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Abstract

Minimal parametrization of 3D lines plays a critical role in
camera localization and structural mapping. Existing repre-
sentations in robotics and computer vision predominantly
handle independent lines, overlooking structural regularities
such as sets of parallel lines that are pervasive in man-made
environments. This paper introduces RiemanLine, a uni-
fied minimal representation for 3D lines formulated on Rie-
mannian manifolds that jointly accommodates both individ-
ual lines and parallel-line groups. Our key idea is to decou-
ple each line landmark into global and local components: a
shared vanishing direction optimized on the unit sphere S,
and scaled normal vectors constrained on orthogonal sub-
spaces, enabling compact encoding of structural regularities.
For n parallel lines, the proposed representation reduces the
parameter space from 4n (orthonormal form) to 2n + 2,
naturally embedding parallelism without explicit constraints.
We further integrate this parameterization into a factor graph
framework, allowing global direction alignment and local
reprojection optimization within a unified manifold-based
bundle adjustment. Extensive experiments on ICL-NUIM,
TartanAir, and synthetic benchmarks demonstrate that our
method achieves significantly more accurate pose estimation
and line reconstruction, while reducing parameter dimension-
ality and improving convergence stability.

Code — https://github.com/yanyan-li/RiemanLine

1 Introduction

Robustly reconstructing (Schonberger and Frahm 2016;
Forster, Pizzoli, and Scaramuzza 2014) unknown three-
dimensional scenes and estimating (Carlone et al. 2015; Car-
lone and Calafiore 2018) six degrees-of-freedom (6-DoF)
camera poses from visual inputs are fundamental challenges
in robotics and computer vision. However, these odometry
and SLAM methods often suffer from structural inaccura-
cies and pose drift during the incremental camera track-
ing and mapping process. To mitigate these issues, tech-
niques such as local bundle adjustment (Mur-Artal, Mon-
tiel, and Tardos 2015; Rosinol et al. 2020), sliding win-
dow optimization (Qin, Li, and Shen 2018; Engel, Koltun,
and Cremers 2017), and loop closure (Labbé and Michaud
2019; Mur-Artal, Montiel, and Tardos 2015) are commonly
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Figure 1: An illustration of co-visibility factor graph opti-
mization based points and lines. The initial factor graphs
are depicted in the first row, with landmarks and trajecto-
ries colored light green and scarlet, respectively. The con-
vergence curves for different representations are plotted in
the second row. The optimized results based on the proposed
Point_RiemanLine method and ground-truth graphs are pre-
sented in the last rows, respectively.

incorporated. The core of these techniques lies in the use
of factor graph optimization (Carlone and Calafiore 2018),
which jointly refines the structure and transformation param-
eters. In this paper, we present a novel solution to the line-
leveraged factor graph optimization problem by proposing
a compact line parameterization on a Riemannian manifold
along with constraint factors that connect line landmarks to
camera poses, as shown in Figure 1.



Point features have long served as the foundation for
most visual pose estimation systems, as demonstrated by
their widespread adoption in leading methods (Mur-Artal,
Montiel, and Tardos 2015; Qin, Li, and Shen 2018; Rosi-
nol et al. 2020). Despite their success, point features ex-
hibit notable limitations, especially in challenging environ-
ments such as indoor scenes. To overcome the limitations
of point-only factor graph optimization (Li et al. 2024), re-
cent efforts have explored the integration of additional ge-
ometric primitives such as lines (Lu and Song 2015; Zuo
et al. 2017) and planes (Zhou, Koppel, and Kaess 2021) into
both tracking and optimization modules. Compared to plane
detection which is typically based on depth maps (Salas-
Moreno et al. 2014) or convolutional neural networks (Paig-
war et al. 2020), line features can be efficiently extracted
from RGB images, offering a versatile and computationally
efficient means to enhance visual odometry performance.
The most popular and widely adopted line parameterization
method in line-based SLAM systems is the Orthonormal
algorithm (Bartoli and Sturm 2005), which enables elegant
optimization within the framework of Lie Algebra.

