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Abstract

Core stability is a natural and well-studied notion for group
fairness in multi-winner voting, where the task is to select a
committee from a pool of candidates. We study the setting
where voters either approve or disapprove of each candidate;
here, it remains a major open problem whether a core-stable
committee always exists. In this work, we develop an ap-
proach based on mixed-integer linear programming for decid-
ing whether and when core-stable committees are guaranteed
to exist. In contrast to SAT-based approaches popular in com-
putational social choice, our method can produce proofs for
a specific number of candidates independent of the number
of voters. In addition to these computational gains, our pro-
gram lends itself to a novel duality-based reformulation of the
core stability problem, from which we obtain new existence
results in special cases. Further, we use our framework to re-
veal previously unknown relationships between core stability
and other desirable properties, such as notions of priceability.

Code — https://github.com/emanueltewolde/Core-MILP
Extended version — https://arxiv.org/abs/2512.16895

1 Introduction

Elected committees enable efficient implementation of high-
stakes decisions affecting large groups of voters, forming the
backbone of representative democracies. The same formal-
ization of electing a “committee” also applies to selecting
sets of items of other types—a set of locations at which to
build facilities, times at which to schedule webinars, efc. The
benefits of committee elections, however, crucially rely on
the committee itself being (proportionally) representative,
reflecting the diverse preferences of the voters. One possi-
ble way of expressing such preferences is that of approval
sets, where each voter specifies which candidates they ap-
prove of. Approval preferences are simple to elicit; they also
come with a range of mathematical properties that enable
us to rigorously argue about the quality of an elected com-
mittee. Accordingly, Aziz et al. (2017) defined a hierarchy
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of representation axioms—desiderata a committee should
ideally satisfy—for approval-based multi-winner elections.
Their work paved the way for a rich literature analyzing
further axioms in this setting, as well as the relationships
among them; cf. Lackner and Skowron (2022) for an excel-
lent overview. Importantly, several of these axioms guided
the design of novel and efficient (multi-winner) voting rules
(Aziz et al. 2018; Peters and Skowron 2020; Brill and Peters
2023; Casey and Elkind 2025), some of which are currently
utilized in local elections in several countries (Peters 2025).

Out of the hierarchy of axioms introduced by Aziz et al.,
the one named core stability stands out, both due to its inter-
pretability and strength. It stands on top of this hierarchy and
implies many axioms introduced later on (see, e.g., Peters,
Pierczyniski, and Skowron 2021). Intuitively, a committee
W consisting of k candidates is core-stable if no coalition
of voters all strictly prefer an alternative committee that they
can jointly “afford” with their proportional share of the seats.
More formally, we say that a subset of candidates W’ C C
is a successful deviation from W if there is a subset of vot-

ers N/ C N such that mkl‘ < ‘ljjvv‘l (i.e., N’ can afford W')

and all members of N’ approve of strictly more members of
W' than W. Then, W is core-stable if it does not admit any
successful deviations. Equivalently, for any potential devia-
tion W', the support it receives from the voters (who strictly
prefer it to W) must be insufficient to afford W’.

Example 1 (This paper’s running example). Consider an
instance with |[N| = 6 voters and |C| = 5 candidates. The
approval sets of the voters are

Ay ={ci,c9,c3F Ay ={co,ca} Az ={ca,cu}
Ay =A{co,e5} As ={ca,c5)  Ag={ca,c5)

If our goal is to pick a committee with k = 3 candidates,
then W = {c1, c3,c5} is not core-stable: W' = {ca,c5} is
preferred to W by each voterin N' = {2,3,4,5}, achieving

|W1/‘_2 4 _ |N'| D * __ .
SR =5<5= R The committee W* = {ca, cq,c5} is

core-stable, as there is no successful deviation from it.

Core stability also captures the idea of “fair taxation”
(Munagala et al. 2021): if the number of seats is seen as the
total resources of the community (where each agent brings in



