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Abstract

Strategyproofness has been the holy grail in mechanism de-
sign for decades, providing strong incentive compatibility
guarantees under the assumption of perfectly rational agents.
However, this assumption is questionable when agents ex-
hibit bounded rationality. Moreover, strategyproofness often
imposes strong impossibility results that prevent mechanisms
from surpassing certain approximation barriers. We study this
tension in budget-feasible mechanism design, where a de-
signer wants to procure services of maximum value from
agents subject to a budget constraint. Here, strategyproofness
imposes approximation barriers of 2.41 and 2 for determinis-
tic and randomized mechanisms, respectively. We investigate
how much we can potentially gain under bounded rational-
ity. We adopt the weaker notion of not obviously manipulable
(NOM), which only prevents “obvious” strategic deviations.
We fully resolve the achievable approximation guarantees un-
der NOM: We derive a deterministic 2-approximate NOM
mechanism under the general class of monotone subadditive
valuations. We also show that this bound is tight (even for ad-
ditive valuations). Additionally, we provide a simple random-
ized NOM mechanism that is approximately optimal. These
results demonstrate a clear separation between strategyproof
and NOM mechanisms. Our mechanisms use Golden Tick-
ets and Wooden Spoons as natural design primitives, arising
from our characterization of NOM mechanisms.

Extended version — https://arxiv.org/abs/2502.12306

1 Introduction

Incentive compatibility is a central goal in mechanism de-
sign, ensuring that agents cannot benefit from misrepresent-
ing their private information. Among the various notions
of incentive compatibility, strategyproofness (SP) has been
a fundamental objective in mechanism design for decades.
The reason for its importance lies in the strong guaran-
tee it provides: agents have provably no incentive to mis-
report their true types (private information), regardless of
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the strategic choices of the other agents. However, this no-
tion relies on the assumption that agents are perfectly ra-
tional, meaning that they always make fully informed and
optimal decisions. This assumption becomes questionable
when agents exhibit bounded rationality as observed in real-
world settings. For example, there is empirical evidence that
agents may fail to identify profitable deviations; see (Troyan
and Morrill 2020) for a more detailed discussion. Moreover,
because strategyproofness is such a demanding notion, it of-
ten imposes strong impossibility results that prevent mech-
anisms from surpassing certain approximation barriers in
terms of economic efficiency.

These limitations have recently led to the study of weaker
incentive compatibility notions that potentially offer im-
proved performance while still providing meaningful strate-
gic guarantees. One such notion is not obviously manipula-
ble (NOM), introduced by Troyan and Morrill (2020). NOM
guarantees incentive compatibility only with respect to de-
viations that are “obviously beneficial”. Basically, NOM en-
sures that each agent has no incentive to misreport when the
other agents choose a best or worst opposing strategy profile.
NOM is a weaker notion than SP and thus enlarges the class
of incentive compatible mechanisms. Also, NOM is backed
by empirical evidence of behavioral biases; see (Troyan and
Morrill 2020) for more details.

The tension between strategyproofness and approximate
economic efficiency is particularly pronounced in the con-
text of budget-feasible mechanism design, a fundamental
mechanism design problem introduced by Singer (2010).
This setting models a procurement auction in which a princi-
pal has a fixed budget B and seeks to procure services from
a set of agents N = {1,...,n}. The principal’s preferences
are described by a valuation function V' that assigns a value
to each subset of agents. Each agent ¢ incurs a private cost for
delivering their service, which they may strategically misre-
port. The principal can hire any subset of agents but must
pay at least their declared costs, without exceeding the total
budget B. The objective is to choose a subset X C N that
maximizes V' (X) while satisfying the budget constraint.

The design of strategyproof budget-feasible mechanisms
has been extensively studied and is by now relatively well



