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Abstract

The Minimum Consistent Subset (MCS) problem arises nat-
urally in the context of supervised clustering and instance se-
lection. In supervised clustering, one aims to infer a mean-
ingful partitioning of data using a small labeled subset. How-
ever, the sheer volume of training data in modern applications
poses a significant computational challenge. The MCS prob-
lem formalizes this goal: given a labeled dataset X in a metric
space, the task is to compute a smallest subset S of X such
that every point in X shares its label with at least one of its
nearest neighbors in S.

Recently, the MCS problem has been extended to graph met-
rics, where distances are defined by shortest paths. Prior work
has shown that MCS remains NP-hard even on simple graph
classes like trees, and presented an fixed-parameter tractable
(FPT) algorithm parameterized by the number of colors for
MCS on trees. This raises the challenge of identifying graph
classes that admit algorithms efficient in both input size (n)
and the number of colors (c).

In this work, we study the Minimum Consistent Subset prob-
lem on graphs, focusing on two well-established measures:
the vertex cover number (vc) and the neighborhood diversity
(nd). Specifically, we design efficient algorithms for graphs
exhibiting small vc or small nd, which frequently arise in real-
world domains characterized by local sparsity or repetitive
structure. These parameters are particularly relevant because
they capture structural properties that often correlate with the
tractability of otherwise hard problems. Graphs with small
vertex cover sizes are “almost independent sets”, representing
sparse interactions, while graphs with small neighborhood
diversity exhibit a high degree of symmetry and regularity.
Importantly, small neighborhood diversity can occur even in
dense graphs, a property frequently observed in domains such
as social networks with modular communities or knowledge
graphs with repeated relational patterns. Thus, algorithms de-
signed to work efficiently for graphs with small neighborhood
diversity are capable of efficiently solving MCS in complex
settings where small vertex covers may not exist.

We show that MCS is FPT when parameterized by the vertex
cover number and by neighborhood diversity. In each case,
we present an algorithm whose running time is polynomial in
n and c, and the non-polynomial part depends solely on the
chosen parameter. Notably, our algorithms remain efficient
for arbitrarily many colors, as their complexity is polynomi-
ally dependent on the number of colors.
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Introduction

Clustering lies at the heart of numerous tasks in computer
science and machine learning. In its essence, given a set
of points in a metric space (P, d), the objective is to par-
tition them such that “proximate” points reside within the
same cluster. While various unsupervised approaches exist,
supervised learning offers a powerful paradigm for achiev-
ing “most appropriate” clustering.

In supervised clustering, a labeled training dataset i.e., a
subset of points P’ C P endowed with a coloring function
¢ : P’ — [c| (where each color denotes a class/cluster)
is provided to distill underlying patterns. Usually, given the
training dataset, a learning algorithm outputs a set of cluster
centers C' = {cy, ..., ¢ }. Subsequently, an unlabeled point
q is assigned the color €(¢;) where ¢; = NN(g, C), with
NN(q, C) representing the nearest neighbors of ¢ in C.

However, the ever-increasing volume of modern datasets
poses significant computational challenges for learning al-
gorithms. Large datasets, while information-rich, often lead
to protracted learning times. This has motivated a rich line
of work on instance selection, where the goal is to extract
a small, yet representative, subset of the training data that
preserves classification behavior. A classical formulation of
this idea is the Minimum Consistent Subset (MCS) problem,
introduced in 1968 (Hart 1968). Given a colored training
dataset 7', the MCS problem seeks a minimum cardinality
subset S C T such that for every point ¢ € T, the color
of ¢ is same as the color of at least one of its nearest neigh-
bors in S. Despite its apparent simplicity, the MCS problem
poses significant computational hurdles and is known to be
computationally hard in Euclidean spaces (Wilfong 1991;
Khodamoradi, Krishnamurti, and Roy 2018), and also hard
to approximate in general settings (Chitnis 2022).

The MCS problem has recently been extended to graph
metrics, motivated by applications where similarity is nat-
urally modeled by graphs, such as social or knowledge net-
works. In the Consistent Subset Problem on Graphs (CSPG),
we are given a graph G = (V, E) with a vertex coloring
¢ : V — [¢]. The distance metric is defined as the shortest
path distance in G, denoted by d(u,v). For a vertex v € V
and a subset U C V, let d(v,U) = min, ey d(v, u). The set



of nearest neighbors of v in U is denoted by NN(v,U) =
{u e U :d(v,u) =d(v,U)}.

