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Abstract

In their AAAI 2024 paper, Horiyama et al. studied the prob-
lem of generating graph instances that possess a unique min-
imum vertex cover under specific conditions. Their approach
involved pre-assigning certain vertices to be part of the so-
lution or excluding them from it. Notably, for the VERTEX
COVER problem, pre-assigning a vertex is equivalent to re-
moving it from the graph. Horiyama et al. focused on main-
taining the size of the minimum vertex cover after these mod-
ifications. In this work, we extend their study by relaxing this
constraint: our goal is to ensure a unique minimum vertex
cover, even if the removal of a vertex may not incur a de-
crease on the size of said cover.

Surprisingly, our relaxation introduces significant theoretical
challenges. We observe that the problem is ©%-complete, and
remains so even for planar graphs of maximum degree 5.
Nevertheless, we provide a linear time algorithm for trees,
which is then further leveraged to show that MU-VC is in
FPT when parameterized by the combination of treewidth
and maximum degree. Finally, we show that MU-VC is in
XP when parameterized by clique-width while it is fixed-
parameter tractable (FPT) if we add the size of the solution
as part of the parameter.

Introduction

Addressing NP-hard problems has long been a central chal-
lenge in computer science, driving advancements in algo-
rithmic design and computational theory. These problems,
being inherently computationally intractable, have inspired
diverse approaches to developing efficient and scalable solu-
tions. Algorithmic strategies for NP-hard problems are criti-
cal to theoretical research and find applications in areas such
as network optimization, scheduling, and data analysis.

A fundamental aspect of algorithmic research is the con-
struction of robust benchmark datasets. These datasets serve
for evaluating and comparing the effectiveness of different
algorithms. By providing a standardized testing ground, tra-
ditional benchmarks such as TSPLIB (Reinelt 1991), UCI
Machine Learning Repository (Asuncion, Newman et al.
2007), SATLIB (Hoos and Stiitzle 2000), MIPLIB (Koch
etal.2011), LIBSVM (Chang and Lin 2011), and NetworkX
graph datasets (Hagberg, Swart, and Schult 2008) have laid
the groundwork for progress in this field.
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More recently, modern datasets tailored to Al-driven algo-
rithm design have emerged. Datasets like NPHardEval (Fan
et al. 2023, 2024) provide a dynamic benchmark for as-
sessing the reasoning capabilities of large language mod-
els through algorithmic questions, including NP-hard prob-
lems. GraphArena (Tang et al. 2024) offers a comprehensive
suite of real-world graph-based tasks, enabling the evalua-
tion of Al algorithms in diverse computational challenges,
from social networks to molecular structures. Meanwhile,
MaxCut-Bench (Nath and Kuhnle 2024) provides an open-
source platform to benchmark heuristics and methods based
on machine learning specifically for the MAXIMUM CUT
problem. These benchmarks not only expand the scope of
algorithmic research, but also bridge traditional approaches
with cutting-edge Al innovations.

Recently, the PRE-ASSIGNMENT FOR UNIFICATION OF
MINIMUM VERTEX COVER (PAU-VC) problem was intro-
duced in (Horiyama et al. 2024), and further studied in (An
et al. 2025). This was motivated by the need to create chal-
lenging datasets for algorithmic evaluation. Intuitively, en-
suring a solution is unique adds significant complexity, as
solvers have no margin for error in identifying the correct
solution. A set S of vertices in a graph G is called a verrex
cover if S intersects all edges of GG. The objective of MINI-
MUM VERTEX COVER is to compute a vertex cover S of G
with the smallest cardinality possible. The UNIQUE VER-
TEX COVER problem extends this by ensuring S is unique.
This guarantee imposes additional constraints, making the
problem particularly challenging from both theoretical and
practical perspectives.

It is important to note that, in the context of vertex cover,
selecting a vertex for inclusion in the cover is equivalent to
deleting it from the graph along with all its incident edges.
However, ensuring that a set of vertices belongs to the dele-
tion set can inadvertently increase the size of the minimum
vertex cover under this constraint, introducing further com-
plexity. This leads to the definition of the MODULATOR TO
UNIQUE MINIMUM VERTEX COVER (MU-VC for short)
problem (refer to Figure 1 for an illustration of the dif-
ference in the nature of the two problems): given a graph
G = (V,E) and an integer k, find a set S C V such that
G — S has a unique minimum vertex cover and |S| < k.