understood. In the basic setting with additive valuations,
Gravin et al. (2020) present the best known deterministic
SP mechanism achieving a 3-approximation. Chen, Gravin,
and Lu (2011) establish a lower bound of 1 + v/2 ~ 2.41
on the approximation ratio achievable by any deterministic
mechanism. Randomization allows for strictly better perfor-
mance: Gravin et al. (2020) give a randomized SP mech-
anism achieving a 2-approximation in expectation, which
they also show is optimal among randomized SP mecha-
nisms. Importantly, these lower bounds hold independently
of any computational constraints—the approximation barri-
ers stem solely from the requirement of strategyproofness.
In this paper, we initiate the study of budget-feasible
mechanism design under the weaker incentive compatibility
notion of not obviously manipulable. The main question that
we address is: How much can NOM budget-feasible mecha-
nisms improve upon the approximation barriers imposed by
strategyproofness? The primary motivation behind our in-
vestigations is to understand the potential improvements in
economic efficiency by adopting NOM!. Given that NOM is
a weaker notion, we expect the possible improvements with
respect to strategyproofness to be significant.
Our Contributions. We present a general template for de-
signing budget-feasible mechanisms satisfying NOM and
demonstrate its effectiveness by deriving mechanisms with
optimal approximation guarantees, even for the broad class
of monotone subadditive valuations.
Full understanding of approximation landscape: We re-
solve the achievable approximation guarantees of budget-
feasible mechanisms under NOM, for both deterministic
and randomized mechanisms. We derive a deterministic 2-
approximate NOM mechanism for the class of monotone
subadditive valuations and show that this is best possible
(even for additive valuations). Further, we design a simple
randomized NOM mechanism achieving a 1-approximation
in expectation. These bounds assume access to an optimal
algorithm for the underlying NP-hard knapsack problem. If
instead a poly-time y-approximate algorithm is used with
~ > 1, the approximation ratios degrade to max{2,~} and
max{1,7}, respectively.
Complete characterization of NOM mechanisms: We char-
acterize the class of budget-feasible NOM mechanisms.
More specifically, NOM requires that for each agent, the
maximum and minimum utility achievable through truth-
ful reporting (over all reports by others) are no worse
than the corresponding utility extremes achievable through
misreporting; these conditions are termed best-case NOM
(BNOM) and worst-case NOM (WNOM), respectively. We
derive a characterization for BNOM and WNOM inde-
pendently, refining the characterization given in (Archbold,
de Keijzer, and Ventre 2023a). In contrast to their characteri-
zation, we obtain an explicit description of the allocation and
payment functions for any mechanism satisfying BNOM or
WNOM in our budget-feasible setting.

'In particular, we take no position on whether NOM represents
the ‘right’ notion of incentive compatibility for boundedly rational
agents. We refer the reader to (Troyan and Morrill 2020) for its
rationale and motivational applications.
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Optimal mechanisms for BNOM and WNOM': We derive im-
possibility results for deterministic budget-feasible mecha-
nisms satisfying BNOM or WNOM only. We prove lower
bounds of 2 and ¢ = (1+4+/5)/2 (golden ratio) respectively,
on the achievable approximation ratios. Our lower bounds
hold for additive valuations. As a consequence, our deter-
ministic 2-approximate (B)NOM mechanism for subaddi-
tive valuations is best possible. We also obtain a WNOM -
approximation mechanism for subadditive valuations, which
is thus optimal.

Significance and Technical Merits. Our results establish a
clear separation in approximation guarantees between strat-
egyproof and NOM mechanisms. We break the known ap-
proximation barriers of 1 + v/2 and 2 for deterministic and
randomized strategyproof mechanisms by obtaining approx-
imation guarantees of 2 and 1, respectively. When computa-
tional efficiency matters, these approximation ratios degrade
to max{2, v} and max{1, v}, where ~ is the best known ap-
proximation ratio for the underlying knapsack problem.

Archbold, de Keijzer, and Ventre (2024) introduced the
class of Willy Wonka mechanisms to achieve NOM. These
mechanisms ensure BNOM and WNOM by issuing golden
tickets and wooden spoons. In our context, golden tickets
mean that for each agent 7 and cost declaration c;, there is
a cost profile of the other agents for which i is hired and
paid the whole budget B. Similarly, wooden spoons guaran-
tee that there is a cost profile of the other agents for which ¢
is not hired. We adapt this framework to design determinis-
tic and randomized NOM budget-feasible mechanisms with
strong approximation guarantees. Notably, our mechanisms
extend without loss in approximation guarantee to monotone
subadditive valuations, which are significantly more expres-
sive than additive or submodular functions.

Our framework yields a deterministic NOM budget-
feasible mechanism that achieves an approximation ratio
of max{2,~}. For the special case of monotone submod-
ular valuations, the best known SP mechanism achieves an
approximation ratio of 4.45 (Han, Zhang, and Cui 2025).
The algorithmic strength of NOM becomes even more pro-
nounced with randomization. By selecting golden tickets
and wooden spoons at random, we obtain a simple yet ver-
satile randomized mechanism that is universally NOM and
achieves approximation ratio max{1,~}. For the special
case of monotone submodular valuations, the best known
randomized SP mechanism achieves an approximation ra-
tio of 4.08 (Han, Zhang, and Cui 2025). This substantial
improvement highlights the flexibility of our framework.
Moreover, our randomized scheme is more broadly appli-
cable and extends beyond the binary allocation setting here.

Our characterization reveals how NOM relaxes SP
through two threshold-based conditions: BNOM requires a
threshold b; for each agent ¢ such that ¢ is never selected
when their declared cost ¢; > b;, but is selected and paid
b; in some profile when ¢; < b;. WNOM instead uses a
dual threshold w;: ¢ is always selected and paid w; when
¢; < w;, but is not selected in some profile when ¢; > b;.
Using this characterization, we derive lower bounds of 2 and
¢ on the approximation ratios achievable by BNOM and



WNOM mechanisms, respectively, which hold even for ad-
ditive valuations. This implies that our 2-approximate mech-
anism is optimal with respect to (B)NOM for all classes
of monotone valuation functions between additive and sub-
additive. For WNOM there is some leeway and we de-
rive a non-trivial budget-feasible mechanism achieving a -
approximation for subadditive valuations, which is optimal.

