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Abstract

Equilibria of realistic multiplayer games constitute a key so-
lution concept both in practical applications, such as on-
line advertising auctions and electricity markets, and in an-
alytical frameworks used to study strategic voting in elec-
tions or assess policy impacts in integrated assessment mod-
els. However, efficiently computing these equilibria requires
games to have a carefully designed structure and satisfy nu-
merous restrictions; otherwise, the computational complex-
ity becomes prohibitive. In particular, finding even approxi-
mate Nash equilibria in general-sum normal-form games with
two or more players is known to be PPAD-complete. Cur-
rent state-of-the-art algorithms for computing Nash equilib-
ria in multiplayer normal-form games either suffer from poor
scalability due to their reliance on non-convex optimization
solvers, or lack guarantees of convergence to a true equilib-
rium. In this paper, we propose a formulation of the Nash
equilibrium computation problem as a polynomial comple-
mentarity problem and develop a complete and sound spatial
branch-and-bound algorithm based on this formulation. We
provide a qualitative analysis arguing why one should expect
our approach to perform well, and show the relationship be-
tween approximate solutions to our formulation and that of
computing an approximate Nash equilibrium. Empirical eval-
uations demonstrate that our algorithm substantially outper-
forms existing complete methods.

Code — github.com/Coffee AndConvexity/SBnBForNE
Extended version — arxiv.org/abs/2508.10204

1 Introduction

Computing equilibria in games is a long-standing research
topic in artificial intelligence and has served as an impor-
tant benchmark domain. Advances in equilibrium-finding
algorithms enabled breakthroughs in Al for recreational
settings such as poker, Stratego, and Diplomacy (Bowling
et al. 2015; Brown and Sandholm 2018; Perolat et al. 2022;
Bakhtin et al. 2022), and have enabled decision-support
systems for security and logistics applications (Pita et al.
2008; Fang, Stone, and Tambe 2015; Tambe 2011; Jain
et al. 2010; Cerny et al. 2024; Cerny, Iyengar, and Kroer
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2025). Deployed systems have helped allocate security re-
sources across the eight terminals of Los Angeles Interna-
tional Airport (Pita et al. 2008), support biodiversity protec-
tion over large conservation areas(Fang, Stone, and Tambe
2015; Fang et al. 2016; Fang and Nguyen 2016), and assist
in screening millions of US air passengers annually(Brown
et al. 2016). Related models have also been explored for traf-
fic monitoring, drug interdiction, and cybersecurity (Sinha
et al. 2018). These applications depend on algorithms capa-
ble of computing game-theoretic equilibria at scale. Achiev-
ing such scale in practice typically requires modeling restric-
tions, most commonly reducing interactions to two players
and, in many cases, assuming zero-sum utilities, which al-
lows domain-agnostic methods to solve games efficiently.

While some interactions can be reasonably approximated
as two-player, e.g., when dependencies between participants
are limited or can be decomposed, many real-world settings
inherently involve multiple interacting agents and must be
modeled as multiplayer games. This is particularly com-
mon in computational economics, where various equilib-
rium concepts underpin deployed systems. Examples in-
clude Bayesian Nash equilibria in online advertising auc-
tions (Edelman, Ostrovsky, and Schwarz 2007), market-
clearing equilibria in electricity markets (Kirschen and Str-
bac 2018), competitive equilibria in matching platforms
such as ride-sharing (Banerjee, Riquelme, and Johari 2015;
Bimpikis, Candogan, and Saban 2019), and Nash equi-
libria in spectrum auctions and telecommunications mar-
kets (Cramton 1997; Cramton et al. 2006). These scenar-
ios are fundamentally multiplayer in nature. Solving them at
scale typically requires even stronger modeling assumptions
and significant exploitation of domain-specific structure to
design tractable algorithms.

Relaxing these assumptions to develop more generally
applicable and domain-agnostic algorithms for multiplayer
settings remains a central challenge. This is especially true
in contexts beyond traditional economic markets, such as
multiplayer card games, network-based games like pursuit-
evasion or interdiction, or security scenarios involving more
than two self-interested entities, such as coalition/team-
based games in organizations like the UN or NATO. Even in
one of the most studied models — finite normal-form games
— approximating a general-sum Nash equilibrium becomes
PPAD-complete with two or more players, while two-player



zero-sum games admit polynomial-time solutions.

