealistic in
many scenarios. E.g., recall our scientific laboratory exam-
ple from the beginning of the paper. It is reasonable to ex-
pect that the division of the equipment should also consider
factors such as seniority or merit. Therefore, we also study
weighted envy-freeness (Chakraborty et al. 2021; Aziz et al.
2024; Suksompong 2025). In this model, each agent : € N
is additionally associated with its weight w;.

Definition 5. An allocation A is called weighted envy-free
up to one item (WEFI) if for every pair of agents i,5 € N
there exists an item g € M such that

vi(Ai) (45 \ {g})

(o Wy

>

Clearly, if all the weights are the same, wEF1 is equivalent
to EF1. Therefore, wEF1 is a generalization of EF1. Simi-
larly to sEF1, we can analogously define strong weighted
envy-freeness up to one item (SWEF1).

A different point of criticism towards EF1 is that it allows
the envy between ¢ and j to vanish simply by the removal
of the best good from the j’s bundle, regardless of how val-
ued this item is for the agent ¢. For example, assume that ¢
and j are allocated one item each, an i values A; as 1000
and A; as 1. Although formally there is no EF1-envy from ¢
towards j, agent ¢ may still consider the allocation very un-
fair, since there is a huge difference in the valuations of both
bundles. Motivated by this, Barman et al. (2018) introduced
envy-freeness up to one less preferred good.

Definition 6. An allocation A is called envy-free up to one
less preferred item (EFL) if for every pair of agents i,j € N
at least one of the following two conditions hold:

1. Aj contains at most one item which is positively valued
by i, or
2. there exists g € Aj such that v;(A;) > v;(4; \ {g}) and
vi(A;) > vi({g}).
Finally, in light of our negative results, we also study a re-
laxation of EF1 that, instead of removing one item to elim-
inate envy, uses a transfer of one item. In the literature, this



notion is usually called weak envy-freeness up to one item.
However, to avoid possible confusion with weighted EF1,
we call it envy-freeness up to one transfer.

Definition 7. An allocation A is called envy-free up to one
transfer (tEF1) if for every pair of agents 1,57 € N such
that v;(A;) < v;i(A;) there exists an item g € A; so that
vi(Ai U{g}) = v;(4; \ {g}).

It is easy to see that whenever an allocation is EF1, it is
tEF1, as if the item g that removes the envy from ¢ to j is
additionally moved to A;, it cannot decrease the value of A;
for <. In the opposite direction, tEF1 does not imply EF1.
The example here is an allocation where A; contains two
items, both valued 1 by ¢, and A; = (). If we transfer one
item from A; to A;, the value of agent 4 for both bundles
is 1, so this allocation is tEF1. However, the removal of a
single item does not eliminate envy, so it is not EF1.

Remark 1. It is not hard to see that, given an allocation A,
one can check whether this allocation is SIM and F-fair,
where F € {tEF1,EF1,sEF1,wEFI ,swEFI,EFL}, in
polynomial time. Hence, deciding whether a SIM and F -fair
allocation exists is trivially in NP and we will not stress this
explicitly in our hardness proofs.

3 Socially Unaware Agents

In this section, we explore the computational complexity of
deciding the existence of SIM and fair allocations. In gen-
eral, hardness for EF1 follows from the result of Aziz et al.
(2023a), who showed that deciding whether an EF1 alloca-
tion maximizing social-welfare! exists is NP-complete. This
corresponds to the case with s; = v; forevery : € N. We ex-
tend their result by studying also additional notions of fair-
ness and giving a much more detailed picture of its com-
plexity, even in as restricted domains as binary valuations,
or with a constant number of agents.

First, we observe that, without loss of generality, we can
assume that the social impact function is binary.

Lemma 1. For any F € {tEF1,EF1,sEFI,wEFI,swEFI,

EFL,EF}, an instance T = (N, M, (v;)ien, (Si)ien) ad-
mits a SIM and F-fair allocation if and only if an in-
stance J = (N, M, (v;)ien, (s} )ien), where s7(g) =1 if
i € argmax;ecn $;(g) and O otherwise, admits a SIM and
F-fair allocation.