Overall, our results confirm that NOM budget-feasible
mechanisms can achieve improved approximation guaran-
tees. Also, when randomization is allowed, these improve-
ments are optimal in the sense that our mechanisms match
the best-known guarantees of the underlying knapsack prob-
lem. However, non-trivial boundaries remain in the deter-
ministic setting: Surprisingly, our lower bound reveals an
inherent limitation of deterministic mechanisms: even when
imposing only mild incentive compatibility requirements
(i.e., BNOM), an approximation barrier of 2 is unavoidable.
Related Work. The NOM solution concept was introduced
by Troyan and Morrill (2020) to model scenarios where
agents, due to limited contingent reasoning abilities, might
not fully exploit strategic behavior to their advantage. In
their work, Troyan and Morrill (2020) characterize NOM
mechanisms in both settings without monetary transfers
(such as bipartite matching) and with monetary transfers
(such as auctions and bilateral trade). Interestingly, for the
bilateral trade setting, Archbold, de Keijzer, and Ventre
(2023b) showed in a follow-up work a separation between
BNOM and WNOM, which, in some sense, aligns with the
results of our work. Specifically, they show that while there
exist bilateral trade mechanisms that are individually ra-
tional, efficient, weakly budget-balanced, and WNOM, the
same cannot be achieved when substituting WNOM with
BNOM under any relaxation of weak budget-balance. NOM
has also been studied in other domains, including revenue
maximization (Archbold, de Keijzer, and Ventre 2024), vot-
ing rules (Aziz and Lam 2021; Elkind, Neoh, and Teh 2024),
fair division (Psomas and Verma 2022; Ortega and Segal-
Halevi 2022), assignment mechanisms (Troyan 2024), he-
donic games (Flammini, Fomenko, and Varricchio 2025;
Ferraioli and Varricchio 2025), and settings beyond direct-
revelation mechanisms (Archbold, de Keijzer, and Ventre
2023a). Finally, we note that there is an alternative incen-
tive compatibility notion that strengthens strategyproofness
called obvious strategyproofness (OSP) due to Li (2017), see
also (Ferraioli and Ventre 2023) and references within.

The study of strategyproof budget-feasible procurement
auctions was initiated by Singer (2010). Beyond the canon-
ical setting with additive valuations Singer (2010) (see also
(Gravin et al. 2020; Chen, Gravin, and Lu 2011)), sev-
eral other budget-feasible mechanism design settings have
been explored in the literature. These include settings with
more general valuation functions such as monotone sub-
modular valuation functions (Chen, Gravin, and Lu 2011,
Jalaly and Tardos 2021; Balkanski et al. 2025; Han, Zhang,
and Cui 2025), non-monotone submodular valuation func-
tions (Amanatidis, Kleer, and Schéfer 2022; Balkanski et al.
2025; Huang et al. 2023; Han, Zhang, and Cui 2025), and
XOS and subadditive valuation functions (Bei et al. 2017,
Amanatidis, Birmpas, and Markakis 2017; Dobzinski, Pa-
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padimitriou, and Singer 2011; Balkanski et al. 2025; Neogi,
Pashkovich, and Swamy 2024, 2025). Additionally, different
feasibility restrictions have been considered (Amanatidis,
Birmpas, and Markakis 2016; Huang et al. 2023; Leonardi
et al. 2021). Finally, the model has been studied under a
large-market assumption (Anari, Goel, and Nikzad 2018)
and for divisible agents (Klumper and Schéfer 2022; Ama-
natidis et al. 2025). For further details, we refer the reader to
the survey of Liu et al. (2024).

2 Model and Preliminaries

We consider a procurement auction involving a set of agents
N = {1,...,n} and an auctioneer who has some budget
B € Ry available. Each agent ¢ € N offers a service and
has a private cost parameter ¢; € R>(, representing their true
cost for providing this service. The auctioneer can allocate
services from arbitrary subsets X C N and has access to a
valuation set function V : 2V = R, where V(X)) defines
the value of choosing agent subset X C N. Throughout,
we assume without loss of generality that agents in N are
ordered so that V({1}) > --- > V({n}). Moreover, we
assume that V is monotone, i.e., forevery S C T C N,
we have V(S) < V(T), and normalized, i.e., V() = 0. We
introduce some specific classes of valuation functions below.
Mechanisms. A deterministic mechanism M consists of an
allocation rule x : R%, — {0,1}" and a payment rule
p : RZ, — RZ,. The auctioneer collects a cost profile
¢ = (¢)ien € RZ,, where ¢; € R is the cost de-
clared by agent i (which may differ from their true cost
(type) t;). Given c, the auctioneer determines an allocation
x(c) = (x;(c))ien, where z;(c) € {0, 1} indicates whether
agent i is chosen or not. Given an allocation x(c), we use
X(c) = {i € N | x;(c) = 1} to refer to the set of agents
who are selected under x(c); we use x(c) and X (c) inter-
changeably. The auctioneer also determines a vector of pay-
ments p(c) = (pi(c))ien, where p;(c) € Rx is the pay-
ment that agent ¢ receives for their service. We also consider
randomized mechanisms. A randomized mechanism M is a
probability distribution over deterministic ones.