Unlike PAU-VC, where the solver must adapt to pres-
elected vertices to enforce uniqueness, MU-VC simplifies



Figure 1: Left: a graph G with minimum vertex cover of
size 4. There are many such — vertex 1 and then any set of
vertices of size 3 that intersects the pairs {2, 3}, {4,5}, and
{6, 7}. Middle: PAU-VC solution of size 3 (the only vertex
missing at this point is 1). Right: MU-VC solution (deleted)
8,9, and the minimum size of a vertex cover is now 3 (i.e., 5
in total); namely, 2, 4, 6 which is now unique.

this process by reverting to solving the MINIMUM VERTEX
COVER problem on G — S. This distinction makes MU-
VC particularly appealing, as it maintains the standard prob-
lem formulation while achieving uniqueness. Although this
property holds for VERTEX COVER, it does not necessarily
extend to other problems, such as DOMINATING SET.

Our Contribution. It is easy to see that MU-VC is NP-
hard, as it generalizes the UNIQUE OPTIMAL VERTEX
COVER problem (for k 0), which is at least as hard
as UNIQUE SAT which is NP-hard (Hudry and Lobstein
2019). First, we precisely determine its complexity and show
that MU-VC is actually ¥¥-complete, as is the case for
PAU-VC (Horiyama et al. 2024); in fact, in Theorem 6 we
show that both problems remain so even for very restricted
graph classes, namely planar graphs of maximum degree 5
(which also improves the corresponding result in (Horiyama
et al. 2024)). Motivated by these negative results we pro-
ceed to examine MU-VC when the input graph G has an
even simpler structure, that of a tree. We initially present a
polynomial-time algorithm for this case , which is then im-
proved into an (optimal) linear time algorithm in Theorem 1.
We then tackle the problem through the parameterized com-
plexity point of view. Given that the natural parameterization
by k cannot yield any positive results (as evidenced by the
case k = 0), we proceed by taking into account the structure
of G. We first consider the parameterization by treewidth,
the most well-studied structural parameter. Building upon
the algorithm of Theorem 1, in Theorem 2 we employ DP to
construct an XP algorithm with running time n©("), where
w is the treewidth of G, which is then improved into an
FPT algorithm in Theorem 3 when parameterized also by
the maximum degree of G. Next, we consider the parame-
terization by clique-width and, in Theorem 4, we develop a
DP algorithm showing that the problem belongs to XP and

is solvable in nC(2" time, where d denotes the clique-width
of GG. Additionally parameterizing by the natural parameter
k lifts the problem to FPT, and in Theorem 5 we develop

such an algorithm of running time k02 .

Preliminaries

Throughout the paper we use standard graph notation (Di-
estel 2025). All graphs considered are simple, undirected
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without loops. Given a graph G and a subset of its ver-
tices S C V(G), G[S] denotes the subgraph induced by
S, while G — S denotes G[V(G) \ S]. For z,y € Z, let
[z,y] = {# € Z | 2 < z < y}, while [z] = [1,z]. Fi-
nally, a k-labeled graph G is a triple (V, E,labg) where
labg: V' — [k]. Let us now formally define the two prob-
lems considered in this paper.

PRE-ASSIGNMENT FOR UNIFICATION OF MINIMUM
VERTEX COVER (PAU-VC)

Input: Graph G = (V, E), integer k.

Task: Find a set S C V of size |\S| < k s.t. there exists a
unique minimum vertex cover of G that contains S.

MODULATOR TO UNIQUE MINIMUM VERTEX COVER
(MU-VC)

Input: Graph G = (V, E), integer k.

Task: Findaset S C V, s.t. G—.S has a unique minimum
vertex cover and |S| < k.

Finally, recall that a decision problem is in X% if and only
if it can be decided by a non-deterministic Turing machine
with the added use of an NP-oracle.

Parameterized Complexity. The toolkit of parameterized
complexity allows us to circumvent many of the limitations
of classical measures of time (and space) complexity. This is
achieved by considering additional measures that can affect
the running time of an algorithm; these additional measures
are exactly what we refer to as parameters. The goal here is
to construct exact algorithms that run in time f (k) - poly(n),
where f is a computable function, n is the size of the input
and k is the parameter; such algorithms are referred to as
fixed-parameter tractable (FPT). A problem admitting such
an algorithm is said to belong in FPT. Failing to achieve
such an algorithm for a problem, we can instead try to show
that it is slicewise polynomial, i.e., that it can be determined
in n/(®) time. Such a problem then belongs to the class
XP. We refer the interested reader to now classical mono-
graphs (Cygan et al. 2015; Downey and Fellows 2012; Flum
and Grohe 2006; Niedermeier 2006) for a more comprehen-
sive introduction to this topic.

Structural Parameters. A tree-decomposition of G is a
pair (T,{B; | € V(T')}), where T is a tree rooted at a
node r € V(T'), each node x in T is assigned a bag B, and
the following conditions hold:

* for every edge {u,v} € E(QG) there is anode x € V(T')
such that u, v € B,, and

* for every vertex v € V, the set of nodes x with v € B,
induces a connected subtree of T'.

