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Abstract

Given an undirected graph and a size parameter k, the Dens-
est k-Subgraph (DkS) problem extracts the subgraph on k
vertices with the largest number of induced edges. While
DES is NP-hard and difficult to approximate, penalty-based
continuous relaxations of the problem have recently enjoyed
practical success for real-world instances of DES. In this
work, we propose a scalable and exact continuous penaliza-
tion approach for DES using the error bound principle, which
enables the design of suitable penalty functions. Notably, we
develop new theoretical guarantees ensuring that both the
global and local optima of the penalized problem match those
of the original problem. The proposed penalized reformula-
tion enables the use of first-order continuous optimization
methods. In particular, we develop a non-convex proximal
gradient algorithm, where the non-convex proximal operator
can be computed in closed form, resulting in low per-iteration
complexity. We also provide convergence analysis of the al-
gorithm. Experiments on large-scale instances of the DkS
problem and one of its variants, the Densest (k1, k2) Bipartite
Subgraph (Dk; k2BS) problem, demonstrate that our method
achieves a favorable balance between computation cost and
solution quality.

Code — https://github.com/ly6421/dks-aaai2026
Extended version — https://arxiv.org/abs/2511.11451

Introduction

Dense subgraph discovery (DSD) is a key graph mining
primitive which aims to extract highly interconnected sub-
sets of vertices from a given graph (see (Lanciano et al.
2024; Luo et al. 2023) and the references therein). The prob-
lem has garnered considerable attention as it finds myriad
applications ranging from mining trending topics in social
media (Angel et al. 2014), discovering complex patterns
in gene annotation graphs (Saha et al. 2010), to detecting
fraudsters in e-commerce and financial transaction networks
(Hooi et al. 2016; Li et al. 2020; Chen and Tsourakakis
2022).

The broad applicability of DSD has resulted in the de-
velopment of several formulations and algorithms. Notable
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among these is the Densest Subgraph (DSG) problem (Gold-
berg 1984), which extracts the subgraph with the maximum
average induced degree. Although DSG can be solved ex-
actly in polynomial time via maximum flow, it is computa-
tionally expensive. A faster greedy peeling algorithm runs
in linear time and provides a 0.5-factor approximation guar-
antee (Charikar 2000). Improved multi-stage extensions of
the greedy algorithm were later developed in (Boob et al.
2020; Chekuri, Quanrud, and Torres 2022) - these offer im-
proved approximation guarantees for DSG at the same com-
plexity order. A separate line of research (Danisch, Chan,
and Sozio 2017; Harb, Quanrud, and Chekuri 2022, 2023;
Nguyen and Ene 2024) has developed algorithms for DSG
using tools from convex optimization, building on a linear
programming relaxation of DSG due to (Charikar 2000). A
different type of dense subgraph is the max-core of a graph
(Seidman 1983), which corresponds to the subgraph that
maximizes the minimum induced degree. The greedy algo-
rithm for DSG optimally solves this problem in linear time.
DSG and the max-core were later unified within a general
framework for computing solutions of degree-based density
objectives in (Veldt, Benson, and Kleinberg 2021).

A limitation of the DSG and the max-core formulations
is that they do not allow the size of the extracted subgraph
to be explicitly controlled, which can result in the output
being a large subgraph with poor inter-connectivity in real-
world graphs, as observed in (Tsourakakis et al. 2013; Shin,
Eliassi-Rad, and Faloutsos 2016). Indeed, by design, the
solution of DSG is maximal in size (Harb, Quanrud, and
Chekuri 2023). Furthermore, as the solution of both prob-
lems is unique, there is no flexibility in extracting a denser
subgraph of a different size. Arguably, the simplest rem-
edy is to add an explicit size constraint to DSG, which
results in the Densest k-Subgraph (DES) problem (Feige,
Peleg, and Kortsarz 2001). Variation of the size parameter
k enables extraction of dense subgraphs of different sizes,
thereby allowing users to select a solution with the desired
density. The flip side of this flexibility is that DS is NP-
hard and difficult to approximate in the worst case (Ma-
nurangsi 2017). However, practical optimization algorithms
have been demonstrated to exhibit good performance on
real-world instances of the problem (Papailiopoulos et al.
2014; Konar and Sidiropoulos 2021; Lu, Sidiropoulos, and
Konar 2025; Liu et al. 2024b). Our present work advances



this line of research by developing a new principled and
scalable continuous optimization framework for effectively
tackling such “favorable” instances of DkS.

