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Abstract

Public health programs often provide interventions to encour-
age program adherence, and effectively allocating interven-
tions is vital for producing the greatest overall health outcomes,
especially in underserved communities where resources are
limited. Such resource allocation problems are often mod-
eled as restless multi-armed bandits (RMABs) with unknown
underlying transition dynamics, hence requiring online re-
inforcement learning (RL). We present Bayesian Learning
for Contextual RMABs (BCoR), an online RL approach for
RMABS that novelly combines techniques in Bayesian model-
ing with Thompson sampling to flexibly model the complex
RMAB settings present in public health program adherence
problems, namely context and non-stationarity. BCoR’s key
strength is the ability to leverage shared information within
and between arms to learn the unknown RMAB transition dy-
namics quickly in intervention-scarce settings with relatively
short time horizons, which is common in public health ap-
plications. Empirically, BCoR achieves substantially higher
finite-sample performance over a range of experimental set-
tings, including a setting using real-world adherence data that
was developed in collaboration with ARMMAN, an NGO in
India which runs a large-scale maternal mHealth program,
showcasing BCoR practical utility and potential for real-world
deployment.

1 Introduction

Public health programs in a wide array of areas such as com-
municable disease (Killian et al. 2019), prenatal care (Hegde
and Doshi 2016; Ope 2020), and cancer prevention (Wells
et al. 2011; Lee, Lavieri, and Volk 2019) often have many
beneficiaries who are not adhering to their treatment. As
adherence can be vital for ensuring positive health impacts,
especially in the underserved communities these programs
are designed to aid, programs frequently must decide how to
allocate a scarce set of resources or interventions to beneficia-
ries at risk of drop-out of the program due to continued non-
adherence. Such a constrained resource allocation problem is
often modeled as a Restless Multi-Armed Bandit (RMAB)
(Whittle 1980), which is an extension of stochastic multi-
armed bandits where each arm represents a Markov Decision
Process (MDP). Specifically, a beneficiary is represented as
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an arm, their adherence status as the state of the correspond-
ing MDP, and the allocation of an intervention as the action.
The reward is a function of the adherrence status of the bene-
ficiary (i.e., the state of the MDP) and a budget-constrained
subset of arms are given intervention (i.e., pulled) at each
timestep. Most relevantly for our work, RMABs have been
used to model this resource allocation problem by our collab-
orators at ARMMAN (ARMMAN 2022), an NGO in India
which runs a large-scale maternal mHealth (mobile health)
program that disseminates vital health information to preg-
nant beneficiaries via automated voice calls each week, with
the goal of improving maternal and infant health outcomes
(Mate et al. 2022; Verma et al. 2023; Wang et al. 2023). To
encourage listenership (i.e., adherence), ARMMAN’s health-
care workers can give live service calls (the intervention) to
a subset of beneficiaries each week to troubleshoot potential
barriers to adherence, thus improving overall listenership,
which has been shown to result in to positive impact on the
behavioural outcomes of the mothers (Dasgupta et al. 2024).

Developing an algorithm for resource allocation for
mHealth programs like ARMMAN faces a few key chal-
lenges: (1) the transition dynamics of the underlying MDPs
(e.g., corresponding to the beneficiaries’ adherence) are un-
known a priori; (2) these settings are often resource scarce,
so the (intervention) budget B is typically much smaller than
the total number of arms NV; and (3) the time horizon 7' is
naturally limited to the treatment period, which is often small
relative to V. For example, ARMMAN can only provide in-
terventions to ~ 2% of their beneficiaries each week (Hegde
and Doshi 2016), and the time horizon is naturally limited by
the duration of a pregnancy. Due to the scarce intervention
budget and relatively short time horizon, at any given time
point, many (or most) of the beneficiaries in the program
have never been intervened on. Thus, the algorithm must
make a resource allocation decision despite not observing the
underlying outcome distributions for a potentially vast num-
ber of arms. Additionally, previous analyses on public health
programs indicate that beneficiary adherence varies with con-
textual factors such as income and education, and that adher-
ence rates can vary over time, suggesting non-stationarity in
transition dynamics (Mate et al. 2022; Verma et al. 2023).
However, these known properties of public health settings
(e.g., short time horizon, contextual information, and non-
stationarity) are largely unaddressed by existing online RL



methods for RMABs. Neglecting these valuable properties
which could improve an algorithm’s ability to quickly learn
an effective intervention allocation.