A subset of vertices S C V(G) is called a consistent sub-
set for (G, €) if, for every vertex v € V(G), the color of v is
present among the colors of its nearest neighbors in 9, i.e.,
€(v) € €(NN(v, S)).

CONSISTENT SUBSET PROBLEM ON GRAPHS
(CSPG)

Input: A graph G and a coloring function € : V(G) —
[c].

Question: Compute a minimum consistent subset for
(G, Q).

This graph-theoretic version of the MCS problem (i.e.,
CSPQG) has recently drawn attention for both its theoretical
appeal and practical relevance. Polynomial-time algorithms
have been discovered for certain special graph classes, such
as paths, spiders, and caterpillars (Dey, Maheshwari, and
Nandy 2023), and later for bi-colored trees (Dey, Mahesh-
wari, and Nandy 2021) and for k-colored trees (for fixed
k) (Arimura et al. 2023). For more related works, we re-
fer to (Manna 2024a,b; Biniaz and Khamsepour 2024). Al-
though results were known for bi-colored and k-colored
trees, the status for the problem when the underlying graph
is a general tree was open for a long time. In a recent break-
through, (Banik et al. 2024) the authors systematically in-
vestigated CSPG and resolved this question. Their work led
to two major contributions:

* They established that CSPG is NP-complete on trees, re-
solving a key open question. This result is particularly
striking, as many hard graph problems become tractable
when restricted to trees.

They designed a fixed-parameter tractable (FPT) algo-
rithm, i.e., an algorithm running in time f(k) - n©M),
where k is a chosen parameter and f is a computable
function independent of the input size, for trees, with a
running time of O(25¢ - n®), where c is the number of
colors (chosen as the parameter) and n is the number of
vertices. This significantly improves upon earlier brute-
force approaches with super-exponential dependence on
c.

The hardness of CSPG on trees, where the minimum feed-
back vertex set (FVS) is empty set, has significant implica-
tions: it precludes the existence of an FPT algorithm param-
eterized solely by FVS. This calls for stronger structural pa-
rameters to recover tractability. In this work, we take this
challenge head-on and present FPT algorithms for MCS pa-
rameterized by two natural and well-studied graph parame-
ters:

¢ Vertex Cover Number (vc), which measures the mini-
mum number of vertices needed to cover all edges of the
graph.

¢ Neighborhood Diversity (nd), which bounds the num-
ber of types of neighborhoods across the graph and is
strictly stronger than vertex cover in dense graphs.
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A formal definition for both parameters is presented in
the next section. Our key contribution is that our algorithms
are independent of the number of colors c, in stark contrast
to prior work where the exponential dependence on ¢ was
unavoidable. Specifically, we show:

* MCS admits an FPT algorithm parameterized by vertex
cover size, with running time £°*) - poly(n, c), where f
is color-independent and k is the size of the vertex cover.

* MCS also admits an FPT algorithm parameterized by
neighborhood diversity, again avoiding any exponential
dependence on the number of colors.

In particular, we want to bring to the reader’s attention
that while designing an FPT algorithm with dependence on
both neighborhood diversity () and the number of colors (c)
is straightforward, due to Claim 1.10, removing the depen-
dence on the number of colors is highly non-trivial. This is
because when the number of colors is large, the number of
possible combinations becomes prohibitively high, resulting
in a running time that is no longer FPT in r. However, our
key insight is that the interaction of a small number of im-
portant or responsible colors with the solution is sufficient
to determine the interaction of all other colors. While we
may not be able to explicitly identify these responsible col-
ors in advance, once we know how they interact with the
solution, we can use a color-coding technique to probabilis-
tically isolate and identify a most suitable set of such col-
ors. This allows us to reduce the problem to a collection
of independent subproblems, each of which can be solved
separately using a greedy algorithm. The solutions to these
subproblems can then be combined to obtain a solution to
the original instance. To achieve this, we exploit structural
properties arising from both the neighborhood diversity of
the graph and the specific characteristics of the problem.

At a high level, our algorithmic technique departs from
the conventional use of color coding. Typically, color cod-
ing is employed to mark objects or structural features of a
problem instance in a way that enables their independent res-
olution. In contrast, our approach involves color coding the
elements themselves (in our case, the colors), with the goal
of ensuring that a greedily selected subset of solution ele-
ments remains well separated under the resulting color dis-
tribution. We believe that this perspective introduces a novel
and potentially widely applicable direction for color coding,
with possible extensions to a broader class of combinatorial
problems beyond the specific context addressed in this work.