the same amount), no subgroup of voters are better off leav-
ing the group with their share of the resources. Importantly,
the appeal of this property extends beyond political elec-
tions; it can also be a powerful guiding principle for achiev-
ing group fairness in AI/ML. For example, Chaudhury et al.
(2022, 2024) apply core stability (and an adaptation thereof)
to define fair outcomes in federated learning, where a set
of agents (clients) use their heterogeneous and decentralized
data to train a single model. Indeed, if a subset of clients can
use their own resources to train a different model that makes
all of them happier, they will stop contributing their data
and compute to the larger coalition. Approval-based multi-
winner elections can also capture extensions of this setting,
such as federated multi-objective optimization (introduced
by Yang et al. 2024), where each voter is interested in only
a subset of the objectives. In the Al alignment literature,
Conitzer et al. (2024) emphasize that core-like deviations
can guide decisions to create multiple Al systems serving
different subgroups, rather than a single overall system.
Despite its wide applications and strong guarantees, core
stability remains highly elusive: all known multi-winner
voting rules fail it, and it remains a major open problem
whether a core-stable committee always exists in approval-
based elections (Aziz et al. 2017; Cheng et al. 2019; Muna-
gala, Shen, and Wang 2022). While approximations (Jiang,
Munagala, and Wang 2020; Peters and Skowron 2020) and
relaxations (Cheng et al. 2019; Brill et al. 2020) have been
studied, until very recently the only known (unrestricted) ex-
istence result was for committees of size up to k = 3 (Cheng
et al. 2019). In concurrent and soon-to-appear work, Peters
(2025) pushes this boundary up to £ = 8 by showing that
a specific voting rule, Proportional Approval Voting (PAV),
gives core-stable committees up to this point. However, he
also gives a counterexample for PAV for £ = 9, showing
that this specific method cannot be pushed further. In this
paper, we take an approach free of assumptions about the
voting rule used; that is, we search over all possible voter
preferences to find those where core stability comes closest
to being failed by all committees. At the heart of many of our
results lie techniques borrowed from automated reasoning.

Automated Reasoning in Social Choice

The automated reasoning paradigm involves the develop-
ment of theoretical results and interpretable proofs through
the intuition gained from computer-generated proofs for in-
stances to which the techniques scale. Tang and Lin (2008,
2009) demonstrated its effectiveness in social choice by
rederiving the celebrated impossibility theorems by Arrow
(1963) and Gibbard-Satterthwaite (Gibbard 1973; Satterth-
waite 1975). The central and recurring idea since then has
been to express the input parameters to social choice prob-
lems (votes, candidate selection, efc.) via Boolean variables,
and to encode axioms via Boolean formulas over these vari-
ables. In the following years, this paradigm—and specifi-
cally SAT solving (Biere et al. 2021)—has lead to advance-
ments in a plethora of social choice settings (Geist and Pe-
ters 2017). Examples include problems such as ranking sets
of objects (Geist and Endriss 2011), irresolute voting rules
and tournament solutions (Brandt and Geist 2016), fair di-
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vision (Brandl et al. 2021), the no-show paradox (Moulin
1988; Brandt, Geist, and Peters 2017; Brandl et al. 2019),
and matching markets (Endriss 2020). Closer to our setting
of multi-winner elections, Peters (2018) showed that forms
of proportionality and strategyproofness can be incompati-
ble with regards to some resolute voting rules.

A drawback to the SAT approach is that solvers do not
scale well with the number of voters, which can get large.
This is a bottleneck in our setting especially because multi-
winner voting instances are parametrized by three values
(number of voters, candidates, and committee seats), which
further complicates the key step of extending computer
proofs for small instances to the general setting. In this work,
we analyze core stability for vote distributions, which en-
ables us to leverage “linearity” properties of the core (Xia
2025) to eliminate dependencies on the number of voters.
To do so, we abandon SAT methods in favor of mixed-
integer linear programming. Related approaches have pre-
viously found fruitful applications in probabilistic social
choice (Mennle and Seuken 2016; Brandl et al. 2018). They
have also long been fundamental to the adjacent field of
automated mechanism design, where (mixed integer) linear
programs can be used to solve the discretized version of the
general problem (Conitzer and Sandholm 2002, 2004) and
have helped in proving new (im)possibility results, for ex-
ample in the context of redistribution mechanisms (Guo and
Conitzer 2009, 2010; Damle, Padala, and Gujar 2024). Last
but not least, Peters (2025) analyzes the PAV rule in our
problem setting by describing the PAV solutions as a lin-
ear program. Overall, however, we find that automated rea-
soning approaches beyond SAT—especially those taking the
perspective of linear theories—have been relatively under-
explored in the literature. Indeed, we suspect that a variety
of other social choice settings can benefit from them.

Our Contributions

Leveraging the formulation of core stability in terms of vote
distributions, we introduce and study the problem of find-
ing the vote distributions in which committees are “least”
core-stable. In Section 3, we cast this problem first as a
nested optimization problem, and then as a mixed-integer
linear program, where the optimal value corresponds to the
(positive or negative) excess support the best deviation of
each committee is guaranteed to have. By running experi-
ments with the latter in Section 4, we identify a pattern in
the optimal values of instances with few candidates, lead-
ing us to a surprising connection to the stronger axiom of
Droop core stability. We show that the identified pattern in-
deed forms a lower bound for all instances. In Section 5,
we then use linear program duality to prove matching upper
bounds in specific cases with small deviations or large com-
mittees, proving novel non-emptiness results and rediscover-
ing previously known results as corollaries. In Section 6, we
use a modification of our program to identify the minimal
instances for which (Droop) core stability does not imply
priceability axioms from the literature. Our findings resolve
previously open problems, including disproving a conjecture
on Lindahl priceability. The omitted proofs can be found in
the appendix of the full version of the paper.