With the previous lemma in hand, we show our main hard-
ness result of this section, which settles that even if both
the valuations and the social impact functions are binary, the
problem is NP-complete. Our strategy in the reduction is to
introduce some initial unfairness between agents so that the
rest of the items have to be allocated in an envy-free way,
which is known to be computationally hard (Aziz et al. 2015;
Hosseini et al. 2020).

Theorem 1. For any F € {tEFl, EFl, sEF1, wEFI,
swEF1,EFL}, it is NP-complete to decide whether a SIM
and F-fair allocation exist, even if both the valuations and
the social impact functions are binary.

!Social welfare of an allocation is simply the sum of utilities of
all agents in this allocation.
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Note that in the previous results, the social impact func-
tions and the valuations are not the same. If we additionally
assume that the valuations and social impacts are the same,
we obtain a positive result modifying the Yankee-swap al-
gorithm of Viswanathan and Zick (2025) and the weighted
round-robin of Chakraborty et al. (2021), respectively.

Theorem 2. If the valuations are binary and v; = s; for
every i € N, a SIM and F-fair allocation is guaranteed
to exist and can be found in polynomial time for any F €
{tEF1,EF1,sEF1,wEFI, swEFI EFL}.

Next, we turn our attention to instances with a constant
number of agents. We show that with two agents already,
deciding the existence of SIM and fair allocation is compu-
tationally intractable.

Theorem 3. For any F € {tEFI, EFl, sEFI, wEFI,
swEFI1,EFL}, it is NP-complete to decide whether a SIM
and F-fair allocation exist, even if the social impact func-
tions are binary and n = 2.

However, the previous hardness result is highly dependent
on the fact that the agents’ valuations for the items are expo-
nential in the input size. That is, the result shows only weak
NP-hardness. In the following, we complement the hardness
and show that if the number of agents is a fixed constant and
the valuations are polynomially bounded in the input size,
then there is an efficient algorithm. Notably, the algorithm
is not based on an explicit DP formulation, as one might
expect, but rather models our problem as graph reachabil-
ity. Thanks to this, the algorithm can be implemented very
efficiently by generating the graph on-demand and finding
the solution using, e.g., a variant of the A* algorithm (Hart,
Nilsson, and Raphael 1968; Dechter and Pearl 1985; Korf
1997; Zhou and Zeng 2015).

Theorem 4. For every fixed constant number of agents n,
there exists a pseudo-polynomial-time algorithm deciding
whether a SIM and F-fair allocation exist for any F €
{tEF1,EF1,sEF1,wEFI,swEFI,EFL,EF}.

4 Socially Aware Agents

Motivated by the experimental work of Herreiner and Puppe
(2009) and Hosseini et al. (2025), which explore what real-
life users perceive to be fair outcomes, Hosseini (2024) ar-
gues that “developing fair algorithms may require axioms
that are able to capture solutions that take the social con-
text into account beyond perceived envy.” In this section, we
build up on this idea and follow the approach introduced
by Flammini, Greco, and Varricchio (2025) and assume so-
cially aware agents. Intuitively, an agent is socially aware if
they are willing to accept a formally unfair outcome in case
it leads to a greater social impact.

Definition 8. We say that an allocation A is envy-free up
to one item with socially aware agents (SA-EF1), if for each
pairofagentsi,j € N, one of the following conditions hold:

1. g € M exists such that v;(A;) > v;(4; \ {g}), or
2. SZ(AJ) < SJ(A])

Other fairness notions, such as SA-wEF1 and SA-EFL,
are then defined analogously to SA-EF1, just with the first



condition modified accordingly. Based on the above defini-
tion, we will say that an agent ¢ SA-envies j, if and only if
vz(Az) < Ui(Aj) and Sl(AJ) > Sj(Aj).

First, we observe that the second condition in the defi-
nition of social awareness is meaningful in the sense that
it captures the intuition of socially aware agents but is not
strong enough to allow for some very unfair solutions.

Observation 1. If we replace < with < in the second part
of the definition of SA-EF (and its relaxations), any SIM al-
location is a solution.