Variations of DkS which allow extraction of subgraphs
of different sizes also exist - these include the Densest
at-least-k Subgraph (DalkS) and Densest at-most-k Sub-
graph (DamkS) problems (Andersen and Chellapilla 2009;
Khuller and Saha 2009), and the f-densest subgraph prob-
lem (Kawase and Miyauchi 2018). However, in contrast to
DES, these formulations are not guaranteed to span the spec-
trum of densest subgraphs of every size.

Contributions: Our main contributions are summarized as
follows:

e We propose a scalable and exact penalization formulation
for the DkS problem via the error bound principle (Luo,
Pang, and Ralph 1996; Cui and Pang 2021). By designing
a suitable relaxation of the constraint set of DS and a cor-
responding error bound function that serves as a penalty, we
arrive at a non-convex, non-smooth penalty formulation. In
the context of penalty methods for constrained optimization,
the challenge lies in showing whether a penalty formulation
at hand has its globally optimal solution set identical to that
of the original problem. In this work, we established not only
the equivalence of global optima between our formulations
and DKS, but also that of local optima.

e To tackle our proposed formulation, we employ a non-
convex variant of the classic proximal gradient algorithm
(Nesterov 2018), comprising a “forward” gradient step, and
a “backward” proximal operator evaluation. A key techni-
cal challenge is that evaluating the proximal operator in our
formulation entails solving a non-convex problem. Never-
theless, it surprisingly turns out that the global solution of
this subproblem can be computed efficiently even in the ab-
sence of convexity, resulting in low per-iteration complexity,
and thereby endowing the algorithm with scalability. Theo-
retically, we also show that the proposed algorithm is guar-
anteed to converge to a critical point of our formulation at a
sub-linear rate.

e We evaluate our method on the DKS problem and
adapt our method to the Densest (ki, ko) Bipartite Sub-
graph (Dk;1k2BS) problem as well. Extensive experiments
on large-scale real-world graphs—with sizes ranging from
thousands to millions of nodes—show that our method
consistently achieves state-of-the-art performance with low
computational cost.

Notation: Let R denote the set of real numbers. Vectors and
matrices are represented by bold lowercase (e.g., ) and bold
uppercase letters (e.g., X), respectively. The ith element of
x is x;, and the (4, j)th entry of X is x;;. The transpose of
is denoted by = ". We use 0 and 1 to denote the all-zero and
all-one vectors, and I for the identity matrix. The ¢th largest
entry of € R" is denoted by z[;}, and the max-k-sum is
defined as Sy.(x) := x[1) + - - - 4 x[z). The notation [Ty (x)
denotes the projection of @ onto the set X

Related Work

Owing to its intrinsic difficulty, DkS has been tackled
from different perspectives, aiming to strike a good bal-
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ance between computational cost and solution quality. The
state-of-the-art polynomial-time approximation algorithm
for DkS due to (Bhaskara et al. 2010) outputs an O (n'/4+¢)-

approximation solution in time O(n'/€) for every ¢ >
0, which is quite pessimistic. Alternative schemes include
hierarchies of linear programming relaxations (Bhaskara
et al. 2012) and semidefinite programming (SDP) relax-
ations (Feige, Seltser et al. 1997; Karisch, Rendl, and
Clausen 2000; Bombina and Ames 2020). While these ap-
proaches offer certain optimality guarantees, they are com-
putationally expensive for large-scale problems, mainly due
to the fact that these relaxations employ extra variables,
thereby increasing complexity.