2 Preliminaries

In approval-based multi-winner elections, we have a set of
candidates C = {c1,ca,...,Cn}, from which we have to
select a committee W C C of size k € N, also called a k-
committee. We assume 0 < k < m. Denote the set of all
k-committees and non-empty committees of size up to k by

My ={W CC:|W|=k}, and
Moy ={W CcC:1<|W|<k}

respectively. We refer to each W/ € My, as a (potential)
deviation. Let N := {1,2, ..., n} be the set of voters, where
n € N. Each voter i € N has a subset A; C C of candidates
they approve of, also called an approval set. Together, these
sets form an (approval) profile A .= (A;)ien-

We call a k-committee W core-stable if, intuitively, no
deviation W' is strictly preferred to W by a subset of voters
whose proportional share of candidates exceeds |WW’|.

Definition 2 (Core Stability). A k-committee W € My, is
core-stable w.r.t. profile A if for all W' € M<y,, we have

k
i € N4 nW| > AN < W] ()

Here, % is the fraction of a committee seat that a single
voter can “buy”, or dually, 7 is the “cost” (expressed in
number of voters) of securing a seat. The core of a profile
is defined as the set of all of its core-stable committees.

3 Core as a Mixed-Integer Linear Program

In this section, we develop a mixed-integer linear program
for computing profiles for which core stability is “least satis-
fiable,” i.e., the core, if not empty, is closest to being empty.
Recently, Xia (2025) has noted the following “linearity”
property: The exact number of voters m is not crucial to
the core of a profile A, but rather the frequency with which
each vote A C C appears in A. In particular, if we multi-
ply each voter by a constant number, then the core remains
unchanged. This can be seen from Equation (1); note that
k stays fixed. Hence, for any profile A = (A;);cn, we can
study its associated vote distribution x € A(2) N Q2 de-
fined as x[A4] := 1 - |{i € N : A; = A}|. Here, A(S) C R®
denotes the probability simplex over a discrete set .S. For the
profile from Example 1, the associated vote distribution is

1/3 if A={co,ca} or A= {ca,c5}
x[A] =<1/6 if A={cy,ca,c5}or A={eq,c5}. (2)
0 otherwise

Define the binary vector dw,w € {0, 132 for each W €
My, and W' € My, to have entry 1 at index A C C'if and
only if |[ANW'| > |[ANW|. That is, dy, - indicates which
votes A strictly prefer W’ over .

Lemma 3 (Xia 2025). Given m, k,n, and profile A, a k-

Wl<o

committee W' is core-stable if and only ifégvﬁw,x— T

for A’s vote distribution x and for all W' € M.
Lemma 3 allows us to work in the vote distribution space
A29)N Q2 instead of in profile spaces (2€)™ for varying
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numbers n € N. That is because if we found a vote distribu-
tionx € A(29) NQ2° withan empty core, we can construct
a profile A out of it with that same property by rescaling x
to an element of N 2¢ , and interpret its entries as the number
of voters in /N with the respective approval sets.

Therefore, we can decide for a given m and k whether
there exists a profile A = (A;);en with any number of vot-
ers n such that the core is empty by deciding whether

Ix e A2 NQ2 YW € M, IW’ € Moy, :
W/
B zo
We reformulate this into an optimization problem.

Sy X —

Proposition 4. Suppose m and k are given. Then there ex-
ists a set of voters N and profile A = (A;);en for which the
core is empty if and only if the optimization problem
W/
max min max iy X — W
xEA(QC)ﬁ@QC WeMp WeMcy ’ k

(M3)

has nonnegative value.

Going beyond the question of nonnegativity, we can give
the optimization in M3 an interpretation a la “least core”
from cooperative game theory (Shapley and Shubik 1966;
Maschler, Peleg, and Shapley 1979). For a fixed vote distri-
bution x, we define a k-committee W to be in X’s sizewise-
least core if it solves the inner min-max problem of M3 for
x. We call the corresponding optimal objective u3 the value
of x’s sizewise-least core; hence, M3 essentially searches for
a point x* with the largest such value. Intuitively, any com-
mittee W in the sizewise-least core of x gives rise to at most
[k excess voter support to any deviation W’ beyond what is
required afford it. No matter the instance, the sizewise-least
core always exists. Moreover, if 1} is negative, the sizewise-
least core will be a subset of the core, making the core non-
empty. In such cases, we intuitively expect committees in the
sizewise-least core to be the most robust among core-stable
committees against fluctuations in the vote distribution; cf.
Li and Conitzer (2015) for an analogous study in coopera-
tive game theory. Indeed, our interpretations above cannot
be captured by notions of approximate core in prior litera-
ture (see, e.g., Lackner and Skowron 2022, Definition 4.11).