Typically, a single line segment contributes a re-
projection factor (Hartley and Zisserman 2003) to the op-
timization module, whereas a collection of lines imparts
broader structural and global regularities. Specifically, a
group of parallel line segments on a 2D image plane crosses
at the vanishing point, which can be projected to the cam-
era coordinate to obtain the corresponding vanishing direc-
tion (McLean and Kotturi 1995) via a related intrinsic ma-
trix. A group of vanishing direction vectors can model struc-
tured environments such as the Atlanta or Manhattan World
assumptions (Straub et al. 2017). However, these assump-
tions are often too restrictive for general environments, and
it is also difficult to optimize the structure as one primitive
in factor graph optimization modules. Furthermore, conven-
tional minimal parameterization (Bartoli and Sturm 2005)
that is widely adopted in line-SLAM systems (Zuo et al.
2017; He et al. 2018) lacks the expressiveness to compactly
parametrize a group of structure lines. Consequently, this
leads to increased complexity and reduced efficiency since
the optimization frameworks must rely on additional param-
eters and manually introduce constraints into loss functions
to capture the relationships among these lines.

In this paper, we first propose a unified minimal repre-
sentation for 3D lines, including individual and structure
line landmarks, which has a clear geometric interpretation in
representation and optimization based on Riemannian man-
ifolds. Specifically, the line parameters are explicitly decou-
pled into global and local components: the global compo-
nent defines the shared direction of parallel lines, and the
local component that lies in the orthogonal plane encodes
scaled normals that distinguish each line. Representing n
parallel 3D lines with the Orthonormal representation re-
quires 4n parameters. In contrast, our method reduces this
to only 2n + 2 parameters, significantly reducing the dimen-
sionality while implicitly encoding parallelism without ad-
ditional constraints. We integrate this representation into a
joint factor graph framework with co-visibility factors, en-
abling both accurate pose estimation and structurally consis-
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Algorithm Parameters
. P, P,
Euclidean endpoints of the 3D line
Pliick oY
teker n = [Ps]xpes vV = Ps — Pe
. q,d
uaternion _
Q R(q) = [n v [n]xv], d = [n]|/[|v]]
Closest Point j=dq
. 0, ¢, a,d
Spherical 0, ¢, and « are angles, d is the distance

Table 1: Popular line representations and transformation re-
lationships between them. Here [-] « is the skew-s operation,
and the R is the transformation operation from quaternion to
rotation matrix. The definitions of the remaining parameters
are provided in Section 3.

tent line reconstruction. Our contributions are summarized
as follows:

* We introduce a unified minimal parameterization for 3D
lines on Riemannian manifolds that seamlessly extends
from independent lines to sets of parallel lines by explic-
itly decoupling global and local components.

* A joint factor graph framework incorporating co-
visibility and extensibility factors, specifically designed
to leverage the proposed minimal representation;

e We conduct extensive evaluations on ICL-NUIM, Tar-
tanAir, and synthetic datasets, demonstrating that our
method achieves higher accuracy with fewer parameters
and improved convergence stability compared to existing
representations.

2 Related work

As shown in Table 1, two stages of representation are typi-
cally involved in landmark reconstruction and optimization
tasks (Bartoli and Sturm 2005). The first stage focuses on 3D
triangulation from 2D measurements, and the second seeks
a minimal parametrization for iterative refinement. The two
stages can be unified into a single step when the degrees
of freedom used in reconstruction meet the requirements of
minimal parametrization.

Generally, Euclidean XYZ (Mur-Artal, Montiel, and Tar-
dos 2015; Qin, Li, and Shen 2018) is used to parametrize
endpoints of a finite line in the 3D space. Although this
representation can be used to provide re-projection residu-
als of lines for camera pose optimization, it has the over-
parameterization problems in landmark optimization. Sim-
ilar to the Euclidean, a line at infinity can be represented
as the Pliicker coordinate via two three-dimensional vec-
tors containing the direction of the line and normal based
on the line and the camera coordinate frame as listed in
Table 1. Furthermore, the dual quaternion approach (Kot-
tas and Roumeliotis 2013) represents a line in 3D space us-
ing dual quaternions, which provides a concise way to rep-
resent rotations and translations in 3D space and can be
used to encode the position and orientation of lines. The
advantage of this approach is that it allows for easy com-



A great circle perpendicular to us.

(a) S 2 Space

A scaled circle where u; lying on.