More practical approaches for DkS include greedy al-
gorithms (Feige, Peleg, and Kortsarz 2001; Asahiro et al.
2000); they are computationally efficient but often yield
suboptimal solutions due to their inherently myopic nature.
Meanwhile, the Truncated Power Method (TPM) of (Yuan
and Zhang 2013) is a scalable method that converges under
certain conditions. However, it was found in practice that the
subgraphs obtained by TPM can be highly sub-optimal. An-
other approach is the Spannogram of (Papailiopoulos et al.
2014), which uses a low-rank factorization of the graph adja-
cency matrix to approximately solve the DS problem. Us-
ing higher rank approximation improves the solution quality,
but at the expense of a larger running time, owing to the ex-
ponential dependence of the algorithm’s complexity on the
rank. For example, using just a rank-2 approximation incurs
O(n?) complexity, which limits scalability.

A separate line of research has blossomed around devel-
oping different continuous relaxations of DkS followed by
application of continuous optimization algorithms - these
range from non-convex (Hager, Phan, and Zhu 2016; Sotirov
2020) to convex formulations (Konar and Sidiropoulos
2021). However, none of these works analyzed whether their
respective relaxations are tight or not. Closest to our present
work are the recent exact penalty-based methods of (Liu,
Liu, and Ma 2024; Lu, Sidiropoulos, and Konar 2025; Liu
et al. 2024a,b), which have demonstrated promising perfor-
mance in addressing large-scale D&S problems. The general
principle behind these approaches is to relax the combina-
torial constraint set of DES to arrive at a continuous opti-
mization problem and employ penalty terms to enforce the
desired combinatorial constraints. Through different lines of
reasoning, these works establish equivalence between the
globally optimal solutions of their formulations and those
of DkS. First-order continuous optimization algorithms are
adopted for the resulting formulations, leading to low com-
putational cost. Although our approach falls in the above cat-
egory of methods, it offers several benefits over the prevail-
ing state-of-the-art (see Contributions and (D1)-(D2)) in the
next section.

Background and Preliminaries

Let G = (V,, &) be an undirected, unweighted graph with
V), being the vertex set containing n vertices and &,, be-
ing the edge set containing m edges. Given a size parame-
ter £ < n, the DES problem aims to identify a vertex set



Sr C V,, with k vertices such that the number of edges be-
tween vertices in Sy is maximized. Formally, the problem
can be expressed as

max x' Aw,

st.x eUy
xTER™

ey
where A € R™*"™ denotes the adjacency matrix of G, and
Up = {x € {0,1}" | * "1 = k} is a set of binary vectors
with & nonzero entries. We term the set U} as the selection
vector set. In this work, we adopt a continuous optimization
approach for the purpose of obtaining good approximate so-
lutions to (1). The theoretical underpinnings are based on
the concept of exact penalization, which is formally defined
below.

Definition 1 (Exact Penalization) Consider the following
constrained optimization problem:

(@)

min f(x
mE.Af( ),
where f : D — R is the objective function defined on a
domain D C R", and A C D is a non-empty constraint set.
Assume that the optimal solution set of (2) is non-empty.
Now consider the penalization formulation:

min f(x) + Ah(), ()
where X C D is a constraint set such that A C X, h :
R™ — R is a penalty function for enforcing the constraint
satisfaction of A, and A > 0 is a given penalty parameter.
If there exists a finite A such that the optimal solution set
of (3) is the same as that of (2), then (3) is called an exact
penalization of (2).