We denote an instance of our procurement auction by the

tuple I = (N,c,V, B); we refer to an instance simply by
its declared cost profile c, when the rest of the input is clear
from context. For any agent 7 € N, we use c_; to denote the
cost profile restricted to all agents except :.
Not Obviously Manipulable. We consider the setting where
each agent ¢ € N wants to maximize their quasi-linear util-
ity function defined as u}’(c) = p;(c) — t; - x;(c). Mech-
anisms that are individually rational and strategyproof for
single parameter domains (as considered here) are generally
well understood. Myerson (1981) gives a complete charac-
terization of the properties that an allocation rule must sat-
isfy and provides a formula to derive the corresponding pay-
ments. In this work, we focus on a less stringent notion of
incentive compatibility, which is more suitable for imper-
fectly rational agents (see (Troyan and Morrill 2020)).

Definition 1 (Troyan and Morrill (2020)). A determinis-
tic mechanism M = (x,p) is not obviously manipula-
ble (NOM) if it satisfies the following two properties: Best-



Case Not Obviously Manipulable (BNOM): for every agent
i € N, and all t; € [0, B] it holds that
supuy (t;, c_;) > supul (¢, c_;) Ve; > 0.

C_; C_;

ey

Worst-Case Not Obviously Manipulable (WNOM): for ev-
ery agenti € N, and all t; € [0, B] it holds that
Ve; > 0. (2)

icnf ubi(tie_;) > icnf uli(cic_y)

A randomized algorithm is said to be universally not ob-

viously manipulable if it is a probability distribution over
deterministic NOM mechanisms.
Additional Design Objectives. We are interested in design-
ing a NOM mechanism M = (x, p) that additionally satis-
fies the following properties for every cost profile c: (i.) In-
dividual Rationality (IR): A selected agent receives at least
their cost as payment, and the payments are non-negative
always, i.e., for every i € N, p;(c) > ¢;z;(c); (ii.) Budget-
Feasibility (BF): The auctioneer’s total amount of pay-
ments is at most the budget, i.e., ),y pi(c) < B. (iii.)
Normalized Payments (NP): A non-selected agent receives
no payment, i.e., for every ¢ ¢ X(c), p;(c) = 0.

Note that a mechanism M satisfying both IR and BF can-
not select any agent ¢ € N whose declared cost exceeds the
budget, i.e., ¢; > B. Throughout this paper, we therefore
assume that ¢;,¢; € [0, B] for all agents ¢ € N.
Approximation Guarantees. In budget-feasible mecha-
nism design, the quality of an allocation computed by a
mechanism is evaluated against the optimal solution to the
underlying packing problem (see Singer (2010)). Given an
instance I = (N, ¢, V, B), we measure the performance of
a mechanism M = (x, p) by comparing V(X (c)) with the
optimal solution of the following packing problem:

S.t.

max V(X) > e;<B, XCN.

ieX

3

We use X *(c) to refer to an optimal agent-set solution max-
imizing (3); similarly, we use x*(c) to denote the respec-
tive binary allocation. In case of ties, the optimal set X *(c)
is chosen with respect to any fixed strict total order over
2N that prefers higher-cardinality sets over lower-cardinality
sets. We say that a deterministic mechanism M = (x,p) is
a-approximate with o > 1 if for every cost profile c it holds
that oV (X (c)) > V(X*(c)).

Our mechanism makes use of an approximation algo-
rithm for the packing problem in (3). We use APX to re-
fer to any such (deterministic) algorithm. Given an instance
I =(N,c,V,B),weuse X px(c) and X px () to refer to the
agent-set solution and binary allocation, respectively, com-
puted by APX. We assume that APX has an approximation
ratio of v > 1,1.e., YV (Xapx(c)) > V(X*(c)).

Classes of Valuation Functions. Generally, we assume that
the valuation function V' is monotone and normalized (i.e.,
without any further restrictions). However, sometimes we
consider more specific valuation functions: Additive Valu-
ation Functions Vypp: Forall S, T C N with SNT = {,
we have V(SUT) = V(S) + V(T). Equivalently, V' can

be defined as V/(S) = >, gv; for every S C N, where
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v = (v;)ien € RZ, is some value profile. Subadditive
Valuation Functions Vsyg: For all S, T C N, we have
V(SUT) < V(S)+ V(T). Note that an additive valua-
tion function V is subadditive; recall that we assume that V'
is non-negative always.