The parameter neighborhood diversity (nd) is particularly
relevant in the context of Al and machine learning appli-
cations on graphs. While vertex cover captures a notion of
“sparseness’”’ around edges, neighborhood diversity provides
a finer-grained measure of structural regularity. Graphs with
small neighborhood diversity are those where most vertices
have neighborhoods that are structurally similar, even if the
graph is dense. Such structures appear in various real-world
networks, including social networks with distinct commu-
nity structures, or knowledge graphs where entities often
share common relational patterns. An FPT algorithm param-
eterized by nd is significant because it indicates tractabil-
ity not just for sparse graphs (like those with small vertex



cover), but also for certain types of dense graphs that ex-
hibit high regularity in their local connectivity patterns, a
characteristic often observed in complex systems modeled
as graphs in Al This allows for efficient solutions in sce-
narios where a small vertex cover might not exist, but the
underlying structure still permits algorithmic leverage.

Notations and Definitions

Graph Notations and Definitions: Let G be a graph. We
use V(@) and E(QG) to denote the set of vertices and edges
of G, respectively. For a set of vertices S, by G'\ S we mean
G[V(G) \ S], i.e., the subgraph of G induced on V' \ S. For
a vertex v, N (v) denotes the set of neighbors of v in G and
N[v] = N(v) U {v} denotes the closed neighborhood of v.
We call a graph G a complete graph if every pair of vertices
in G is adjacent. A clique in G is an induced subgraph that is
complete. In contrast, a set I C V(G) is an independent set
if no two vertices in I are adjacent in G. A set M C V(G)
is a vertex cover if for every edge in G, at least one of its
endpoints lies in M.

Two vertices u and v are of the same type if N(v)\{u} =
N(u) \ {v}. Note that, this defines an equivalence rela-
tion on V(G) (Matsumoto, Kurita, and Kiyomi 2025). A
neighborhood decomposition of a graph G is a partition
C = {C1,C4,...,Cy} of V(G) such that all vertices in
each C; are of same type. Each C; is a neighborhood class,
and w is the size of the decomposition. The neighborhood
diversity, ND(G), is the minimum size of a neighborhood
decomposition of G.

Observation 0.1. Given a graph G, ND(G) can be com-
puted in polynomial time (Lampis 2012).

We define the set of vertices at distance ¢ from a vertex v
by N(v) = {u € V : d(u,v) = £} and the set of vertices
at distance ¢ from a vertex v of color a by N:(v) = {u €
V :d(u,v) = € and €(u) = a}. For any vertex v, let N, (v)
denotes the set of neighbors of v, with color a. For X C
V(G), we define N(X) to be the neighbors of vertices in
X. Most of the symbols and notations of graph theory used
are standard and taken from (Diestel 2012).

Parameterized Complexity: Parameterized complexity of-
fers a framework for solving NP-hard problems more effi-
ciently by isolating the combinatorial explosion to a param-
eter that is small in practice. A problem is fixed-parameter
tractable (FPT) if it can be solved in time f(¢) - |I|°(),
where ¢ is the parameter, |I| is the input size, and f is a
computable function. Safe reduction rules are polynomial-
time preprocessing steps that simplify the instance without
changing its answer. For a detailed background, readers can
refer to (Cygan et al. 2015).

Hitting Set: Given a set system (U, F), we say that H C U
is a hitting set for (U, F) if VF € F, HNF # () and
a set of subsets 7' C F is called a set cover for (U, F) if
Uper F' = U. From (Cygan et al. 2015)[Theorem 6.1], we
have the following proposition.

Proposition 1. Given a hitting set instance HS(U,F), a

hitting set of minimum size can be found in time 217 (|U| +
[FHem.
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The O* notation suppresses polynomial factors in the in-
put size. Specifically, O*(f(n)) = O(f(n)-poly(n)), where
polynomial factors are omitted for clarity when they are not
the focus of the analysis.

FPT Algorithm Parameterized by Vertex
Cover Size

In this section, we present a fixed-parameter tractable (FPT)
algorithm for the MCS problem parameterized by the size of
the vertex cover. For completeness, we begin with a formal
definition of the problem.

CONSISTENT SUBSET PROBLEM PARAMETERIZED
BY VERTEX COVER SIZE

Input: A graph G = (V = M U1, E) where |[M| = k
and G[I] is an independent set, along with a coloring
function € : V(G) — [c].

Question: Compute a minimum consistent subset
(MCS) S for (G, €).

Parameter: k&

It is well-known that the VERTEX COVER problem is FPT
when parameterized by the solution size £ (Cygan et al.
2015). Let k be the size of the minimum vertex cover. As
a preprocessing step, we compute a vertex cover M of size
k. We define I = V(G) \ M. Observe that the induced sub-
graph G[I] is edgeless.

