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Abstract

Learning representation of the enclosing subgraph of node
pairs is recognized as an efficient approach for link-oriented
prediction tasks in network applications. The core challenge
within this subgraph encoding approach is how to effectively
distinguish and then properly aggregate the contribution of
nodes in the subgraph into a single vector to indicate the rela-
tion between the target node pair. In this work, we propose a
novel sphere-based subgraph encoding architecture, namely
BS-SubGNN, to address the challenge. In detail, we design
two key building blocks, including Bicentric Sphere Node
Labeling (BSNL) and Bicentric Sphere Subgraph Pooling
(BSSP) to assist message passing in BS-SubGNN. BSNL en-
dows each node a label according to the sphere it belongs to
in the subgraph to distinguish the contribution of nodes, while
BSSP adopts an attention mechanism to aggregate the contri-
bution of nodes in each sphere. Theoretically, we prove that
BS-SubGNN can unify existing node distance labeling meth-
ods, and yield discriminative node features with less time
complexity. We evaluate the performance of BS-SubGNN
in link prediction tasks over a variety of network types, in-
cluding undirected networks, attribute networks, directed net-
works, and signed directed networks. Our experimental re-
sults demonstrate that BS-SubGNN consistently achieves sig-
nificant performance improvements over the above diverse
types of networks. In particular, compared to those methods
with a requisite of multi-hop neighborhood information, BS-
SubGNN can obtain better performance even when only one-
hop neighborhood information of the node pair is utilized.

Introduction

Graph is a powerful modeling tool for miscellaneous real-
world systems, wherein entities are represented as vertices
and their interactions are represented as edges (Ou et al.
2016; Zhou et al. 2017; Zhang et al. 2018; Khosla et al.
2020; Zhang et al. 2021b; Kollias et al. 2022; Fiorini et al.
2023). Link prediction, aiming to infer missing links or po-
tential links based on observed links, is a fundamental task
in performing analysis of such network data (Leskovec, Hut-
tenlocher, and Kleinberg 2010; Yoo et al. 2023; Ke et al.
2024). Considering the ubiquity of graph-structured data, in
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recent years link prediction has attracted large amounts of at-
tention in real-world applications, such as discovering pro-
tein interactions (Wu et al. 2024), recommending products
in e-commerce system (Xu et al. 2025), social recommenda-
tion (Javari et al. 2020; Shu et al. 2021; Xu et al. 2022), drug
responses (Liu and Li 2025), and knowledge graph comple-
tion (Wang et al. 2025).

Most of the prior efforts on graph neural network (GNN)
are devoted to learning node embeddings to preserve la-
bel and connectivity patterns around each node, which
thus facilitates the downstream link prediction task (Hamil-
ton, Ying, and Leskovec 2017; Zhu et al. 2021). However,
as pointed out in (Xu et al. 2018), the expressive power
of GNN is upper-bounded by the 1-WL (1-dimensional
Weisfeiler-Lehman) test. In addition, GNN is node-centered,
and thus leads to representation limitations in capturing
edge-oriented patterns.

Recently, subgraph encoding, which learns representa-
tion of the enclosing subgraph of node pairs, has been rec-
ognized as an efficient approach for link prediction tasks
in diverse networks (Zhang and Chen 2017, 2018, 2020;
Pan, Shi, and Dokmanié¢ 2021; Cai et al. 2022; Fang et al.
2023; Fang, Tan, and Wang 2023). Subgraph encoding meth-
ods surpass the GNN paradigm owing to utilizing structural
features which the GNN paradigm is unable to learn. On
one hand, a natural idea is to design handcrafted features
(Zhang and Chen 2017; Pan, Shi, and Dokmani¢ 2021; Fang
et al. 2023; Fang, Tan, and Wang 2023). However, such
features are static and often fail to capture complex topo-
logical relationships in graph-structured data. On the other
hand, incorporating GNN and distance information (Zhang
and Chen 2018, 2020; Cai et al. 2022; Li et al. 2020; Zhang
et al. 2021a) is able to capture complex topological relation-
ships in graph-structured data and showcases more expres-
sive power than traditional GNN. For example, subgraph en-
coding with distance information can distinguish r-regular
graph while traditional GNN fails (Li et al. 2020).

Nevertheless, the aforementioned methods still exhibit
notable limitations and hence preclude many applications.
First, the existing subgraph pattern encoding paradigm suf-
fers from high computational complexity stemming from in-
tricate node labeling or ordering algorithms designed to tran-
scend the 1-WL expressivity barrier. Second, existing link
prediction algorithms are inefficient for sizable networks, as



they require traversing higher hop neighborhoods which in-
cur significant overhead. Finally, as the underlying common-
alities of miscellaneous real-world networks may be differ-
ent, a link prediction model is designed case by case and
tends to work solely on a particular type of network. De-
veloping a link prediction model that can effectively handle
diverse network types remains a significant challenge.