Still, computing Nash equilibria in multiplayer normal-
form games remains a traditional problem that has been
studied for decades, and many classical algorithms exist.
Support enumeration methods, such as full support enumer-
ation and vertex enumeration, rely on exhaustively checking
combinations of pure strategy supports and solving the re-
sulting best-response constraints, typically expressed as sys-
tems of linear inequalities (Porter, Nudelman, and Shoham
2008; Lipton and Markakis 2004). Homotopy-based meth-
ods, including the Govindan-Wilson algorithm (Govindan
and Wilson 2003), simplicial subdivision (van der Laan, Tal-
man, and Van der Heyden 1987), and extended Lemke-type
path-following algorithms (Lemke and Howson 1964; McK-
elvey and McLennan 1996; Turocy 2005), trace continuous
solution paths from a perturbed game to the original game by
following parameterized trajectories of fixed points. Poly-
nomial system solvers approach the problem by encoding
the equilibrium conditions, such as the Karush-Kuhn-Tucker
conditions for each player’s optimization problem, as sys-
tems of polynomial equalities and inequalities, then solving
them using Grobner bases, homotopy continuation, or al-
gebraic elimination techniques (Datta 2010; McKelvey and
McLennan 1996). See Berg and Sandholm (2017) for a more
detailed overview.

Classical algorithms often suffer from numerical insta-
bility, particularly those based on solving polynomial sys-
tems, which can be sensitive to input perturbations and
rounding errors. Their computational complexity also grows
rapidly with the number of players and strategies, making
them difficult to scale and limiting their applicability to rel-
atively small games. Recent complete algorithms instead
rely on formulations amenable to highly optimized indus-
trial solvers such as CPLEX and Gurobi. These approaches
use techniques such as decomposing multilinear terms into
binary variables (Ganzfried 2024) or adding correlation plan
constraints to restrict the feasible solution space (Zhang,
An, and Subrahmanian 2023). An advantage of this ap-
proach is the ability to incorporate objectives into the for-
mulation; for instance, to compute equilibria that maximize
social welfare. Another modern approach is the exclusion
method, a tree search-based algorithm that iteratively par-
titions the continuous solution space (Berg and Sandholm
2017). Among incomplete methods, one of the most scalable
is the gradient-based ADIDAS algorithm, which combines
homotopy methods with iterative polymatrix solvers and can
handle games with billions of outcomes (Gemp et al. 2022).
However, due to the use of biased gradient descent, ADI-
DAS lacks convergence guarantees to an exact equilibrium
and instead offers local convergence only.

Our contributions. We propose that the Nash equilibrium
problem in multiplayer normal-form games should be solved
as a polynomial complementarity problem. This formulation
allows us to design a sound and complete algorithm based on
spatial branch-and-bound. We provide qualitative analysis
arguing why the reformulated problem is more tractable, and
prove that a suboptimal solution to our reformulation yields
an approximate Nash equilibrium, with an explicit bound on
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the approximation quality. Empirically, we demonstrate that
our algorithm not only outperforms existing complete meth-
ods, but also remains competitive with the leading incom-
plete method on mid-sized games when run with early termi-
nation, while offering better-quality solutions. Large games
still remain out of reach primarily due to the size of the util-
ity matrix, which cannot be explicitly constructed. However,
because our algorithm can serve as a subgame solver within
incremental oracle-based methods, we see a path toward im-
proving scalability in future work.