(b) AS? Space

Figure 2: Illustration of the proposed parametrization for a line landmark L7 . The vanishing direction vector uy (||uz|| = 1)
and scaled normal vector wlu; ( [[uy|| = 1,w’ > 0) are optimized on the tangent spaces T,,,S? of the sphere and T, \S* of

the scaled circle, respectively.

position of transformations, which makes it useful in appli-
cations such as robotics and animation. By multiplying the
unit quaternion and the distance parameter, the closest point
method (Yang and Huang 2019) can be considered as the
"closest point’ for a 3D line. The transformation relation-
ships between Pliicker, Quaternion and Closest Point meth-
ods are listed in Table 1. The rotation matrix used in those
representations can be optimized via Lie algebras which de-
fine the tangent spaces of related manifolds. For the Spheri-
cal form, a line can also be represented by three angles and
a distance parameter. Instead of optimizing the orthogonal
matrix through Lie Groups being special instances of the
manifold, a more general Riemannian manifold is used to
refine the vanishing and normal vectors subsequently in the
proposed method.

Structure-SLAM (Li et al. 2020c) estimates the orienta-
tion using surface normals from monocular images, while
Linear-SLAM (Joo et al. 2021) extracts planes from depth
maps. Given a known rotation, the translation estimation be-
comes linear. The Manhattan World (MW) model assumes
orthonormal landmarks and the Atlanta World (AW) model
introduces multiple perpendicular horizontal directions. The
multi-MW model (Yunus, Li, and Tombari 2021) enforces
orthogonality within local regions instead of throughout
the scene. However, such methods often neglect optimiza-
tion within factor graphs. Recent approaches integrate struc-
tural constraints, lines and planes, directly into optimization.
(Zhang et al. 2015) pioneered using parametric 3D lines as
SLAM landmarks, enhancing traditional point-based meth-
ods. (Lu and Song 2015) extended this by incorporating di-
verse structural features within a multilayer feature graph
(MFG) to improve environmental representation and pose
estimation. Kimera-VIO (Rosinol et al. 2020) leverages
3D meshes to enforce coplanarity constraints within factor
graphs. PLP-VIO (Li et al. 2020a) further refines this ap-
proach by incorporating line-based meshes to enhance spa-
tial understanding. CoP (Li et al. 2020b) introduced a novel
parameterization that represents points and lines using plane
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parameters to preserve geometric consistency during opti-
mization. Beyond scene-specific models, Struct-VIO (Zhou
et al. 2015; Zou et al. 2019) mitigates directional errors and
reducing drift by parameterizing line segments parallel to
the local Manhattan world. Our method generalizes this by
parameterizing all parallel lines, which uses the structural
information to improve pose estimation accuracy in SLAM.

3 On-Manifold Representation of 3D Lines
Preliminary: Representation in Orthonormal

As shown in Table 1, a 3-dimensional finite line L" in the
world coordinates can be represented by its two 3D end-
points, P¥ and P¥, as L* = [ PY Py |]. For an infi-
nite line, the direction and normal vectors can be used to
represent the line £ = [ n* d" | based on the Pliicker
representation, where n" and d" can be derived from the
endpoints P and PY. This can be further expressed as the

multiplication of several matrices via the following function:

c'll) — [ nw d’lU }
] [foelf 0 e ()
o]l TTdT] 0 |lavl
n® 4% || 0
We then use [ el Tla]l } and [ 0 ||| } to
establish the following matrices:
_ n" dv n" xd" .
U—[ Mool a7l Tinoxde]] }
w w 2
W { /A —||d ||/A} @
d™|l/A [[n™[[/A

Here, A denotes +/||d™||2 + ||n*||2, U € SO(3),and W €
SO(2).

In quaternion-based optimization methods (Yang and
Huang 2019), U is represented as a quaternion vector via
q = R~1(U), and the optimization process is implemented
based on quaternion representation. With the widespread



application of differentiable manifolds in SLAM optimiza-
tion problems, the Orthonormal representation (Bartoli and
Sturm 2005) maps the update process of SO(3) x SO(2) on
the tangent space Lie algebra based on 4 degree-of-freedom

[ pT w ]T that is the minimal line representation widely
used in point-line SLAM (Zuo et al. 2017; Li et al. 2020b)
and VIO (He et al. 2018) systems.

Riemannian Representation of a Single 3D Line

We decouple the single line £7 into two components: the
unit direction vector us, and the scaled normal vector wﬁ;ul.
As illustrated in Figure 2, the direction vector us (with
|luz|| = 1) lies on the surface of the unit sphere S2. The
scaled normal vector w? u; lies on the plane S, which is
centered at the origin and orthogonal to us.