The width of a tree-decomposition (T,{B, | z € V(T)})
is max,cy(r) |Be| — 1, and the treewidth tw(G) of a
graph G is the minimum width of a tree-decomposition
of G. It is known that computing a tree-decomposition
of minimum width is in FPT when parameterized by the
treewidth (Bodlaender 1996; Kloks 1994), and even more



efficient algorithms exist for obtaining near-optimal tree-
decompositions (Korhonen and Lokshtanov 2023).

A tree-decomposition (T,{B,, | = € V(T)}) is nice if
every node x in T' is exactly of one of the following four
types: (i) Leaf: z is a leaf of T and |B,| = 0. (ii) Intro-
duce: x has a unique child y and there exists v € V such
that B, = B, U {v}. (iii) Forget: « has a unique child y
and there exists v € V such that B, = B, U {v}. (iv) Join:
x has exactly two children y, z and B, = B, = B,. Ev-
ery graph G = (V, E) admits a nice tree-decomposition of
width tw(G) (Bodlaender 1998), which is computed in lin-
ear time for graphs of bounded treewidth.

The clique-width of a graph G is an important parameter
generalizing the treewidth of G (Courcelle and Olariu 2000).
A graph of clique-width d can be constructed through a se-
quence of the following operations on vertices that are la-
beled with at most d different labels. We can use (1) intro-
ducing a single vertex v of an arbitrary label ¢, denoted i(v),
(2) disjoint union of two labeled graphs, denoted H, & Ho,
(3) introducing edges between all pairs of vertices of two
distinct labels ¢ and j in a labeled graph H, denoted n; ; (H),
and (4) changing the label of all vertices of a given label ¢
in a labeled graph H to a different label j (i.e., collapsing
the pair of labels ¢ and j), denoted p;_,;(H). An expres-
sion describes a graph G if G is the final graph given by
the expression (after we remove all the labels). The width of
an expression is the number of different labels it uses. The
clique-width of a graph is the minimum width of an expres-
sion describing it.

Trees

Theorem 1 The MU-VC problem can be solved in linear
time O(n) on trees.

We are working with rooted trees (T, r) such that T is
a tree and r € V/(T). Similarly, a rooted forest is just a
pair (F,r) such that F' is a forest and r is its one desig-
nated vertex. Let us define a way of representing rooted
trees as algebraic terms similar to nice tree decompositions
that allows us to moreover keep only one special vertex (the
root) in our “bag”. First, we denote by Leaf(r) the singleton
rooted tree (7, 7), i.e., V(T) = {r} and E(T) = (. For a
rooted tree (T7,7') and r ¢ V(T), let Extend((T",r'),r)
be the rooted tree (T, r) obtained from 7" by adding r as
the new root and joining it to v’ via an edge, i.e., V(T) =
V(T u{rtand E(T) = E(T") U {{r',r}}.

We remark that in terms of nice tree decompositions,
the operation Extend corresponds to introducing the new
root 7 and immediately afterwards forgetting the old root r’.
For two rooted trees (7, 7) and (7%, r) such that V(1) N
V(Tz) = {r}, let Join((Ty,r), (T2, r)) be the rooted tree
(T, r) where T is the union of 77 and 75, ie., V(T) =
V(Th) UV (Ty) and E(T) = E(T1) U E(Tz). This cor-
responds to the usual join node in nice tree decompositions
only restricted to graphs with bags of size exactly one.

We say that an expression built out of the operations Leaf,
Extend, and Join is a neat tree decomposition. Furthermore,
we say that a graph G admits a neat tree decomposition if
there is such a decomposition whose resulting in exactly G.
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It is easy to see that every rooted tree admits a neat tree de-
composition that can be efficiently computed.

Observation 1 Every rooted tree (T, r) admits a neat tree
decomposition that can be computed in time O(|V (T)|).

Polynomial Algorithm

We say that a set M of vertices in a rooted forest (F,r) is
of type 1 if r € M and of type 0 otherwise, i.e., if r ¢ M.
We define the reduced size of M to be |M \ {r}|, i.e., we
do not count the root r. A pair of functions («, ) where
a:{0,1} — [0,n] and B: {0,1} — [2] is a characteristic
ofaset S C V(T)\ {r} if for both i € {0,1},

* «fi) is the reduced size of the smallest vertex cover of
type 4 in the rooted forest (7" — S, r), and

» 3(i) = 1 if and only if there is a unique vertex cover of
reduced size «(7) and type ¢ in (T' — S, 7).