Flammini, Greco, and Varricchio (2025) proved that there
is a modification of the famous envy-cycle elimination al-
gorithm (Lipton et al. 2004) that always finds an SA-EF1
allocation. We extend their result in two ways. In our first
result, we show that SA-swEF1 allocations are also guar-
anteed to exist. Interestingly, our approach is based on a
picking sequence similar to the round-robin algorithm. More
precisely, the algorithm is a modification of the weighted
picking sequence protocol proposed by Chakraborty et al.
(2021), which reduces to a round-robin approach in the case
of identical agent weights. However, we only allow agents to
pick goods for which they maximize social impact, and we
force agents to skip their turn whenever they do not maxi-
mize the social impact of any unallocated good. The proof
then basically follows from Chakraborty et al. (2021) and
a simple observation that agent ¢ can SA-envy agent j only
if 7 chose only goods for which ¢ maximizes social impact.
Therefore, from the point of view of ¢, we can completely
ignore all agents that get an item for which ¢ does not maxi-
mize social impact. On the other hand, if we consider an aux-
iliary instance in which agents only value items for which
they maximize impact and get a dummy item that every-
one values 0 whenever they skip a turn we get an allocation
that is SWEF1 according to Chakraborty et al. (2021) and
in which: 1) All agents get same bundle plus some dummy
items. 2) Every agent values every bundle for which the
agent maximizes the social impact and all non-dummy items
in it exactly the same.

Theorem 5. SIM and SA-swEF1 allocation is guaranteed
to exist and can be found in polynomial time.

The above approach naturally extends to all fairness no-
tions we consider except for SA-EFL. It is not a coincidence,
as it turns out that any picking sequence protocol that com-
putes picking sequence disregarding the valuation functions
is doomed from the start for SA-EFL. Observe that the first
agent in the sequence that is allowed to pick more than once
can choose an item that everyone, including the agent, con-
siders more valuable than the sum of all remaining items
(not assigned until the first pick of the agent); to give a more
concrete example, consider the following.

Example 1. Let us assume an instance with two agents,
four items, and both agents have identical social impact and
identical valuations for these items. Let these identical val-
uations be 100, 1, 1, 1. Consider the round-robin picking
sequence, in which each agent picks two items. So, the fi-
nal allocation is ({100,1},{1,1}). Clearly, agent 2 with
the bundle {1,1} envies agent 1 with the bundle {100, 1},
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and only removal of 100 would remove this envy. However,
100 > 2 = 1 + 1, so this allocation is not EFL. The only
way to get an EFL allocation for this instance is to give the
large item to one agent and the remaining items to the other.

However, we obtain a positive result for EFL anyway. The
algorithm to obtain SA-EFL is a combination of the ideas
for SA-EF1 from Flammini, Greco, and Varricchio (2025)
and for EFL from Barman et al. (2018). The algorithm is
basically identical to the algorithm for finding EFL alloca-
tion from Barman et al. (2018); however, agents are only al-
lowed to pick goods for which they maximize social impact,
and instead of using the standard envy-graph, whose ver-
tices are agents and directed edges represent envy from one
agent to another, we consider the so-called SA-envy graph,
where directed edge represent SA-envy. The correctness fol-
lows again from the observation that throughout the compu-
tation, each agent maximizes social impact of their bundle.
So, once a bundle A; receives an item for which an agent ¢
does not maximize the social impact, agent 7 will never envy
an agent that has (a superset of) the bundle A ;. Hence, con-
sidering only the SA-envy graph is sufficient. The proof that
the EFL property is satisfied if two agents SA-envy one an-
other is then analogous to the proof of Barman et al. (2018).

Theorem 6. SIM and SA-EFL allocation is guaranteed to
exist and can be found in polynomial time.

Previous results indicate that whenever we combine a
fairness notion with social awareness, we obtain an ex-
istence guarantee accompanied by polynomial-time algo-
rithms. One may wonder whether these very positive results
are not caused simply by the social awareness of our agents.
Maybe it is the case that whenever we have socially aware
agents, we can actually achieve an arbitrary fairness notion.
To formally study this possibility, we assume fully envious
but socially aware agents. An agent ¢ € N is not satisfied
with an allocation .4 whenever another agent j exists with a
non-empty bundle.

Definition 9. We say that an allocation A is SA-0, if for
each pair of agents i, j either A; = () or 5;(A;) < s;(A;).