2 Preliminaries

We represent a multiplayer normal-form game as a tuple
G = (N, A,u), where N denotes a finite set of players
with n = |N|. For each player i € N, let A; be the finite
set of available actions, and define the joint action space as
the Cartesian product A = [, Ai. A real-valued utility
function u; : A — R specifies the payoff for player i un-
der each action profile a € A, and we denote by u, and u;
the minimal and maximal values of u;, respectively. Mixed
strategies are denoted by A = [[,. Ai, where each A;
is the probability simplex over A;. For any tuple indexed
over players, we use the subscript —: to indicate the compo-
nents corresponding to all players except ¢; for example, for
a=(ay,...,a,) € A, wewrite a_; = (a1,...,an) \ {a;},
and for a mixed strategy profile § € A, we write 6_;(a_;) =
[ljen jzi0j(a;), where §; € Aj;. The expected utility of
player ¢ under a mixed strategy profile 6 € A is given by

wi(®) =Y | I di(ay) | wila),

a€A \jEN

and the expected utility of player ¢ when they play a specific
action a; € A; against §_; is

ui(ai75_i) = Z 5_i(a_i)ui(ai,a_i).

a_;€EA_;

A Nash equilibrium is a strategy profile § = (J;)ieny € A
such that no player can improve their expected utility by uni-
laterally deviating from their strategy: formally,

uz(ét, 5_1) > 11,1((5:, 5_1) VCS; S AL (NE)

Finding a Nash equilibrium can be formulated as the follow-
ing mixed-integer polynomial feasibility problem (Shoham
and Leyton-Brown 2008):

v, = Si(ai) + ui(ai, (571') Vi, a;
0;(a;) < zi(a;) Vi, a;
si(a;) < (1= zi(a;))(w; —w;) Vi, a;
> diai) =1 Vi
ai€A; P)
0<d;(a;) <1 Vi, a;
0 <si(a;) < —uy Vi, a;
u; < v; < Uy Vi
zi(a;) € {0,1} Vi, a;



where {d;(a;)}ien,aea,s {vitien, {zi(ai)}ienacas
si(a;)bieN,a;c 4, are the decision variables. Moreover, we
call a strategy profile § € A an e-equilibrium if for alli € N

ui(éi, (571) > ’ul(é;, (571) — € (5: e A;. (e-NE)

3 Our algorithm

This section is organized as follows. First, we propose a con-
tinuous formulation of (P) as a polynomial feasibility prob-
lem. Then, we discuss why a spatial branch-and-bound al-
gorithm working with this continuous formulation can be
significantly more tractable numerically than the original
mixed-integer formulation. Finally, we present a customized
spatial branch-and-bound algorithm that exploits the under-
lying structure of our continuous formulation to solve it
more efficiently.

3.1 Equivalent continuous formulation of (P)
The equivalent continuous formulation of (P) is as follows:

v — ui(ai,é_i) Z 0 V’i, a;
(5i(ai) (’Ui — ui(ai,é,i)) =0 V’L', a;
> Gi(a)=1 Vi Q)
a;€A;
0<di(a;) <1 Vi,a,
u; <vp <up Vi

where the decision variables are now {0;(a;)}ien,q;cA;
{vi}ien, which is a strict subset of the decision variables
of (P). The second constraint, which states that the product
of two nonnegative terms must be zero, is known as a com-
plementarity constraint. We now show that the continuous
formulation (Q) and the mixed-integer formulation (P) are
equivalent to each other.

Proposition 1. The continuous formulation (Q) and the
mixed-integer polynomial formulation (P) are equivalent.

Proof. First, assume we have a feasible solution (4, v, z, )
for (P), then we can show that (9, v) is a feasible solution to
(Q). The third and fourth constraints Zai cA, di(a;) = 1,
0 < di(a;) < 1, and u; < wv; < 7; are identical in
both formulations, so (J,v) will satisfy those trivially. For
the first constraint of (Q), note that from (P), we have
si(a;) = v; — u;(ai,0—;), and s;(a;) > 0, which implies
v; — w;(a;,0—;) > 0. To show that the second constraint
of (Q) will be satisfied by (4, v), consider two cases: (i)
di(a;) = 0, where the second constraint is trivially satis-
fied (ii) d;(a;) > 0, where 6;(a;) < z;(a;) from (P) forces
zi(a;) = 1 implying s;(a;) < (1 — zi(a;))(@; — ;) = 0,
and because s;(a;) > 0 in (P), we must have s;(a;) =
v; — ui(a;,0—;) = 0, thus satisfying the second constraint
of (Q) as well. Hence, (4, v) is a feasible solution to (Q).
Next, assume we have a feasible solution (§,v) for the
continuous problem (Q). Then we can construct some (z, s)
such that (9, v, z, s) is a feasible solution to (P), which we
can show as follows. Define s;(a;) = v; — w;(a;,d0—;)
(thus automatically satisfying the first constraint of (P)) and
zi(a;) = 1if 6;(a;) > 0 and z;(a;) = 0if 6;(a;) = 0