Notice that we only consider sets S that do not contain the
root. Moreover, observe that a vertex cover M of type O
in (T — S,r) can be extended to a vertex cover M U {r}
of the same reduced size and type 1. This implies the fol-
lowing inequality for the characteristic of an arbitrary set S.

Observation 2 For a rooted tree (T,r) and a set S C T\
{r} with characteristic («, 8), we have a(1) < a(0).

Let G be the input tree and let v € V(G) be its arbi-
trary vertex. By Observation 1, the rooted tree (G,v) ad-
mits a neat tree decomposition . The algorithm proceeds
by dynamic programming along the neat tree decomposi-
tion. Specifically, for each rooted tree (7', ) generated by a
subexpression of v, it stores a dynamic programming table
DP’.[a, 8] such that (o, 3) is a possible characteristic, and
the value of DP%[c, 3] contains the size of the smallest set
of characteristic («, 8) in (T, 7), or co if no such set exists.

First, we observe that the characteristic of a given set .S
carries enough information to decide whether S is a feasible
solution to MU-VC.

Claim1 A set S is a feasible solution to MU-VC in a
rooted tree (T, 1) if and only if one of the following holds

1. v ¢ S and the set S has characteristic (o, 8) such that
either a(0) < a(1)+1and B(0) = Lora(l)+1 < a(0)
and B(1) =1, or

r € S and the set S\ {r} has characteristic («, 8) such
that (1) = 1.

Therefore, after we compute DP[-,:] for the input
tree GG, the algorithm simply returns the minimum value out
of (i) DPg; [«, B3] such that «(0) < a(1) + 1 and B(0) = 1
or a(1) + 1 < «(0) and B(1) = 1; and (ii) DPg[a, 8] + 1
such that 3(1) = 1. Once we have received this value, we
can then use the corresponding values of DPg[-, -] to build
the set .S.

Now, it remains to show how the individual operations act
on the characteristic of a fixed set and how to use this to fill
the dynamic programming tables.



Leaf node, (T, r) = Leaf(r). There is only a single possi-
ble choice of aset S C V(T') \ {r} as the empty set and its
characteristic is (Qeaf, Sleaf) Where vear(0) = uear(1) = 0
and Bieaf(0) = Piear(1) = 1 since there are unique vertex
covers of both types with reduced size 0. We set

t . 0 if (Oé, 6) = (aleaf; 5|eaf)’ and
DPrla, f] = {oo otherwise. W
Join node, (7',r) = Join((T1,r),(T2,7)). Let us de-

fine a function f acting on pairs of characteristics

(a1, B1), (az, B2) as f((a1, B1), (a2, B2)) = (a, B) where,
for both i € {0,1},
a(i) = a1 (i) + az(i), and
B(i) = min(2, B1(i) - B2(i))-
Claim 2 Let S1 C V(Th) \ {r} be an arbitrary set of char-
acteristic (o, B1) in Ty, let Sy C V(T2) \ {r} be an arbi-
trary set of characteristic (a2, B2) in To, and let (o, 3) be

the image of (a1, 1), (o, B2) under f. Then Sy U So has
characteristic (o, B) in T.

The computation of DP4[-,
DP%, [, B1] + DPT, g, B2] over the preimages of (o
under f. That is, we set

B

min DP
((a1,81),(az2,B2))€f~ 1 (a,B)

@

-] finds the smallest sum

B)

DP% [«

7, la, B1] + DPY [ag, Bo]
3
where we take the minimum over the empty set to be co.

Extend node, (T, r) = Extend((7”,7’),7). In the extend
operation, we have two possibilities depending on whether
we add the old root 7’ to the set S or not. Thus, we define
two functions gijg and g4 acting on characteristics that de-
scribe how the characteristic of a fixed set S C V(T")\ {r'}
translates to the characteristics of the sets S and S U {7’} in
T respectively. First, we define giq(a’, 3') = (a, 3)! where

a(0) = a/(1) +
a(l) = min o/()

(
B0) =p'(1)

(1) +1)

4
6'(0) ifa/(0) < /(1) +1, @
B(1)=q¢p'(1) ifa’(0)>a’(1)+1,and
2 otherwise.
Now, we define g, (o/, 3') = («, ) where
a(0) = a(1) = a/(1), and 5
B(0) = B(1) = B'(1).

Claim3 Let S C V(T') \ {r'} be an arbitrary set with
characteristic (o/,8') in T'. Then S has characteristic
gia(a',8") in T and S U {r'} has characteristic g+ (o/, 3)
inT

'We omit the extra parentheses inside giq(-) for readability.
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The computation of DP%.[-, -] finds the minimum between
DP%, [o/, 3'] over the preimages of (a,3) under gy and
DP%. [/, B'] + 1 over the preimages of («a, 3) under g, .
That is, we set

]

DP%[a
DPY [, 8],

min
(o,8")€Egq " (., B)

DPY [/, 8] +1 ©

min
(o,8)€g7 " (. B)

where we take the minimum over empty set to be co.