To alleviate the above limitations, theoretically, we pro-
pose the definition of bounding distance node labeling as a
design guideline of subgraph embedding model. It is proved
that typical existing node labeling methods, spanning 0-1 la-
beling (Zhang et al. 2021a), DRNL (Zhang and Chen 2018)
and DE (Li et al. 2020), are special cases of bounding dis-
tance node labeling and enjoy the same expressive power.
Furthermore, we propose BS-SubGNN, a novel bicentric
sphere-based subgraph encoding architecture, to leverage
only one-hop neighborhood information for tackling link
prediction problem across different network types. In partic-
ular, we design two core building blocks, including Bicentric
Sphere-based Node Labeling (BSNL) and Bicentric Sphere-
based Subgraph Pooling (BSSP) to assist message passing
in BS-SubGNN. BSNL is designed to associate each node
with a label according to the sphere it belongs to in the sub-
graph, while BSSP is designed to aggregate the contribution
of nodes in each sphere.

In brief, our contributions are summarized as follows.
First, we unify the existing distance node labeling methods,
and provide theoretical justification of how to balance the
efficiency and expressive power of distance node labeling.
Second, we propose a link-oriented subgraph encoding ar-
chitecture, BS-SubGNN, to represent the connectivity pat-
tern in the subgraph of node pairs. BS-SubGNN can ef-
fectively distinguish and aggregate the contribution of each
node in the subgraph according to the sphere it belongs
to. Finally, we conduct extensive experiments on link pre-
diction with diversified real-world datasets, including undi-
rected networks, attribute networks, unsigned directed net-
works, and signed directed networks. The results demon-
strate that the proposed BS-SubGNN outperforms existing
link prediction methods in terms of prediction performances,
information requirement, flexibility, and time complexity.

Preliminaries

In this section, some notations about the network definition
and problem definition are presented.
We consider a network definition G = (V, &, A), where

V= {vi}gll denotes the set of nodes, £ C Vx Vs the set of
links, and A € RIVI*IVIXd 44 3 3-dimensional tensor con-
taining node and edge features. The diagonal components
A, ;.. denote features of node v;, and the off-diagonal com-
ponents A; ;. denote features of edge (v;, v;). Note that the
adjacency matrix A can be also viewed as one slice of the
feature tensor A. For convenience, we let A; ; = 1 iff there
exists a link between v; and v; regardless its direction and
sign. Otherwise, let A; ; = 0. Let Dist(v;, v;) refers to the
shortest distance between v; and v; assessed via the adja-
cency matrix A. For each node v; € V), its h-hop neigh-
borhood is defined as T'"(v;) = {v;|Dist(vi,v;) = h},
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where h = 0,1,...,00. Specifically, 0-hop neighborhood
is defined as T'°(v;) = {v;|Dist(v;,v;) = 0} = {v;}. We
denote the degree of node v; as k,, = ['}(v;)].

We provide the following definitions for bridging gap be-
tween graph isomorphism and link prediction. Subgraph en-
coding for link prediction aims to learn distinguishable link
representations based on the extracted subgraphs.

Definition 1 (Enclosing subgraph). Given a graph G =
(V,E,A) and any node pair u,v € V, its h-hop en-
closing subgraph is G", WV, EL L Afuon)), where
Vi = {v|Dist(u,v;) < h, or Dist(v,v;) < h}, L
{(vi,v;) € Elv; € VI andv; € VI 1, and the corre-
sponding feature matrix A (., 1) is induced from A.

Definition 2 (Permutation). A permutation 7 is a bijective
mapping from'V to V. The permutation group 11,y consists
of all n! possible permutation 7. We denote 7 acting on a
node pair (v;,v;) as w[(v;, v;)] = (w[v;], w[v,]),. We further
define the permutation of A as m[A], where w[Al]; j. =
A, ., v = v, w;] = v;.

Definition 3 (Node pair h-isomorphism). Given two node
pairs (u,v), (uv',v"), and their h-hop enclosing subgraphs
Gh  Gh, ., respectively. We say two node pairs are h-
isomorphic if 3m, such that w[(u,v)] (u',v") and
7T[‘A(uv,h)] = A(u'v’,h)-

For convenience, we denote h-isomorphic node pairs by
(u, v, Agyo,ny) = (U0, Ao py). Notably, node pair
h-isomorphism requires not only graph isomorphism (i.e.
T[A(uv,n)] = A(ur,n)) but also consistent permutation
mappings for two ordered node pairs (ie. 7[(u,v)] =
(u/,v")). Hence, it is stricter than the set isomorphism de-
fined in (Zhang et al. 2021a) over enclosing subgraphs. Con-
sequently, node pair h-isomorphism is suitable for both di-
rected and undirected link prediction problems, whereas set
isomorphism primarily only targets undirected link predic-
tion.

Bounding Distance Node Labeling for
Distance Representation

In this section, we provide the definition of bounding dis-
tance node labeling and show that it could unify typical ex-
isting node labeling methods, including 0-1 labeling, DE and
DRNL. Subsequently, we theoretically analyze the compu-
tation efficiency and expressive power of distance represen-
tation by bounding distance node labeling.