Observation 1.1. For any two vertices u and v in G, 0 <
d(u,v) < 2k. In particular, if at least one of u,v € M, then
0 <d(u,v) < (2k—1).

Proof. Let P be a shortest path between vertices u and v.
Since I is an independent set, no two consecutive vertices
on P can belong to /. Thus, between any two vertices from
I, there must be at least one vertex from M.

The path P can contain at most k& vertices from M, as
|M| = k. Therefore, the number of vertices from I on P is
at most k+ 1. This gives an upper bound on the total number
of verticesin Pas k + (k+ 1) =2k + 1.

In the case where either u € M or v € M, the number
of vertices from I on P can be at most k, and thus the total
number of vertices in P is at most 2k. Therefore, the obser-
vation follows. O

Next, we make two guesses with respect to a minimum
consistent subset .S and attempt to find a solution that re-
spects the guesses.

Guess 1: We guess the distances from each vertex u; in
M to S. More specifically, we assume that an array
D = [di1,ds,---dg] is given where d; denote the dis-
tance between u; and S. By Observation 1.1, each entry
d; can take a value between 0 and (2k — 1). Thus, the
total number of guesses for D is bounded by (2k)*.

Guess 2: We guess the set of vertices My C M, which con-
sists of the neighbors of the vertices S N I. Formally,
M, ={u|ue N(SNI)\ (SN M)}. The number of
choices is bounded by 2.



Let I°VT(D) be the set of vertices in I that are at a dis-
tance at most d; — 1 from some vertex u; € M. For any
choice of (D, M), we say that a set of vertices X C V(G)
respects the choice (D, M), if Vu; € M, d(u;, X) = d;
and N(X NI) = M. Therefore, given (D, M7), our aim is
to find a minimum cardinality consistent subset S C V(G)
that respects the choice (D, M7).

Observation 1.2. For any minimal consistent subset S re-
specting (D, My), SN I°Y"(D) = 0.

Proof. Assume, for the sake of contradiction, that there ex-
ists a vertex v € S N I°YT(D). By the definition of I°VT(D),
there exists a vertex u; € M such that

d(uivv) S dl - 1)

where d; = d(u;, S) by definition. Since v € S, it follows
that

d(ui, S) S d(ui,v) = dl -1
which is a contradiction to d; = d(u;, S) as defined in D.

Therefore, our assumption is false, and hence we conclude
that S N I°VT(D) = (. O

We define My = SN M,ie My={u; € M|d;, =0}
and M, = M \ (Mo U Mj). Recall, for any vertex v, we
denote the set of vertices at distance d from v by N%(v), the
set of vertices of color a in the neighbor of v by N, (v) and
the set of vertices of color a at distance d from v by N%(v).

We extend the scope of D and define d; for the ver-
tices u; in I as follows. Let d;’?” be the minimum dis-
tance in D among the set of vertices N (u;), i.e. dj™"
minu €N(u;) dj. Note that all the neighbors of u; are in M
and hence d; dmm + 1 is well defined. For any ver-
tex u; € I, we deﬁne C; to be the set of colors of all
those vertices that are at distance d; from u; and do not
belong to the set (M, U M), ie. C; = {€(u;) | u; €
N (u;)\ (M, UM; UI°UT(D))}. Let I'N C T be the set of
vertices u; such that €(u;) ¢ C;.

Observation 1.3. For any consistent subset S respecting
(D, My), I'N(D) C S.

Proof. Suppose not. Let u; € I'™N(D) but u; ¢ S. Also, let
2 be the closest vertex in .S from wu; such that €(z) = €(u;).
Consider P as the shortest path between u; and z, also let
u; € M be the vertex next to u; in path P. Observe that,
d(uj, z) < (d" +1) — 1 = d™ < d;, which contradicts
the assumption that S respects the ch01ce D. O

)

Observation 1.4. Given D, in polynomial time, we can find
out the set of vertices in I'N(D) and I°Y"(D).

Proof. For a given choice of D, both I°V"(D) and I'™(D)
can be constructed in polynomial time using shortest path
algorithms.

We have established that for any consistent subset S
respecting D, I'™(D) C S and I°"(D) N S = . If
I™(D) N I°V(D) # 0, then we simply discard the guess
D.

We denote a vertex u; to be satisfied if 3 a vertex v €
N9 (u; )N (MoUI™(D)) such that €(u;) = €(v). If a vertex
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is not satisfied, we call it unsatisfied and let U denote the
set of all unsatisfied vertices. For any color a, let U, € U
denote the subset of vertices in U that are colored a.

