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Abstract

We study a general framework of optimization with the aim to
compute fair solutions in settings with a set of agents whose
valuations are combined using an aggregation function. The
strength of our framework lies (1) in its generality and (2) in
the fact that we leverage the power of ex-ante fairness, a con-
cept that has recently gained much attention in the scope of
fair allocation and fairness in AI in general. More precisely, in
our setting there are n set functions f1, . . . , fn (e.g., the val-
uation functions of n agents) that are combined using an ag-
gregation function g (e.g., the minimum, Nash social welfare,
p-norm). The power of ex-ante fairness is obtained by allow-
ing as a feasible solution not simply a finite set S, but instead
a distribution Π over feasible sets. The goal in our setting is
then to find a probability distribution p ∈ Π that maximizes
the value resulting from aggregating (using g) the n expected
values of the functions f1, . . . , fn obtained when sampling a
set S according to the distribution p. We stress that this is dif-
ferent from maximizing the expected value of g (ex-post fair-
ness) and typically allows for much fairer solutions. We give
three different greedy algorithms for three different settings
of this framework and prove that they achieve constant ap-
proximation guarantees under certain realistic assumptions.
For some of the settings, we show that these approximation
guarantees are tight. Specific scenarios that can be modelled
using our framework include fair information diffusion in so-
cial networks, fair submodular matching problems and ex-
ante versions of item assignment problems.

1 Introduction
In this work, we consider a general multi-agent setting
where the satisfaction of each agent is measured by an indi-
vidual utility. A central authority must make choices such as
to improve the overall utility of the various agents involved.
This overall utility is measured by a function that aggregates
the individual utilities, resulting in an aggregated value that
can be used as an indicator of fairness and/or social welfare.

A well-studied example of such a multi-agent setting
are information dissemination dynamics in social networks.
Consider a social network where nodes represent individu-
als and edges represent their social interactions and assume
that a government agency wants to disseminate information
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on certain nodes in the network to raise awareness about a
specific issue with social impact (e.g., health (Valente and
Pumpuang 2007; Wilder et al. 2018; Yadav et al. 2018;
Amoruso et al. 2020), finance (Banerjee et al. 2013), etc.)
on which people have limited knowledge or are often misled,
e.g., due to fake news. Given the complexity and vastness of
social networks, it may be impractical to target every node
with a tailored awareness campaign. A more feasible strat-
egy is to carefully select a limited number of nodes to target
so that, due to their centrality in the network and the word-
of-mouth effect, the message reaches as many nodes as pos-
sible. The underlying algorithmic problem has been studied
in the artificial intelligence and network analysis commu-
nities under the term influence maximization. Here the goal
is to select a limited number of seed nodes in the network
such as to maximize the expected number of nodes that are
reached by the campaign. Clearly however, when pursuing
the goal of maximizing the expected number of influenced
nodes, i.e., the sum of the probabilities of influencing each
node, there may be nodes not covered by the campaign at all.
While this may not only be perceived as unfair, over time un-
influenced nodes may become channels for misinformation
and disinformation again and thus have a negative global im-
pact. A more reasonable and equitable choice would be to
consider alternative aggregation functions instead of simply
summing the node’s probabilities. For example, one could
use the minimum instead (as proposed by Fish et al. (2019))
or other social metrics with better fairness guarantees.

A General Framework for Ex-Ante Maximization. To
model the above scenario, and many others, we introduce
and study the following general framework. We start from
an optimization problem whose feasible solutions are sub-
sets S of a universe U of m elements. Calling S the set of
all such feasible sets, we aim to maximize an objective func-
tion that results by aggregating the values f1(S), . . . , fn(S)
of n monotone set functions f = (f1, . . . , fn) with fi :
2U → R≥0. This aggregation is done using another function
g : Rn

≥0 → R≥0 that we assume to satisfy g(0) = 0, non-
decreasing in every component and concave. The probably
most straightforward examples of the aggregation function
g are the sum or 1-norm, i.e., g(x) = ∥x∥1, and the mini-
mum function, i.e., g(x) = mini=1,...,n xi. Other examples
include the p-norms for p ∈ (0, 1) and the Nash Social Wel-
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fare (Nash 1950) (i.e., the p-norm for p = 0). For a general
function g, a natural discrete optimization problem to study
is then

max{g(f(S)) : S ∈ S}, (1)

i.e., we want to find the feasible set that maximizes the ag-
gregation of the n function values.

In the previously described example of influence maxi-
mization, U is the set of nodes within the social network and,
given S ⊆ U and i ∈ [n],1 the value fi(S) represents the
probability that node i will be positively influenced (through
the word-of-mouth effect) by nodes in S, assuming that the
campaign has been initiated from the nodes in S. The stan-
dard influence maximization problem (as it was introduced
by Kempe, Kleinberg and Tardos (2015)) is obtained, when
g is the sum (or 1-norm), the maximin fair influence maxi-
mization problem (see, e.g., the work by Fish et al. (2019))
is obtained when g is the minimum.

More generally, let us illustrate better why fairness can
be a motivation for studying the general setting: Assume
that there are n agents and the functions f1, . . . , fn indi-
cate their valuation for each of the feasible subsets S ∈ S
of the universe U . For g being the minimum, for exam-
ple, the problem then aims at finding the feasible subset S
that maximizes the minimum valuation of all agents. This
is known as the maximin-criterion of fairness. Other fair-
ness notions can be modeled using other functions g, e.g.,
p-norms with p ≥ 0. We note that once we assume a con-
tinuous welfare function to satisfy four arguably natural
properties, namely monotonicity, symmetry, independence
of unconcerned agents and common scale, it follows us-
ing the Debreu-Gorman Theorem (Debreu 1959; Gorman
1968) that the social welfare function is equivalent to a p-
norm (Heidari et al. 2018). Hence, our framework can be
argued to cover most interesting cases of welfare functions.