In order to make the max-min-max problem M3 amenable
to empirical as well as theoretical analysis, we next refor-
mulate it to a single-level optimization problem. We have
tried multiple reformulations and found that a particular one
yields a mixed-integer linear problem that is most efficient
in practice, which we present below.

max
x€R27 | u€R, ye{0,1} Mk M<k

st. > x[A]=1 and VACC:x[A]>0

(MILP)

ACC
VIWeMe: Y yW W >1
W'eMcy
VIV € My, W' e M<y, :
W'l

< Oy x — +3(1 —y[W, W)

k



The main idea of MILP is to introduce a binary variable
y[W, W] that evaluates to 1 only if deviation W’ maximizes
the inner max problem of M3 for k-committee W. Despite
searching over real variables, MILP will admit a rational op-
timal solution since all of its coefficients are rational. We
next show these solutions match those of M3.

Theorem 1. For any m and k, the optimal values of M3
and MILP coincide, and solutions x* to M3 are exactly the
x-components of solutions (x*, u*,y*) to MILP. Further,
solution component * represents the largest value achiev-
able for the sizewise-least core for m and k.

Intuitively, we replaced the inner min-max in M3 with a
continuous variable . To ensure that this is a correct inter-
pretation of i given the chosen values of x, we have to make
sure that for every committee W there in fact exists a W'

such that w is at most 5W WX — (ThlS will ensure that
v will not be set too high; we do not need to worry that p
will be set too low, because the solver will try to maximize
.) To do so, we force the solver to set y[W, W’] to 1 for at
least one W', and for that one, the value of 6W W m]gll
must be large enough because the last term in the last MIT.P
constraint disappears when y[W,W’] = 1. (Whereas if
y[W,W'] = 0, that constraint automatically holds due to
the slack of 3 added by this last term. Any slack of > 2
would have sufficed here.)

4 From Experiments to Lower Bounds

We implement MILP using Gurobi (Gurobi Optimization,
LLC 2024), a popular commercial solver for mixed-integer,
linear, and nonlinear optimization that guarantees global op-
timality (up to a small tolerance error) upon termination. All
experiments in this paper were run up to the default toler-
ance of 10~*. Table 1 depicts the optimal values of MILP
that we computed for various (m, k) pairs with 1 < k < m.
Our experiments show that for m < 7 candidates, there
will always be a core-stable committee, for any committee
size k, any number of votes n, and any vote profile A. It
improves on Cheng et al. (2019), which confirms experi-
mentally that the core is non-empty for m + n < 14 and
k < m. Concurrent and soon to appear work by Peters
(2025) subsumes our experimental (non-emptiness) results
since it shows that the core is always non-empty if m < 15,
or, alternatively, if & < 8. Peters obtains these results by
focusing on when the PAV rule and modifications thereof
are guaranteed to select a core-stable committee. For any
larger m or k, Peters (2025) gives PAV failure modes, show-
ing the limitations to his PAV-focused approach. In contrast,
our MILP resolves (non-)emptiness of core for given values
of m and k in general, rather than focusing just on whether
one particular voting rule selects core-stable committees.
The limitations of our approach, however, lie in bounded
computational resources. MILP contains 2™ + 1 continu-
ous variables and (") - 31, () binary variables (or a few
less after eliminating certain (W, W') pairs, such as when
W’ C W, without loss of optimality). For k ~ m/2, these
values grow super-polynomially in m. For small values of
m, our implementation is still quite fast: on 8 cores, the in-
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’ k\m H 4 ‘ 5 ‘ 6 ‘ 7 H Fraction ‘
1 || -0.5000 | -0.5000 | -0.5000 | -0.5000 || = —3
2 || -0.1667 | -0.1667 | -0.1667 | -0.1667 || =—%
3 || -0.0833 | -0.0833 | -0.0833 | -0.0833 || =—;
4 — | -0.0500 | -0.0500 | -0.0500 -
5 — — -0.0333 | -0.0333 -5
6 — — — 0.0238 || =—-35
I I I I = =

Table 1: Optimal values of MILP computed for various com-
binations of m, k. Columns m < 3 are omitted for brevity.

stance m = 7 and k = 3 takes < 2.5h time to run on our
laptop, while Peters (2025) briefly describes an implementa-
tion attempt for the same general problem that does not ter-
minate within a time limit of 37h. If we investigate m = 8§,
however, then the solver does not terminate within the time-
limit of 72h when k& = 4. More generally, we find the case
k ~ m/2 takes the longest to solve in our implementations.
That being said, our experiments continue to offer insights
beyond just non-emptiness: we observe that the optimal val-
ues in Table 1 have a structure to them They are independent

of m and take on the value D +1) If this were true for all

(m, k), the core would always be non-empty. While we can-
not prove this in full generality in this paper, we can make
progress towards such a result. First, we prove k(%_l) isa

lower bound to the optimal value of MILP for all m and k.