Distance Representation

The superiority of subgraph embedding methods over node
embedding methods lies in the encoded distance information
of node pair. We first give the definition of distance represen-
tation as follows:

Definition 4 (Distance representation). Given an enclosing
subgraph G",, a function f(-) that maps each node to an
embedding space is said to provide a distance representa-
tion if, for any two nodes v; and v; in VI . it holds that
f(vi) # f(vj) whenever Dist(u,v;) # Dist(u,v;) or
Dist(v,v;) # Dist(v,v;).



Subgraph embedding methods, which capture distances
to target nodes through elaborated node labeling schemes,
can enhance the inherent inability of GNNs to distinguish
node pair h-isomorphism. We provide the following theorem
to demonstrate that distance representations can distinguish
two enclosing subgraphs in cases where the GNN architec-
ture fails. For convenience, we use 1-WL-GNN to denote
a GNN with 1-WL discriminative power (such as GIN (Xu
et al. 2018)). The input and output of the [-th GNN layer is
denoted as z!(-) and 2/ *1(-) respectively forl = 1,2,--- , L,
where the hyperparameter L is the depth of the GNN.

Theorem 1. Consider two tuples T = (u,v, A1) and
T = (u' v, A®) in the most difficult setting where fea-
tures A and A2 are only different in graph structures
specified by AV and A respectively. Suppose AN and
A®@) are uniformly independently sampled from all r-regular
graphs over V where 3 < r < (2log|V|). Then, for any
small constant € > 0, if the distance representation is uti-
lized as initial input, then there exists 1-WL-GNN with a

depth L < [(3 +€) lolg(grnjll)] such that with probability 1 —

o(|VI™h), the outputs [2"(u)]|z"(v)] # [5(u)]]z" (")),
where || is concatenation operation.

The proof of Theorem 1 follows that of Theorem 3.3
in (Li et al. 2020). It indicates that distance representation
could improve the representation ability of GNN architec-
tures. Next, a natural question arises: how can we obtain ef-
ficient distance representation for each node within the en-
closing subgraphs? To address this question, we first show
that the maximum shortest path distance within an enclos-
ing subgraph is bounded and thus mitigates the difficulty of
achieving distance representations, as stated in Theorem 2.

h
uv

Theorem 2. The enclosing subgraph G
properties:

1. If G!, is connected, there is 1 < Dist(u,v) < 2h + 1.
Moreover, for any v; € V! | there are 0 < Dist(u,v;) <
3h 4+ 1and 0 < Dist(v,v;) <3h+ 1.

If Gh, is disconnected, then G", contains two con-
nected components. Nodes in one component satisfy 0 <
Dist(vi,u) < h and Dist(v;,v) = oo, while nodes in
the other component satisfy 0 < Dist(v;,v) < h and
Dist(v;,u) = oo.

has the following

Based on the above theorem, we propose a bounding dis-
tance node labeling technique for distance representation as
follows. It can unify typical existing node labeling methods,
including 0-1 labeling, DE, and DRNL.

Definition 5 (Bounding distance node labeling). Given a
node pair (u,v) and enclosing subgraph G" , the bounding

distance node labeling assigns two integer labels for arbi-
trary node v; € V! :

ly(v;) = min{Dist(v;,u), Dr}, @)
l,(v;) = min{ Dist(v;,v), D}, 2)

where Dy = 1,2,--- 3h+2is a predefined distance bound
with Dy = 1 in 0-1 labeling and Dy = 3h + 2 in DRNL
and DE.
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Based on bounding distance node labeling, 0-1 labeling
and DE generate node feature of v; by conducting a set ag-
gregation (e.g., sum-pooling and min-pooling) on [,,(v;) and
I,(v;) (Li et al. 2020; Zhang et al. 2021a), while DRNL
utilizes a hashing function to map I, (v;) and [, (v;) into a
node label, which is subsequently utilized to generate one-
hot node feature of v; (Zhang and Chen 2018). Furthermore,
regarding the expressive power of bounding distance node
labeling, we have the following theorem.

Theorem 3. Given enclosing subgraph G", of node pair
(u,v) and bounding distance node labeling with distance
bound Dr, distance representations for each node v; € V!,
can be obtained by at most (3h+2— Dr)-layer 1-WL-GNN.

This theorem inspires us that those node labeling meth-
ods are equivalent from 1-WL-GNN with sufficient depth
L. Nevertheless, the hyper-parameters, including the sub-
graph hop h, the distance bound D7, and the GNN depth
L, should be carefully designed in practice to balance ex-
pressive power and computation efficiency. In the following,
we analyze that the distance bound should not be too small
(D1 = 1) or large (D = 3h + 2). A proper choice is to set
Dr=h+1.

Failure of Small Distance Bound (D = 1)

From Theorem 3, sufficient subgraph hop & and GNN depth
L can yield powerful distance representation even with tiny
Dr. For example, distance representation can be obtained
by conducting 0-1 labeling (D = 1) and (3h + 1)-layer 1-
WL-GNN on enclosing subgraphs with large h. However, 0-
1 labeling method often achieve subpar performance owing
to technical limitations of large h and L.