16754

(which satisfies the last constraint of (P) via construction).
For the second constraint of (P), we consider two cases:
(i) if 0;(a;) > 0, then z;(a;) = 1 by construction and be-
cause d;(a;) < 1, it implies d;(a;) < z;(a;) holds, (ii)
If ;(a;) = 0, then z;(a;) = 0 by construction satisfy-
ing 6;(a;) < z;(a;). The constraint s;(a;) > 0 is guar-
anteed by our construction and s;(a;) < uw; — u; is al-
ways true as v; < @; and u;(a;,0—;) > u,;. For s;(a;) <
(1 = zi(a;))(Tw; — u;), we consider two cases again: (i) if
di(a;) > 0, then z;(a;) = 1 by construction and the second
constraint of (Q) implies v; — u;(a;,d_;) = 0 in this case
s0 s;(a;) = 0thus 0 = s;(a;) < (1 — z;(a;))(w; —u;) =0,
(ii) If &;(a;) = 0, then z;(a;) = 0 by construction, leading
to s;(a;) < (1—z;(a;))(w; —u;) = w; — u;, and we showed
earlier s;(a;) < u; — u; is true. Hence, any solution to (Q)
implies a solution to (P). O

To solve (Q) using the spatial branch-and-bound algo-
rithm effectively, we work with the following penalized ver-
sion of (Q), where the complementarity constraint of (Q)
is penalized through the co-norm via the epigraph approach
(Boyd and Vandenberghe 2004, page 134) as:

min w
s.t. w > 6i(ai) (’Ui — ui(ai,é,i)) Vi, a;
w > —0;(a;) (vi —ui(a;, 0-;)) Vi, a;
v; —ui(a;,0-4) >0 Vi, a;
(R)
> bia) =1 Vi
a; €A;
0 <di(a;) <1 Vi, a;
w; < v < U Vi

where the decision variables are {d;(a;)}ien a;ea;,
{v;}ien and the scalar epigraph variable . We now show
that any solution to (Q) is also a solution to (R) and vice
versa.

Proposition 2. Problems (Q) and (R) are equivalent.

Proof. Note that the constraints of (R) are the same as (Q),
except the complementarity constraint, which is penalized
via the epigraph approach (Boyd and Vandenberghe 2004,
page 134) with objective effectively minimizing the nonneg-
ative objective max;en,a,e4; |0i(a;) (vi — ui(a;, d_;)) |.
Because every finite game admits at least one Nash equi-
librium (Nash 1951), there exists an optimal solution to (Q),
and by construction, such a Nash equilibrium will be a fea-
sible solution to (R) with objective value 0, hence it will
also be the globally optimal solution to (R) because 0 is the
lowest possible value the objective of (R).

Similarly, due to (Nash 1951), an optimal solution to (R)
will have objective value 0 and such a solution will satisfy
all the constraints shared by (R) and (Q). Because the ob-
jective max;e n,a,e4; |0i(a;) (vi —wi(as, d—;)) | being zero
is equivalent to each complementarity constraint being sat-
isfied, a solution to (R) thus satisfies every constraints of

(Q). O

Proposition 2 leads to the following corollary:




Corollary 1. The optimal objective value of (R) is zero and
any optimal solution to (R) is an exact Nash equilibrium.

Moreover, if any algorithm solving (R) terminates with a
feasible solution having a non-zero objective value, we have
the following guarantee regarding the solution being an e-
Nash equilibrium.

Proposition 3. A candidate solution ¢ that satisfies all the
constraints in (R) with objective value w constitutes an e-
Nash equilibrium with e = (w X max;en |Ail]).