It is evident that the problem in (1) is computational in-
tractable without assuming additional properties on the set
functions f . In this work, in the most settings that we study,
we assume the functions f = (f1, . . . , fn) to be submodu-
lar, i.e., to satisfy the diminishing returns property. In addi-
tion, we study one setting where we make a more indirect
assumption on the set functions, namely we assume that a
certain oracle problem involving the set functions is approx-
imately solvable. We get back to this below, when formally
describing the three studied scenarios. Even when assuming
submodularity, the optimization problem in (1) is very hard
to solve. A reduction from the NP-hard maximum coverage
problem for example directly implies that this problem is not
approximable within any finite ratio, unless P = NP. But,
not only is the presented problem difficult to study from a
computational perspective, it also does not admit very good
solutions in the sense of fairness. Consider for example the
setting where n = 2, U = {u1, u2}, S = {{u1}, {u2}},
f1({u1}) = f2({u2}) = 1, f1({u2}) = f2({u1}) = 0, and
g is the minimum function. Then clearly the optimal solu-
tion to the above problem is 0, that is, there is no feasible
solution that achieves any level of fairness.

1For a natural number k ∈ N, we let [k] := {1, . . . , k}.

This problem has been addressed in the literature by con-
sidering the ex-ante fairness notion. The idea is to consider
randomized solutions, i.e., distributions over the feasible so-
lutions in S along with expected values. The key of ex-
ante fairness, however, is to consider g applied to the ex-
pected values of the functions f1(S), . . . fn(S) when S is
sampled according to the distribution. This is in contrast
to ex-post fairness, which is obtained when considering the
expected value of g applied to the values f1(S), . . . fn(S).
Recall the example above, where n = 2, U = {u1, u2},
S = {{u1}, {u2}} and g as the minimum function. The op-
timal ex-ante value over distributions is now 1/2 (achieved
by the uniform distribution that chooses each S ∈ S with
probability 1/2) rather than 0 for deterministic as well as
for ex-post fairness. Hence, considering the ex-ante objec-
tive over distributions allowed us to obtain much fairer so-
lutions. This example goes back to Machina (1989), who il-
lustrated the problem with a parent assigning an indivisible
good to one of two children. Conceptually, ex-ante fairness
can be understood as fairness as principle of equal opportu-
nities that guarantees fairness in the long run in settings of
repeated decisions. Formally, we let Π be a set of distribu-
tions over the feasible sets S and consider the optimization
problem

max{g(ES∼p[f(S)]) : p ∈ Π}, (2)

where S ∼ p denotes the random experiment of sampling a
set S ∈ S according to the distribution p ∈ Π.

In the case where the functions f = (f1, . . . , fn) are ad-
ditive one could be tempted to solve problem (2) using tech-
niques from convex optimization. The problem with this ap-
proach however is that the dimension of S may be exponen-
tial in m and, in general, an optimal solution to problem (2)
may have exponential support. Indeed, we allow that the so-
lutions are not given explicitly (which would be problematic
in the case of exponential support), but instead can be given
as an oracle, i.e., outputting a solution p can also mean to
provide an algorithm that when repeatedly queried for feasi-
ble sets from S , outputs them following the distribution p.

Remark 1.1. Our probabilistic problems (2) are relaxations
of the original discrete problems (1), that is, a feasible de-
terministic solution S ∈ S is a feasible solution to the ex-
ante version of the problem through the distribution p with
pS = 1 and pT = 0 for all T ∈ S \ {S}. It is important to
note that from an approximation algorithms perspective, the
problems are incomparable as optimal solutions to (2) are
not in general “deterministic”. In particular, although the
discrete problem (1) seems much harder, a corresponding
approximation algorithm does not imply the same approxi-
mation for the corresponding ex-ante problem.

2 Settings, Contribution and Techniques
In this work we consider three different instances of the gen-
eral problem in (2) that result from restrictions to the feasible
set of the optimization problem that are consequences of re-
straining the feasible sets S . In some of the settings consid-
ered we in addition assume the functions f = (f1, . . . , fn)
to be submodular. In total we study three different settings.

14158



We next detail these three settings and our contribution for
each of them. We summarize our results in Table 1.

Setting 1. The first setting is obtained when restricting the
set of feasible solutions to the sets of cardinality at most k,
i.e., S := {S ⊆ U : |S| ≤ k} and then letting the set of
distributions be Π := {p ∈ [0, 1]S : ∥p∥1 = 1}. In addition,
we assume f = (f1, . . . , fn) to be n submodular functions
and g to be Lipschitz continuous with a Lipschitz constant
that is polynomially bounded in n and m.