Theorem 2. For all m, k, MILP > k(k+1)

Proof. Since MILP is a maximization, we can prove this
lower bound by giving a feasible variable assignment to
MILP that achieves objective value 1 ] +1) Given pair k <

m, fix a subset of candidates B C C with |B| = k + 1. For
if A= {c} withce B
otherwise '

1

E+1

0

For each W € My, fix some cyy € B\ W (such a ¢y ex-
1 ifw =

ists as |B| > |W|). Set y[W, W'] = { it ) {ew} .
0 otherwise

Finally, set u = k(%l), which is also equal to the objective.

It is straightforward to check that this assignment is feasible
for MILP. In particular, for any W and for W’ = {cw }, we
have 6%‘,‘,,){ = x[{ew }], since [W N {ew }| = 0. Further,

x[{ew}] - &

each A C C, set x[A] =

8y X — ‘W | +3(
1

Tk k(k+1)

[WW])
=,

= k+1
indicating that for the above x and y values, the p is chosen
maximal while staying feasible. O

Theorem 2 shows that no proﬁle can have a sizewise-least
core with value less than In the proof, this value

Ic(k+1)
emerges after subtracting % 1 (the cost of a deviation of size 1)



from %H (the maximum amount of support any such devia-
tion will get in our assignment). The former value originates
from the intuition that a coalition is entitled to make deci-
sions about a seat in the committee only if they comprise at
least + + fraction of the total electorate, a quantity also known
as the Hare quota. The latter value, on the other hand, is rem-
iniscent of an alternative intuition, requlrlng the coalition to
be strictly greater than a fraction of T +1 , also known as the
Droop quota. Defining core stability with respect to the lat-
ter leads to a strictly stronger criterion (Brill et al. 2020).
The next definition introduces this notion in our framework.

Definition 5 (Droop core). Given m and k, and a profile A,
a k-committee W € M, is Droop core-stable if &y, /X —

% < 0for A’s vote distribution x and for all W' € M.
MILP can be easily edited to search for profiles with an
empty Droop core (again for given m, k) by replacing each
occurrence of k in a denominator with k + 1. If we call this
analogous program DrMILP, then an empty Droop core is
found if its objective value is strictly larger than 0. The proof
of Theorem 2 then implies for any m, k, there is always a
profile sitting at the boundary of an empty Droop core.

Corollary 6. Forall m,k, DrMILP > 0.

Indeed, when we run DrMILP for the values of m, k in
Table 1, the program converges to a value of 0, showing that
the Droop core is always non-empty for these values.! Fur-
ther, Corollary 6 indicates that Droop quota is the “best we
can hope for” if we require non-emptiness, since for any m
and k, core notions with any smaller quota (giving deviating
coalitions more power) will be empty for some vote distribu-
tion x. A similar observation was previously made by Janson
(2018, Remark 3.6) for related fairness properties.

Next, we study when the lower bounds of Theorem 2 and
Corollary 6 can be matched with an identical upper bound.

5 Upper Bounds Using Duality

We derive a general strategy for proving upper bounds on
MILP, and prove an upper bound of D for certain spe-
cial cases. More generally, our approach provides a novel

way of proving core non-emptiness results.

The key observation in our approach is that for any fixed
values of the integer variables y in MILP, we get a linear
program over variables p and x, the optimal value of which
is the largest value MILP can achieve using that y. Without
loss of optimality of MILP, we can restrict our attention to
instances of y that have y[W, W’] = 1 for only one devi-
ation W’ € My, for each committee W € M, (call this
deviation Dyy). Each such y then corresponds to a deviation
function D : My, — My, such that D(W) = Dy for
each W € Mj,. Taking the dual of the linear program asso-
ciated with D (and performing some simplification steps to
significantly decrease the number of variables; see the proof

1Relatedly, PAV satisfies Droop core for k < 5 (Peters 2025).
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of Theorem 3), we obtain the following linear program.

DUV 1y

min DLP
q€RME ueR W%\:Ak k ( )
s.t. Z qW]=1and VIW € My : q(W] >0
weMy
VACC: Z aW] <u
WeMk:
|ID(W)NA|>|WNA]|

As with MILP and DrMILP, we refer to the analogous
linear program for Droop core (where the k in the objective
is replaced with £ + 1) as DrDLP. Since the optimal value
of MILP is the optimal value over all assignments of y, we
can use strong duality and obtain an upper bound on MILP
by bounding DLP across all deviation functions.

Theorem 3. Given m, k, andvalue v € R, we have MILP <
v (resp. DtMILP < wv) if and only if DLP < wv (resp.
DrDLP < w) for all functions D : My, — M<y,.