1.1 Main Contributions

Driven by the needs of public health programs such as AR-
MMAN’s maternal health program, we present Bayesian
Learning for Contextual RMABs (BCoR), an online RL ap-
proach for RMABs which novelly combines techniques in
hierarchical Bayesian modeling with Thompson sampling to
account for the complexities of this application. In contrast
with existing work on online RL for RMABs, which has
largely focused on establishing asymptotic regret guarantees
in T', we develop a learning approach that directly addresses
an important real-world application, enabling known char-
acteristics of the public health domain such as contextual
information and non-stationarity to be incorporated for the
first time. As such, a key component of our research approach
is our direct collaboration with our stakeholders, ARMMAN,
to understand the specific challenges around beneficiary ad-
herence for public health program adherence. As adherence
is crucial for many public health programs, which often share
similar challenges as ARMMAN, our insights from ARM-
MAN enable us to precisely design and contextualize BCoR
with respect to public health applications.

Our research approach is aligned with other works which
design bandit algorithms for real-world applications (Mary,
Gaudel, and Preux 2015; Shen et al. 2015; Ding, Li, and Liu
2019; Bouneffouf and Rish 2019) rather than providing im-
proved theoretical results which, as we show in Section 5.2,
do not always correspond to improved practical performance.
In fact, part of our contribution is pushing beyond the sim-
plifying assumptions previous works have made to facilitate
their theoretical analysis, enabling us to incorporate the com-
plex structure present in applied examples; by necessity, this
complexity makes theory more challenging and we consider it
beyond the scope of this work. In particular, BCoR’s primary
contribution is its strong empirical performance in experimen-
tal settings reflective of real-world settings: BCoR achieves
substantially higher reward than existing approaches across
a wide array of realistic experimental settings, including a
setting based on real data from ARMMAN’s maternal health
program and various settings where our model is misspecified.
Such results exhibit BCoR’s robustness and ability to lever-
age key characteristics of its application area, making it more
suitable than existing approaches for real-world application.

2 Related Work

Online RL for RMABs When the RMAB transition dy-
namics are known, the Whittle index policy (Whittle 1980),
which pulls the top B arms with the highest estimated fu-
ture value if pulled (called the Whittle index), asymptotically
achieves the optimal time-averaged reward under certain con-
ditions (Weber and Weiss 1990; Wang et al. 2019). Since
RMAB dynamics are unknown in many applied settings,
online RL approaches for RMABs generally use different
learning techniques to quantify uncertainty on the transi-
tion probabilities, then apply a Whittle index policy, for
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instance, by computing the Upper Confidence Bound (UCB)
for each arm’s state-action transitions (Wang et al. 2023),
utilizing Thompson sampling (Jung and Tewari 2019; Jung,
Abeille, and Tewari 2019; Akbarzadeh and Mahajan 2023)
or Q-learning (Biswas et al. 2021; Xiong and Li 2023). How-
ever, to our knowledge, all existing approaches for online RL
in RMABs learn each arm’s state-action transitions individ-
ually, without sharing information within or between arms
(e.g., via contextual information). Furthermore, not only are
the asymptotic regret guarantees of these methods limited to
simplified conditions as discussed above, but in addition, they
usually only show empirical performance in relatively simple
RMARB settings, such as when the number of arms /N is small
(usually < 100) and the budget is high (usually > 30% of N).
ARMMAN and other real-world public health programs op-
erate on a much larger scale, and we show in Section 5.2 that
empirical performance in the aforementioned simple settings
often does not translate to such realistic settings.