Proof. For each player %, let v} be their best-response value
against the profile 0_;, i.e., v} = max,,ca, u;(a;,d_;). The
utility deviation improvement ¢; is then equal to

€; = U;k — ul(é) = ’U;-k — Z 5i(ai)ui(ai,§,i)

a;€A;
< — Z 0i(ai)ui(ai, 0—;)
a; €EA;
= Z di(a;)(vi —ui(a;, 6-i)) < w|Al,
a;€A;

where v; < wv; follows from the third constraint in (R),
and the final inequality uses the first two constraints in (R).
Moreover, we use the fact that >, _, di(a;) = 1. The ap-
proximation parameter of the equilibrium e is then equal to
€ = max;e N €; = wmax;en |4;]. O

In the next section, we discuss why for an effective spatial
branch-and-bound implementation, it is more convenient to
work with (R) over (P).

3.2 Tractability of (R) over (P)

For a spatial branch-and-bound algorithm, working with the
penalized continuous formulation (R) can be significantly
more tractable than with the mixed-integer formulation (P).
This advantage stems from three primary factors: the dimen-
sionality of the search space, the complexity of the branch-
ing scheme, and the ease of generating high-quality feasi-
ble solutions. To explain these advantages clearly, we first
provide a brief overview of how a standard spatial branch-
and-bound algorithm works, for more details we refer the
interested readers to (Liberti 2008; Horst and Tuy 2013; Lo-
catelli and Schoen 2013; Gurobi Optimization, LLC 2020).

Brief review of the standard spatial branch-and-bound
algorithm. Consider a nonconvex mixed-integer polyno-
mial minimization problem where the objective and con-
straint functions are polynomials, and the decision variables
are a mix of continuous and binary types. We assume that
the problem’s feasible region is nonempty and bounded and
that it admits a finite optimal value p*, as is the case for our
problem. The spatial branch-and-bound algorithm employs a
divide-and-conquer strategy to solve the problem by recur-
sively partitioning the domain to create a search tree. The
process begins with a presolve phase, where a linear relax-
ation of the original problem is solved to obtain valid bounds
on the continuous variables. Following this, the algorithm
dynamically partitions the feasible region into a finite col-
lection of subregions, each corresponding to a subproblem.
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By definition, the smallest among the optimal values of these
subproblems is the optimal value of the original problem.
The speed of the algorithm is essentially controlled by the
efficiency of solving these subproblems and, if necessary,
branching them further into smaller subproblems, which we
discuss next.

While solving a particular subproblem—which is also a
nonconvex polynomial minimization problem, albeit over a
smaller region—can be as hard as solving the original prob-
lem, computing lower and upper bounds for that subproblem
via linear or convex relaxations is much easier. At the root
node of the spatial branch-and-bound tree, a linear relaxation
of the original problem is constructed and solved to yield a
lower bound on p*, denoted by p*. The tighter this relax-
ation, the closer p* is to p*. In the absence of any special
structure, the initial upper bound on p* is set to p* = oc.
However, a user can warm-start the algorithm by provid-
ing a known feasible solution, which can establish a nontriv-
ial initial p*. Efficient warm-starting procedures that exploit
the problem structure can massively accelerate branch-and-
bound solvers, a technique we will leverage for problem (R)
(described in the next section). Note that a polynomial fea-
sibility problem, such as finding a Nash Equilibrium in (P),
cannot be warm-started, as providing a feasible solution is
equivalent to having already solved it. Throughout its ex-
ecution, the algorithm updates p* and p* to progressively
reduce the optimality gap, p* — p* and the algorithm termi-
nates when p* matches p*, having found a globally optimal
solution.

The algorithm reduces this gap by iteratively processing
subproblems. It selects an active subregion from the list of
unprocessed nodes in the search tree (typically guided by
heuristics) and constructs two convex (usually linear) min-
imization subproblems. These convex formulations are cre-
ated using convex lower and upper envelopes (McCormick
1976) for the nonlinear terms, whereas the linear constraints
and terms remain unchanged. Additionally, valid linear in-
equalities (cuts) can be added to strengthen these convex re-
laxations (Sherali and Adams 1990; Padberg 1989; Sherali
and Fraticelli 2002). Solving these convex subproblems pro-
vides valid lower and upper bounds on the optimal value for
the active subregion, leading to one of the following three
possibilities:

* Possibility 1: pruning. If the convex optimization prob-
lem associated with the lower bound is infeasible or its
objective value is greater than the current global upper
bound p*, then the subregion cannot contain the global
optimum. Consequently, this subregion is discarded, or
pruned, from the search tree.