Let us now discuss the time complexity of the algorithm
on an input tree G with n vertices. Any neat decomposition
of G clearly has size O(n) and the total number of possible
characteristics is O(n?). Therefore, a straightforward imple-
mentation of the computations in (1), (3) and (6) results in
a polynomial-time algorithm. Moreover, we remark that a
more careful implementation achieves runtime O(n°).

The correctness of the algorithm follows straightfor-
wardly from Claims 2 and 3 by a bottom-up induction over
the neat tree decomposition.

Linear Algorithm

In order to speed up the previous algorithm, we use two ideas
that allow us to group the possible characteristics into con-
stantly many classes. First, the size of the minimum vertex
cover is irrelevant in MU-VC. Thus, capturing a/(0) — «(1)
suffices to see whether the minimum vertex covers of two
possible types have the same size. A reasonable implementa-
tion would already bring down the runtime to O(n?). How-
ever, it actually suffices to remember whether «(0) — a(1)
is equal to O, 1, or at least 2.

Formally, a reduced characteristic of aset S C V(T) \
{r} with characteristic («, 8) in (T, r) is a pair (9, 5) where
0 = min(2, a(0) — «a(1)). By Observation 2, we see that
0 € {0,1,2}. Moreover, 3 is one of 4 possible functions.
Thus there are only 3 - 4 = 12 possible reduced character-
istics. The algorithm follows the same scheme as before. In
particular for each rooted tree (T, ) generated by a subex-
pression of the neat tree decomposition, it fills a dynamic
programming table DP'.[-, -] such that DP'[5, 3] contains
the size of the smallest set S C V(T') \ {r} with reduced
characteristic (9, 3).

We start by observing that the feasibility of a given set .S
as a solution to MU-VC can be deduced from its reduced
characteristic.

Claim 4 A set S is a feasible solution to MU-VC in a
rooted tree (T, 1) if and only if one of the following holds

1. r ¢ S and the set S has reduced characteristic (0, 3)
such that either 6 = 0 and 5(0) = 1, or 6 = 2 and
B(1) =1, or

2. r € S and the set S\ {r} has reduced characteristic
(6, B) such that 5(1) =

So after computing the whole table DPY,[-, -] for the input
tree (G, the algorithm returns the minimum value out of (i)



DPY[6, 8] where § = 0 and (0) = 1, 0or § = 2 and (1) =
1; and (ii) DP[6, 8] + 1 where 3(1) = 1.

The most important part is to show that reduced charac-
teristics still allow a similar scheme of computation to the
full characteristics. Namely, we show how the reduced char-
acteristic of a set changes under the Leaf, Extend, and Join
operations.

Leaf node, (7,r) Leaf(r). We have seen that the
characteristic of the only possible set S C V(T) \
{r} is (vieaf, Bieaf) and thus, its reduced characteristic is
(&eaf:ﬂleaf) where fjear = aleaf(o) - aleaf(l) = 0. Again,
we set

It . 0 if (5, ﬂ) = (5Ieaf; 6leaf)’ and
DPr|6, 5] = {oo otherwise. @
Join node, (7,r) = Join((T1,7),(T%,7)). Let us de-

fine a function f’ acting on pairs of reduced characteristics

(01, B1), (92, B2) as f'((61, 1), (62, B2)) = (4, B) where
0= min(2, 01 + 52), and
B(i) = min(2, (i) - Ba(i)) for both i € {0,1}.
Claim5 Let S; C V(I1) \ {r} be an arbitrary set
of reduced characteristic (61,51) in Ty, let So C

V(Tz) \ {r} be an arbitrary set of reduced characteris-
tic (02, B2) in Ts. Then S1 U Sy has reduced characteristic

(61, 81), (02, 582)) inT.

The computation of DP'%[-, -] follows the same scheme as
in the previous case. That is, we set

®)

DPF[3, 5] =

DPY, [61, B1] + DPY, [62, 2]
)

where we take the minimum over the empty set to be oo.

Extend node, (7',r) = Extend((T",r),r). We again de-
fine two functions giy and ¢/, describing how the reduced
characteristics of the set S and S U {7’} in T depend on the
reduced characteristic of a fixed set S C V(T")\ {r'} inT".
First, we define g/; such that g/,(6’, ') = (4, 8) where

|

B(0) = §'(1), and

min
((1,61),(32,82))€(f')~1(5,8)

0 ifd >1,
1 otherwise, i.e., if &' = 0.