Let S be any solution that respects (D, M7). For each
color a, define S, C S\ (I™(D)U M) to be the set of
vertices in S of color a, excluding those in /™ (D) and M.
Let S/ C I\ I°V"(D) be any set of vertices of color a such
that for every vertex u; € Uy, d(u;, S,) < d;.

Lemma 1.5. The set S’ = (S\S,)US., is a consistent subset
respecting (D, M), when S is consistent with (D, My).

Proof. For the sake of contradiction, suppose that the set S’
is not consistent. Then, by the definition, there exists at least
one vertex u; € V(G) such that €(u;) ¢ C(NN(u;, S")).
Note that u; € U. Now, if u; ¢ U, i.e., €(u;) = b (say). In
this case, as S is a consistent subset and by the construction
of §’, Javertex u; € S’ of color b such that d(u;, u;) = d;.
Hence, u; € U, and by the definition of S/, there exists a
vertex u; of color €(u;) such that d(u,,u;) < d;. Hence,
we have d; = d(u;, S") < d;.

Observe that u; € I; otherwise, the fact that d(u;, S") <
d; would imply that S’ does not respect Guess 1. Let up be
any vertex in NN(u;, S"). Let u. € M be the neighbor of
u; in M lying on the path from w; to up. Then, d(u., up) <
d; — 1.

We know that d; = d””” +landd, > (d"”” +1)-1=
d;i—1 > d(uc, up). Hence S’ contains a vertex at distance at
most d. — 1. Thus S/, contains a vertex from 7°"(D), which
contradicts the deﬁnition of S/, completing the proof. [

Therefore, from Lemma 1.5, given D and M;, for each
color a € €(U), our objective reduces to independently
computing a minimum-size set S C I\ I°UT(D) of color a,
such that for every vertex u; € Uy, it holds that d(u;, S}) <
d;.

Recall, we define the set of vertices at distance ¢ from a
vertex v by N¢(v) = {u eV id(u,v) =1}

For any vertex u; € Ug, let M (u;) € N%~1(u;) N M,
to be the set of vertices such that each vertex in M{*(u;) has
at least one neighbor of color a in I \ I°V"(D). Formally,

M (w;) = {u; € N u)N My = Ny (uy)N(I\I°V"(D))
# 0}

The intuition behind the definition of M{ (u;) is as fol-
lows. In order to satisfy any unsatisfied vertex u; of color a,
any solution must include at least one vertex u € I\ I°"T(D)
of color a where u is a neighbor of a vertex in M{(u;).
We define the following set system with ground set M,
Mo (D, My) = {MF (u;)}.

Let X} C N(S,) N M; be the minimal set of vertices
such that every vertex in S, has a neighbor in X .

Observation 1.6. X must be a minimal hitting set for
M (D, My).

Towards finding S, we make the following final guess:
Guess 3: For each color a, guess the minimal hitting set

X, C N(S,) N M;j. The total number of such choices
is bounded by 2.



Given X, consider the set system (I, F(X,)) where for
each vertex u; € X, we include set of vertices N(u;) N
(I\(I™(D)UI°"(D))) of color a as a subset in the family
F(X,)ie.

F(X,) = {Nu)n(I\(INuI""Nne(a): u; € Xo}

For any choice X, let S(X,) denotes the minimum hit-
ting set for (I, F(X,)).

Observation 1.7. (S\ S,) U S(X,) is a solution.

Proof. By construction for any vertex u; € Ug, d(u;, Sq) <
d;. Observe that from Lemma 1.5, we know that (S \
Sa) U S(X,) is a solution. Note that .S, is a hitting set for
(I, F(X,))- This completes the proof. O

Observation 1.8. Given D and M, we can find out S}, C
I\ I°V"(D) in time 2°%),

Proof. Observe that there are at most 2¥ possible choices for
X, For each choice of X, F(X,) contains at most | X,| <
k sets. Since the HITTING SET problem is solvable in time
Poly(n) - 2™ with n variables and m sets (By Proposition
1), S¥ can be found in 2€*) time. O

All the sets {S¥ | a € €(U)} can be found in time at most
c-poly(n)-2°%), leading to O* (k®(¥)) overall running time.
Theorem 1.9. MCS is FPT parameterized by vertex cover
number, admitting an algorithm running in time O* (k©*)),
where k is the size of the vertex cover.

MCS Parameterized by Neighborhood
Diversity/Types of Vertices
We are given a graph G = (V, E). Let V = |—|i€[r] T; be
a neighborhood decomposition of a graph G of minimum
size. Note that, Vi € [r], the induced graph G[T;] is either an
independent set or a clique, and for distinct ¢, j € [r], either

there is no edge between T; and T (or) all possible edges
exist between vertices in T; and T5.