In Section 3, we present an algorithm for this setting that
we call probabilistic greedy algorithm. For this algorithm,
we assume access to an oracle that, for every arbitrarily
small δ > 0, computes an additive δ-approximate solution
to the concave optimization problem

max
{
g
(∑

j∈U
xj ·mj

)
: ∥x∥ = 1,x ≥ 0

}
, (3)

where, for every j ∈ U , mj ∈ Rn
≥0 is a non-negative

vector. We note that this is a comparatively mild assump-
tion that, for many natural choices of g, follows from the
theory of self-concordant functions by Nesterov and Ne-
mirovski (1994). Under this assumption, our probabilistic
greedy algorithm achieves a multiplicative 1 − 1/e − ε-
approximation in polynomial time and is thus optimal up
to an arbitrarily small error. Our algorithm can be seen as
a probabilistic version of the classical greedy algorithm for
maximizing a submodular set function subject to a cardinal-
ity constraint (Nemhauser, Wolsey, and Fisher 1978). This
classical algorithm, for k steps, adds the element of maxi-
mum marginal increment to an initially empty set that is out-
put at the end. Our algorithm, instead computes a distribu-
tion over subsets that can be represented by k non-negative
vectors x1, . . . ,xk each of one-norm 1. The set S of size
at most k is sampled from these vectors by independently
sampling k elements, the t-th element being distributed ac-
cording to the vector xt. Our algorithm in its t-th iteration
computes a vector xt that maximizes the expected incre-
ment to the random set of size at most t − 1 obtained by
independently sampling from the vectors x1, . . . ,xt−1. We
show that (after a straightforward application of a concentra-
tion bound), this problem can be solved using an oracle for a
concave optimization problem of the form stated above. We
stress that our algorithm outputs a distribution that samples
at most k elements independently, but our proofs show that
it actually achieves an approximation factor of 1 − 1/e − ε
with respect to an optimal distribution that is not restricted
to sample elements independently. Furthermore, our approx-
imation ratio even holds with respect to the larger set of fea-
sible solutions, where distributions are not restricted to be
over sets of size at most k, but have to satisfy a cardinality
constraint only in expectation.

One specific problem that can be modeled using this set-
ting and can thus be solved using our algorithm is the ex-
ante fair influence maximization problem that was consid-
ered by Becker et al. (2022) and is basically the ex-ante ver-
sion of the maximin fair influence maximization problem
mentioned previously and considered by Fish et al. (2019).
A similar setting was studied by Becker et al. (2023). Our
algorithm achieves essentially the same approximation ratio

as the one from (Becker et al. 2022).2 In this case, where g
is the minimum, the concave optimization problem actually
simplifies to a linear one.

To complement the above results, we show that our al-
gorithm achieves the best possible polynomial-time approx-
imation. Indeed, in the full version of this work we give a
simple reduction from the max-coverage problem that shows
that the considered problem cannot be approximated within
a factor better than 1 − 1/e + ε for any ε > 0, unless
RP = NP, where RP is the class of problems with 1-sided
error polynomial-time Monte Carlo algorithms.

Setting 2. The second setting allows an arbitrary set of fea-
sible solutions, i.e., S can be any subset of 2U , while the set
of distributions is again Π := {p ∈ [0, 1]S : ∥p∥1 = 1}.
Problems from this setting are a superset of problems from
Setting 1 and thus the problem again cannot be approxi-
mated within a factor better than 1 − 1/e + ε, even if the
functions f are submodular. We give an approximation algo-
rithm also for this setting. Again we assume to have access
to an oracle for a specific optimization problem. The oracle
problem in this case however takes the form

max
{∑n

i=1
αi · fi(S) : S ∈ S

}
, (4)

where α ≥ 0 is a non-negative weight vector, and we as-
sume to have a multiplicative approximation algorithm. In
the common case where the functions f are submodular, also
the objective function of (4) is submodular and hence multi-
plicative approximation algorithms exist for several choices
of the feasible set S (e.g., matroid constraints).

Our algorithm is inspired by the continuous greedy al-
gorithm for submodular optimization under matroid con-
straints (Vondrák 2008; Călinescu et al. 2011). Its analysis
for our modified setting however requires further non-trivial
arguments. We call our algorithm continuous greedy as well.
The algorithm achieves a 1−1/eγ−ε-approximation, when
equipped with a γ-approximate oracle for the problem in (4).
In cases where the oracle problem can be solved optimally,
also this algorithm achieves an approximation ratio that is
optimal up to an arbitrarily small error. Our continuous
greedy algorithm is a discretization of a continuous process
that moves a vector p from p(0) = 0 towards a solution
p(1) while moving into the direction 1S(t), where S(t) ∈ S
is the γ-approximate solution to the oracle problem for a
suitable choice of the weight vector α that is defined through
the gradient of g at the current solution p(t).

An application of this scenario is an ex-ante version of the
well-studied maximum submodular matching (MSM) prob-
lem. In this problem we are given a graph G = (V,E) to-
gether with a submodular set function f : 2E → R≥0 on
the edges and the goal is to find a matching M ⊆ E in G
(i.e., set of disjoint edges) that maximizes f(M). In the more
general maximum submodular b-matching problem (MSbM),
a vector b ∈ Nv is given in addition, and every node v should

2The algorithm of Becker et al. (2022) incurs an additonal addi-
tive error due to the approximation of the information spread. Also
when using our algorithm for this scenario, the functions fi cannot
be computed exactly and instead have to be approximated.
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Setting Algorithm Approx. Factor Hardness Example

Setting 1 probabilistic greedy 1− 1
e − ε 1− 1

e + ε Fair Influence Maximization
Setting 2 continuous greedy 1− 1

eγ − ε 1− 1
e + ε Submodular b-matching

Setting 3 probabilistic greedy assignment 1
2 − ε 1− 1

e + ε Submodular Nash social welfare

Table 1: Summary of our results: We give three different greedy algorithms for three different settings. Hardness results hold
under the assumption RP ̸= NP. The listed examples are each ex-ante versions of the respective problems.