Incorporating Contextual Information Context is often
present in bandit settings and can be highly informative (Hof-
mann, Whiteson, and de Rijke 2011; Bouneffouf, Rish, and
Aggarwal 2020). While contextual information has been heav-
ily explored in standard multi-armed bandits, e.g., (Auer
2002; Langford and Zhang 2007; Chu et al. 2011; Li, Wu,
and Wang 2021), there are no works, to our knowledge, which
consider context for online learning in RMABSs.

Allowing for Non-Stationarity in RMABs While existing
online RL methods for RMABs assume stationary transition
dynamics (Biswas et al. 2021; Gafni, Yemini, and Cohen
2022; Wang et al. 2023), this assumption may not well ap-
proximate real-world settings (Mate et al. 2022; Verma et al.
2023) and there is limited evidence to suggest that exist-
ing approaches are robust to non-stationarity (Biswas et al.
2021). Though non-stationarity in RMABs has been explored
for RMABs with known transition dynamics (Zayas-Caban,
Jasin, and Wang 2019; Ghosh et al. 2023; Zhang and Frazier
2022), such solutions generally rely on solving a linear pro-
gram directly using the true transition dynamics. It is unclear
how such results could be extended to online RL settings
where the algorithm must learn the transition dynamics and
determine a good policy simultaneously.

Other Related Learning Approaches Learning RMAB
transition dynamics can be considered a specific case of multi-
task reinforcement learning (MTRL), which aims to learn the
transition dynamics of a set of MDPs, often by modeling the
MDPs as having some shared structure between them by, for
instance, clustering MDPs with similar transition probabili-
ties (Wilson et al. 2007; Lazaric and Ghavamzadeh 2010; Yu
et al. 2021). However, these MTRL approaches are largely
designed for offline learning settings and, generally, do not
consider contextual information and do not provide policy
recommendations for regret minimization. For instance, past
deployments of ARMMAN have largely focused on an of-
fline learning approach precisely due to challenges this paper
is set to address (Mate et al. 2020, 2022). Some online RL
approaches focus on learning a single, sometimes partially
observed, MDP However, these approaches are designed to



learn a single MDP cannot be used to determine a set of
actions to apply to a collection of MDPs, as in the RMAB
setting.

3 Problem Setting

Consider an RMAB instance with NV arms. The learning algo-
rithm interacts with the RMAB over T timesteps with an (in-
tervention) budget of B < NV pulls at each timestep, where T'
is fixed and known in advance. Each arm is an MDP defined

, where S,

by the tuple (S,A, R, {Pi(t)(s’ | s, a)}
s’ a,s,t

A,and R : § x A — R are the shared state space, ac-
tion space, and reward function, respectively, across all arms
and timesteps. The standard formulation for RMABs sets
A = {0,1} where a = 1 represents a budget-constrained
pull. The set of transition probabilities for arm ¢ is P; =

, that is, for arm 7 in state s € S

{rle sy,

that receives action a € {0,1} at time ¢ € [T, the tran-
sition probability to state s’ € S is Pi(t)(s’ | s,a). Note
that the transitions are indexed by time ¢, allowing for non-
stationarity. We assume the reward function is known and
the state of all arms is observable, even if they were not
pulled. Importantly, we assume that all P; are unknown in
advance by the learning algorithm. Let s; = (s1¢,...,5n,¢)
and a; = (@14, ...,an,) represent the tuple of states and
actions across all arms at time ¢, respectively, where we are

constrained by Zf\il a;; < Bforallt € [T]. As in previous
public health applications (Ong’ang’o et al. 2014; Newman
et al. 2018; Ayer et al. 2019; Lee, Lavieri, and Volk 2019;
Mate et al. 2022; Verma et al. 2023; Wang et al. 2023), we
also model program adherence with S = {0, 1}, where state
s;+ = 0 represents beneficiary i being in a non-adhering
state, and s; ; = 1 represents beneficiary ¢ being in an ad-
hering state. An action a;; = 0 represents no intervention
on beneficiary 7, and a; ; = 1 represents an intervention. A
reward of 1 is accrued when the beneficiary is in an adhering
state and 0 otherwise, i.e., R(s, a) = s. Thus, the total reward
at timestep ¢ is a count of the number of beneficiaries who are

in an adhering state, vazl S; 1, and the time-averaged reward
at timestep ¢ (which we aim to maximize in this paper) is:

N
R® :EZZ%. (1)
j=11i=1
Note that reward is calculated across all arms, as an arm may
generate reward even when not pulled, i.e., a beneficiary may
be in an adhering state even when no intervention is applied.
We assume the above state space, action space, and reward
function in this paper, noting that the binary state and action
spaces are largely for presentation purposes as it simplifies
our notation and is standard in public health applications.
BCoR’s Bayesian modeling framework naturally extends
to non-binary state and action spaces and general reward
functions; see Appendix B.

4 The BCoR Algorithm

We introduce BCoR, which integrates a Bayesian model into
Thompson sampling for the online learning of RMABs with
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complex structure. We use hierarchical Bayesian modeling, a
Bayesian modeling approach where the prior distribution of
some model parameters depends on other parameters, which
are also assigned a priori. Hierarchical Bayesian models are
flexible tools for modeling complex phenomena across broad
application areas (Curry et al. 2013; Lawson 2018; Britten
et al. 2021), as the hierarchical structure on the model pa-
rameters can be used to represent complex relationships and
interactions between variables of the model.

4.1 Learning the Transition Dynamics

To apply Thompson sampling, we must specify a Bayesian
model of the RMAB’s reward distribution. Since our rewards
equal our states, we focus on modeling the state transition
distribution, i.e., the P\"'(1 | s,a)’s, forall s € {0,1},a €
{0,1},t € [T],and i € [N].! To specify this model, we will
first consider the simple non-contextual RMAB with station-
ary transitions and incrementally add complexity, separately
explaining each addition until our full model is presented.
The flexibility of hierarchical Bayesian modeling often comes
with a corresponding computational cost, and hence the com-
ponents we discuss in this section are carefully chosen not
just to incorporate properties of our applied setting, but also
to maintain computational tractability; see Appendix B.1 for
further details.

Sharing Information Within an Arm A simple and nat-
ural choice of Bayesian model for this simple RMAB is to
treat P;(1 | s, a) as drawn independently from some distribu-
tion (e.g., Unif[0, 1]), where we remove the superscript for
time (for now). Hence, this model aims to learn each arm’s
state-action transitions individually — requiring the model
to learn 4N different transition probabilities (i.e., each of the
four state-action pairs for each arm). This learning approach
may not be very effective because, as discussed in Section 1,
the budget and time horizon may be small relative to NV,
and hence, there may be many arms for which the algorithm
never observes behavior under a = 1. However, since the
vast majority of arms will receive a = 0 at each timestep,
we expect to observe a relatively large set of outcomes for
each arm when a = 0 over time. Through discussions with
ARMMAN, we also expect that, for a given arm j, its tran-
sition dynamics when a = 0 have some relationship to its
transition dynamics when a = 1. Thus, it can be useful to
share information within an arm to better estimate an arm’s
active (a = 1) transition probabilities, for which there is very
little data, based on its passive (a = 0) transition data, for
which there is much more data. Hence, we propose to model
this relationship as:

Pi(1]5,0)=® (aﬁ”))
(s,1) (0,0) (1,0) @
P(1]s,1)=2 (aib’ +boay; "+ b )

for all s € S, where ® is the standard normal cumulative
distribution function. Here, by, b1, and each of the a'*®s

i

'Note, PL7(0 | s,a) =1 — Pi(t)(l | s,a) deterministically, so
we only need to model the PZ@ (1] s, a) transitions.



are parameters of this Bayesian model, and, as is standard
in Bayesian models of this form (Gelman et al. 2013), we

will set their priors as zero-centered Normal distributions.
(s,0)

Hence, we can interpret the ;" ’’s as representing each

T . .. 1
arm’s individual passive transitions (@ = 0), the ozl(-s )°s as

representing the active transitions (¢ = 1), and by and by
as representing the informativeness of an arm’s transition
dynamics under passive actions for inferring its dynamics
under active action. Hence, the parameters by and b; enable
us to use information about passive actions, of which we
observe many, to inform our inference on active actions, of
which we observe very few. As we set the prior on by and
b1 to be zero-centered, which corresponds to no information
sharing, our model will only learn to share information if the
data suggests that such a relationship exists.