However, as the next theorem proves, the problem of de-
ciding the existence of SIM and SA-() allocations is compu-
tationally hard. That is, socially aware agents are not enough
to guarantee an arbitrary fairness notion.

Theorem 7. It is NP-complete to decide whether there is a
SIM and SA-Q allocation, even if the valuations and social
impacts are binary and v; = v; for every i,j € N.

We conclude with one positive algorithmic result for
SA-(. Specifically, we show that whenever the number of
agent-types or item-types is bounded, there is an efficient al-
gorithm deciding the existence of SIM and SA-( allocations.
This result, especially for the latter parameterization, is not
without interest, as in the area of fair division of indivisi-
ble items, parameterization by the number of different item-
types is a notoriously hard open problem; see, e.g., (Eiben
et al. 2023; Nguyen and Rothe 2023; Bredereck et al. 2023).

Theorem 8. When parameterized by the number of item-
types or the number of agent-types, an FPT algorithm de-
ciding the existence of SIM and SA-] allocation exist.



5 Limited Social Awareness

In the previous section, we studied the impact of social
awareness on the existence of fair and social impact max-
imizing allocations. It turned out that with socially aware
agents, such a desirable allocation always exists and can be
found efficiently. However, the notion of social awareness,
as defined, is somewhat idealistic, and in practical scenarios,
it may not be the case that agents accept very bad bundles
just because of the social impact they generate with these
chores. Or, some agents can be even very selfish and may be
interested only in fairness and not in the social impact at all.

Some Agents Socially Unaware

The first limitation of social awareness we study is a setting
with some agents socially aware and some socially unaware.
This is arguably a very natural setting. Unfortunately, as we
show in the following example, even if we allow as few as
one agent to be socially unaware, we lose all existence guar-
antees.

Example 2. Let a1 be a socially unaware agent, as be so-
cially aware agent, and g1, g2 be two identical elements such
that for j € [2] we have vq,(g;) = va,(g;) = 10, and
Sq,(gj) = 0and sq,(g;) = 1. Due to the social impact func-
tion, both items have to be allocated to agent as. However,
a1 is now very envious of agent as, and this envy cannot be
eradicated by removing any item from A;.

Note that we can extend the previous example to show the
non-existence of the SA-EFr solution for arbitrary r € N,
simply by adding at least  + 1 copies of our items. Hence,
even if we have exactly one socially unaware agent, we can-
not provide any guarantee on (relaxations of) EF.

In the next result, we draw the situation even more nega-
tively. Specifically, we show that even one socially unaware
agent a; makes the decision of the existence of a social im-
pact maximizing allocation, which is EF1 for a; and SA-
EF1 for all other agents, computationally hard.

Theorem 9. It is NP-complete to decide if a SIM allocation
which is EF1 for agent a1 and SA-EF1 for every a; € N \
{ay} exist, even if there are only two agents.

In the previous hardness result, we exploited the fact that
some items are forced to be allocated to the not socially
aware agent. In the following, we show that in the case of
two agents, this property is crucial to draw an instance com-
putationally hard because if there is no such item, we can
decide the instance in polynomial time.

Proposition 1. [fthere are two agents and no item where as
is the unique agent maximizing social impact, an allocation
that is simultaneously SIM, EF1 for agent a1, and SA-EF1
for agent as always exists and can be found in poly-time.

We conclude this subsection with a pseudo-polynomial al-
gorithm similar to the one of Theorem 4, complementing the
hardness from Theorem 9.

Theorem 10. For every fixed number of agents n and
any c¢ < n, there exists a pseudo-polynomial time algo-
rithm deciding whether a SIM allocation, which is si-
multaneously F-fair for a;, i@ € |c|, and SA-F-fair
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for any a;, i € [c+ 1,...,n], exists for any F €
{tEF1,EF1,sEFI, wEFI,swEFI, EFL}.

Approximate Awareness

A clear outcome of the previous subsection is that having all
agents socially aware is a necessary condition for the prob-
lem to be tractable. However, having fully socially aware
agents seems highly unrealistic. Suppose, for example, an
instance with two agents a; and as, both socially aware,
and one item g valued as 1000 by both agents and with
Sa;(9) = 1 and s4,(g) = 0. By the social impact functions,
we have to allocate the single item to a;. Observe that as
values its bundle at 0 and a;’s bundle at 1000. By Defini-
tion 8, this tremendous envy is outweighed by the social im-
pact, which is, however, larger only by one. Motivated by
this obvious overestimation of the social awareness, in the
rest of this section we study several relaxations of SA.