be adjacent to at most bv edges in M . Several approximation
algorithms are known for these problems, the most classical
being that the greedy algorithm is a 3-approximation if f is
monotone (Fisher, Nemhauser, and Wolsey 1978). Several
works consider problems related to fairness or diversity in
this context of submodular matching, see, e.g., the work of
Ahmed et al. (2017). Our framework can be used directly
to model a setting with n agents with different preferences
(i.e., set functions fi) over matchings or b-matchings. In this
case the oracle problem for our algorithm is the standard
MSM problem with monotone set functions. The currently
best result for this problem is 1/2−ε for an arbitrarily small
ε > 0 (Feldman et al. 2011). Using this result in our frame-
work gives a 1 − e−1/2 − ε-approximation for the ex-ante
version of the maximum submodular b-matching problem.

Setting 3. In the third setting, the universe U is the cross-
product of [n] and a set of M items J := [M ], i.e., U :=
[n] × J and thus m = n · M . The feasible sets are S :=
{S ⊆ U : ∀r ∈ J : ∃!i ∈ [n] : (i, r) ∈ S}, i.e., we restrict
to sets that correspond to assignments of the set J to the set
[n]. As before Π := {p ∈ [0, 1]S : ∥p∥1 = 1} and we again
assume each fi to be submodular.

In Section 3, we then present the probabilistic greedy
assignment algorithm. Here, we assume to have access to
an oracle that, for every δ > 0, computes an additive δ-
approximate solution to the concave optimization problem

max
{
g
(∑

i∈[n]
xi ·mi

)
: ∥x∥ = 1,x ≥ 0

}
, (5)

where, for every i ∈ [n], mi ∈ Rn
≥0 is a non-negative vec-

tor. This oracle problem is similar to that of Setting 1; the
only difference is that the convex combination is taken over
the n agents rather than over the m items. Consequently, the
algorithms for the corresponding oracle problem are identi-
cal to those used in Setting 1. The probabilistic greedy as-
signment algorithm is also similar to the probabilistic greedy
algorithm for Setting 1. However, instead of computing dis-
tributions over the m items in k iterations, we now compute
distributions over the n agents in M iterations, i.e., in the
j-th iteration, we greedily compute a distribution that char-
acterizes to which agent the j-th item is assigned.

Specific problems that can be modeled using this setting
are ex-ante variants of all classical item assignment prob-
lems with indivisible goods and submodular valuation func-
tions. Maybe most prominently, our framework applies to
item assignment problems where the welfare function, i.e.,
the aggregation function g is the Nash social welfare func-
tion (i.e., the geometric mean). Here, the concavity of the

geometric mean allows us to apply our framework. These
item assignment problems have recently received a lot of
attention (Nguyen and Rothe 2014; Cole et al. 2017; Cole
and Gkatzelis 2018; Caragiannis et al. 2019; Amanatidis
et al. 2021; Akrami et al. 2022; Banerjee et al. 2022; Bilò
et al. 2022). Perhaps most interestingly, for the ex-ante ver-
sion of the Nash social welfare problem with submodu-
lar valuation functions, our framework yields a 1/2 − ε-
approximation. Furthermore, in the full version we show via
a reduction from the submodular welfare problem that, un-
less RP = NP, this problem cannot be approximated within
1− 1/e+ ε for any ε > 0. The deterministic versions of the
considered problem and similar variants have recently been
studied among others by (Li and Vondrák 2021a,b; Garg
et al. 2023; Garg, Kulkarni, and Kulkarni 2023; Dobzinski
et al. 2024).

Some Preliminaries. We use bold fonts for vectors (of
functions). For a set S ⊆ U , χS is the indicator function,
i.e., χS(T ) = 1 if S = T and χS(T ) = 0 otherwise. With
1S we indicate the unit vector indexed by sets, with entry 1
at position S and 0 elsewhere. For two vectors a and b, we
let a ∨ b be the vector with (a ∨ b)i = max{ai, bi}. A set
function f : 2U → R is submodular if for all S ⊆ T ⊆ U
and e ∈ U \ T , f(S ∪ {e})− f(S) ≥ f(T ∪ {e})− f(T ).
We use S∪e instead of S∪{e} if it is clear from the context
that e is an element rather than a set.

Assumptions on the Input. We make the most basic as-
sumption regarding the set functions f , namely we assume
them to be given in form of a value oracle (Vondrák 2008),
that is, for a set S ⊆ U , our algorithms can query the oracle
for fi(S) for any i ∈ [n]. We furthermore globally make the
following assumptions on the functions f and g:
1. For all i ∈ [n], there exists a set Si ∈ S such that

fi(Si) ≥ 1. Furthermore, for all i ∈ [n] and S ∈ S ,
it holds that fi(S) ≤ Φ1 for some Φ1 = poly(n,m).

2. For all x ∈ Rn
≥0, it holds that mini∈[n] xi ≤ g(x) ≤

Φ2 · ∥x∥1 for some Φ2 = poly(n,m).
These assumptions are mainly made in order for the fol-

lowing claim to hold (we defer its proof to the full version).

Claim 2.1. Let opt := max{g(ES∼p[f(S)]) : p ∈ Π} and
assume the above assumptions to hold. Then, 1

n ≤ opt ≤
n · Φ1Φ2 = poly(n,m).