(10)
p'(0) ifd =0,
B(1)y=1<p'(1) ifd >2,and
2 otherwise, i.e.,if 8’ = 1.

Now, we define g, such that ¢, (¢’, 3") = (9, ) where

5=0,  B0)=B(1)=F). (an

Claim 6 Let S C V(T") \ {r'} be an arbitrary set with
reduced characteristic (8',0') in T'. Then S has reduced
characteristic gy (¢, 8') in T and SU{r'} has reduced char-
acteristic g’ (8', ") in T.
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The computation of DP'L[-, -] is again analogous to the
previous algorithm. That is, we set

DP7[6, 5] =
DP!}’ [0/7 /8/}7

min
(a,8")€(gly) " (a,8)
DP% [, 8] + 1

min ) (12)
min

(a/,8)€(g4 ) (a,8)
where we take the minimum over empty set to be co.

This finishes the description of the computation. The cor-
rectness of the algorithm follows from Claims 5 and 6 by a
bottom-up induction over the nice tree decomposition.

It remains to argue about the running time. As already ob-
served, the total number of possible reduced characteristics
is 12. It follows that a straightforward computation of the
table DP'L[-, -] in each node of the neat decomposition fin-
ishes in O(1) time (refer to (7), (9), and (12)). Therefore, the
overall running time is O(n).

Treewidth

The algorithm for treewidth follows the same general
scheme as the algorithms for trees in the previous section:
we define a suitable characteristic of any subset S of ver-
tices such that (i) we can decide whether S is a feasible so-
lution just from its characteristic, (ii) the way the character-
istic of S changes in a node of a tree decomposition depends
only on its previous characteristic, and (iii) the total number
of characteristics is polynomial in the size of the input graph.
We then compute by a dynamic-programming scheme in ev-
ery node of a nice tree decomposition the minimum size of
a set S with each possible characteristic.

Theorem 2 The MU-VC problem can be solved by an XP-
algorithm parameterized by the treewidth d of G in time
no@"),

Sketch of proof. Due to space limitations, we only define the
generalization of (reduced) characteristics. We first general-
ize rooted trees. A terminal graph is a pair (G, X) where G
is a graph, X C V(@) is a subset of its vertices, and G[X]
is an independent set, i.e., there are no edges between ver-
tices of X. For a terminal graph (G, X), we say that a set
M C V(G) is of type D if M N X = D. Moreover, the
reduced size of a set M C V(Q) is defined as |[M \ X|.

A pair of functions («, 3) where a: 2% — {0,...,n}
and B: {0,1} — {1,2} is a characteristic of a set S C
V(G) \ X in a terminal graph (G, X) if for every D C X,

* a(D) is the reduced size of the smallest vertex cover of
type D in the terminal graph (G — S, X), and
* B3(D) = 1if and only if there is a unique vertex cover of

reduced size o(D) and type D in (G — S, X).

The characteristic is well defined: there always exists a ver-
tex cover of any type D, e.g., V(G)\ X UD. Finally, remark
that a rooted tree (7,7) can be interpreted as the terminal
graph (T, {r}) where the sets of type 0 and 1 in (7', r) are
exactly the sets of type () and {r} in (7', {r}) respectively.

We again define reduced characteristics. A reduced char-
acteristicof aset S C V(G)\ X with characteristic (o, ) in



a terminal graph (G, X) is a pair of functions (4, ) where
§: 2% — {0,...,n} such that §(D) = a(()) — a(D) for
every D C X.

Let « be a node of a nice tree decomposition (T, {B,, |
x € V(T)}) of the graph G. Let Y;, be the set of all vertices
contained in the bags of the subtree rooted in t. We associate
with the node z a terminal graph (G, B;) such that G, is
obtained from the graph G[Y;] by removing all edges con-
necting two vertices of B,. In other words, we consider an
edge only when one of its endpoints is being forgotten.

The algorithm computes a nice tree decomposition of the
graph G. Then it fills for each node z in the nice tree decom-
position a dynamic programming table DP2[5, 3] such that
(8,) is a reduced characteristic, and the entry DPY[§, 3]
contains the size of the smallest set with reduced character-
istic (6, 8) in (G, By), or oo if no such set exists. o

Furthermore, we show that the same dynamic program-
ming scheme yields an FPT-algorithm when we additionally
parameterize by the maximum degree of the input graph.