In detail, regarding L, GNN with large . commonly in-
curs over-smoothing (Li, Han, and Wu 2018) problems and
non-negligible time complexity. Regarding h, we argue that
link prediction score can be safely computed within tiny A
while higher h introduces additional noise. In fact, in previ-
ous works the hyper-parameter h is set to 1 in IGMC (Zhang
and Chen 2020), SHFF (Liu et al. 2020), BSAL (Li et al.
2022), NNESF (Fang et al. 2023) and many others. The
hyper-parameter h is set to 2 in SEAL (Zhang and Chen
2018), LGLP (Cai et al. 2022). Theoretically, existing di-
rected link prediction heuristics can be predominantly cal-
culated in the h-hop enclosing subgraph. We prove that two
widely used directed heuristics, including rooted PageRank
(Jeh and Widom 2003; Brin and Page 2012) and SimRank
(Jeh and Widom 2002), can be approximated via enclosing
subgraph by following theorem.

Theorem 4. For a given node pair (u,v), if the PageRank
and SimRank heuristics are approximated from g}’;ﬂ, then
the approximation error is bounded by (1 — cpr)*"*™2 and
2h+2
% respectively, where cpg, csr € (0,1).
Theorem 4 proves that PageRank and SimRank can be ap-
proximated by enclosing subgraphs. In addition, other sim-
pler heuristics, for example, common neighbors, can be ac-
curately computed by enclosing subgraphs.



Inefficiency of Large Distance Bound

(Dr = 3h +2)

From Theorem 3, it can also yield expressive distance rep-
resentation with tiny 1-WL-GNN layer L if the distance
bound is large. For example, DRNL and DE (D = 3h +2)
can directly output ideal distance representations without 1-
WL-GNN. However, we argue that DRNL and DE require
expensive time complexity while the performance gain is
marginal.

In detail, in case of Dy = 3h + 2, the required time com-
plexity to associate node labels increases significantly due
to the distance computation operation compared to that of
small Dp. Additionally, the performance gain to set Dp =
3h + 2 is limited. On one hand, the distance label of most
nodes are within £ in the enclosing subgraphs, while only a
small portion of nodes have a label greater than h. On the
other hand, the discussion of hyper-parameter h in Section

inspires labels greater than h to be unnecessary. In partic-

ular, as many real-world is networks exhibit power-law de-
gree distributions P, = —ck™" with exponents 2 < v < 3
(Barabdsi and Albert 1999; Fronczak, Fronczak, and Hotyst
2004), we explain the rare appearance of large distance
bound by the following Theorems.

Theorem 5. Let G = (V, &) be a scale-free network satis-

fying:

1. Power-law degree distribution: The graph obeys a

power-law degree distribution P, < k=7 with exponent

7€ (2,3).

Degree constraint: The maximum degree ky..x satisfies
1—e

kmax = O(|V|®%+2=27) for any constant € > 0.

For a uniformly sampled node pair (u,v) with h-hop enclos-

ing subgraph G" , DRNL and DE are equivalent to bound-

ing distance node labeling of D1 > h + 1 with probability

exceeding O (exp(—|V|79)).

Theorem 6. Let G = (V, &) be a scale-free network satis-

fying:

1. Power-law degree distribution: The graph obeys a

power-law degree distribution Py, oc k™7 with exponent

v € (2,3).

Degree constraint: The maximum degree k. satisfies
1+te

Emax = O(|V|G=9+1)) for any constant € > 0.

Consider a uniformly sampled node pair (u,v) and the cor-
responding h-hop enclosing subgraph G" . If G", is con-
nected, then the bounding distance node labeling with Dp =
h + 1, together with an L-layer 1-WL-GNN (L > 1), almost
surely yields a distance representation for all nodes in G",.

Theorem 5 and Theorem 6 describe that superiority of dis-
tance information of D7 > h + 1 is limited.

Proper Distance Bound (D = h + 1)

Based on the above discussion, in this paper we set Dy =
h + 1 as a proper distance bound to balance the expressive
power and computation efficiency.

In detail, regarding the computation efficiency, since sub-
graph extraction is a Breadth-First Search (BFS) process in
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which distance within i 4 1 is implicitly generated, the dis-
tance information within 2+1 can be directly obtained in the
subgraph extraction process. In this case, neighborhoods ex-
traction, subgraph extraction and node labeling process can
be incorporated into a single process. Hence, the computa-
tional cost of the bounding distance node labeling process is
the same for all Dy < h + 1. In comparison, the distance
information ranging from h + 1 to 3k + 1 requires additional
shortest path distance computation, which could greatly in-
cur time consuming. Further experimental comparisons and
theoretical analysis of the time complexity of different node
labeling methods are shown in Section .

Regarding the expressive power, as discussed in Section ,
bounding distance labeling with D = h + 1 theoretically
enjoys identical discriminative expressive power compared
to the ideal case of D7 = 3h + 2. Experimentally, distance
labeling with Dy = h+1 is easier to converge than distance
labeling with Dy = 3h + 1.