Optimization on S2. As illustrated in Figure 2a, the tan-
gent space to S? (at up) is given by:

T, S?={x € R?xTu, = 0}. 3)

Here, xTu,; = 0 shows that the vectors x in the tangent
space are perpendicular to uy. Although S? is a non-linear
3D space, its tangent space Ty,,S? is a 2-DoF linear space.
Based on the perpendicular bases b, and by, any vector ad-
jacent to uy on the unit sphere can be represented.

In the representation process, d&6; and 06-,

[ 061 06 }T 60, are corresponding disturbances

towards b, and by, respectively. Consequently, the per-

turbation dm on the tangent space can be represented
00,

as:
o |

and the additive operation on the unit sphere is de-
noted as up B dm, which maps dm back to S? via the
Riemannian exponential Exp,,(0m), and the vector after
perturbation is denoted as vo computed via:

sm = b, by][ (4)

Vo = up Hdm

&)

sin ||0ml|
[6m ’

= up cos||dm|| +
where the perturbation dm is close to 0.
Optimization on »S'. Concurrently, the tangent space to
1St is denoted as:

TulASli{x e R? | xTu; =xTuy, = 0}. (6)
Here, xTu; = xTuy, = 0 shows that the vectors on the
tangent space are perpendicular to u; and up at the same
time. Although »S* is a non-linear 2D space, there is a base
vector ug which is orthogonal to both u; and us. This base
vector can be selected as ug since uz = us X uy. With the
perturbation of us, the tangent space of u; is also perturbed
by the orthogonal relationship. Based on the updated global
direction vy, we define the space T}, 1\S! based on ug
Vo2 X U7q.

For a small angle §, we rotate u; within the plane or-
thogonal to v by an angle 6+ to obtain the new vector vy
by using the base vector of the tangent space. Based on the
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A great circle of the unit sphere.

Figure 3: Illustration of the parametrization for two parallel
line landmarks £° and £7. The vanishing direction vector
u, and normalized normal vector u; are optimized on the
tangent spaces Ty, S? of the sphere and T, S* of the circle,
respectively.

Rodrigues rotation formula, the updated direction can be de-
noted as

(7

which rotates u; within the plane orthogonal to v, by angle
0. A € Ry is a scalar magnitude.

vi = A~ (cos(6y)uy + sin(6y)us),

Unified Representation for Parallel Line Sets

As illustrated in Figure 3, our method naturally extends
to a set of parallel lines by building upon the representation
of a single 3D line. For a group of k parallel lines denoted
as S = [LY, LY,..., L}], the shared vanishing direction is
represented by a single unit vector usy. Each line £’ in the
group is characterized by a local component u} and a scale
w*. This results in a compact representation of the set as:

[ 05,0 1..1

ko k
U, wuj, wuj, ... 1,

, Wy

®)

where all wiu lying on the circle .;S' perpendicular to
uy. This leads to a minimal representation of the entire line
group with 2 4 2k degrees of freedom: 2 DoF for the shared
global direction us, and 2 DoF per line for its local compo-
nent.

As shown in Figure 3, uy lies on S? and each u’i lies on
the associated circle orthogonal to uy by the minimal rep-
resentation on the unit sphere. Consequently, the minimal
parameterization of the parallel line group follows the same
format as the single-line case and can be written as:

(60, 67°, ..., 64%, A0, L. AR, 9)

where 60 encodes the global direction us, §7° represents
the angular perturbation of u on the circle, and A\’ denotes
the perturbation corresponding distance scale. Since paral-
lel lines £ and L’ share the same direction vector us, the
global vector us can thus be optimized via Equation 4 and
5. The associated local vectors w'u’ and w’u’ lie on the



1 2 3 4 0 1 2 3 4

Camera Pose
Local Info.

Parallel Lines -l Reprojection Factor
Global Info. —+ Reprojection Factor

Figure 4: Factor graph representations for different line-
based structures. Left: conventional line re-projection fac-
tors. Right: the proposed parallel line representation, ex-
plicitly separating global and local components with re-
projection factors.

same plane defined by this tangent plane, therefore these lo-
cal components can be optimized separately.

This unified formulation demonstrates the versatility of
our approach that enables seamless extension from individ-
ual line landmarks to structurally consistent representations
of parallel line groups within a common manifold-based op-
timization framework.