Knapsack Approximation Guarantees. The approxima-
tion guarantee of our mechanisms depends on that of APX
for the packing problem in (3), which depends on the class
of valuation functions. Clearly, for V' = V,pp, the packing
problem in (3) is the classical knapsack problem. This prob-
lem is known to be NP-hard but admits a fully polynomial-
time approximation scheme (FPTAS) (see, e.g., Vazirani
(2001)).2 When V = Vs, the packing problem in (3) is
notoriously hard in the general case. In particular, Singer
(2010) has shown that obtaining a v = o(n) requires an
exponential number of queries to Vsys.> However, with ac-
cess to the stronger demand-query oracle, Badanidiyuru,
Dobzinski, and Oren (2019) present a y-approximation with
v = 2+ ¢ for any € > 0, using a polynomial number of ora-
cle calls. Finally, for the subclass of submodular valuations,
ie, V(SUT) <V (S)+V(T)-V(SNT) forall S,T C N,
there is a y-approximation with v = e¢/(e — 1) = 1.58, even
for the standard value-query model (see e.g., Khuller, Moss,
and Naor (1999) and Sviridenko (2004)).

Due to space restrictions, some proofs are deferred to the
extended version.

3 Design Framework for NOM Mechanisms

The main result of this section is a general-purpose
deterministic mechanism that is individually rational
(IR), budget-feasible (BF) and not obviously manipula-
ble (NOM), named WILLYWONKA (Mechanism 1). Even
though this mechanism achieves all our mechanism design
objectives, as a stand-alone mechanism it does not offer
tangible approximation guarantees. However, below we use
this mechanism in certain types of compositions of mech-
anisms (both deterministic and randomized) to derive opti-
mal approximation guarantees. More specifically, by com-
bining our WILLY WONKA mechanism with another simple
mechanism, we derive a deterministic mechanism that is IR,
BF and NOM and achieves an approximation guarantee of
2 for the general class of monotone subadditive valuation
functions. The approximation guarantee of our mechanism
is best possible: As we show in Section 4.1, even for the
more restrictive class of additive valuation functions, no de-
terministic mechanism satisfying IR, BF and BNOM (only)
can achieve an approximation guarantee better than 2.

The section is structured as follows. In Section 3.1, we
present our WILLY WONKA mechanism and show that it sat-
isfied IR, BF and NOM. Then, in Section 3.2, we combine
our WILLY WONKA mechanism with another simple mech-
anism (trivially satisfying IR, BF and NOM) and prove that

ZRecall that a fully polynomial-time approximation scheme
(FPTAS) computes a (1 + ¢)-approximate solution, for any given
€ > 0, in time polynomial in the input size and 1/¢.

3This is true even for the special case of monotone XOS func-
tions, see e.g., (Lehmann, Lehmann, and Nisan 2001).



agent i ‘ (ci, c5T) (ci, %) '
1 (CI7B7 B) (0170’ 0)
2 (O, CQ,B) (0,02,0
3 (0,0,¢5) (B, B, c3)

Table 1: Golden tickets and wooden spoons for n = 3.

the resulting mechanism achieves an approximation ratio of
2 for monotone subadditive valuation functions.

3.1 WILLYWONKA Mechanism

We describe our new WILLY WONKA mechanism in more
detail. The mechanism achieves NOM by using an approach
similar to the one by Archbold, de Keijzer, and Ventre
(2024), implementing golden tickets and wooden spoons.
In Section 4, we introduce more refined notions of golden
tickets and wooden spoons for the budget-feasible setting to
obtain our characterization results for BNOM and WNOM.
By exploiting this characterization, we can derive a sim-
ple mechanism using carefully designed golden tickets and
wooden spoons, as described below.
High-Level Idea. The high-level idea behind this approach
is to define for each agent two special cost profiles of the
opposing agents, called golden ticket and wooden spoon,
that trigger particular outcomes when they occur. The golden
tickets realize BNOM by ensuring that for each agenti € NV
the left-hand side of (1) attains maximum utility. Similarly,
the wooden spoons implement WNOM by ensuring that for
each agent ¢ € NN the right-hand side of (2) is non-positive.
The golden tickets and wooden spoons used by our
WILLYWONKA mechanism are defined as follows. For each
agenti € N with ¢; € [0, B), we define:

GT __

i=0...,0,B...B) )
WS 0,...,0) ifi<mn
€ {(B,...,B) ifi = n. ®)

Note that that these golden tickets and wooden spoons do
not ‘interfere’, i.e., each agent ¢ can effectuate their golden
ticket and wooden spoon. In fact, for this it is crucial that
they are defined for ¢; # B only; see Table 1 for an example
with n = 3. The profile ¢ = (0, ..., 0) is the golden ticket of
agent n and the wooden spoons of agents 1 to n — 1 (which
can be effectuated simultaneously). It will become clear be-
low that the case ¢; = B is handled automatically (due to IR
and BF of the mechanism).