Sharing Information Across Arms The ideas presented
above deal with sharing information within a given arm. As
RMAB problems often come with contextual information
for each arm, such as age, education, and other demographic
factors, it is desirable to use this information to share infor-
mation across arms. For instance, we may reasonably expect
that arms with similar covariates will have similar behavior
(e.g., low-income beneficiaries tend to have lower adherence
(Mohan et al. 2021)). Given a covariate matrix X € RVx*
where the row vectors X; represent feature vectors for each
of the arms, we incorporate X into Model (2) by adding a pa-
rameter 3(>%) € R* for each state-action pair and modeling
the transitions as:

)

Pi(1]s,0)=® (Xiﬁ<s,o> i a(sm)
P7(1 ‘ S, 1) = (I)(X“B(S’l) + 0[2(571) (3)
+ 000 + byal ),

where, similar to by and by, we set zero-centered Normal pri-
ors on the ﬂ(‘f"“)’s. Note, the four ﬂ“m vectors are shared
across all arms for each state-action pair. Since we may not
observe many transitions when a = 1 due to budget con-
straints, it will be harder to learn the /6(3’“:1) ’s. To facilitate
learning the B(**=1)"s, we can add a level of hierarchy to the
B(*:%)°s by modeling all four of the 3(*>*) vectors as having
the same mean vector 1, which is a new parameter in our
model, on which we place a (normally distributed) prior; see
the third and sixth lines of Model (4.1) for the explicit forms
of pg and the B(:9)’s_ Intuitively, our posterior updates of
(@ would use data across all arms’ state-action transitions to
learn where the covariate effects 3(5®)s are “centered” and
our posterior updates of each 3(** would use data across
arms specifically in state s that receive action a to learn how
far that particular (s, a) pair deviates from the center. Hence,
this hierarchy facilitates greater information sharing.

Addressing Non-Stationarity As is standard in the RMAB
literature, we have so far treated the transition dynamics as
stationary or fixed over time. However, in real-world scenar-
ios, the arms often exhibit non-stationary transition dynamics
(Mate et al. 2022; Verma et al. 2023). To model these time
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effects, we use spline regression, a common approach for
flexibly modeling non-linear effects (Hastie, Tibshirani, and
Friedman 2009). Given a spline basis matrix M € RT*4
with rows M, where T is the time horizon and d is the dimen-
sion of the spline basis, we can incorporate non-stationarity
into our model as:

PO 5,0 = (Xiﬁ(s’o) + My +0¢§s’0))

PO ]s,1) = @( X850 + M + ) @)

+ banO’O) + b1a§1’0))7

where we set zero-centered Normal priors on the 7(**)’s and
we now have superscripts on the Pf”(s’ | s,a) to denote
time-varying transition dynamics. Hence, 17(>% represents
the magnitude of the time effects on the transition dynamics.

Lastly, we place a prior on the variance of the ags’a)’s,
which we denote Tz(sya); see the fourth and fifth lines of

(s,a),
i S.

Model (4.1) for the explicit forms of the Ti(sva) ’sand «

We do so because, without this prior, the ags’a) ’s would be

modeled per arm, while all other parameters are shared across

arms. Hence, we cannot directly use the posteriors of the
ags’a)’s to infer anything about new arms since they only
represent information about a single arm’s state-action pair.
Adding a prior on the variance enables us to share information
across arms for all parameters. See Definition (4.1) for the
full statement of the BCoR learning model. We let 0;, € R”
be the k-dimensional vector with all O entries and I« be
the k£ x k identity matrix.