4 Optimization with Points and Lines
Graph Construction
The vertices in the point-line factor graphs G include cam-

era poses Vpose, point landmarks V,, line landmarks V; and
parallel-line sets Vp,rq. Specifically, camera pose T, ., =

|: Rw,ci tw,Ci S SE(?)), Rw,ci €

0 1
SO(3), and t, ., € R3. Points used in the optimization

. . T
module is parametrized as P¥ [ kR 2k ] , and
line landmarks are represented in minimal parameterization
forms.

} , where T, .,

Factors and Constraints

Co-visibility connections (Mur-Artal, Montiel, and Tardos
2015; Mur-Artal and Tardds 2017; Campos et al. 2021) are
built when two images detect the same landmark, such as a
point or a line on the map. In this section, we define the co-
visibility factors based on the re-projection models of point
and line features.

Co-visibility factors from points. Based on the point
feature measurement model, the measurement of the k”?
global point landmark P¥ at frame ¢; is represented as pj,
in the normalized coordinate, and the re-projection factor of
a point feature is defined as rp, (7, PX, Ty, ).

Co-visibility factors from lines. Traditionally, the
mapline £, in the world coordinate is transferred to the
camera coordinates, and then re-projected on the image
plane 1] of viewpoint c;. The error between the re-projected

line li and the two endpoints f)i . and f)i . of the extracted

2D line can be written as:
1)
£ Tue,) = [ )

dls(f){C

I'I(I_)?g,sar_)ijea dlS(I_)i

] , - (10)
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where dis(-) gives the distance between a point and a line.
Constraints between parallel lines. To enforce structural
consistency, we incorporate additional constraints among
groups of parallel lines. Speciﬁcally, for each mapline £,
in a set of N parallel lines {£¢ }Y |, its direction should be
parallel to other lines in the set. The parallelism constraint is
enforced by minimizing the angular deviation between the
direction of each line u. The residual is defined as:

N
w w 1 1
r\l(ﬁi a{ﬁj }é‘vzl,j;éi) “N_1 Z (1 - uzT‘%)
J=1,j#i
(11)

Here, the residual r|| encourages all lines in the group to
remain parallel to each other during optimization.

S Experiments

We evaluate the proposed RiemanLine and StructRieman-
Line parameterizations on both public benchmarks and sim-
ulated environments. Our goals are to assess: (i) pose estima-
tion accuracy, (ii) landmark reconstruction quality, and (iii)
the benefits of incorporating structural constraints within a
unified Riemannian manifold representation.

Baselines. We compare against standard parameteriza-
tions widely used in SLAM and VO: Euclidean XYZ (Mur-
Artal, Montiel, and Tardos 2015), Orthonormal (Bartoli
and Sturm 2005), and ImplicitLine (Zhao et al. 2015). The
Orthonormal form serves as the minimal representation for
Closest Point (Yang and Huang 2019) and Quaternion (Kot-
tas and Roumeliotis 2013) methods. All baselines are fed
with the same co-visibility factor graph in each sequence.

Datasets. We use the ICL-NUIM benchmark (Handa
et al. 2014) (eight indoor RGB-D sequences) and four Tar-
tanAir (Wang et al. 2020) sequences featuring photorealistic
synthetic environments. Additionally, we evaluate on three
challenging simulation sequences (corridor, box, sphere)
generated using Open-Structure (Li et al. 2024).

Metrics. We report Absolute Trajectory Error (ATE) for
camera localization, and angular errors (direction and nor-
mal) for line reconstruction. All results are averaged per
sequence. Computations were performed on an Intel NUC
Mini PC with Core i7-8700 CPU.

Evaluation on ICL-NUIM

Table 2 summarizes ATE RMSE and MEDIAN errors.
The initial factor graphs show significant drift (e.g.,
RMSE 12.13cm on livingroom0). For brevity, we refer to
Point_StructRiemanLine as StructRiemanLine in tables.
The proposed Point_StructRiemanLine achieves the best
overall accuracy across all eight sequences. By explicitly
encoding parallel-line constraints into the minimal Rieman-
nian representation, it reduces errors without introducing
additional parameters. For example, livingroom2 achieves
RMSE 0.75cm (MEDIAN 0.68 cm), and office2 maintains
RMSE 0.75 cm while preserving robust convergence behav-
ior.