Theorem 3 The MU-VC problem can be solved by an
FPT-algorithm parameterized by the treewzdth w of G plus
the maximum degree /\ in time A© “n

Sketch of proof. Crucially, in low degree graphs, the sizes of
minimum vertex covers of different types cannot be too far
away from each other. Precisely, let (G, X) be a terminal
graph with maximum degree A and let S C V(G) \ X be a
set of its vertices with reduced characteristic (4, 5). Then we
have 0 < 0(D) < A -|D| for every D C X. It follows that
the number of possible reduced characteristics in a terminal
graph (G, X) is at most (A - w)9(") = AOC"), o

Clique-Width
Theorem 4 The MU-VC problem can be solved by an XP-
algorithm w.r.t the clique-width d of G in n°2 time,

Sketch of proof. The algorithm follows a scheme analogous
to the algorithms in previous sections. Due to the lack of
space, we only describe what is the suitable definition of a
characteristic of a set .S in this case.

For a subset of vertices X of a d-labeled graph G, we
denote by full(X) the set of labels from [d] that are fully
contained within X .Conversely for I C [d], we say that T is
a set of type I if fullg(T') = I. Additionally for a type I C
[d] and a set T' we say that T extends type I if I C fullg(T).

A pair of functions (a, 3) where a: 2[4 — {0,...,n}
and 3: 219 — {1,2} is a characteristic of aset S C V(G)
if for every I C [d],

* «(I) is the size of the smallest vertex cover that extends
type [ in G — S, and

e B(I) = 1 if and only if the smallest vertex cover of
size «(I) that extends type I in G — S is unique.

The algorithm then proceeds by dynamic programming
along a given clique-width d-expression ¢ of G. Specifi-
cally, for each d-labeled graph H generated by a subexpres-
sion of 1, it stores a dynamic programming table DP$Y [y, 3]
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such that (a, ) is a possible characteristic, and the value of
DPY [« 8] contains the size of the smallest set with charac-
teristic («, 8) in H, or oo if no such set exists. o

Theorem 5 The MU-VC problem can be solved by an
FPT-algorithm parameterized by the clique-width d of G

plus the size of solution k in time el

Sketch of proof. The result is obtained by truncating the dy-
namic programming table of the algorithm in Theorem 4.
That is possible because the characteristic of a small set S
cannot be too far away from the characteristic of the empty
set. To be more precise, let S C V(H) be a set of vertices
in a d-labeled graph H with characteristic («g, 8s) and let
(g, Bp) be the characteristic of the empty set in H. Then for
arbitrary type I C [d], we have 0 < ay(I) — as(I) < |S].
The algorithm proceeds in two passes over a clique-width
d-expression ¢ of the input graph G. In the first pass, it com-
putes the characteristic of the empty set in every d-labeled
graph generated by a subexpression of ¢. In the second pass,
it follows the computation of the algorithm from Theorem 4
restricted to characteristics with small distance to the char-
acteristic of the empty set. o

Hardness on Planar Graphs

Theorem 6 Both the MU-VC and PAU-VC problems are
¥ -complete even when the input graph G is planar and of
maximum degree 5.

Sketch of proof. We first argue about MU-V C belonging in
Y. Given a graph G and integer k, assume we have a set
S C V(G) such that |S| < k and G’ = G — S has a unique
minimum vertex cover U. To verify that U is indeed as re-
quired, it suffices to solve PAU-VC on G’ for k = 0, which
can be done in polynomial time with the help of an NP-
oracle (Horiyama et al. 2024). We then focus on proving
that MU-VC is ©£'-hard for planar graphs of maximum de-
gree 5. Slight modifications in our proof can lead to the same
hardness result for the same family of graphs for PAU-VC.

The reduction is from UQ PLANAR 1-IN-3 SAT (De-
maine et al. 2018): we are given a 3CNF formula ¢ on the
set of variables {z1,...,Zn,, Y1, -, Yn, } and clauses C' =
{c1,...,cm}. Varables in {z1,...,2n,} {y1---,Yno}
resp.) are of type x (type y resp.). The task is to find a truth-
assignment of the variables of type = such that there exists
a unique truth-assignment of the variables of type y where
each clause of C' is satisfied by exactly one literal. We will
construct a graph G' which has an MU-VC of order n; if
and only if ¢ is a yes-instance of UQ PLANAR 1-IN-3 SAT.

To construct the graph G, we first build an auxiliary graph
H as follows. We define a variable (clause resp.) vertex for
each variable (clause resp.) in ¢. We then add an edge be-
tween a variable and a clause vertex if the corresponding
variable appears in the corresponding clause; let H be the
resulting graph. Observe that H is a planar graph (due to the
“planarity” of ¢). We now go from H to G. First, replace
each clause vertex c of H by a copy of the c-gadget shown in



(c) The x;-gadget.

Figure 2: The gadgets used in the proof of Theorem 6. Inner
colored vertices of the first appearance of y; are y? and y.