An instance of exact penalization for the DkS problem is
the following formulation
wnelliR% —z' Az — )\||ac||§7 s.t. ¢ € conv (U}}), 4)
where conv (U') = {z € [0,1]" | "1 = k} is the con-
vex hull of ¢/;? and A > 0 is the penalization parameter. The
exact penalization property of (4) was shown from different
perspectives. The study in (Liu et al. 2024a,b) showed exact-
ness through both the concave minimization principle and
the error bound principle (Luo, Pang, and Ralph 1996; Cui
and Pang 2021). The study in (Lu, Sidiropoulos, and Konar
2025) leveraged an extension of the Motzkin-Straus theo-
rem (Motzkin and Straus 1965) to prove exactness. Formula-
tion (4) is a non-convex optimization problem with a convex
constraint, and hence, it can be readily tackled by first-order
optimization algorithms. The work (Lu, Sidiropoulos, and
Konar 2025) employed the Frank-Wolfe algorithm, and the
paper (Liu et al. 2024b) adopted projected gradient descent
combined with majorization-minimization. However, prior
studies working with problem (4) have their drawbacks.
(D1): As the optimization landscape of (4) is non-convex,
optimization algorithms may converge to local minima,
which are not guaranteed to be feasible for DES; i.e., they
may fall outside the constraint set U{;’. Therefore, establish-
ing equivalence between the sets of local optima of the pe-
nalized and original formulations is of practical value. While
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the work (Lu, Sidiropoulos, and Konar 2025) proves global
optimality equivalence, the relationship between local op-
tima was not addressed. The result in (Liu et al. 2024a,b)
essentially suggests that formulation (4) has both global and
local solution equivalence. The limitation of this prior result
is however that we need the convex hull conv(U¥) as the
constraint set, which means that the result may no longer
apply if we consider a different relaxation set.

(D2): As mentioned, the existing studies consider the con-
vex hull of U;} as the relaxation set. We are concerned with
the computational aspects arising from the use of conv(U/¥)
as the constraint set. The projected gradient methods require
projecting onto conv(Y{;’), which does not have a closed-
form solution and requires a bisection search with complex-
ity O(nlogn) (Konar and Sidiropoulos 2021). As the prob-
lem size increases, the associated computational cost can
become non-negligible. The Frank-Wolfe Algorithm (Lu,
Sidiropoulos, and Konar 2025) has a per iteration cost of
O(nlog k). In practice, however, it was noted that the Frank-
Wolfe Algorithm can be slow compared to the proximal gra-
dient methods (which will be reflected in our numerical re-
sults). This motivates the exploration of alternative, easier-
to-work-with relaxation sets with appropriate penalization
functions that maintain exactness for both global and local
optimal solution sets and support efficient algorithm design.
The Error Bound Principle: The error bound principle
(Luo, Pang, and Ralph 1996; Cui and Pang 2021) is a gen-
eral optimization technique that can be leveraged for exact
penalization. The same principle was also used to develop
the exact penalization (4) for DkS in (Liu et al. 2024a,b).
However, as we will see later, our invocation of error bounds
results in a penalization formulation that differs significantly
from that of (Liu et al. 2024a,b).

To introduce the error bound principle, we need the notion
of error bound functions.

Definition 2 (Error Bound Function) Given a set X C R"
and a set A C X, a function ¢ : R™ — R is said to be an
error bound function of A relative to X if

dist(z, A) < ¢(x), Vo € X,
P(x) =0, VzeA,

where dist is defined as

&)
(6)

dist = inf — .
ist(x, A) ;gAHm yll2

An error bound function provides an upper bound on the dis-
tance from a point to the target set .A. Intuitively, when used
as a penalty function, it promotes feasibility by encouraging
solutions to lie within the target set .A. The following lemma
formalizes this intuition, showing that error bound functions
can yield exact penalization.

Lemma 1 (Theorem 2.1.2 in (Luo, Pang, and Ralph
1996), or Proposition 9.1.1 in (Cui and Pang 2021)) Ler
D C R™ Let A C D be a non-empty closed set. Let
f D — R be a function that is K-Lipschitz continuous
on some set X C D, with A C X. Suppose that

min f(x)

)



has an optimal solution. Let 1) be an error bound function
of A relative to X. Given any scalar A > K, the following
problem

min f(x) + Ay ()

®)

is an exact penalization of problem (7).