Initial Optimization using Independent Primitives Optimization using Structure Constraints

Sequence Factor Graph Point OrthLine ImplicitLine RiemanLine | OrthLine_Constr StructRiemanLine

RMSE Med. | RMSE Med. RMSE Med. RMSE Med. RMSE Med. | RMSE Med. RMSE Med.
livingroom0 | 12.13  1.95 1.14 0.69 0.81 038 096 040 081 0.38 0.81 0.38 0.81 0.37
livingrooml | 2.15 1.57 1.67 1.24 413 422 092 081 1.19 071 3.58 3.60 0.90 0.55
livingroom2 | 1295  6.95 1.61 0.80 079  0.71 1.18 090 078 0.71 0.79 0.72 0.75 0.68
livingroom3 | 1826 1393 | 11.64 1143 6.70  6.33 6.67 676 671 6.34 | 6.71 6.34 6.65 6.33
office0 1.73 0.69 0.70 0.34 038 026 047 037 0338 0.26 | 0.38 0.26 0.38 0.26
officel 11.93 548 7.68 5.22 1.81 089 978 7.8l 1.89  0.87 1.81 0.87 1.76 0.73
office2 2.95 1.88 0.93 0.55 075 056 075 053 075 056 | 0.76 0.56 0.75 0.56
office3 7.56 2.47 1.22 0.66 078 049 1.86 077 079 051 0.85 0.53 0.77 0.46

Table 2: Comparison of translation (APE) RMSE and median errors (cm) on the ICL-NUIM (Handa et al. 2014) benchmark

dataset. The best results are highlighted in bold.

Sequence Carwelding | Hospital Office |Jpn. Alley

Trans. Rot. |Trans. Rot. |Trans. Rot. |Trans. Rot.
Initial 14.74 10.89(33.78 26.83|57.00 47.7810.92 5.23
OrthLine 447 0.16| 5.32 4.83|43.25 29.23| 3.75 2.80
OrthLine Const | 4.56 0.16 | 5.49 4.97|50.04 39.50| 3.68 2.72
RiemanLine 446 0.16|7.29 6.60|40.95 26.70| 3.85 2.92
StructRiemanLine| 4.08 0.15 | 2.91 2.04 |15.60 12.08| 3.65 2.68

Table 3: Comparison of APE RMSE (translation (cm) and
rotation (degree) on the TartanAir dataset.

Method Carweld. | Hospital Office | Jpn. Alley

Dir. Norm.|Dir. Norm.|Dir. Norm.|Dir. Norm.
OrthLine 1.52 1.42 [5.16 4.11 [3.89 4.49 |0.88 0.86
OrthLine_Constr [0.92 0.93 |5.05 2.54 {2.04 2.28 |0.46 0.42
RiemanLine 1.55 1.43 |5.38 4.68 |3.89 4.48 |0.88 0.73
StructRiemanLine|0.82 0.83 (1.60 0.91 [0.04 0.51 (0.07 0.15

Table 4: Comparison of line reconstruction performance on
TartanAir. Median errors (degrees) are reported for direction
(Dir.) and normal (Norm.).

Evaluation on TartanAir

Table 3 reports ATE translation and rotation errors on the
TartanAir benchmark. The proposed StructRiemanLine
achieves the most significant improvement in structurally
rich indoor sequences. On Hospital, the translation RMSE
drops from 33.78 cm (Initial) and 7.29 cm (RiemanLine)
to only 2.91 cm, while the rotation RMSE decreases from
26.83° to 2.04°. Similarly, on Office, the translation er-
ror is reduced by over 40% compared to Point_OrthLine
and Point_RiemanLine, demonstrating that the proposed
parallel-line manifold representation provides strong orien-
tation priors that are especially beneficial in man-made envi-
ronments with dominant structural regularities. These results
validate that explicitly encoding shared vanishing directions
within the factor graph not only improves translational accu-
racy but also significantly enhances rotational consistency, a
critical factor for large indoor scene reconstruction.

Line reconstruction. Table 4 reports median angular er-
rors. StructRiemanLine achieves the lowest direction and
normal errors across all TartanAir sequences. In Hospital,
the direction error is reduced to 1.60° and the normal er-
ror to 0.91°, validating that structural encoding improves
both pose estimation and landmark quality. Figure 5 shows
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Figure 5: Line reconstruction errors of different methods in
the Hospital sequence.

the cumulative distribution of angular errors for line direc-
tion and normal estimation on the Hospital sequence. The
proposed StructRiemanLine achieves the steepest rise and
highest saturation, indicating that over 90% of reconstructed
lines fall within 2° of the ground truth for both direction
and normal vectors. Compared to Point_Orthonormal and
Point_RiemanLine, which exhibit heavier tails beyond 5°,
StructRiemanLine demonstrates significantly reduced vari-
ance. This confirms that encoding parallelism within the
Riemannian manifold not only lowers median error (Table 4)
but also improves the consistency of line reconstruction.