CONSISTENT SUBSET PROBLEM PARAMETERIZED
BY NEIGHBORHOOD DIVERSITY

Input: A graph G = (V' = [ |;c(,y Ti, E) where for
eachu,v € T;, N(u) \ {v} = N(v) \ {u} along with a
coloring function € : V(G) — [c].

Question: Compute a minimum consistent subset
(MCS) S for (G, €).

Parameter: r

We show that MCS is FPT parameterized by neighbor-
hood diversity r. To that end, we prove the following claim,
which we use in the correctness proof of our algorithm at the
end of this section.

Claim 1.10. (1)' Given a graph G = (V, E) with neighbor-
hood diversity r (i.e., V = Uie[r] T;), there is an MCS S

Jor (G, €) such that for each type T; and for each color j,

"Proofs for Theorems, Lemmas, and Claims marked with T have
been moved to the extended version due to space limitations.
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the set S has 0,1 or all the vertices of color j from T;. For-
mally, Vi € [r] and Vj € [c], we have |T; N €1(j) N S| €
{0, 1, (T; n €1 (5)[}-

The above claim essentially states that there exists a min-
imum consistent subset (MCS) that, for each color from any
type, includes either O, 1, or all vertices of that color. With
this claim in place, we are now ready to present the first step
of our algorithm.

Step 1: Identifying the Nature of Responsible
Colors

We start by defining partitions and sets of responsible colors
with respect to a potential MCS S below. Notice that while
we may guess (i.e., generate all possible) partitions required
for a desired MCS, generating all sets of responsible colors
may not be possible in FPT time. We use a clever approach
to bypass the exhaustive generation of responsible color sets,
as described at the end of these definitions.

Partitions (w.r.t. an MCS S): We begin by guessing a par-
tition 7 of the r types into 3 sets, namely g, 71, and 73 with
respect to a potential MCS S for (G, €) as follows:

e To={T;|i€[rland T; N S = 0}
e i={T;|i€[r]and |€(T; N S)| =1}
e To={T;|i€[r]and |€(T;NS)| > 1}

In other words, 7y is the set of types that contain no vertex
from S, 77 is the set of types from which all vertices selected
into S are of the same color, and 7> is the set of types from
which vertices of multiple colors are selected into S.
Responsible Colors (w.r.t an MCS S): Given an MCS S
and a corresponding 3-partition 7, a small inclusion-wise-
minimal set of colors R is a set of responsible colors if and
only if it satisfies the following.

» For each type T; € T;, R contains the color €(T; N S).

* For each type in 75, the set R contains at least two dis-
tinct colors from €(7; N S).

Observe that any set of responsible colors has size at most
2r, due to the minimality property. Moreover, any such set
is sufficient to determine the partition 7 of types. And, for a
given S, there may exist multiple sets of responsible colors,
possibly more than polynomially (in ) many and finding
one may not even be possible in FPT time. Nevertheless, let
R ={cy,...,cx} denote an arbitrary set of responsible col-
ors for S where k < 2r. We prove the following property of
a set of responsible colors which we use in the final correct-
ness proof of our algorithms. The property is that basically
for every vertex v, its closest distance to a solution vertex
in S can be determined (same as) by its closest distance to
a solution vertex whose color is from the set of responsible
colors.

Claim 1.11. For a set of responsible colors R of S and an
arbitrary vertex v, d(v,S \ (SN € (E(v)))) = d(v,SN
(Ujere) €1 ()))-

Proof. Let z be a vertex in S of a color other than €(v) such

that the distance from v to z is minimized over all vertices
in S whose colors are different from that of v, i.e.,



d(v,z) = d(v,S\ (SN € 1(€(v)))). If 2 € Ty, then by
definition of 77, we have €(z) € R, satisfying the claim.
Otherwise, if z € T; for some T; € T3 and €(z) ¢ R, then
by the definition of responsible colors, there must exist a
y € SNT; of adifferent color (i.e., €(y) € R, €(y) # €(v)).
But then, we have d(v, z) = d(v, y), proving the claim . [

We reiterate that although we may not be able to decide
on an R, we can guess whether the vertices corresponding to
the colors in R are included in the solution from each type
as described below.

Guessing solution occurrences (nature) of colors in R:
We guess the solution occurrence of each responsible color
¢ € R in each type via a function occ : R — 2!, where
occ(c) is the set of types that have vertices in S N €~1(c).
A valid occurrence function occ must be consistent with the
following partitioning requirements consistent with .S and

* For each type T; € 7o, there is no j € [k] such that

i € oce(cj).