Next section, we propose a novel subgraph pattern encod-
ing method with Dy = h+-1 to encounter the link prediction
task.

Overall Framework of BS-SubGNN

In this section, we propose the neural architecture operat-
ing on link-oriented subgraphs with bicentric sphere node
labeling and pooling. The framework of the proposed BS-
SubGNN is shown in Fig. 1.

Bicentric Sphere Definition

Given the enclosing subgraph G”, of the node pair (u,v),
we make the following three types of sphere definition.
Definition 6. C'N,-sphere: Givenq =1,2,...,h, the CN-
sphere of nodes u,v is given by the node set VZU_C N =
{’U,|D’LSt(U, Ui) =4q, DiSt(an Ui) = Q}

Definition 7. ug-sphere: Given ¢ = 1,2,...,h, the u4-

sphere of nodes u,v is given by the node set Vi, k=
{Ui|DiSt(uvvi) =q, DiSt(Uavi) > Q}
Definition 8. v,-sphere: Given ¢ = 1,2,...,h, the v,-

sphere nodes w,v is given by the node set V{,
{vi|Dist(u,v;) > q, Dist(v,v;) = ¢}

In the following, the above sphere structure will be uti-
lized to generate node label and design pooling technique
for subgraph representation. The sphere can be described by
the distance Bound D = h + 1 as shown in Egs. (4) and
(5).

Bicentric Sphere Node Labeling

The Bicentric Sphere Node Labeling (BSNL) is the first step
of BS-SubGNN. It aims to assign a label to each node in
the subgraph. In detail, we utilize the breadth-first-search
(BFS) method to generate the above subgraph and node la-
bel in the meantime. The process contains two main parts.
The first part obtains the ¢g-hop neighborhood T'?(u), I'?(v)
(g = 0,1,--- ,h) of the target node u and v, respectively.
The second part of the node labeling process is to generate
the enclosing subgraph and the corresponding node label.



[0.1]

[1,0]

Full Graph

Bicentric Sphere Node Labeling

E[‘Il] [1ayer 0]

oom
mm || 1
ayer
T8 | layer L "
y S = B
\'-
(1nuin)
- 0D EOON\ITED
.'
o| mHm ot

Bicentric Sphere MLP

Message Passing Subgraph Pooling  Classifier

Figure 1: The overall architecture of BS-SubGNN.

The node set V!, of the subgraph G can be obtained by
merging all the above g-neighborhood sets as follows:

h h
Vi, =M@ u [ JTw) 3)
q=0 q=0

Then, for node v; € V", we obtain its u-BFS label I, (v;)
with D = h + 1 by
q,

hulv:) = {h +1,

Similarly, we obtain its v-BFS label [, (v;) with Dy = h+1

by
lv(vi) = {
e VY

Finally, for each node v; >
luy (v;) is determined as follows:
lLuw (v;) = min{ly, (v;), 1} min{l, (v;), 1}
[Bmin(ly,(vs), Ly (v;))
+ min(max{l,(v;) —
min{l,(v;), 1} + 1.

ifv; € T(u)
otherwise.

“

ifv; € T'(v)
otherwise.

q,

h+1, ®)

its bicentric sphere label

ly(v;),—1},1) = 1]+

(6)

Bicentric Sphere Subgraph Pooling

Bicentric Sphere subgraph pooling is the third step of BS-
SubGNN, which takes the node embeddings {z(v;), Yv; €
Vh 1 in the subgraph G”, as input and outputs a fix-sized
subgraph embedding vector g(u, v).
In our proposed BS-SubGNN, the subgraph embedding is
obtained by
g(ua U) = [Su||SCN||SU]7 @)

where 9,, is u;-sphere embedding, which is computed by

Su= Y auiz(v), ®)
1)»;6\)11,“”
where attention coefficient o, ; is computed as follows:
Qi = exp(tanh(z(vi)a_g)). 9)

Similarly, C'N;-sphere embedding Scn and v-sphere em-
bedding S, are computed respectively by

>

Vi€V, on

Scen = acn,i2(v;), (10)
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SU

Z Oév,iz(vi)v

vi€VL, .,

(1)

where attention coefficient acn; and o, ; is computed as

follows:
sy

acn,; = exp(tanh(z(v;)acn)), (12)
Qi = exp(tanh(z(vi)ﬂ)). (13)
Here, a_u> € REdnia gon € REdria and CTv) € RLdnia gre

parameters to be trained.

The Bicentric Sphere Subgraph Pooling only utilizes one-
hop neighborhood information of the enclosing subgraph.
The reason lies in two aspects. On one hand, in the most dif-
ficult setting where multi-hop node labeling is unavailable,
BSSP can still yield discriminative link representations. On
the other hand, observing that only one-hop is utilized in
most of situations (Zhang and Chen 2020; Liu et al. 2020;
Li et al. 2022; Fang et al. 2023), BSSP further enhance the
labeling within one-hop to attain better performance and
quickly converge. In addition, Eqgs. (9), (12) and (13) enjoy
both advantages of the sum operator in (Xu et al. 2018) and
that of the attention mechanism in (Velickovic et al. 2017;
Huang et al. 2019, 2021a).