The lower bound on the optimum also immediately yields
that an arbitrarily small additive error in the approximation
can be turned into a multiplicative one:
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Claim 2.2. Let opt := max{g(ES∼p[f(S)]) : p ∈ Π} and
let p be such that g(ES∼p[f(S)]) ≥ ρ · opt− ε

n for some
ρ ∈ (0, 1] and ε > 0, then g(ES∼p[f(S)]) ≥ (ρ− ε) · opt.

3 Probabilistic Greedy for Setting 1
Recall Setting 1 described above. Specifically, recall that
here we assume that f : 2[m] → Rn

≥0 are n non-negative
monotone and submodular set functions. We consider the
problem of finding a probability distribution p ∈ Π maxi-
mizing g (ES∼p [f(S)]), where Π := {p ∈ [0, 1]S : ∥p∥1 =
1} and S := {S ⊆ U : |S| ≤ k}. Formally,

opt := max{g(ES∼p[f(S)]) : p ∈ Π}. (6)

For our algorithm, we need to make the following additional
assumption. The function g satisfies the Lipschitz continuity
condition |g(x)− g(y)| ≤ L · ∥x− y∥1 for all x,y ∈ Rn

≥0,
for some L = poly(m,n). As mentioned above, we assume
an oracle that, for every δ > 0, computes an additive δ-
approximation to the optimization problem in (3).

In this section, we give the probabilistic greedy algo-
rithm (ε-prob greedy), that, for a given ε > 0, com-
putes a distribution over random subsets S of U with at most
k elements that is optimal up to a multiplicative factor of
1− 1/e− ε. Formally, we prove the following theorem.
Theorem 3.1. Let ε > 0 and α ∈ N. Assume an oracle
that, in poly(n,m, ε−1) time and with high probability, out-
puts an additive ε/(nk)-approximation to the problem (3).
Then Algorithm ε-prob greedy in poly(n,m, ε−1) time
computes vectors x1, . . . ,xk satisfying

g(ES∼x1,...,xk [f(S)]) ≥
(
1− 1

e
− ε

)
· opt

with probability at least 1− µ−α, where µ = max{n,m}.
Here, for k vectors x1, . . . ,xk each non-negative and of

one-norm 1, ES∼x1,...,xk [f(S)] is the expected value result-
ing from generating a set S of size at most k by indepen-
dently sampling the t-th element according to xt for t ∈ [k].
Our algorithm returns a distribution that always samples at
most k elements, but the returned distribution still achieves a
good approximation with respect to the stronger benchmark
of choosing at most k items in expectation.

Algorithm 1: ε-prob greedy

1: Let δ := ε/(nk) and µ := max{n,m}.
2: for t = 1, . . . , k do
3: Compute xt ≥ 0 with ∥xt∥1 = 1 s.t. xt maximizes

g(Ej∼xt [ESt−1∼x1,...,xt−1 [f(St−1 ∪ j)]]) up to addi-
tive error δ with probability at least 1− µ−α/k.

4: return x1, . . . ,xk

3.1 Algorithm
The algorithm works in k iterations. In its t-th iteration, for
t = 1, . . . , k, the algorithm greedily computes a distribution
xt := (xt

j)j∈U over all m elements of U that maximizes, up
to a certain additive error δ := δ(ε) depending on ε, the ex-
pected value of g achieved when sampling the t-th element

according to xt, and the previous t−1 elements according to
the vectors x1, . . . ,xt−1 computed in the previous steps. At
the end, the algorithm returns the distribution p(x1, . . . ,xk)
over sets S ⊆ U defined in the exact same way: for any
t ∈ [k] we independently sample the element jt according
to the distribution xt, resulting in a set S := {j1, . . . , jk}
made of at most k sampled elements (if an element is sam-
pled multiple times, only one copy of the element is added).
As distribution p(x1, . . . ,xk) is fully characterized by the
vectors x1, . . . ,xk, hence it is sufficient that the algorithm
returns those k vectors. We refer the reader to Algorithm 1
for the pseudo-code of ε-prob greedy.

3.2 Approximation Guarantee
Our goal is now to prove Theorem 3.1, i.e., the approxima-
tion guarantee for ε-prob greedy.

Progress per Iteration. We start with some preliminary
definitions and lemmas with the aim to quantify the progress
in objective value that the algorithm is guaranteed to do
per iteration. For t ∈ [k], let xt be the probability vec-
tor computed by ε-prob greedy in iteration t and let
vt := ESt∼x1,...,xt [f(St)]. Observe that g(vk) is the ob-
jective value achieved by the distribution computed by ε-
prob greedy. We further extend this notation by v0 = 0.

Lemma 3.2. Let ε > 0, t ∈ [k], and let vt =
ESt∼x1,...,xt [f(St)], where x1, . . . ,xt are the vectors com-
puted by ε-prob greedy up to iteration t. Then, it holds
that g(vt)− g(vt−1) ≥ 1

k · (opt−g(vt−1))− ε
nk .

We defer the proof of this and the following two lemmata
to the full version. This lemma is the main ingredient for
proving Theorem 3.1. It remains to show how to compute
the vector xt in each of the k iterations.