Furthermore, a closer look at DLP shows that q defines
a probability distribution over M}. Combining this obser-
vation with Lemma 3 and Theorem 3 lends itself to a novel
way of formulating the core non-emptiness problem.

Corollary 7. Given m and k, the core (resp. Droop core) is
non-empty for all profiles / vote distributions if and only if
the following statement is true:

For every function D : My, — Mcy, there exists a distri-
bution q € A(My,) s.t. for all votes A C C, we have

W [1IDv)]
(resp <) k(resp. k+1)

P_[WNA < [DW)NA]

The boxed statement in Corollary 7 is notably similar to a
lemma proven by Cheng et al. (2019, Inequality (3)) which
implies the existence of stable lotteries (distributions over
M, such that the expected support of any deviation is not
sufficient), a weaker result than core non-emptiness. In the
appendix, we reinterpret their formulation (where D is re-
placed by distributions over M<y,) in our framework. We
believe Corollary 7 lays the foundations for a probabilistic
analysis towards proving core non-emptiness, possibly sim-
ilar to Cheng et al.’s approach for stable lotteries.

Next, we illustrate the strength of Theorem 3 by proving
upper bounds to MILP in special cases. Our results improve
on previously known results, implying them as corollaries.

Small deviations The example profile we used in
the proof of Theorem 2 relied on singleton deviations
(ID(W)| = 1 for all W). Indeed, in all of the the experi-
ments in Table 1, we see that the objective-maximizing val-
ues of y correspond to singleton deviations. We now formal-
ize this intuition by showing that our lower bound for MILP
is tight for singleton deviations, and the objective can only
get worse when we add a single non-singleton deviation.

Theorem 4. Say we are given m, k, and a deviation function
D such that |D(W)| = lfor all W € My, but possibly one

W*. Then, DLP < — W (resp. DrDLP < 0).



Proof. Start with Wy = W*, and say t := |D(W™*)|. For
i=1{2,...,k+2—t}, pick W; to be some arbitrary commit-
tee in M, such that Uje[i—l] D(W;) C W; (the union will
contain at most i — 2+t < k elements). Set q € A(My,) as
oW = e ifoWiforsomei elk+2—1 '
0 otherwise
Fix any A C C. We claim that the inequality |[A N ;| <
|AN D(W;)| can be true for at most one ¢ € [k + 2 — t]. Say
i* is the smallest i € [k + 2 — t] such that AN D(W;) # 0
(if no such ¢* exists, we are done). For any j < ¢*, we have
|A N D(W;)| = 0, so the inequality must be false. For any
j > i*, we have D(W;«) C Wj; therefore, |A N W;| >
[AND(W;-)| > 1= |D(W;)| > |AN D(W,)|, so the in-
equality must be once again false. Hence, the inequality can
only be true for i*, implying u = —~— with the above q
is a feasible assignment to DLP (and DrDLP). Further, we

kf2—t

k+1— .
have Yy ug, [D(W)] - q[W] = SHEFLZ0 = kbl
viding by k (resp. k + 1) and subtracting from u gives the

desired upper bound for DLP (resp. DrDLP). O

Theorem 4 has several implications. First, for t = 1, it
shows that the lower bound for MILP is exactly met when
the deviations are restricted to singletons; further, when we
add one non-singleton deviation, we only get farther from
core emptiness. It also opens up a novel possibility for prov-
ing core non-emptiness in general, namely, by proving a
similar effect from adding further non-singleton deviations
to D. Second, Theorem 4 implies a known result as a corol-
lary: a weaker version of the core named justified represen-
tation (where deviations are restricted to M rather than
M) can always be satisfied, regardless of whether we use
Hare or Droop quota; indeed, the voting rule PAV is known
to satisfy it with either quota (Aziz et al. 2017; Janson 2018).

Adapting our proof of Theorem 4 to broader classes of
deviation functions presents several challenges.” Nonethe-
less, an analogous construction can lead us to proving novel
non-emptiness results, as we show next.

Large committees We turn to the setting of m = k + 1,
for any k. In words, the problem is to select a single can-
didate that will not be in the committee. Unlike the oppo-
site extreme of £k = 1 (in which case any candidate that is
approved by some voter is a core-stable 1-committee, and
picking the candidate approved by the most voters is suf-
ficient for Droop core), the core is not trivially non-empty
when m = k + 1, as the next example shows.