The first approach we explore is with agents who are not
fully socially aware but require their social impact to be sig-
nificantly larger compared to the social impact of every other
agent with the same bundle in order to accept an unfair allo-
cation. We define the notion as follows.

Definition 10 (a-SA-EF1). We say that an allocation A is
a-envy-free up to one item with socially aware agents (a-
SA-EF1) for 0 < a < 1, if for each pair of agents i,j € N,
one of the following conditions hold: 1/ there is no EF [-envy
from i towards j, or 2/ s;(A;) < a - s;(4A;).

It is easy to see that 1-SA-EF1 is equivalent to SA-EF1
and that 0-SA-EF1 is equivalent to the standard EF1. There-
fore, 1-SA-EF1 allocations are guaranteed to exist and can
be found in polynomial time, and deciding the existence of
0-SA-EF1 is computationally hard. Any value of o between
these two extreme values then naturally limits social aware-
ness of our agents. In our first result, we show that for any
a-relaxation, a < 1, of social awareness, unfortunately, the
SIM and a-SA-EF1 allocations are not guaranteed to exist.

Proposition 2. Forany a € R, 0 < o < 1, SIM and «-SA-
EF| is not guaranteed to exist.

Proof. Let o be as stated. We construct an instance with
two agents a; and as and two items g; and go. The valua-
tion functions are identical and assign the same value of 1 to
both items. The social impact functions are s, (¢;) = 1 and
S45(9;5) = a. Due to the social impact function, both items
have to be allocated to agent a;. Moreover, vg,(41) = 2
and vg,(A2) = 0, meaning that agent as is EFl-envious
towards a;. The social impacts are sq, (A1) = 2 and
Sas (A1) = 2a. That is, the second condition from the defi-
nition of a-SA-EF1 is not met O

Moreover, the following result shows that relaxing social
awareness not only eliminates any existence guarantee, but
also renders the associated decision problem computation-
ally intractable. The reduction is similar to the one used to
prove Theorem 9.

Theorem 11. Forany o € R, 0 < « < 1, it is NP-complete
to decide whether there is a SIM and o-SA-EF1 allocation,
even if there are only two agents.



Both Proposition 2 and Theorem 11 hold also in the set-
ting where only agent a; is not fully socially aware, which
paints our results even stronger.

Weak Social Awareness

Although a-SA seems to be a natural relaxation of social
awareness, it fails to address one of our most important crit-
icisms. Specifically, the level of social awareness is com-
pletely unrelated to the amount of envy between two agents
(unless we set o = v;(A;)/v;(A;), which is specific for ev-
ery pair of ¢,j € IN). In order to also take into account this
perspective, in the remainder of this section, we explore a
novel notion of weak social awareness (WSA). Intuitively,
the notion formalizes the idea that if an agent ¢ is envious of
the agent j and the bundle A; is twice as good as the bun-
dle A; according to the agent 4, the social awareness con-
dition should override envy if the social impact generated
by i from A; is at least twice the social impact of j with A;.
Before we formally define weak social awareness, we pro-
vide an example that illustrates how powerful standard so-
cial awareness is.

Example 3. Let us have two agents 1 and 2, three items g1,

go, and gs, and let the valuations and social impacts be as
follows.

‘ 91 ‘ g2 ‘ 93
1|s=1lv=1|s=1Lv=5|s=0,v=>5
2|s=0v=5|s=1Lv=5|s=1Lv=1

Let the allocation A be with A; = {g1} and A3 = {g3,92}-
Observe that v1(A1) = 1 and v1(As) = 10. That is, the
bundle As is ten times more valuable than A according to
agent 1, and the envy cannot be eliminated by the removal of
a single item. However, such an allocation is SA-EF 1, since
agent 2 generates strictly more social impact with As. How-
ever, the social impact of agent 2 is only twice the social
impact agent 1 would generate with bundle As.
Definition 11. We say that an allocation A is envy-free up
to one item with weakly socially aware agents (WSA-EF1),
if for every pair of agents i,j € N, one of the following
conditions hold: 1/ there is no EFI-envy from i towards j,
or Z/Ui(Aj) . SL(AJ) < 1}7,(141) . Sj(Aj).