This lemma establishes that for problems with Lipschitz
continuous objective functions, exact penalization can be
achieved by constructing a valid error bound function v
and selecting a sufficiently large but finite penalty param-
eter \. Notably, many functions—including the objective
in the DES formulation (1)—are Lipschitz continuous over
compact sets. An important aspect of this approach is that
the error bound function is intrinsically tied to the choice
of the relaxation set X. Unlike traditional penalty meth-
ods such as the proximal distance method (Keys, Zhou, and
Lange 2019) and the quadratic penalty method (Nocedal and
Wright 2006), which reformulate the original problem as
an unconstrained minimization with penalty terms, the er-
ror bound approach emphasizes the design of both the relax-
ation set and the penalty function. This often results in more
structured and tractable penalization formulations. As men-
tioned previously, the method in (Liu et al. 2024a,b) is one
such example. It chooses conv(14}}) as the relaxation set. The
objective function f(x) = —x ' Ax is 2v/k| A||2-Lipschitz
continuous over the set conv(l4}?). It can then be shown that
¥(x) = 2(k — ||z||3) is an error bound function of U}* rela-
tive to its convex hull conv(l4;’). This leads to the formula-
tion (4).

Proposed Approach

We develop a new penalization approach for tackling DS
by leveraging the error bound principle. For this task, we
need two ingredients: (i) a relaxation set of the constraints
U}, and (ii) a suitable error bound function. For the first
part, instead of relaxing U}’ to its convex hull conv(L4]}), we
relax it to the hypercube [0, 1], which admits a simpler de-
scription. The next step is to construct an algorithmically
tractable error bound function, which serves as a penalty to
encourage points in [0, 1]™ to move toward the selection vec-
tor set U/;;. To this end, we have the following result.

Lemma?2 For any x € [0,1]", the following inequality
holds:

dist(z,U) < P(x) =k +1Tz —2S,(z), (9
where Sy (x) = Zle xp), and Ty > Tjg) > -+ > Xy, de-
notes the sorted components of x in descending order. Also,

Y(x) = 0 for x € U}}. The function (x) is an error bound
function of U} relative to [0, 1]™.

Proof of Lemma 2: Letx € [0, 1]™. Without loss of gener-
ality, assume z1 > w3 > - -+ > @y, Lety = Ilyp (x) denote
the projection of & onto . Then, y = (1,...,1,0,...,0)
with the first k£ elements being 1. The distance function can
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be upper bounded as:
dist(z, Uy') = [l — yll2 < [lz —ylh

e

(

i=k+1

n k
=k + in - QZ.’L'Z'

i=1 =1
=k+1"x —2Si(z).

When x € U}, we have

(10)

dist(z,U) =k + 1"z — 2S)(x) = k + k — 2k = 0.

The proof is complete. |

Based on the error bound function () in (9), we pro-
pose the following penalized reformulation of the DS prob-
lem (1):

min Fy(x) = —x' Az 4\ 17z — 25, (x)| .

xe[0,1]™ N——

— ~———
=f(=) ()

(1)

It is straightforward to verify that the objective function
f(*) is 24/n]| A||2-Lipschitz continuous over [0, 1]™. Conse-
quently, exact penalization holds by Lemma 1. More impor-
tantly, formulation (11) also has the local optimal solution
set equivalence, as stated in the following proposition.

Proposition 1 Consider the DkS problem (1) and its penal-
ized reformulation (11). Given any scalar A > 2./n|| Al|s,
problem (11) is an equivalent formulation of problem (1) in
the sense that both the global and local optimal solution sets
of (11) are the same as the corresponding sets of (1).

The proof of Proposition 1 is relegated to Part A of the sup-
plementary material. Compared to Lemma 1, Proposition 1
extends the result from the equivalence of global optimal so-
lution sets to the equivalence of local optimal solution sets
without any additional assumptions. This offers a practical
guarantee: if an algorithm designed to solve (11) converges
to a local minimizer, then this solution lies in U/}’ and is
also a local minimizer of the original problem (1). More-
over, Proposition 1 is not limited to the DkS problem; it is
applicable to a broader class of optimization problems con-
strained by the selection vector set, provided that the objec-
tive function is Lipschitz continuous on [0, 1]™.