Solving Oracle Problem. Recall that the subproblem in
iteration t consists of finding x that maximizes

g
(∑

j∈U
xj · ESt−1∼x1,...,xt−1 [f(St−1 ∪ j)]

)
over linear constraints, namely x ≥ 0 and 1Tx = 1. As
the function g is concave, this problem can be solved using
techniques from convex optimization with the slight caveat
that the coefficients ESt−1∼x1,...,xt−1 [f(St−1 ∪ j)] are not
computable exactly and thus have to be approximated us-
ing sampling. We discuss this issue next. The proof follows
with a straightforward concentration bound. We recall that
maxS⊆[m] ∥f(S)∥∞ ≤ Φ1 and that µ := max{n,m}.

Lemma 3.3. Let ∆ > 0, α ∈ N, t ∈ [k], j ∈ U and let
S1, . . . , ST be T :=

Φ2
1

2∆2 log(
2knm
µ−α ) random sets sampled

according to x1, . . . ,xt−1 and let mj :=
1
T

∑T
ℓ=1 f(Sℓ∪j).

Then, with probability at least 1 − µ−α/k, we have ∥mj −
ESt−1∼x1,...,xt−1 [f(St−1 ∪ j)]∥∞ ≤ ∆ for all j ∈ U .

This lemma establishes that we can approximate the ex-
pected values that occur in the concave optimization prob-
lems. It remains to analyze how this approximation error
influences the maximizing distributions of the optimiza-
tion problems at hand. This is formalized in the following
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lemma. In order to obtain the respective bound, we use that
the function g satisfies a Lipschitz condition of the form
|g(x) − g(y)| ≤ L · ∥x − y∥1 for all x,y ∈ Rn

≥0 (see
the assumptions stated at the beginning of the section).
Lemma 3.4. Let t ∈ [k], δ > 0, and let mj be such that
∥mj − ESt−1∼x1,...,xt−1 [f(St−1 ∪ {j})]∥∞ ≤ δ

4Ln for all
j ∈ U , where L is the Lipschitz constant of g. Furthermore,
assume that x is an additive δ

2 -approximation to

max
{
g
(∑

j∈U
xj ·mj

)
: ∥x∥1 = 1,x ≥ 0

}
. (7)

Then, x is an additive δ-approximation to

max
x∈[0,1]m:
∥x∥1=1

{
g(Ej∼xt [ESt−1∼x1,..,xt−1 [f(St−1 ∪ j)]])

}
. (8)

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let δ = ε/(nk) as in the algorithm.
Apply Lemma 3.3 with ∆ := δ/(4Ln). Then, a union
bound over all k iterations gives that, with probability at
least 1−µ−α, it holds that ∥mj−ESt−1∼x1,...,xt−1 [f(St−1∪
{j})]∥∞ ≤ δ/(4Ln) for all j ∈ U , where the vectors mj

are as in Lemma 3.3 and can be computed in polynomial
time as T = ε−2 poly(n,m). Now Lemma 3.4 yields that
we can compute an additive δ-approximation to the respec-
tive optimization problem involving the expected values via
an additive δ/2-approximation to the problem involving the
vectors m. This problem takes the exact form of the ora-
cle problem (3). Thus, denoting vt := ESt∼x1,...,xt [f(St)],
Lemma 3.2 yields g(vt) ≥ 1

k · opt+(1− 1
k ) · g(v

t−1)− ε
nk

for all t ∈ [k]. Applying this k times, we get that, with prob-
ability at least 1− µ−α, it holds that

g(vk) ≥ 1

k
opt ·

k−1∑
t=0

(
1− 1

k

)t

− ε

n
≥

(
1− 1

e

)
opt− ε

n
,

where the last step uses that (1 − 1
k )

k ≤ 1
e for all k ≥ 1.

Using Claim 2.2 completes the proof.

4 Continuous Greedy for Setting 2
We now turn to the second setting. Recall that here we allow
for an arbitrary restriction of the set of feasible solutions,
i.e., S can be any arbitrary subset of 2U , while the set of
distributions are not further restricted. Our goal is to solve

opt := max{g(ES∼p[f(S)]) : p ∈ Π}. (9)
In this section, we make the further assumption that g is con-
tinuously differentiable and that, for some fixed ξ ∈ (0, 1]
and n ∈ N, there exists L = poly(ξ−1,m, n) such that
the gradient of g satisfies the Lipschitz condition ∥∇g(y)−
∇g(y + d)∥1 ≤ L · ∥d∥1 for any y ≥ ξ · 1 and d ≥ 0.3

3Requiring Lipschitz continuity outside a small region around
the origin enables us to employ also functions g with Lipschitz
discontinuity in the origin (e.g., Nash social welfare). To mitigate
the impact of this discontinuity, our algorithm initially adds a small
probability ε/ poly(m,n) to a feasible set for each player, without
meaningfully affecting the resulting approximation ratio (i.e., by at
most an arbitrarily small constant). A similar strategy can be used
to relax the respective assumption in Setting 1, and is, in fact, used
in Setting 3.

We also assume an oracle that computes a multiplicative γ-
approximation for the optimization problem in (4).

In this section, we present the continuous greedy algo-
rithm (ε-cont greedy) that, for a given ε > 0, computes
a distribution p ∈ Π with multiplicative approximation fac-
tor 1− 1/eγ − ε. Formally, we prove the following theorem.

Theorem 4.1. Let ε > 0, γ < 1, and let α ∈ N. Assume a
polynomial-time oracle that computes a γ-approximate so-
lution to the optimization problem stated in (4). Then Algo-
rithm ε-cont greedy, after poly(n,m, ε−1) iterations in
each of which it calls the oracle once, computes a distribu-
tion p ∈ Π satisfying

g(ES∼p[f(S)]) ≥
(
1− 1

eγ
− ε

)
· opt .