Hence, the user-specified values which are required as in-

puts to our model are: 79, 0, T2, T, T2, Té(s,a) and Tﬁ(s,aw

i
forall s € {0,1},a € {0, 1}. Such user inputs are common
in Bayesian modeling, and, as more data is observed, the pos-
terior distributions of the parameters will be most strongly
influenced by the actual data rather than these specific inputs
(van der Vaart 2000; Gelman et al. 2013). The input values
used in all experimental results in this paper were chosen to
ensure they were reasonably default values given the problem
setting; see Appendix B.1 for the exact specification and fur-
ther discussion. Importantly, we used the same input values
for all experimental results presented in this paper, including
our example constructed from real ARMMAN data and many
misspecified simulation settings where these input values do
not correctly reflect the RMAB’s true structure, across vari-
ous configurations of IV, T" and B. Our experimental results
across these various settings, shown in Figures 1-2 and Fig-
ures 4—15, suggest that BCoR is primarily learning from the
data and hence, the specific input values had little impact on
the performance of the algorithm.

Hence, using insights from our collaboration with domain
experts, we carefully incorporate characteristics of our ap-
plication area into the structure of BCoR using hierarchical
Bayesian modeling, which has not previously been used for
online learning in the RMAB literature. Though it may seem
limiting to assume a linear model, Bayesian linear models
have an extensive history of being sufficiently expressive
and empirically effective across a wide range of complex



settings that almost surely do not satisfy linearity (Gelman,
Fagan, and Kiss 2007; Hilbe 2009; Curry et al. 2013; Gel-
man et al. 2013; Lawson 2018; Britten et al. 2021). From
a bias-variance tradeoff perspective, a linear model is more
suitable for the small sample size settings we consider com-
pared to to a more complex model, which would have higher
variance. Notably, the real data-based example of Section 5.3
is highly misspecified and strongly violates the linearity as-
sumptions, and BCoR is still achieves higher reward than
existing approaches.

4.2 Online Arm Selection

To apply Thompson sampling, we can update the posterior
distribution of our model parameters at each timestep, and
take a draw from the posterior. As we observe more data
over time, we expect the posterior distributions of our model
parameters to concentrate around values that best fit the data,
and hence, so will our estimates of the transition dynamics.

Definition 4.1 (The BCoR Learning Model).
bo ~ N (0,72)
by ~ N (0,77)
pp ~N (0k, 7 Iixr)

72 0.0y ~ Inv-Gamma(7, 09) Vs, a
Y N (0,72.0)  Vs,a
I@(s,a) ~ (NB?Tﬁ(s‘a)Ika;) Vs, a )
(S,G) ~ (OdgTTQI(s,a)IdXd> VS,G,
P(t) 1 | s, 0 (Xiﬂ(s,O) Jthn(s,O) +Oé§s70)>
t) (1]8,1) (Xiﬂ(s,l) + M) +a£s,1) ©)

+ boago’o) + blagl’o)),

Concretely, for all s € {0,1}, a € {0,1}, i € [N], let
Eét)7 B§t), dgs’a)(t), ﬁ(s’“)(t), B(S’“)(t) represent a draw from

the posterior distributions of bg, b1, al(,s’"’), n(=a), B(5:a) gt
time ¢, respectively. We can generate estimates of the transi-

tion probabilities Pi(t) (1] s,a) by plugging these posterior
draws into the last two lines of Model (4.1). Specifically, for
all s € {0,1},a € {0,1}, 4 € [N],
PY(s,0) = q,( et CUIOIS VA COIONIPIC 0)(t))
@)
( X300 L ppeD® 4G ~(s 1(#)
®)
+ E(()t)dzgo,o)(t) + B&t)dg,o)(t))‘

PO ]s,1) =

Using the ﬁi(t) (1] s,a)’s, we implement a Whittle index pol-
icy (Whittle 1980), which computes the Whittle index using
the set of all ]31_('5) (1] s,a)’s and pulls the B arms with the
highest Whittle indices. See Definition B.1 in Appendix B.1
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Algorithm 1: BCoR

1: Input: N arms, budget B, time horizon T, covariate
matrix X € RNV**_gspline basis matrix M € RT*9,
model inputs {70, 0o, T2, Tih . T s T3ce.)» Toa(enw } for all
s€{0,1},a € {0,1}.