A Non-Convex Proximal Gradient Algorithm: In this sub-
section, we develop a non-convex, first-order algorithm for
solving (11). Since the cost function of (11) has a composite
form comprising both differentiable and non-differentiable
terms, we consider the proximal gradient method (PGM),
whose iterations are given by (Nesterov 2018):

L

P ::I)E+’)/g(.’llzf.’13€71)
+1 ¢ ) (12)
T = prOX[OJ]",th(z -V f(z7)),
where [ = 0,1, ..., index iterations, ° = 2!, {ne}e>o is

a step size sequence, {7¢}¢>0 is an extrapolation sequence
and we adopt the FISTA extrapolation (Beck and Teboulle



2009); proxjg 1j» y, A, denotes the proximal operator and is
defined as

1
prOX[O,l]",m)\h(z) = arg min B |z — |3+ neAh(z). (13)
xe[0,1]"

Note that we add extrapolation in the PGM, which in prac-
tice was found to lead to faster convergence. Computing
the gradient of f(-) in each iteration entails performing a
sparse-matrix vector multiplication, which can be accom-
plished in time O(m) where m is the number of edges.
A critical consideration for the PGM is whether the proxi-
mal operator can be computed efficiently. In our case, with
h(z) = 1Tx — 2Sk(x), problem (13) is not guaranteed to
be convex for every A. Nevertheless, we show that despite
the absence of convexity, a global optimum can still be com-
puted in an efficient manner.

Proposition 2 Consider the following non-convex optimiza-
tion problem

min Lz - all} + p(172 - 25,(x)),

ze[0,1]" (14)

where > 0 is given. Without loss of generality, assume
21 > 29 > - > Zn. The following vector
z = ([Zl + :u](l)v N H](lJv [2k+1 — M](l)v A

is a global optimal solution to problem (14) where [a]} :
min(1, max(0, a)) clips the variable to lie within [0, 1].

1
0

The proof is provided in Part B of the supplementary ma-
terial. To evaluate the proximal operator, it suffices to iden-
tify the top-k entries of z, which can be done in O(nlog k)
time using a min-heap. This is generally faster than the
O(nlogn) cost required to project onto conv(l}') (Liu
et al. 2024b; Konar and Sidiropoulos 2021), thereby en-
hancing scalability, particularly when identifying small sub-
graphs within extremely large graphs. This advantage will
be demonstrated in the section on numerical results.

In addition to its low per-iteration computational cost, the
proposed algorithm is guaranteed to converge to a critical
point of Problem (11) at a sublinear rate. Here, a point x is
defined as a critical point if

0 € OF\(x) = Vf(x)+ AOh(x), (15)

where Oh(x) denotes the limiting subdifferential of h at
x (Rockafellar and Wets 2009; Li, So, and Ma 2020). The
following convergence result is established.
Proposition 3 Consider the PGM (12) for Problem (11).
Suppose the step sizes satisfy ciLy < 1/ne < co Ly with
1 < ¢1 £ ¢ < o0, and the extrapolation weights satisfy
0<~v <¥y<1lwithy=(c1—1)/(2+ 2¢c2). Then, the se-
quence {x"} ;>0 generated by the PGM exhibits a sublinear
convergence rate property

é_%lianist(O,aF,\(le)) <VC/(J+1), (16)
where
o = 840+ S)(er — D(IA() = FY)[| A
(c1=1)? =432(c2 +1)°
and F{ = min F\(x).

x€[0,1]"

)
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Algorithm 1: The Proposed Algorithm for Solving (11)
Input: Initial point 2°, initial penalty Ao, an extrapolation

sequence {7, }¢>0, a step size sequence {1 }e>0
Output: Final solution x*
1 0

I x™ =2

2: for/=0,1,...do

30 2l et oyt - 2t

& @ e proxi e (@ — V()
5. if a penalty update condition is met then
6: increase the penalty parameter: A\y11 > Ag
7:  endif

8.  if a stopping criterion is met then

9: break
10:  endif
11: end for

12: return x* = xft!

We provide the proof in Part C of the supplementary mate-
rial. It should be noted that convergence analysis of the PGM
with extrapolation and for a non-convex objective func-
tion was previously considered, e.g., in (Xu and Yin 2017).
There, the convergence rate result requires the Kurdyka—
Lojasiewicz (KL) property with the objective function f.
The present convergence result differs in that we do not
use the KL property, and we only use the Lipschitz con-
tinuous gradient property. We point out that the proposed
non-convex PGM and its convergence analysis are applica-
ble to other problems with the selection vector constraint,
provided that the cost function has Lipschitz continuous gra-
dients, and hence, it may prove to be of broader interest.