* For each type T; € Ty, there is precisely one j € [k] such
that ¢ € occ(c;).
 For each type 1; € 7Ta, there are at least two colors

Cjy»Cjp € Rsuch that i € occ(cj,) Noce(cy, ).

At the end of Step 1, we assume that we have correctly
fixed a partition 7 (with respect to a potential MCS 5),
along with a consistent and valid occurrence function occ
for some arbitrary set of responsible colors R (for S).

/:7\ ® -\
“//. @> . ® ®® \\“
\@.s +©® @, +.0
e .Q, N e
Type 2 Type 4
Graph G
Label 1 Label 2 Label 3 Label 4 Label 5
Colors Colors Colors Colors Colors

Figure 1: Each disk represents a type in the graph G. Col-
ors are grouped into labels, and each level is indicated by a
distinct background color. From each label, a representative
color is selected, shown as a point encircled by a circle.

Step 2: Label Coding to Identify a Most Suitable
Set of Responsible Colors

In this step, we apply a label-coding function that assigns
each color in R a distinct label with sufficiently high proba-
bility. This allows us to break the problem into simpler sub-
problems, each of which is structurally easier, solvable in
f(r)-n®®) time, and independent of the others. In each sub-
problem, we search for the most appropriate color that can
assume the role of a responsible color from R. Since the in-
put instance already associates colors with vertices, we use
the term “label coding” instead of “color coding” to avoid
confusion, although the two are essentially equivalent.
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Formally, this step aims to identify a set of actual colors
from the input that can take on the roles of the guessed re-
sponsible colors, in a manner consistent with the guessed
function occ, and compute the smallest possible consistent
subset that realizes this correspondence. We proceed as fol-
lows.

Label Coding: We label-code (Cygan et al. 2015) all the
colors using k labels and partition the color set [c] as [c]
C1W- - - W}, such that with high probability, each responsi-
ble color ¢; of R gets the label 7. We call such an event a nice
label-coding. Following a nice label-coding, our goal be-
comes to identify the best responsible (a choice that gives the
smallest possible consistent subset) color ¢;s from each C;
that aligns with the guessed/chosen partitioning constraints
and occ function.

Caution Constraints: We select the most suitable respon-
sible color for each C;, where ¢ € [k] in the next step.
While selecting these most suitable responsible colors in-
dependently from each C;, we impose the following caution
constraints to ensure correctness. In our (desired) solution,
in each C;,

C1: There is at least one color (denoted by c;/) that has
solution vertices precisely in all types of occ(c;).

C2: There is exactly one color c¢;s that has solution ver-
tices from any type T; € 7; where T; € occ(c;).

C3: There is no color c¢;s that has solution vertices from
any type in To U (771 \ occ(c;)).

These caution constraints together ensure that, in the de-
sired solution we aim to construct, the types corresponding
to the selected vertices satisfy the identified (or guessed) par-
tition 7.

Step 3: Selection of a Best Responsible Color from
Each Label with Caution Constraints

To determine the most suitable responsible color from each
C; and combine them to return an MCS, we crucially exploit
the fact that the subproblems of selecting responsible colors
from each C; are independent. At a high level, this inde-
pendence arises because the partition 7, determined by the
occurrence function occ over R, essentially fixes, for every
vertex, the distance of closest solution vertex of a different
color. This, in turn, determines the minimum number of ver-
tices required from that particular color in the solution to
ensure consistency for all vertices of the same color. Since
both the partition 7 and the function occ are already fixed,
we can compute, for each individual color, the smallest sub-
set of vertices that must be included in a solution, as long as
the occ function requirements from C; and the caution con-
straints are satisfied. Below we describe the exact procedure
along with a formal correctness argument for the same.

For a fixed label C;, we go over each c; € C; expecting
it to be a most suitable responsible color from C; and com-
pute the size of a smallest set of vertices required to be in
the solution for the consistency of all vertices of colors in
C;. First, from occ(c;), we determine the types from which
vertices of color ¢; are to be selected into S. Recall from
Claim 1.10, either one or all vertices of color ¢; for each of



the types in occ(c;) are selected into a potential solution S.
Let O; be the set of all possible subsets of vertices of color
c; that may appear in S in accordance with occ(c;). Thus,
|Oj| < 2". For a fixed o € Oy, let n’; , (o]) be the number
of vertices of color ¢; in S and n, , be the minimum number
of vertices of color ¢, € C; \ {c¢;} (again we have at most
3" such choices) one has to pick into a solution of color ¢y,
adhering to caution constraints while satisfying the consis-
tency requirement of all vertices of color ¢ and of all the
vertices of color ¢; (with respect to the choice o ).