Example 8. Consider the profile from Example 1, the vote
distribution of which is in (2), this time fork = m — 1 = 4.
Fix W = {c1,c3,cq,c5} and W = {ca, ¢4, c5}. We have

2For example, say |D(W)| = 2 for all W € My, rather than
singletons. Using the same construction as above, where for each
i > 1 we force Uj<; D(W;) C Wi, we can only pick ~ % com-
mittees before the union has more elements than a single commit-
tee can contain. Further, there may be an A C C with |W; N A| <
|D(W;) N A for multiple i (e.g., since |D(W1) N A = 1 and
|D(W2) N A| = 2). The left-hand side of Corollary 7 will then be

~ k% for the uniform distribution over {W;}, which violates the

inequality as the right-hand side is %
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8y = xl{ez, cal] + x[{ea,05)] = § > 8 = I,
showing W is not in the Droop core. If we slightly modify
the profile such that A1 = {co} instead, then W is not even
in the core, as certified by the same deviation W',

Nevertheless, our next result shows that the core is always
non-empty in this case, even with Droop quota.

Theorem 5. For any m and k = m — 1, given any deviation

function D, we have DLP < *ﬁ (resp. DrtDLP < 0).

The proof follows from a construction similar to that of
Theorem 4. However, unlike the latter, Theorem 5 does not
put any restrictions on the deviation function D. As a result,
Theorem 3 gives us core non-emptiness in this setting.’

Corollary 9. The core is always non-empty for any m and
k = m — 1, even using Droop quota.

Overall, Theorems 3 and 4 demonstrate that our dual for-
mulation offers a novel framework for deriving core non-
emptiness results and investigating restricted notions of core
stability in terms of deviation powers.

6 Relationship to Other Axioms

We now modify MILP to investigate the relationship of core
stability with other axioms in the literature. Our experiments
here resolve previously open problems by efficiently finding
counterexamples. They also identify the minimal m and k
values for which a counterexample exists in the first place.

Lindahl priceability Munagala, Shen, and Wang (2022)
introduce Lindahl priceability as another axiom in approval-
based multi-winner elections, based on the idea of market
clearing. To introduce it, we can think of each voter : € N
as having a budget of 1. Given a committee W &€ My, any
voter is able to switch to a strictly preferred alternative set
of candidates 7" C C' (not necessarily bounded in size by
k) if they can “afford” all candidates in 7". The question of
whether W is Lindahl priceable becomes whether one can
set prices (from voters to candidates) in a way that no candi-
date is cumulatively overpriced (specifically, larger than 7/k)
and no voter can afford a strictly preferred set of candidates.

Definition 10. A k-committee W is Lindahl priceable w.r..
profile A if 3 a price system {pli, c|}ien cec > 0 such that
1. Vee C: ), cypli,c] < %, and
2.Vie NNTCC: |ANT| > |AinW|= > pli,c] >
ceT
Lindahl priceability implies weak priceability, which can
be defined via Definition 10, except we restrict the T C C'in
condition 2 to be of the form {d}U(A;,NW)s.t.d € A;\W,
i.e., each voter can only add candidates to their approved
ones in W. While it is known that weak priceability is not

1.

3The concurrent work of Peters (2025) shows that PAV satisfies
core stability with m = k + 1 (using Hare quota). Our Corol-
lary 9 strengthens this non-emptiness result using the Droop core.
As noted by Casey and Elkind (2025), improving an axiom satisfi-
ability result from Hare to Droop can often be nontrivial. Still, we
note that this result is also obtainable by combining an analogous
argument to that of Peters using the observation that PAV still satis-
fies EJIR+ with Droop quota (Janson 2018; Brill and Peters 2023).



sufficient for core stability, we have found no prior work
with an explicit counterexample showing it is also not neces-
sary.4 On the other hand, Munagala, Shen, and Wang (2022)
show that Lindahl priceability also implies core stability. In
a later report, Munagala and Shen (2024) state “even though
Lindahl priceability implies core stability, we do not know if
it is strictly stronger than the core. We conjecture that these
two notions are the same.” In contrast, we are able to show
through our framework that this conjecture is false.’

Combining it with the core In order to incorporate
weak/Lindahl priceability into MILP, we first show that both
axioms are compatible with our framework of vote distribu-
tions, mirroring what Lemma 3 showed for core stability.

Lemma 11. For any given m,k,n, and profile A, a k-
committee W is weakly (resp. Lindahl) priceable iff there
exists a price system p = {p[A4, c|} acc,cec > 0 such that
1. Vee C: Y ycox[A] - plA,c] < +, and
2. VACC,de AW, T = (AnW)U{d} : > p[A,c] >1
ceT

(resp. VA, T CCs.t. |ANT| > |ANW]|),

where X, again, is the vote distribution associated with A.