Mechanism. A detailed description of our WILLY WONKA
mechanism is given in Mechanism 1. The mechanism takes
an instance I = (N, c,V, B) as input. Recall that, by as-
sumption, the agents are ordered such that V' ({1}) > --- >
V({n}). Then, the mechanism checks whether any agent ad-
mits their golden ticket with respect to the given cost profile.
Note that the all-zero cost profile ¢ = (0, ..., 0) is handled
through the golden ticket cST, of agent n with ¢, = 0; as
we will show below, this also implements the wooden spoon
of each agent ¢ € {1,...,n — 1} with ¢; = 0 correctly. Af-
ter that, the mechanisms verifies if any agent admits their

Mechanism 1: WILLY WONKA(T)

Require: instance [ = (N, c,V, B)

1: if 3i € N with ¢; € [0, B) and c_; = YT then

2: setx; =1,p, =B

3 setx; =1,p; =0forallj=1,...,i—1

4 setx; =0,p; =0forallj=¢+1,...,n

5: elseif 3i € N with ¢; € [0, B) and c_; = c"? then
6: setx; =0,p; =0
7.
8

if « = n then
: setxy =1,py =B
9: setz; =0,p; =0forj € N\ {1,n}

10:  else

11: setz; =1,p; =0forall j € N\ {¢}

12:  endif

13: else

4. x=x:x(N,c,V,B) // y-approximation to (3)
15: p=cXx

16: end if

17: return (x,p)

wooden spoon. Note that for ¢ = n the wooden spoon
c™S = (B,..., B) (which is structurally different to avoid
interference) is implemented differently: agent 1 is allocated
and paid B, while all other agents are not allocated. Finally,
if no golden tickets or wooden spoons apply, the mechanism
uses a y-approximate algorithm APX to compute an approx-
imate solution x,px Of the packing problem. In this case, the
allocation is determined by x,px and each allocated agent is
paid their cost. We use (x(c),p(c)) = WILLYWONKA(])
to refer to the allocation and payments output by the mech-
anism for a given instance I.

Lemma 1. WILLYWONKA satisfies IR, BF, NP and NOM.

Proof. We show below that WILLY WONKA satisfies NOM;
the proof for IR, BF and NP can be found in the extended
version.

Consider an arbitrary agent ¢ € N. It suffices to prove
that for all ¢; € [0, B] the BNOM condition in (1) and the
WNOM condition in (2) are satisfied.

First consider the case t;, = B. Then (1) and (2) follow
from IR and BF: If ¢ declares cost ¢; = B then their utility is
uli (t;,c_;) = 0 (either i is selected and paid B by IR, or i is
not selected). Alternatively, if ¢ declares cost ¢; € [0, B], we
have uf (ci,c—;) < 0 (either 7 is selected and paid at most
B by BF, or i is not selected). Thus, (1) and (2) hold.

Let t; € [0,B) and consider BNOM. For every t; €
[0, B), there is a unique golden ticket ¢T for i (as defined in
(4)) that is implemented in Lines 2—4: 7 is selected and paid
B and we have v} (t;,c®T) = B — t;. Since u!’ nowhere
exceeds B — t;, we have sup,__ uf% (tiye—;) = B —t; >
sup,_, u (c;,c_;) forall ¢; € [0, B]. Thus (1) holds.

Let t; € [0, B) and consider WNOM. Observe that for
all ¢; € (0,B), there is a unique wooden spoon c%$ for
i (as defined in (5)) that is implemented in Lines 6-11: ¢
is not selected and paid 0. The same holds if ¢; = 0 and

i = n. Thus, we have u} (c;,c%¥$) = 0 in both cases.



Mechanism 2: MAXOR WILLY WONKA (])

B)

Require: instance I = (N, ¢, Vs,

1" = arg maX;e N V(]\(,{ ih)

i V({i*) > V(N {z*}})) then

1:

2:

3: setx;x =1,p« =B

4: setx; =0,p;, =0foralli e N\ {i*}
5: else

6: (x,p) = WILLYWONKA(I)

7: end if

8:

return (x,p)

Ifc; = 0andi # n, c = (¢;,c™}) is the all-zero pro-
file which coincides with the golden ticket of agent n with
¢n, = 0, which is implemented instead: agent i # n is

selected in this case but paid 0 (Lme 3). Thus, we have

ul(c;,€V$) < 0in this case Since u!’ (t;, -) is non-negative
always, we have inf._, ul’ (t;,c_;) > 0 > uli(c;,cV5) >
infe_, u (¢, ;) for al] ¢; € [0, B]. Thus (2) holds. O

3.2 Mechanism for Subadditive Valuations

We derive a mechanism that is IR, BF, NP and NOM and
achieves an approximation guarantee of max{2, v} for the
general class of subadditive valuations.

Composed Mechanism. The core idea underling our mech-
anism is as follows: The mechanism first checks whether
there is an agent ¢* who is “valuable enough” to be selected
on their own, roughly compared to the optimal total value
that all other agents can generate. If this is the case, the
mechanism selects agent i* and pays the entire budget B
(regardless of the declared cost ¢;» € [0, B]). Otherwise,
it calls WILLYWONKA (Mechanism 1) above. As it turns
out, this composition allows us to prove tight approxima-
tion guarantees.* The resulting mechanism is referred to as
MAXORWILLYWONKA and given in Mechanism 2.

Theorem 2. MAXORWILLYWONKA is IR, BF, NP, NOM
and max{2, v}-approximate for subadditive valuations.