Related Work

In this section, we review some closely related literature
on graph representation methods regarding link prediction
tasks, including network embedding methods and subgraph
encoding methods.

Network Embedding Methods

Network embedding methods project graph nodes as lower-
dimensional vectors for downstream tasks such as node clas-
sification and link prediction (Yang, Cohen, and Salakhudi-
nov 2016; Wang et al. 2017; Derr, Ma, and Tang 2018; Islam,
Prakash, and Ramakrishnan 2018; Chen et al. 2018; Shchur
et al. 2018; Huang et al. 2021b; Rozemberczki, Allen,
and Sarkar 2021; Yun et al. 2021). Random-walk-based
methods such as deepwalk (Perozzi, Al-Rfou, and Skiena
2014), LINE (Tang et al. 2015) and node2vec (Grover and
Leskovec 2016), treat nodes as words and random walks as
sentences, and hence obtain node embeddings via language
models. In addition, graph neural networks (GNNs) learn
node embeddings by conducting message passing over each
node and its corresponding neighborhoods. For instance,
graph convolutional networks (Kipf and Welling 2016a)



Statistic | C.ele SMG EML YST KHN ADV GRQ LDG HPD ZWL

Nodes 297 1024 1133 2284 3772 5155 5241 8324 8756 6651
Edges 1024 4916 5451 6646 12718 39285 14484 41532 32331 54182
Avg. degree|14.46 9.60 9.62 5.82 6.74 1524 553 998 738 16.29

Table 1: Statistical information of each real-world undirected network. Nodes, Edges, Avg. degree refer to the number of nodes,
number of edges and average degree, respectively.

Model | Hop | C.ele SMG EML YST KHN ADV LDG HPD GRQ ZWL

Katz |h > 1|84.84£2.05 86.09+1.06 88.454+0.68 80.56+0.78 84.60+0.79 92.13+0.21 92.96+0.19 85.47+0.35 89.81+0.59 96.424+0.12
PR h>1|89.14+1.35 89.13£0.90 89.46+0.63 81.40+0.75 88.43+0.80 92.78+0.18 94.46+0.19 87.19+0.34 89.98+0.57 97.20+0.12
SR h >1|75.65£2.24 78.39£1.14 86.90+0.71 73.93+0.95 79.55+0.90 86.18+0.22 90.95+0.14 81.73+0.37 89.81+0.58 95.97+0.16
N2V |h > 1|80.084+1.52 78.30£1.22 83.06£1.42 77.07£0.36 82.21+1.19 77.704+0.83 91.88+0.56 79.61£1.14 91.33£0.53 94.38+0.51
GAE |h > 1]83.73+0.75 85.884+0.90 86.78+1.07 77.07£0.36 84.37+0.39 90.554+0.23 93.8440.21 85.21+0.45 91.15+£0.45 95.46+0.30
SEAL |h =2|87.44£1.21 91.53+0.46 92.014+0.38 82.074+0.96 92.69+0.14 95.07+0.13 96.44+0.13 92.26+0.09 97.10£0.12 97.4640.02
LGLP h =1[87.914£0.79 91.14£0.59 91.22+0.58 90.83+0.40 92.731+0.43 94.954+0.23 96.75+£0.26 92.20+0.26 97.51+0.24 97.7840.08
h =2{90.16+0.76 92.53£0.29 92.03£0.28 91.97+0.12 93.304+0.09 95.40+0.10 96.70+0.07 92.58+0.08 97.68+0.10 97.76+0.01
NNESF h =1|85.19£1.24 89.96+0.79 88.91£0.66 89.30+0.50 91.024+0.48 95.134+0.10 94.64+0.15 90.09+£0.26 96.77+0.27 95.714+0.10
h =2|86.54+1.14 91.11£0.58 91.20+£0.67 89.97+0.44 92.794+0.40 95.084+0.14 97.444+0.06 91.67+0.21 97.14+0.25 97.98+0.10

BS-  |[h=1|91.314+0.80 92.80£0.55 91.36+0.66 91.76+0.43 94.324+0.49 96.274+0.08 97.62+0.24 92.87+0.76 97.63£0.20 98.331+0.07
SubGNN | h = 2[91.43+0.86 93.031+0.54 92.79+0.76 92.18+0.40 94.82+0.41 95.67£0.11 97.99+0.12 93.70+0.21 97.68+0.19 98.49+0.11

Model | Hop | Cele SMG EML YST KHN ADV LDG HPD GRQ ZWL

Katz |h > 1]8594+3.46 87.684+0.90 90.544+0.53 85.76+0.64 88.27+0.32 93.72+0.16 94.914+0.27 89.524+0.32 93.08+0.29 97.08+0.09
PR h > 1|87.96+1.69 91.07£0.59 91.01£0.67 86.34+0.72 92.174+0.24 94.03+0.24 96.26+0.22 91.01£0.23 93.18+0.34 97.694-0.08
SR h>1|66.43+2.39 70.39£1.67 87.24+0.84 77.56+1.09 77.16+0.81 83.31+0.35 88.71£0.79 84.16£0.42 92.97+0.31 95.4440.15
N2V |h >1|77.98£1.54 77.01£1.79 83.08+1.36 78.48+1.03 83.26+0.79 79.02£0.65 92.12+0.50 80.57+0.81 93.924+0.31 93.82+0.39
GAE |h > 1[82.53+1.51 85.954+0.67 88.73+0.92 82.65+£0.86 87.52+1.17 90.87+0.26 95.244+0.19 86.62+0.39 93.78+0.33 95.79+0.27