We formally check the consistency requirements as fol-
lows (in addition to caution constraints). For a choice o of
color ¢; and any arbitrary subset o’ of color cj, (at most 3*
many such choices) that are to be selected into a potential
solution, we must ensure that:

d(v,0") <min{d(v,T;) | T; € T1 U Tz} Yo of color ¢,
ey
d(u, 0) < d(u,0) @

Equation (1) ensures the consistency requirement for all
vertices of color cj, and Equation (2) ensures consistency
of all vertices of color ¢; with respect to color cj. Note that
we do not have to worry about the consistency requirements
between two colors ¢ and cjc; since ensuring that each color
is consistent with respect to a responsible set of colors (in
(1)) is sufficient for it to be consistent with all the colors,
due to Claim 1.11. Let .S; be a smallest subset of solution
vertices of colors in C; that satisfy the caution constraints
along with the above mentioned consistency requirements,

ie.,
D
ck€Ci\{c;}

We return S = | J;,, Si as the desired MCS. Before pre-
senting our final algorithm, we provide a correctness proof
of the above statement by establishing the independence of
the subproblems, specifically, that the selection of the best
responsible color from each C; can be done independently.
The following lemma essentially states that the smallest pos-
sible set of solution vertices of colors from C;, satisfying the
caution constraints and consistency requirements, can sub-
stitute the vertices of the same colors in an MCS without vi-
olating consistency of any vertex or increasing the solution
size.

Lemma 1.12. () For any MCS S with partition T, occ, a set
of responsible colors R, and following a nice label coding
[(] = C1 W W Cy, let S; be a smallest possible set of
vertices selected from all the colors in C; with c; being the
responsible color, while adhering to the caution constraints
and consistency requirements. S’ = SN (Ujgc, € 1(4))US;
is also an MCS.

Lemma 1.12 ensures that one can compute each S; of
minimum possible size from the corresponding label C;, in-
dependently of the others, and combine them to obtain a de-
sired Minimum Consistent Subset (MCS). A formal algo-
rithm is presented in Algorithm 1.

Runtime Analysis: The algorithm branches over 3" parti-
tions (choices for 7°) and ro) possible occ functions, each

v u of color c;.

”kp}}

_ . . /
|S;] = errggi{ Onel})j{nj,o +
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Algorithm 1: MCS parameterized by Neighborhood Diver-
sity

1: Generate all 3-partitions of the types into 7, 71, and 7s.
2: Generate all valid occurrence functions occ.
3: for each fixed partition and valid occ do

4:  Label-code the colors [c] using k labels (k < 2r), and
partition [c] = C1 W - - - W C}, based on the labels the
colors receive.

5. fori=1tokdo

6: for each c; € C; do

7: Let c¢; be the responsible color in C;.

8: for each o € O; do

9: Compute n}yo and the corresponding set of

vertices (call it Sj’.’o).
10 for each ¢, € C; \ {c¢;} do
11: Compute ny, , (as described in Step 3) and
its vertex set Sy .
12: end for
13: end for
14: Keep track of the S5, = 5;, U
(Uerecte; s Skoo) which minimizes
n;’,o + chECi\{c]'} Nk,o0-
15: end for
16: Si ¢ argming:.c;ec; S
17:  end for
18: Keep track of S ¢ (J;¢ [ Si of minimum cardinality.

19: end for
20: return S.

verifiable in polynomial time. A random labeling yields a
nice label-coding with probability at least k=%, and such
codings can be enumerated in k) . n®) time. For each
component C; and a responsible color c;, there are ¢ < n
choices, and at most 2" options for |O;|. For each o € O,
the value n’47o can be computed in polynomial time. For each
of the non-responsible colors ¢, values ny , can be com-
puted in 3" - poly(n) time by enumerating all S N €~ 1(c;).
Thus, the total runtime is 3" - 7). OK) . nOQ) L k. 37 .
nPW . ¢.3m . pOM) = pO) . O where the final bound
follows from k < 2r and ¢ < n.

The randomization step (label-coding) can be de-
randomized with (n, k)-universal sets (Cygan et al. 2015),
while maintaining the same asymptotic running time.

Theorem 1.13. MCS is FPT parameterized by neighbor-
hood diversity, admitting an algorithm running in time
O*(rO(), where r is the neighborhood diversity of the in-
put graph.
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