Proof. Note that whether the mechanisms executes
the mechanism in the if-part (Lines 3 & 4) or
WILLYWONKA(I) does not depend on the declared
costs. In the former case, IR, BF and NP hold by construc-
tion. Also, the utility of each agent is constant in this case
and hence the mechanism is NOM. In the latter case, IR,
BF, NP and NOM are inherited from the WILLY WONKA
mechanism (Lemma 1). It remains to prove that the
approximation ratio is max{2, y}.

First, consider the case that V({i*}) > V(N \ {i*}).
Then X (c) = {i*}. By the monotonicity and subadditivity
of V, we have that V(X*(c)) < V(N) < V(N \ {i*}) +
V({i*}) < 2V({i*}) = 2V (X (c)). Thus, the mechanism
achieves a 2-approximation in this case.

Consider the case V({i*}) < V(N \ {i*}). Then
WILLYWONKA is run on I. Let (x(c), p(c)) be the output

“Note that running either one of these two mechanisms alone
does not provide any non-trivial approximation guarantee.
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computed by WILLYWONKA(T). Below, all line numbers
refer to WILLYWONKA. We distinguish three cases based
on the profile c.

Case 1 There is an agent ¢ € N such that ¢; € [0, B) and
c_; = cYT. The outcome of the mechanism is determined by
Lines 2—4 ie., X(c) ={1,...,i}. Note that, by the defini-
tion of chi, the optimal allocation X*(c) contains at most
one agent j € {i +1,...,n},ie, X*(c) C {1,...,i} U
{j}. We thus obtain V(X*(c)) < V({1,...,i} U{j}) <
VHL....i) + V(i) < V{L,....i}) + V({i}) <
2V({1,...,i}) = 2V(X(c)). The first and last inequality
hold by the monotonicity of V/, the second inequality by the
subadditivity of V, and the third inequality holds since, by
assumption, V({1}) > --- > V({n}).

Case 2. There is an agent i € N such that ¢; € [0, B)
andc_; = c™}. If ¢; = 0 and i # n, then ¢ = (c;,cV?) is
the all-zero proﬁle which coincides with the golden ticket of
agent n with ¢,, = 0. In this case, the output is determined
by the golden ticket of agent n, analyzed in Case 1 above.
Otherwise, the outcome of the mechanism is determined by
handling the wooden spoon of ¢ in Lines 6-11.

If © = n, by the definition of c_n, the optimal alloca-
tion X *( ) contains at most one agent j € {1,...,n — 1}.
In addition, when ¢,, = 0 it also contains agent n due to
the monotonicity of V. On the other hand, X(c) = {1}.
Therefore, V(X*(c)) < V({j,n}) <V{j}) + V({n}) <
2V ({1}) = 2V (X (c)). The second inequality follows from
the subadditivity of V' and the third inequality holds since,

by assumption, V({1}) > --- > V({n}).

If i # n, then X(c) = N\{z} and X*(c) = N.
Cleary, V(X" (¢)) = V(V) < VN {3) + VI({i}) =
VN A {i}) - 1+ V({i })/V( \ )] < VIV A {d}) -
L+ V{ir})/V(N\ {i*})] < 2V(N\ {i}) = 2V(X(c)).

The first inequality follows from the subadditivity of V,
the second inequality from the definition of ¢* in Line 1 of
MAXORWILLYWONKA, and the last inequality holds be-
cause V({i*}) < V(N \ {i*}) by assumption.

Case 3. If none of the above cases hold, the outcome
of the mechanism is determined by Lines 14-15, and thus
V(X*(c)) <AV (Xapx(c)) = vV (X(c)). Thus, the result-
ing approximation ratio is max{2,y}.

Computational Constraints We discuss the trade-off im-
plied by Mechanism 2 between achievable approxima-
tion ratios and computational efficiency. Without compu-
tational constraints (i.e., ¥ = 1), MAXORWILLYWONKA
achieves a 2-approximation for monotone subadditive func-
tions, demonstrating a strict separation from determinis-
tic, budget-feasible, individually rational, and strategyproof
mechanisms, which have a known lower bound of 1 + /2.
A negative result by Singer (2010) implies v = Q(n) for
monotone (fractionally) subadditive valuations unless expo-
nentially many queries to V' are allowed. However, under
a stronger oracle (demand queries), Badanidiyuru, Dobzin-
ski, and Oren (2019) derive a (2 + ¢)-approximate algorithm
for subadditive valuations, giving MAXORWILLY WONKA
the same approximation and a polynomial running time. For



monotone submodular valuations, a polynomial-time algo-
rithm achieving ay = e¢/(e — 1) ~ 1.58 approximation due
to Khuller, Moss, and Naor (1999) implies an approximation
of max{2,~v} = 2 for our mechanism.

4 Characterization and Impossibility Results

We derive our characterizations of budget-feasible mecha-
nisms satisfying BNOM and WNOM. Using our BNOM
characterization, we derive a lower bound of 2 on the
approximation ratio of BNOM for additive valuations.
In particular, this shows that the approximation ratio of
MAXORWILLYWONKA (Mechanism 2) is optimal. Simi-
larly, we establish a lower bound of ¢ = (1 + v/5)/2 on
the approximation ratio for additive valuations. We also de-
rive a mechanism satisfying WNOM that matches this lower
bound for subadditive valuations (see the extended version).