In practice, it has been observed that the algorithms may

get stuck at poor local minima if the penalty parameter A is
set too large from the outset (Shao and Ma 2020; Zaslavskiy,
Bach, and Vert 2008). To address this, A is typically annealed
from a small initial value to a larger one, eventually reach-
ing the regime of exact penalization. We adopt this strategy
in our implementation as well. The entire algorithm is sum-
marized in Algorithm 1.
Adaptation to the Dk;k2BS Problem: The proposed ap-
proach can be easily adapted to the Dk;k2BS problem, a
variant of the DkS problem. Given an undirected bipartite
graph G = (V1, Vs, &), where V; and Vs are disjoint ver-
tex sets with sizes n; = |V1| and ne = |Va|, respectively,
such that n = ny + no, the edge set &,, contains connec-
tions exclusively between nodes in V; and Vs. The goal of
the Dk koBS problem is to select k; < nj vertices from
V1 and ky < ng vertices from Vs such that the number of
edges between the selected vertices—i.e., edges connecting
one vertex in V; to one in Vo—is maximized. This problem
also finds wide applications. For example, in recommenda-
tion systems, interactions between users and items can be
naturally modeled as a bipartite graph, where identifying
dense subgraphs helps reveal strong user-item affinities.

Formally, the Dk, k2BS problem can be formulated as:

. T ) ni no
me]R"rln,lgeR"z —x By, st.xel', yel? 17)

where B € R™1*"2 denotes the biadjacency matrix for a bi-



Datasets | n [ m
HepTh 9,877 | 25,998
CondMat 23,133 | 93,497
DBLP 317K IM
roadNet 1.9M 2.7TM
Talk 2.4M SM
LiveJournall 4.8M 6OM

Table 1: Statistics of the datasets, where n represents the
number of nodes and m represents the number of edges.

partite graph, and « € {0,1}", y € {0,1}"2 are selection
vectors. Based on our error bound result, we can reformulate
the Dk; k2BS problem as

min  —x' By + A1z + 1Ty — 25, (z) — 25k, (y)),

z, Yy
st. xel0, 1™, yel0,1]m.

(18)
The equivalence between (18) and (17), in the sense of
Proposition 1, holds. This is because the error bounds for
two disjoint sets can be combined to yield an error bound for
their Cartesian product (Liu et al. 2024a). For implementa-
tion, we use the proposed proximal gradient method where
the proximal operator is essentially the same as before. More
details are provided in Part E of the supplementary material.

Numerical Results

In this section, we present empirical evaluations of our pro-
posed algorithm on the DES problem and the DkqkoBS
problem. We term our method, the exact penalization formu-
lation solved by the proximal gradient method, as EP-Prox.

The DiS Problem

Implementation: We implement our method using Algo-
rithm 1. The initial penalty parameter is set to Ao = 1071°.
The algorithm terminates when either ||zt — zf||2 <
10711, or the number of iterations exceeds 100. The penalty
parameter )\ is updated by Mgy 20\, when either
|2+t — xf|o/||x"+1||2 < 0.5 or 10 iterations have passed
since the last update.

Baselines: We used six widely-used baselines for DkS: (i)
the greedy method (Feige, Peleg, and Kortsarz 2001); (ii) the
truncated power method (TPM) (Yuan and Zhang 2013); (iii)
rank-1 binary principal component (Rank-1 PC) approxima-
tion (Papailiopoulos et al. 2014); (iv) the Lovasz relaxation
via Linearized-ADMM (Lovész) (Konar and Sidiropoulos
2021); (v) the extreme point pursuit (EXPP) method (Liu
et al. 2024a,b); (vi) the Frank-Wolfe (FW) method (Lu,
Sidiropoulos, and Konar 2025). Information on the imple-
mentations of benchmark methods can be found in our
GitHub repository. All the methods are initialized with the
scaled all-one vector, 0 = 1/n.