As mentioned before our algorithm is similar to the con-
tinuous greedy algorithm by Vondrák (2008). We first give a
continuous process called ε-cont greedy process (re-
fer to Algorithm 2), that we will then discretize to obtain the
final algorithm ε-cont greedy and to prove Theorem 4.1.

The Continuous Process. We first, with a slight abuse
of notation, extend the definition of Π to Π := {p ∈
[0, 1]S : ∥p∥1 ≤ 1} and note that it contains all probabil-
ity distributions over S as the vectors where the constraint
is tight. We notice that, due to monotonicity of g and f , this
does not change opt. We furthermore write ES∼p[f(S)] :=∑

S⊆[m] pS ·f(S) also for vectors p with ∥p∥1 < 1. We also
define a function G : Π → R≥0 as G(p) := g(ES∼p[f(S)]).
Remark 4.2. We observe that G can be written as g ◦ L,
where L : R|S| → Rn is defined as L(p) := ES∼p[f(S)].
Since L is a linear function with non-negative coefficients,
that is, L is of the form L(p) = (

∑
S∈S βj,S · pS)j∈[n] with

βj,S = fj(S) ≥ 0, it follows that the composition G =
g ◦ L inherits the following properties from g: The function
G satisfies G(0) = 0, is concave, non-decreasing in every
component, and continuously differentiable.

For a vector p ∈ Π, we define Fp : S → R≥0 as the func-
tion obtained when differentiating G for pS , i.e., Fp(S) :=
∂

∂pS
G(p) = αT

p · f(S), where αp := ∇g(y)
∣∣
y=ES′∼p[f(S

′)]
.

Remark 4.3. Assume that all functions fj are submodu-
lar monotone set functions. As g is non-decreasing in ev-
ery component, it holds that αp ≥ 0 for all p ∈ Π, where
the inequality is component-wise. Thus, Fp is a submodular
monotone set function for any p ∈ Π in this case.

ε-cont greedy process implements a well-defined
continuous time process p(t) with t ∈ [η, 1], as shown be-
low (the proof is deferred to the full version).
Proposition 4.4. Let γ ∈ (0, 1], ε > 0, and η ∈ (0, 1]. Then,
the process in ε-cont greedy process(γ) admits a so-
lution p(t) for t ∈ [η, 1].

Then, we establish the approximation factor guaranteed
by the continuous process.
Proposition 4.5. Let γ ≤ 1, ε > 0, and let p be a so-
lution computed by ε-cont greedy process(γ). Then,
p(1) ∈ Π, ∥p(1)∥1 = 1, and G(p(1)) ≥ (1−e−γ)·opt− ε

n .
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Algorithm 2: ε-cont greedy process(γ)

1: Set δ := εγ
2n(1−e−γ) and η := ε

2Φ1Φ2n
.

2: Let Si be s.t. fi(Si) ≥ 1 for i ∈ [n] and let p(η) be s.t.
p(η)Si

= η
n for i ∈ [n] and p(η)S = 0 else.

3: for t ∈ [η, 1] do
4: ∂p(t)

∂t+ := 1S(t), where S(t) ∈ S is such that
Fp(t)(S(t)) ≥ γ ·maxS∈S Fp(t)(S)− δ.

5: return p(1)

To show this proposition we rely on the following lemma
(the proof is deferred to the full version), that is proven sim-
ilarly to a claim by Vondrák (2008).

Lemma 4.6. For every t ∈ [η, 1], it holds that:

1. p(t) ∈ Π and then ∥p(1)∥1 = 1;

2. opt−G(p(t)) ≤ 1
γ ·

(
∂p(t)
∂t+

T
· ∇G(p)

∣∣
p=p(t)

+ δ
)
.

Proof of Proposition 4.5. Fix δ, η as in the algorithm. From
part (i) of Lemma 4.6, we get p(1) ∈ Π and ∥p(1)∥1 = 1.
Part (ii) of Lemma 4.6 says that, for any t ∈ [η, 1],

opt−G(p(t)) ≤ 1

γ
·
(∂p(t)

∂t+

T

· ∇G(p)
∣∣
p=p(t)

+ δ
)

=
1

γ
·
( ∂

∂t+
G(p(t)) + δ

)
.

Applying the above statement yields that
∂

∂t+

(
eγtG(p(t))

)
= γeγtG(p(t)) + eγt ∂

∂t+G(p(t)) ≥(
opt− δ

γ

)
· γeγt. Integrating this inequality in t ∈ [η, 1]

yields
[
eγt · G(p(t))

]1
η

≥
∫ 1

η

(
opt− δ

γ

)
· γeγtdt =(

opt− δ
γ

)
· (eγ − eγη). Together with G(p(η)) ≥ 0, δ =

εγ
2n(1−e−γ) , η = ε

2Φ1Φ2n
and opt ≤ n ·Φ1Φ2 (see Claim 2.1)

we obtain G(p(1)) ≥ (1 − e−γ(1−η)) ·
(
opt− δ

γ

)
≥

(1 − e−γ) · opt− ε
n . Using Claim 2.2 completes the

proof.

Finally, we design ε-cont greedy as a polynomial-
time discretization of the continuous process, ensuring that
its solutions are also valid solutions for the continuous ver-
sion, thereby preserving the approximation guarantee estab-
lished in Proposition 4.5. Further details on the discretiza-
tion and approximation are deferred to the full version.