4.1 BNOM Characterization and Lower Bound

We provide a sufficient and necessary condition for mecha-
nisms satisfying BNOM, provided that they satisfy the NP
and IR properties. In words, the property states that for each
agent ¢ € N there is a particular threshold b; € [0, B] such
that: (1) declaring a type strictly above b; guarantees i to
not get selected, (2) when declaring any type strictly below
b;, there exists a bid profile of the remaining agents under
which ¢ gets selected and receives a payment of b;, (3) when
declaring type b;, either of the above two cases apply. We
formalize the above as follows.

Definition 2. A mechanism M uses threshold golden tickets
ifforeveryi € N, there exists a bid b; € |0, B] that satisfies:

1. sup,_, xi(ci,c—y) =0, forall ¢; € (b;, B].
2. Ve; €[0,b;) = sup._, pi(ci;c—i) = b
3. sup._, pi(bi,c_;) = b; or sup,,_, x;(bs,c_;) = 0.

Proposition 3. A mechanism M satisfying NP and IR is
BNOM if and only if M uses threshold golden tickets.

It can be seen that MAXORWILLY WONKA (Mechanism
2), which is NOM, and hence BNOM, uses threshold golden
tickets with b; = B for all ¢ € N: If ¢ declares anything less
than B, then ¢ receives a payment of B when the profile of
the other agents is ¢®T. Furthermore, if i declares B, then by
IR the payment to 7 is at least 3, in case ¢ gets selected. The
following theorem shows that the 2-approximation achieved
by MAXORWILLYWONKA is optimal among all BNOM
mechanisms; in fact, this holds for additive, monotone sub-
modular and monotone subadditive valuations.

Theorem 4. Let M be any deterministic IR, BF, NP and
BNOM mechanism. Then M is not (2 — €)-approximate for
any € > 0, for additive valuation functions.

4.2 WNOM Characterization and Tight Bound

For WNOM, we provide a characterization in terms of
thresholds that is similar to our BNOM characterization
given in Section 4.1. In words, our characterization property
for WNOM states for each agent ¢ € N there is a particular
threshold w; € [0, B] such that: (1) when declaring a type
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strictly above w;, there exists a bid profile of the remain-
ing agents under which ¢ is not selected by the mechanism,
(2) declaring a type strictly below w; guarantees 7 to get se-
lected, and the minimum payment received by 7 is w;, (3)
when declaring type w;, either of the above two cases apply.

Definition 3. A mechanism M uses threshold wooden
spoons if for every i € N, there exists a bid w; € [0, B]
that satisfies:

1. infe_, x;(¢;,c—;) =0, forall ¢; € (w;, B).
2. inf._, pi(ci,c—) = wy, for all ¢; € [0, w;).
3. infe_, pi(w;,c—;) = w; orinf_, z;(w;,c—;) = 0.

Proposition 5. A mechanism M that satisfies NP and IR is
WNOM if and only if M uses threshold wooden spoons.

We can use the above characterization to establish a tight
bound on the approximation ratio of WNOM mechanisms.

Theorem 6. There is a deterministic IR, BF, NP, WNOM
and p-approximate mechanism for subadditive valuations.
Further, the approximation ratio of p is best possible even
for additive valuations.

S Optimal Randomized Mechanisms

In this section, we show that for randomized mechanisms,
the approximation barrier of 2 (which we established aboved
for deterministic mechanisms) breaks. The idea behind our
randomized mechanism R is very simple: R draws for each
i € N a golden ticket c®T € [0,B]""! and a wooden
spoon c¢™$ € [0, B]"~! independently and uniformly at ran-
dom. The mechanism then checks whether any of the cho-
sen golden tickets or wooden spoons applies: If for some
i € N it holds that c_; = c°T, then only agent i is selected.
If for some ¢ € N it holds that c_; cV?, no agent is
selected. Otherwise, the mechanism computes an allocation
X = Xapx(C), using a y-approximation APX for the packing
problem in (3), and returns it together with the first-price
payments p = cC - X.

Theorem 7. The randomized mechanism R is IR, BF, NP,
universally NOM and ~y-approximate in expectation.

Note that without any computational constraints we can
choose 7 = 1 and obtain a 1-approximate (i.e., optimal)
mechanism through randomization. R randomizes over in-
finitely many deterministic mechanisms. We can also limit
the support over which the mechanism can randomize at the
expense of a weaker approximation guarantee (depending
on the size of the support); we defer more details to the ex-
tended version.

Note that our randomization technique is not specific
to our budget-feasible setting. In fact, it applies to any
mechanism design scenario where agents have sufficiently
large strategy sets. This distinguishes NOM from dominant-
strategy incentive compatibility: while good approximation
guarantees are generally hard to obtain for the latter (see
e.g., Chen, Gravin, and Lu (2011)), under NOM this solely
depends on the best possible approximation guarantee -y
(which is 1 without any computational constraints).
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