Datasets: We evaluate the methods on a diverse set of real-
world graphs obtained from (Leskovec and Krevl 2014). The
detailed statistics of the datasets are summarized in Table
1. Each dataset was preprocessed by symmetrizing directed
arcs (if the original dataset is a directed graph), removing all

15365

CondMat

Edge Density
Edge Density

Edge Density
Edge Density

! 10 10°
k

LiveJournall
dE e —

1o ;
I z
7 0.8¢ B ‘
[=] f=
5] j
006 Q05 %ég
£ b Ty B
o4 3 !
0.2 0 ‘
10! 10 10° 10! 10 10°
k k
Lovész +TPM —+ Greedy -e-Rank-1 PC < EXPP + FW *—EP-Prox‘

Figure 1: Edge density under different k& for DKS problem.

self loops, and extracting the largest connected component.
To assess solution quality, we use the standard edge density
metric:

edge density = =" Az/(k(k — 1)), (19)

where & € U]’ is the binary indicator vector representing
the selected subgraph. Note that & is a fixed constant, and
the numerator corresponds to the original objective function
that we want to maximize in problem (1). Consequently, a
larger edge density value reflects a higher-quality solution.
Edge Density Performance: Figure 1 illustrates the den-
sity performance of different algorithms across k. Our pro-
posed EP-Prox method achieves performance competitive
with that of EXPP and the Lovész relaxation on all datasets.
While Rank-1 PC, TPM, and FW can work well in some in-
stances, they are less consistent. Greedy, in particular, often
yields significantly lower edge density.

Runtime Comparison: Figure 2 reports the runtime of all
the methods. Compared to the Lovasz relaxation and EXPP,
our EP-Prox method demonstrates significantly lower com-
putational cost and is 2X faster across all datasets, thereby
highlighting its scalability.

The Dk k2BS Problem

We evaluate our method on several real-world bipartite net-
works obtained from the KONECT repository (Kunegis
2013). The selected graphs cover a wide range of sizes, and
detailed statistics of the datasets used in our experiments are
summarized in Table 2.
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Datasets [ [ ng [ m
Actor movies 127K | 383K | 1.47TM
Digg votes 139K | 3,553 | 3M
Flickr 396K | 103K | 8.5M
Wikipedia edits (en) | 8.1M [42.6M | 572.6M

Table 2: Statistics of the bipartite datasets, where n1, no de-
note the sizes of the two node sets, and m is the number of
edges.

To quantify the density of the extracted subgraph, we use
the metric:

edge density = ' By/(k1k»),

where € U,'! and y € U;’? are the binary selection vectors
returned by the respective methods. A higher edge density
indicates a denser subgraph and thus better solution qual-
ity. We adapt the rank-1 PC and EXPP methods to solve
the Dk1 k9BS problem, and use them as baselines for com-
parison. This method follows the implementation in Algo-
rithm 1, similar to DS problem. In this test, we change the
value of k1 from 10 to 1000, and set k; = 100. The results
in terms of edge density and runtime are shown in Figures 3
and 4. Additional details on the pre-processing steps, algo-
rithm settings, and additional results for the case of k1 = ko
are provided in Part F of the supplementary material.

Edge Density and Runtime Comparison: From Figure 3,
both EXPP and EP-Prox outperform Rank-1 PC, yielding
denser subgraphs. Meanwhile, from Figure 4, EP-Prox is no-
ticeably faster than EXPP (about an order of magnitude).
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Figure 4: Runtime under different &y for Dk k2BS.

Hence, EP-Prox attains a better performance-complexity
trade-off.

Conclusion

We proposed a novel exact penalized formulation for the
DKS problem based on the error bound principle, preserv-
ing both global and local optima. To solve it efficiently,
we developed a non-convex proximal gradient method with
low per-iteration cost and provided a convergence analy-
sis. Extensive experiments on real-world large-scale graphs
demonstrate that our approach achieves a good balance be-
tween the solution quality and the computation expense. Fu-
ture work will explore the applicability of this framework
for general cardinality-constrained optimization problems.
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