5 Probabilistic Greedy for Setting 3
Regarding the assignments we now adopt a notation involv-
ing partitions. That is, we let A := [n] be a set of n agents
and J := [M ] be a set of M items. For any i ∈ A, let
fi : 2

J → R≥0 be the utility function of agent i, that returns
the utility fi(S) that agent i gets when receiving a subset of
items S ⊆ J . We assume the functions fi to be submodular.
An assignment of items in J to agents in A can equivalently
be defined as a sequence S = ⟨S1, . . . , Sn⟩ that corresponds
to a partition of J , i.e.,

⋃
i∈[n] Si = J and Si ∩ Si′ = ∅ for

all i ̸= i′. We write fi(S) := fi(Si) to denote the utility

achieved by i when receiving the set of items Si assigned
to him by assignment S. We also write f(S) for the vector
(f1(S), . . . , fn(S)) and let Π := {p ∈ [0, 1]n

M

: ∥p∥1 =
1} be the set of probability distributions over all possible
nM assignments S = ⟨S1, . . . , Sn⟩. We then want to solve

opt := max{g(ES∼p[f(S)]) : p ∈ Π]}. (10)
In this section, we make the additional assumption that,

for any ξ ∈ (0, 1], there exists L = poly(ξ−1, n,M) such
that the function g satisfies the Lipschitz condition |g(y +
d)− g(y)| ≤ L · ∥d∥1 for any y ≥ ξ · 1 and d ≥ 0. Again,
we assume that there exists an oracle that, for every δ > 0,
computes an additive δ-approximation to the optimization
problem in (3). Formally, we prove the following theorem.
Theorem 5.1. Let ε > 0 and let α ∈ N. Assume an or-
acle that, in poly(n,M, ε−1) time and with high probabil-
ity, computes an additive ε/M -approximation to the opti-
mization problem stated in (5). Then we can compute in
poly(ε−1, n,M) time M vectors x1, . . . ,xM satisfying

g(ES∼x1,...,xM [f(S)]) ≥
(1
2
− ε

)
· opt

with probability at least 1− µ−α, where µ = max{n,M}.
Here ES∼x1,...,xM [f(S)] denotes the expected value that

results from generating an assignment S of the M elements
to the n agents by independently sampling the agent to
which item t ∈ [M ] is assigned according to xt. The algo-
rithm in Theorem 5.1 first assigns each agent a specific item
with probability 1/ poly(n,M, ε−1), and then proceeds for
M iterations. In the t-th iteration, it greedily computes a dis-
tribution xt := (xt

i)i∈A over n agents to assign item t. This
distribution maximizes, up to an additive error δ := δ(ε), the
expected value of g when sampling the agent for item t ac-
cording to xt, and previous items according to x1, . . . ,xt−1.
Full details and the proof are deferred to the full version.

6 Conclusion
We presented a general framework for computing fair solu-
tions to settings with a set of agents whose valuations fi are
aggregated using a function g (e.g., the minimum, Nash so-
cial welfare, p-norm). Besides its generality, the strength of
our framework lies in the power of ex-ante fairness, a con-
cept that has recently gained much attention in the scope of
fair allocation and fairness in AI in general.

An open problem left by our work is closing the gap on
the approximation achieved by Settings 2 and 3. Another
interesting research direction would be to design ad-hoc al-
gorithms for other combinatorial structures, e.g., matroids,
as in (Călinescu et al. 2011) or to consider problem vari-
ants where the functions are subject to observable stochas-
tic events, as in adaptive optimization (Dean, Goemans, and
Vondrák 2005; Asadpour and Nazerzadeh 2016; Golovin
and Krause 2011; Chen and Peng 2019; D’Angelo, Pod-
dar, and Vinci 2023) or multi-armed bandits (Auer, Cesa-
Bianchi, and Fischer 2002; Gabillon et al. 2013; Chen et al.
2016; Wen et al. 2017). Finally, it would be interesting to ex-
perimentally evaluate the quality of solutions produced by
our approximation algorithms on random or real-world in-
stances of relevant optimization problems.
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Vondrák, J. 2008. Optimal approximation for the submodu-
lar welfare problem in the value oracle model. In Proceed-
ings of the 40th Annual ACM Symposium on Theory of Com-
puting, STOC, 67–74.
Wen, Z.; Kveton, B.; Valko, M.; and Vaswani, S. 2017.
Online influence maximization under independent cascade
model with semi-bandit feedback. NeurIPS, 30.
Wilder, B.; Onasch-Vera, L.; Hudson, J.; Luna, J.; Wil-
son, N.; Petering, R.; Woo, D.; Tambe, M.; and Rice, E.
2018. End-to-End Influence Maximization in the Field. In
Proceedings of the 17th International Conference on Au-
tonomous Agents and MultiAgent Systems, AAMAS, 1414–
1422.
Yadav, A.; Wilder, B.; Rice, E.; Petering, R.; Craddock,
J.; Yoshioka-Maxwell, A.; Hemler, M.; Onasch-Vera, L.;
Tambe, M.; and Woo, D. 2018. Bridging the Gap Be-
tween Theory and Practice in Influence Maximization: Rais-
ing Awareness about HIV among Homeless Youth. In Pro-
ceedings of the Twenty-Seventh International Joint Confer-
ence on Artificial Intelligence, IJCAI, 5399–5403.

14165