2: for timestep ¢t € {1,...,7} do

3:  Observe s; and use all historical data to compute the

posterior distribution of Model (4.1)’s parameters.”

4:  From the posterior distribution computed in the pre-

vious step, generate Pi(t) (1| s,a) as in Equation (7)
forall s € {0,1},a € {0,1},7 € [N].

5:  Using the Pi(t) (1|s,a)’s generated in the previous step,
compute the Whittle index for all 7 € [N] and pull the
B arms with the highest Whittle indices.

for a formal definition of the Whittle index (Whittle 1980).

The Whittle index is computable via an efficient binary search
approach presented in (Qian et al. 2016). Further details on
the implementation and computational efficiency of BCoR
are in Appendix B.1.

S Experiments

We show that BCoR consistently achieves high reward across
various experimental settings, even in challenging settings
where the data generating model is misspecified. We also
evaluate performance in a setting constructed from a real-
world public health campaign, namely ARMMAN’s maternal
healthcare program. General implementation details for all
experiments in this paper are in Appendix B.1, with details
specific to Sections 5.2 and 5.3 in Appendices B.2 and B.3,
respectively. The code, data, and instructions needed to re-
produce the results of Section 5.2, as well as all additional
simulations in Appendix B.2, are available via our Github:
https://github.com/biyonka/BCoR.

5.1 Methods Under Comparison

We evaluate the BCoR algorithm as described in Algorithm 1.
For comparison, we consider the UCWhittle approach of
Wang et al. (2023) (denoted UCW-Value in their paper). This
approach, which computes a UCB for each arm’s state-action
transitions and selects an “optimistic” value within the confi-
dence bound to plug into the Whittle index policy, exhibits su-
perior empirical performance over other existing approaches
such as Biswas et al. (2021) and Wang et al. (2019). We also
consider a Thompson sampling—based approach based on Ak-
barzadeh and Mahajan (2023), denoted 7S, which performs
Thompson sampling on the individual arm’s state-action pairs
(i.e., it models each arm’s state-action transitions individu-
ally with no information sharing), then plugs the estimated
transitions into the Whittle index policy. For baselines, the
Random algorithm assigns @ = 1 to B arms uniformly at
random at each timestep, providing a lower baseline for the
reward without the use of any learning approach. We also

At time ¢t = 1, before having observed transitions, the posterior
remains the prior.



implement a Whittle index oracle approach, which executes
the Whittle index policy using the true transition dynamics.

5.2 Simulation Experiments

Given a fixed number of arms NV, time horizon 7, and bud-
get B, we use Model (4.1) to generate simulated RMAB
instances over 1,000 random seeds. For each instance, we
run all algorithms and calculate the time-averaged reward
(Equation 1) at each timestep ¢ € [T']. The initial state pro-
vided for each algorithm is randomized across the seeds.
We plot the average performance across the 1,000 seeds, as
shown in Figure 1.

We explore various parameterizations of Model (4.1) to
generate a well-specified setting and various misspecified set-
tings for the BCoR learning model. For the well-specified set-
ting of Figure 1(a), the parameterization of Model (4.1) used
to generate the RMAB instances is the same as the prior used
for BCoR. The misspecified settings shown in Figures 1(b—d)
each represent zeroing out just one component of Model (4.1)
to generate the RMAB instances (and in each setting; all com-
ponents not explicitly zero’ed out are left as in Model (4.1)).
For instance, Figure 1(b) and (c) represent a setting where the
transitions are truly stationary (i.e., we set n(% =0,Vs,a
when generating the RMAB instances across the random
seeds), but the prior for BCoR never changes from the one
used in the well-specified setting. Hence, the prior allows
for properties like non-stationarity and informative contex-
tual information, and BCoR must learn from the data that
some of these properties are not present. In particular, Fig-
ure 1(e) represents a highly misspecified setting where the
transition probabilities are generated by zeroing out all com-
ponents of Model (4.1) and just leaving the random effects