Possibility 2: fathoming by optimality. For the sub-
problem, if its lower bound matches its upper bound, we
have found this subproblem’s optimal solution without
solving the original nonconvex problem on that subre-
gion. This local solution is also a feasible solution to the
main problem. If its objective value is better than the cur-
rent p*, it becomes the new incumbent solution, and p*
is updated accordingly. The subregion is now fully ex-
plored, or fathomed, and is not branched further.



¢ Possibility 3: branching. If neither of the first two possi-
bilities occurs, the current subregion may still contain the
global optimum and must be explored further. It is par-
titioned into smaller subregions by performing branch-
ing. The algorithm typically prioritizes combinatorial
branching on a binary variable that has a fractional value
in the convex relaxation’s solution. If all binary variables
are integer-valued, then it performs spatial branching by
selecting a continuous variable involved in a violated
nonlinear constraint. These new, smaller subregions are
then added to the list of active nodes to be processed.

This process is repeated, continually updating the global
bounds. The global upper bound, p*, is always the objective
value of the best-known feasible solution i.e., the incum-
bent. The global lower bound, p* is updated by taking the
minimum of the best objective values of all the leaf nodes
associated with the subproblems that are pruned or fath-
omed. As the algorithm explores the search space, the gap
p* — p* progressively narrows, and when the lower bound
p* matches the upper bound p*, the algorithm terminates,
returning the incumbent solution as a global optimum for
the original problem.

Why (R) is more tractable than (P). We now discuss
three key reasons why the penalty formulation (R) is more
tractable than the mixed-integer formulation (P) within a
spatial branch-and-bound framework.

First, the set of decision variables in (R), {J,v}, is a
strict subset of the variables in (P), which additionally in-
cludes the auxiliary binary variables z and slack variables
s. A spatial branch-and-bound algorithm’s performance is
highly sensitive to the number of variables on which it must
branch. By operating in a lower-dimensional space, the for-
mulation (R) inherently defines a smaller and less complex
search tree, mitigating the curse of dimensionality and re-
ducing the overall computational effort.

Second, in (R), the algorithm only needs to perform spa-
tial branching, which occurs exclusively on the continuous
variables § and v to resolve violations in the polynomial
complementarity constraints. In contrast, solving (P) re-
quires a hybrid branching scheme involving both combina-
torial branching on the binary variables and spatial branch-
ing on the continuous variables. This dual-purpose branch-
ing complicates the node selection logic and increases the
number of potential branches at each node of the tree.

Third, the formulation (R) is exceptionally well-suited
for computing high-quality feasible solutions using nonlin-
ear interior-point methods (Byrd, Hribar, and Nocedal 1999;
Waltz et al. 2006; Wichter 2002). In theory, when warm-
started with a good initial point, such algorithms converge
quadratically to a locally optimal solution for nonlinear pro-
grams, where all functions are twice continuously differ-
entiable (Wichter and Biegler 2005a,b; Byrd, Gilbert, and
Nocedal 2000); empirically, they often perform well even
when the warm-start point is not high-quality (Das Gupta,
Van Parys, and Ryu 2024). Every function in (R) is twice
continuously differentiable, and a basic feasible solution can
be computed trivially. Furthermore, because minimizing the
objective of (R) to zero corresponds to satisfying the un-
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derlying complementarity conditions, modern interior-point
solvers that include special interfaces for complementarity
constraints can handle the problem structure with particular
efficiency (Artelys 2025; Byrd, Nocedal, and Waltz 2006).
The ability to quickly find a locally optimal solution is a sig-
nificant advantage, as this solution provides a strong upper
bound that allows the branch-and-bound algorithm to prune
large portions of the search tree, thereby drastically improv-
ing its overall performance. Furthermore, such a locally op-
timal solution is likely to have a small objective value, thus
corresponding to an e-Nash equilibrium by Proposition 3.