SEAL |h =2]86.49+1.08 91.90+0.31 91.93+0.31 91.85+0.20 93.40+0.13 95.184+0.12 96.554+0.11 93.41+0.09 97.86+0.11 97.54+0.02
LGLP h=1|87.12+0.11 91.41£0.61 92.01£0.58 92.00+0.31 93.68+0.40 95.194+0.25 97.02+£0.11 93.27+0.26 98.01£0.18 97.931+0.09
h =2|89.70£0.53 92.92+0.21 92.61£0.23 92.984+0.10 94.1440.09 95.724+0.08 96.86+0.06 93.65+0.08 98.14+0.10 97.9140.01

NNESF h=1|8427£1.69 90.54£0.76 90.46£0.55 89.97+0.61 92.324+0.41 95.4040.12 95.60£0.11 91.24+0.25 97.44+0.19 96.56+0.10
h =2|8537%£1.41 91.52£0.62 91.76£0.57 90.60+0.41 93.7940.35 95.43+0.14 97.54+0.07 92.61+£0.21 97.72+0.18 98.014-0.13

BS-  |[h=1[90.09£1.25 93.35£0.57 92.60+0.58 92.72+0.41 95.314+0.37 96.59+0.09 97.99£0.15 94.19+0.54 98.13+0.15 98.51+0.07
SubGNN | i = 2|90.49£1.06 93.48+0.61 93.461+0.64 93.051+0.28 95.51+0.40 96.02+0.13 98.12+0.10 94.71+-0.18 98.151-0.14 98.54+0.12

Table 2: AUC (upper) and AP (lower) comparison with other undirected link prediction algorithms with 80% training links.
The best results and the second-best results for each dataset are in bold and underlined, respectively. Hop refers to the number
of hops used to generate features of node pair.

generalize the convolution operation to graph-structured subgraph pattern encoding methods. In addition, subgraph
data, while graph attention networks (Velickovic et al. 2017) encoding methods also attain superior link prediction perfor-
use attention mechanisms to weigh the importance of differ- mance in other types of networks such as signed networks.
ent neighbors. Network embedding provides efficient frame- For example, SELO (Fang, Tan, and Wang 2023) charac-
works to project graph data into Euclidean space. How- terizes enclosing subgraphs via linear optimization models,
ever, since network embedding methods are mainly node- wherein sign, direction, high order information is encoded.
centered, the performances in link prediction tasks are lim-
ited compared to those edge-centered methods. However, the performance of the aforementioned meth-
ods still has some potential for improvement. On one hand,
. the existing subgraph pattern encoding methods rely on ex-
Subgraph Encoding Methods pensive node labeling strategies, including DRNL (Zhang
Subgraph encoding methods project the enclosing subgraph and Chen 2018) and DE (Li et al. 2020). On the other hand,
of an edge as a lower-dimensional vector. WLNM (Zhang existing subgraph pattern encoding methods are designed
and Chen 2017) first proposes the subgraph pattern encoding only for a specific type of network. For example, WLNM
framework by representing an enclosing subgraph as an ad- (Zhang and Chen 2017), SEAL (Zhang and Chen 2018),
jacency matrix. SEAL (Zhang and Chen 2018) first utilizes LGLP (Cai et al. 2022) and NNESF (Cai et al. 2022) neglect
GNN architectures to encode enclosing subgraphs. LGLP direction and heterogeneous information. SELO is elabo-
(Cai et al. 2022) introduces line graph transformation into rately designed for signed directed networks. Motivated by
subgraph pattern encoding to overcome information loss in the above limitations, in this paper, we propose BS-SubGNN
graph pooling layers. NNESF (Fang et al. 2023) proposes with BSNL and BSSP to facilitate efficient and consistent
handcraft-based features to overcome limitations of existing link-oriented subgraph representation.
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Experimental Results and Analysis

In this section, we empirically evaluate the performances of
our framework BS-SubGNN in undirected networks.

Datasets and Evaluation Metrics Following the exper-
imental settings in (Cai et al. 2022), we consider 10 differ-
ent datasets, including C.ele, SMG, EML, YST, KHN, ADV,
GRQ, LDG, HPD and ZWL (Watts and Strogatz 1998; New-
man 2001). Table 1 provides basic statistical information
about each undirected network. We randomly select 80%
of existing links as positive training samples, and the rest
are used as positive test samples. The same number of non-
existed links are randomly selected as negative samples. Per-
formance is measured by AUC (area under curve) and AP
(average precision), with results averaged over 10 splits.