Simulations

Figure 7 illustrates the synthetic environments that are cor-
ridor and sphere. In the corridor scenario, a rectangular ar-
rangement of green points forms a corridor-like structure
with blue structural lines embedded within, while a red tra-
jectory traces a loop along the corridor’s center. The sphere
scenario depicts a roughly spherical distribution of green
points surrounded by blue lines, where the red trajectory
forms a dense circular pattern around the sphere’s surface.
Table 5 reports ATE RMSE. While both RiemanLine and
Orthonormal perform similarly on simple structures, Struc-
tRiemanLine consistently achieves the lowest translation
and rotation errors. In the sphere scenario, it reduces trans-
lation RMSE to 1.16 cm and maintains minimal orientation
drift, confirming the benefits of enforcing parallelism con-
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Figure 7: Visualization of the simulation scenarios: corridor
and sphere. Points, lines, and trajectories are shown in green,
blue, and red, respectively.

corridor box sphere
Method Trans. Rot.|Trans. Rot. Tralr)ls. Rot.
Initial 10.57 1.54] 9.67 0.85(25.99 5.49
OrthLine 4.24 0.32| 2.09 0.23| 1.19 0.19
OrthLine_Constr | 4.29 0.32( 2.09 0.23| 1.19 0.19
RiemanLine 4.24 0.32| 2.09 0.23| 1.20 0.19
StructRiemanLine| 4.02 0.31| 2.08 0.23| 1.16 0.19

Table 5: Comparison of translation (APE RMSE (cm)) and
rotation (APE RMSE (degree)) on the simulation dataset.

straints in structurally symmetric environments.

Figure 6 further compares pitch and roll estimation
errors in the sphere simulation. Point_Orthonormal and
Point_RiemanLine exhibit small but noticeable oscillations,
while StructRiemanLine maintains the closest alignment
with ground truth across the trajectory.

Runtime and Complexity Analysis. Table 6 reports
the parameter complexity and solver runtime on the box
simulation sequence, which contains 447 camera poses,
130 point landmarks, 20 line landmarks, and 2 parallel-
line groups. Landmarks observed by fewer than three cam-
eras are pruned prior to optimization to ensure a consis-
tent and well-constrained factor graph. Starting from the
Point-only baseline, the inclusion of 20 line landmarks in
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Method Para. Blks. Eff. Params. Resi. Blks. Resi. Time (s)
Point 577 3072 36010 37010 53.90
OrthLine_Constr | 597 =~~~ 3152~ 41773 83452 97.62
StructRiemanLine 579 3116 41679 83358 49.62

Table 6: Comparison of parameter complexity and total
solver runtime between the conventional Orthonormal rep-
resentation with additional parallelism constraints and the
proposed minimal parametrization on the box sequence

Point_OrthLine_Constr introduces 20 additional parameter
blocks and 80 new parameters due to the conventional 4n
minimal parameterization. In contrast, the proposed Struc-
tRiemanLine requires only 44 parameters to represent the
same 20 lines, as 19 of them are encoded within two parallel-
line groups under the compact 2n + 2 formulation.

In terms of computational efficiency, the total optimiza-
tion time drops from 97.62 s to 49.62 s, yielding an approxi-
mate 49% overall speed-up. This improvement is consistent
with the reduction in parameter blocks (597 — 579) and
state dimensionality (3152 — 3116), which together pro-
duce a sparser and better-conditioned Hessian.

6 Conclusion and Future Works

We have presented a novel minimal representation for 3D
line landmarks. Unlike conventional approaches, the pro-
posed parameterization not only encodes individual lines
with minimal degrees of freedom, but also naturally accom-
modates structural regularities such as sets of parallel lines.
Building upon this representation, we introduced a joint fac-
tor graph framework that integrates both co-visibility and
structural factors, enabling more accurate and efficient opti-
mization of camera poses and landmarks compared to tradi-
tional point-line co-visibility graphs.

Looking ahead, we envision incorporating the proposed
parameterization into full SLAM and visual odometry
pipelines to achieve more robust tracking and high-fidelity
reconstruction in large-scale environments.
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