3.3 Customized spatial branch-and-bound

The computational tractability of (R) allows us to apply the
following customized two-stage spatial branch-and-bound
algorithm that exploits the problem structure:

» Stage 1. We first compute a locally optimal solution to
(R) using a nonlinear interior point method, as discussed
in the previous section. From Proposition 3, we know that
the objective value of (R) for a feasible solution tells us
how close the found solution is to a Nash equilibrium.
Because of this, a locally optimal solution with a small
objective value acts as an excellent warm-starting point
for the spatial branch and bound algorithm.

Stage 2. We then feed this locally optimal solution as
a warm-starting point to the spatial branch-and-bound
algorithm. Since many sub-regions of the branch-and-
bound tree will likely not contain any Nash equilibrium,
their convex relaxations will often yield objective values
strictly greater than zero. Hence a small upper bound pro-
vided by a locally optimal solution ensures these sub-
regions are quickly identified and eliminated, thus ag-
gressively pruning the vast majority of the search space,
drastically reducing the number of nodes to explore in
turn and leading to a significant reduction in computa-
tion time.

Our discussion above results in the following proposition:

Proposition 4. The two-stage spatial branch-and-bound
algorithm is a sound and complete algorithm for finding
a Nash equilibrium in multiplayer games. If we choose to
terminate the algorithm early, it returns an approximate
Nash equilibrium along with its corresponding approxima-
tion parameter.

Proof. The algorithm’s soundness follows from Corollary 1
in the case of exact solutions, and from Proposition 3 when
terminated early. To see the completeness of our spatial
branch-and-bound algorithm (i.e. that it computes a solu-
tion if one exists), consider the worst-case scenario, where
the stage 1 is unable to provide a point to warm-start the
spatial branch-and-bound algorithm. In that case, our cus-
tomized spatial branch-and-bound algorithm reverts to the
standard spatial branch-and-bound algorithm, which is com-
plete (Horst and Tuy 2013). O

4 Empirical Evaluation

We empirically analyze the performance and scalability of
our proposed branch-and-bound method, focusing on (i)
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Figure 1: Runtime and approximation quality results for Random Graphical Games on different underlying graphs. Each tick
corresponds to a seed, the numbers below indicate the number of players / number of actions per player.
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wall-clock computational time, (ii) equilibrium approxima-
tion quality. While prior work has evaluated algorithms on
fully random games (Ganzfried 2024; Zhang, An, and Sub-
rahmanian 2023; Berg and Sandholm 2017), we do so only
in the appendix, as we believe the resulting performance re-
ports are not sufficiently informative. Random games fre-
quently admit sparse equilibria, which may render them
more tractable than instances with more structured or adver-
sarial properties. For example, although computing a Nash
equilibrium in two-player general-sum games is PPAD-
hard (Chen and Deng 2006), games with appropriately cho-
sen random payoff distributions can often be solved in ex-
pected polynomial time (Bardny, Vempala, and Vetta 2007).
More broadly, in multi-player games with i.i.d. payoffs, the
existence of pure Nash equilibria is almost certain, with
the probability approaching 1 — 1/e as action set sizes in-
crease (Goldberg, Goldman, and Newman 1968; Dresher
1970). Similarly, two-player Gaussian or uniform games
typically admit equilibria supported on just two actions with
high probability, specifically, 1 —O(1/logn) (Bardny, Vem-
pala, and Vetta 2007).

Interestingly, we observed that similar characteristics ap-
pear even in games generated by the widely used GAMUT
library (Nudelman et al. 2004), despite these games incor-
porating various structural constraints rather than being en-
tirely random. To investigate this, we implemented a simple
vectorized method in NumPy to identify pure strategy pro-
files with minimal e and examined the following GAMUT
game classes: BidirectionalLEG, CollaborationGame, Co-
variantGame, RandomGraphicalGame, and RandomLEG.
For games with up to 6 players and 6 actions per player
(where applicable), we generated 30 random instances for
each setting. Our method found pure profiles with least ex-
ploitability for all games within 2 seconds. Among the tested
classes, only RandomGraphicalGame consistently gener-
ated instances with non-trivial equilibria. For this reason, in
this paper we chose to focus our experimental evaluation on
this class, using three types of underlying graphs: Complete-
Graph, RoadGraph, and SmallWorldGraph, with the graph
parameter setting —reflex ok 0. All utilities were nor-
malized to the [0, 1] range.