The WSA variants for other fairness notions are then de-
fined analogously.

Example 4. Recall the instance from Example 3. Clearly,
the presented allocation A is not EF1 from the perspective
of agent 1. At the same time, we have v1(As) - $1(41)
10-1 =10 and v1(Ay) - s2(Ag) = 1-2 = 2. Therefore, nei-
ther condition 2 from the definition of WSA-EF 1 is satisfied,
which means that A is not a WSA-EF 1 allocation.

It is easy to see that the instance from Example 3 admits
no SIM and WSA-EF1 allocation, as only other possible al-
location is with A; = {g1} and As = {g¢2, 93}, which is
also not WSA-EF1 by symmetric arguments. Moreover, also
with weakly SA agents, the problem remains intractable.

Theorem 12. For any F € {tEF1,sEF1,wEFI, swEFI,
EF1,EFL}, it is NP-complete to decide whether SIM and
WSA-F-fair allocation exist, even if the social impact func-
tion is binary and n = 2.
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6 Discussion

We have presented a comprehensive study of computing
allocations that maximize social impact while maintaining
some fairness criterion. Our results completely resolve the
complexity of the problem for goods when the fairness cri-
terion is based on EF1 or EFL.

It is evident from our results that to achieve SIM, social
awareness is essential for tractability. An immediate ques-
tion is whether there exist other natural definitions of social
awareness that allow for SIM and fair allocations.

Relaxing SIM. One obvious direction for future research
is to relax the SIM constraint, as someone can argue that
SIM is too restrictive and this is the reason for non-existence
of fair allocations for socially unaware agents; Flammini,
Greco, and Varricchio (2025) show that we cannot get bet-
ter than O (n)-approximation for SIM under EF1 fairness.
What if we replace SIM with a Pareto optimal allocation
with respect to social impact? Unfortunately, there is no pos-
itive news for this: the proof of Theorem 3 shows that the
problem remains NP-complete.

Other Fairness Notions. A complementary approach to
the question above is to further relax the fairness criterion.
Does there always exist an allocation that is SIM and ap-
proximately fair, for some established fairness notion? A dif-
ferent idea is to try to strengthen the fairness guarantee for
socially aware agents. Can we prove the existence of SIM
and EFX allocations with socially aware agents for the set-
tings that admit EFX allocations? What about SIM alloca-
tions satisfying epistemic EFX, that are guaranteed to exist
and can be efficiently found (Aziz et al. 2018; Caragiannis
et al. 2023; Akrami and Rathi 2025)?

Division of Chores. Another exciting avenue, which we
believe deserves further study, is the setting where we have
chores to allocate (Aziz 2016; Aziz et al. 2017, 2022). This
is a very natural setting with many practical applications;
think of the admin tasks in a CS department. Our initial re-
sults provided in the appendix show that, again, social un-
awareness does not allow for SIM and EF1 allocations. Be-
sides this, even with social awareness, it is unclear whether
we can always find SIM-EF1 allocations. In fact, the round-
robin approach fails when we have chores.

Similarly, it is unclear whether algorithms based on envy-
cycle elimination can be extended to SA-EF1 for chores. The
main issue is that in the setting of chores, it is possible that
agent 7 does not SA-envy bundle A;, when agent j has the
bundle, as agent 7 has a smaller impact on the bundle of
agent i; however, if A; is moved to some other agent k, who
has same social impact for the i-th’s bundle as i, the agent ¢
can start SA-envying the same bundle. This is a problem, as
obtaining SIM allocation requires eliminating the cycle only
in the SA-envy graph. However, this means that it is possi-
ble that the agent to whom we allocate a chore already en-
vies some bundle, just not SA-envies it on the current agent.
Moving this bundle then can introduce envy that is not SA-
EF1. Hence, the discussion above is a strong indication that
if SA-EF1 allocations do indeed exist for chores, they re-
quire a different algorithmic technique.
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