Baselines The following typical baseline methods for link
prediction are adopted as benchmarks to compare the perfor-
mance of the proposed BS-SubGNN in undirected networks.
These methods can be generally classified into: 1) Heuristics
methods, such as Katz (Katz 1953), PageRank (PR) (Brin
and Page 2012; Wang et al. 2020) and SimRank (SR) (Jeh
and Widom 2002), 2) Graph embedding methods, includ-
ing node2vec (N2V) (Grover and Leskovec 2016) and GAE
(Kipf and Welling 2016b), and 3) Subgraph encoding meth-
ods, such as (Zhang and Chen 2018), LGLP (Cai et al. 2022),
and NNESF (Fang et al. 2023).

Prediction Performance The hyperparameters for BS-
SubGNN in undirected networks are configured as follows.
The hidden dimension dj,;4 is 32, the batch size is 256, the
learning rate is 0.001, and the message passing layer L is 3
for all networks. The MLP module consists of three hidden
layers with 32, 32, and 16 neurons, respectively, followed by
a softmax output layer. The number of hops h for subgraph
generation is initially set to 1 and then adjusted to 2. For the
message passing function Agg(-), we follow the same graph
convolution (Kipf and Welling 2016a) employed in SEAL
(Zhang and Chen 2018) and LGLP (Cai et al. 2022) for fair
comparison. Epoch numbers are set to 40 for datasets C.ele
and SMG, 20 for EML, YST, KHN, and GRQ, and 10 for
ADV, LDG, HPD, and ZWL. Table 2 presents the prediction
results of AUC and AP.

Several observations of link prediction in undirected net-
works can be derived from Table 2. First, the subgraph
encoding models, including SEAL, LGLP, NNESF and
our BS-SubGNN, outperform graph embedding models and
heuristic models, which suggests the effectiveness of utiliz-
ing enclosing local topology for learning edge-specific fea-
tures. Second, when only one-hop information is leveraged,
our proposed BS-SubGNN surpasses all the benchmarks on
most datasets, except EML and YST. This demonstrates that
BS-SubGNN achieves better accuracy even with limited lo-
cal data. Finally, BS-SubGNN gains the state-of-the-art per-
formance in all datasets when 2-hop information is utilized
(h = 2), indicating the capability of BS-SubGNN in encod-
ing subgraph patterns with powerful discriminative ability.
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SEAL LGLP NNESF  BS-SubGNN
- e —h —h—1
O(I€[m°) o(gln®)  O(E[k") Ok )

C.ele| 100.83+6.35 225.474+27.86 15.64+0.23 8.69+1.30
SMG |461.48+£10.68 798.04+95.42 36.83+1.15 20.27+1.64
EML | 202.44+2.56 349.44423.74 41.1740.95 20.62+1.36
YST | 160.92+5.12  306.33£3.78 50.27+1.15 25.07+0.88

Table 3: Comparison of time complexity and computation
time of subgraph extraction and node attribute assignment
procedures for each subgraph encoding model. (Unit is in
seconds.)

Time Complexity

In this subsection, we provide insight into comparing the
time complexity of our BS-SubGNN with SEAL, LGLP and
NNESF. The number of nodes is |V|, the number of edges
is |€], the average degree is k, the average number of nodes
in the subgraph is 7, the enclosing subgraph hop is h. No-

tice that Eh < 7. For convenient analysis, we suppose the
link prediction task requires to output link scores of all node
pairs in £.

In subgraph encoding models, the total time complexity
is mainly determined by node labeling procedure. As dis-
cussed in (Liu et al. 2020; Fang et al. 2023), SEAL and
LGLP assign node labels via DRNL or DE with time com-
plexity O(|€|n?). NNESF needs to extract the intersection
of h-hop neighborhood to obtain count features, whose time

complexity is O(|5|%h) (Fang et al. 2023). For our BS-
SubGNN, we first extract h-hop neighbors of each node via
BFS with time complexity O(|V|Eh) = O(\é’\%hil). Then
the time complexity of BSNL is neglected as only BFS in-

formation is required. Overall, the time complexity of BS-

SubGNN is O(|€[F" ™).

Table 3 presents time complexity and computation time
on subgraph extraction and node attribute assignment pro-
cedure of different subgraph encoding models. The data in
Table 3 is obtained by running on a computer with eight
Intel Xeon CPU E5-2686 v4 CPUs which installs Ubuntu
18.04. It can be observed that the computation time of our
BS-SubGNN is significantly less than the computation time
of existing subgraph encoding models.

Conclusion

In this paper, we propose BS-SubGNN, an edge-oriented
subgraph embedding architecture, for link prediction tasks
in a variety type of networks. The BS-SubGNN framework
uses a bicentric sphere node labeling block to distinguish the
contribution of each node in the subgraph, and uses a bicen-
tric sphere subgraph pooling block to aggregate the contribu-
tion of each node. Comprehensive experiments are presented
to demonstrate the superiority of BS-SubGNN in terms of
prediction performances, information requirement, flexibil-
ity, and time complexity.
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