We conducted all the experiments on a computer run-
ning Ubuntu 20.04.6 LTS on an Intel(R) Core(TM) 19-12900
CPU with 16 cores and 24 threads with 64 GB of RAM.
We used JuMP (Lubin et al. 2023), a domain specific mod-
eling language embedded in the open-source programming
language Julia (Bezanson et al. 2017), to model our op-
timization problems, and our customized two-stage spa-
tial branch-and-bound algorithm uses the solvers KNITRO
14.2 (Byrd, Nocedal, and Waltz 2006) and Gurobi
12.0 (Gurobi Optimization, LLC 2025). We compared
our approach against three baselines: (1) solving formula-
tion (P) directly using Gurobi, which in version 12 applies
similar transformations as those described by Ganzfried
(2024); (2) the CMR algorithm proposed and open-sourced
by Zhang, An, and Subrahmanian (2023); and (3) the incom-
plete ADIDAS algorithm introduced by Gemp et al. (2022)
and implemented in the OpenSpiel library (Lanctot et al.
2019) which neither of the complete methods previously
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compared to. Since the (P) formulation solved with Gurobi
and the CMR algorithm have already been shown to out-
perform classical methods such as those implemented in the
Gambit library (Savani and Turocy 2025) and the exclusion
method (Berg and Sandholm 2017), we focused our compar-
isons on these more competitive baselines.

The computational results are shown in the left-hand plots
of Figure 1, where the vertical axis is presented on a loga-
rithmic scale. All computations were terminated after one
hour if not completed, and such cases are indicated with
this time limit in the plots. We refer to our spatial branch-
and-bound algorithm as SBnB, and to its early-terminated
variant, which stops once the approximation quality of ADI-
DAS is approximately matched or exceeded, as SBnB-e. Out
of the 96 tested instances, formulation (7) timed out in 77
cases, and CMR in 76 cases, solving 19.8% and 20.8% of
the testing instances, respectively. In contrast, both variants
of our algorithm, as well as ADIDAS, successfully com-
puted an equilibrium for all instances. With the exception
of several instances in the RoadGraph class, where CMR
occasionally produced better results, SBnB and its early-
terminated variant consistently outperformed the other com-
plete methods. Notably, SBnB-e achieved not only faster
runtimes than the incomplete ADIDAS algorithm on smaller
instances but also comparable runtimes on larger games with
6 players and 5 or 6 actions.

The right-hand plots in Figure 1 show the equilibrium ap-
proximation quality, measured as the e of the computed so-
lutions — a minimal value satisfying Equations (e-NE).! For
Gurobi-based methods (formulation (7?) and CMR) the re-
sulting € values are on the order of Gurobi’s numerical pre-
cision, typically around 10~° to 10~%. SBnB consistently
produces highly accurate solutions, in some cases achiev-
ing several orders of magnitude greater precision than al-
ternative methods. Interestingly, SBnB-e performs compa-
rably to SBnB on smaller instances, offering significant im-
provements over ADIDAS in both accuracy and runtime,
and matches its solution quality on larger games.

We also considered the observation by Sandholm, Gilpin,
and Conitzer (2005) that adding a welfare-maximizing or
support-minimizing objective can accelerate solver-based
methods. While we observed a speedup on random games,
it had no consistent effect on the instances reported here.

5 Conclusion

We proposed solving Nash equilibria in multiplayer normal-
form games via a polynomial complementarity problem,
with a sound and complete spatial branch-and-bound algo-
rithm. Our method offers a principled, scalable, and robust
alternative to classical approaches, avoiding numerical insta-
bility while providing formal solution guarantees. Though
challenges remain for very large games, our results indi-
cate that general-purpose equilibrium computation is more
tractable than previously thought, and our algorithm shows
promise for integration into broader oracle-based solvers.

'Note that the € reported by default in the OpenSpiel implemen-
tation of ADIDAS corresponds to the average player-wise ¢, rather
than the maximum deviation from best response.
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