Fixing x and W, this forms a system of linear (strict)
inequalities over variables p. In the appendix, we describe
how we leverage linear program duality once again to get
a dual program of this system. If the dual admits a feasible
solution, then it serves as a certificate to 1/ not being weak-
ly/Lindahl priceable for x. This allows us to search for a
core-stable committee W* that is not weakly/Lindahl price-
able. Namely, for any desired counterexample W*, w.l.o.g.

wW* = {¢1,...,cr}, minimize p over vote distributions x
T W’ ST
such that ¢ > maxw e, Oy WX — To this linear

program, add constraints of the weak (resp. Lindahl) price-
ability dual program for W*. This results in a program with
quadratic constraints,® whose optimal value is negative iff
W* is core-stable but not weakly (resp. Lindahl) priceable.
Using this approach, we show that even the stronger axiom
of Droop core does not imply either priceability axiom.

Theorem 6. There exists a vote distribution for m = 5 and
k = 3 (resp. m = 4 and k = 2) with a k-committee that is
Droop core-stable but not weakly (resp. Lindahl) priceable.

“What we here call weak priceability was defined by Munagala,
Shen, and Wang (2022), who, in that version of their paper, stated
it is equivalent to priceability as defined by Peters and Skowron
(2020). However, as we show in the appendix, priceability (as an
axiom for k-committees) is strictly stronger than weak priceability
and incomparable with Lindahl priceability. Therefore, our Theo-
rem 6 also shows that (Droop) core does not imply priceability.

>We suspect this conjecture might have been an oversight on the
part of the authors, as checking whether a committee fails Lindahl
priceability can be done in polynomial time (Munagala, Shen, and
Wang 2022), whereas the equivalent problem for core stability is
NP-hard (Brill et al. 2020, Thm 5.3). Hence, the two axioms cannot
be equivalent unless P = NP. In any case, we will see that our min-
imal counterexample in Theorem 6 disproves the conjecture uncon-
ditionally, and also shows Lindahl priceability is strictly stronger
than the core and weak priceability together (Corollary 12).

SRecall that the weak/Lindahl priceability dual is only linear as
long as we do not also optimize over the vote distribution x.
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Another strength of our program is that it enables us
to confirm the minimality of these counterexamples, in the
sense that it rules out counterexamples for any (m/, k') with
m’ < mor [m' = m,k" < k]. In contrast, hand-designed
counterexamples for similar problems can get quite large—
such as that no welfarist rule (a class of voting rules includ-
ing PAV) is priceable for £k = 57 and m = 669 (Peters and
Skowron 2020)—without revealing whether simpler ones
exist. Further, leveraging minimality, we derive that Lindahl
priceability is strictly stronger than both axioms it implies.

Corollary 12. There exists a vote distribution for m = 4
and k = 2 that admits a k-committee that is (Droop) core-
stable and weakly priceable, but not Lindahl priceable.

We end this section with remarking that while we ob-
tain the counterexamples in Theorem 6 via Gurobi ex-
periments, we can construct simple human-readable proofs
uisng the optimal variable assignments in the dual weak/Lin-
dahl priceability program. We demonstrate this with Exam-
ple 1, whose vote distribution in (2) we obtained through one
of our programs (showing core stability does not imply weak
priceability for m = 5 and k = 3). Here, W = {c¢1,¢2,c3}
is core-stable. For the sake of contradiction, assume W
is also weakly priceable, certified by a price system p =
{P[A, ]} acc ccc. Condition 1 of Lemma 11 then implies:

p[{c2, ca}, o] + pl{ce; c5}, o < Z x[A]p|A, 2] < 1
3 3 3

ACC
5 1
p[{CQ7C4},C4] p[{c47co}ac4] S Z X[A]p[A,C;d S =
3 6 3

ACC
pl{c2,c5},05] | Pl{ca, e}, 5 < Z X[Ap[A, 5] < 1
3 6 3

ACC

Similarly, condition 2 of Lemma 11 yields

pl{ca; ca}, ca] + P[{co, ca},ca] > 1 3)
Pl{c2, 5}, o] + pl{c2, 5}, 05] > 1 “)
pl{ca,c5}, ¢4 >1 and p[{ca,c5},e5] > 1. (5)

If we multiply (3)-(4) by —1/3, multiply (5) by —1/6, and
add them up together with the previous three inequalities
from Condition 1, we get the contradiction 0 < 0.

7 Conclusion & Future Directions

We used modifications to MILP to explore core’s logical
relationship with other axioms, proving minimal incompa-
rability results. A natural next step is to use our program
to search for incompatibility: Does there exist a profile for
which no core-stable committee satisfies (weak) priceabil-
ity? This is currently an open problem. Similarly, to the
best of our knowledge, whether the core is compatible with
other axioms such as EJR+ and committee monotonicity is
not known. These axioms can be incorporated into MILP,
searching for counterexamples of simultaneous satisfiability.
Another direction is to extend our tools to settings different
from (but related to) approval elections, such as “thumbs up
and down voting”, where each voter has three options per
candidate: approval, neutral, and disapproval (Kraiczy et al.
2025). Overall, we hope our framework will open up new
directions for using MILPs in social choice settings.
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