Figure 2(a). Then, replace each variable vertex by either a y-
gadget or a z-gadget, shown in Figures 2(b) and 2(c) respec-
tively, according to the type of the corresponding variable in
¢. The z- and y-gadgets are similar. Consider the y;-gadget,
i.e., the gadget corresponding to the variable y; that appears
in ¢. It will have four colored vertices (see Figure 2(b)) for
each appearance of y; in ¢; two red vertices and two blue.
That is, the index ¢ that appears in Figure 2(b) is equal to
four times the number of appearances of y; in ¢. Moreover,
going in an anti-clockwise fashion, the colored vertices that
correspond to each appearance of the y; variable will alter-
nate, starting with a red and finishing with a blue; for the j-th
appearance of variable y;, we say that vertices y?(j D2 and

?(] D3 denote its inner colored vertices (see Figure 2(b)
for an example). The inner blue (red resp.) vertex included
in the gadget for an appearance of the variable y; will model
that this variable is set to false (true resp.), while the other
inner colored vertices will serve as points of additional con-
nection between the gadgets. The same holds true for the
x;-gadget which, in addition, contains an extra set of col-
ored vertices together with two pending paths, illustrated by
the bold vertices and edges in Figure 2(c).

At this stage, all the original edges of H are removed. We
add the new edges between the gadgets through a two-step
edge-adding procedure. First we deal with the edges con-
necting the c-gadgets to the - and/or y-gadgets. Consider a
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clause c and its corresponding c-gadget and assume that, in
the graph H there was an edge between the clause vertex ¢
and the variable vertex of type z. Also, let x be the j-th ap-
pearance of the x variable in ¢ (according to a carefully cho-
sen ordering of the variables. Then, going anti-clockwise,
we locate the j-th quadruple ) of colored vertices of the
z-gadget. We then add an edge between any vertex of the
c-gadget that is currently of degree three and the blue (red
resp.) inner vertex of () if this appearance of x is positive
(negative resp.). We repeat the same procedure for all the
edges of H that are between the clause vertex ¢ and any
variable vertex of type y. Once we are done, we move on
and repeat this procedure for every clause vertex of H. This
completes the first step of the edge-adding procedure.

In the second step, we connect the z- and/or y-gadgets
whose corresponding variables appear in a common clause.
To ease the exhibition, and since we treat these gadgets in
the same way, we will assume we only have to deal with z-
gadgets. So, consider a clause gadget ¢, with the correspond-
ing clause being comprised of three literals on the variables
Ziy» Tiy, and x;, (for some i1, 42,93 € [n1]). According to
the construction of G up to this point, there are

* a c-gadget, containing the vertices £., ¢2, and ¢3, and

c’ e
* the z;,, ©;,, and z;,-gadgets, contammg some inner col-

ored vertices x$ i and z] , Tespectively such that G

1,.a p2 /3 3,7
c 11’60 12° andzc 23

21°
contains the edges ¢.x

Note that since ' xﬁ and :L are inner colored vertices,

and according to the ﬁr2st step of the edge-adding procedure,
the two colored neighbors of these vertices that lie in the
Zi,, Tiy, and z;,-gadgets respectively are currently of degree
4. The second step of the edge-adding procedure consists
in adding the edges =]~ 1xf‘1+1, s 1xi+1 and xﬁ lxlﬂ
This step is repeated for every clause gadget c.

This marks the end of the construction of G. We ensure
the planarity of G based on the planarity of H and by care-
fully choosing the ordering used in the first step and by bend-
ing the edges added in the second step of the edge-adding
procedure to closely shadow the preexisting edges of G.

We are now ready to sketch our reduction. Assume that we
have a yes-instance of UQ PLANAR 1-IN-3 SAT testified by
the truth-assignment 0. We will show that the constructed
graph G = (V, E) has a MU-VC of order exactly n;. Due
to the z-gadgets, it suffices to provide a set S C V such
that G’ = G — S has a unique minimum vertex cover U,
and |S| = nq. We proceed as follows: for each i € [nq], if
7(x;) = true (7(z;) = false resp.), we include u} (u?
resp.) in S. It follows that |.S| = ny. It remains to show that
G’ = G — S has a unique minimum vertex cover U. Observe
that for every variable gadget, if U contains a blue (red resp.)
vertex, then it should also contain all other blue (red resp.)
vertices, and no red (blue resp.) vertex of the same gadget.
In particular, U will contain exactly all the ws, the blue (red
resp.) vertices of the x-gadgets and y-gadgets that are set to
true (false resp.) and two out the three outer vertices of each
c-gadget whose corresponding literals do not satisfy c. The
uniqueness and minimiality of this U is guaranteed by the
formula ¢ being 1-in-3 satisfied by o and vice versa. o
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