ol ~ N(0,0?) (note we also remove the prior on the
(Sva)7

variance of the o, s), so that the transition dynamics are

just generated as P;(1 | s,a) = @ (ags’a)) for all s, a. In

such a setting, the transitions are stationary and there is no
information sharing within an arm or across arms. While
existing approaches such as UCWhittle and TS are implic-
itly designed for this setting (since they learn each arm’s
state-action transitions individually), BCoR must learn that
the RMAB instances have no information sharing and are
stationarity. Hence, this setting is particularly challenging for
BCoR. See Appendix B.1 and B.2 for further details about
the simulation environment.

In the well-specified setting of Figure 1(a) and the par-
tially misspecified setting of Figures 1(b—c), BCoR achieves
significantly higher reward than other approaches. For in-
stance, in Figure 1(c), BCoR’s final time-averaged reward
is more than double that of the next-best solution, TS, with
even larger engagement wins in the settings of Figures 1(a)—
(b), potentially correspond to significant positive impacts in
overall health outcomes in real-world deployment. In partic-
ular, Figures 1(a—c) have covariate structure, showing that
even when the RMAB is stationary, which is the setting TS
and UCWhittle are designed for, ignoring informative co-
variate information when present can significantly decrease
performance. In Figure 1(d), BCoR achieves slightly higher
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reward than the other approaches by accounting for the non-
stationarity, even though it has the additional challenge of
learning that the covariates are completely uninformative. In
Figure 1(e), it is only possible to learn each arm’s state-action
transitions individually. In this setting, none of the methods
perform significantly better than random over the entire time
horizon. These results show that if no structure is present,
and the time horizon 7" and budget B are small relative to
N, the learning problem is too challenging for essentially
any approach to significantly outperform random. Intuitively,
this is because the only way to learn about a particular state-
action transition is to directly observe it, but having small
T and B relative to N means that any algorithm will only
observe a small portion of the RMAB’s dynamics. Hence, in
applied settings such as ARMMAN’s maternal health pro-
gram, where we expect similar configurations of 7', B, and
N, itis essential to use a learning algorithm that can leverage
properties present in the RMAB instance. We repeated this
experiment for different RMAB configurations, varying the
number of arms N, the time horizon T, the budget B, and the
number of covariates k, which are in Appendix B.2. Those
results show similar trends as in Figure 1, exhibiting BCoR’s
robustness to these different experimental settings. Addi-
tionally, recall from Section 4.1 that we used the same prior
for all experimental results in this paper, where each plot
represents an average over 1,000 different RMAB instances.
BCoR’s performance in misspecified settings across these
many RMAB instances suggests that it is not very sensitive
to the specific prior used and is effectively learning from the
data.® In summary, these experiments exhibit how existing
approaches, which have ostensibly strong theoretical guar-
antees, can perform close to, and sometimes no better than,
a random selection algorithm in moderate sample regimes,
even in simplified settings amenable to their theoretical guar-
antees such as when stationarity is present. These empirical
results exhibit that the types of existing theoretical guarantees
found in restless bandit papers are insufficient to ensure high
performance in public health applications. While all methods
will improve as they observe more samples (over 7'), only
BCoR can use information over the N arms, thus allowing it
to learn more quickly and efficiently in challenging settings
where T" and B are limited.

5.3 Experiment Using Real Data From ARMMAN

It is essential to evaluate the performance of BCoR experi-
mentally on a data-driven simulator before running it on ac-
tual ARMMAN beneficiaries in order to confirm its expected
performance before actual deployment in real-world settings.
Hence, we construct a data-driven simulator that approxi-
mates the true dynamics based on real historical ARMMAN
covariate data, leveraging our extensive collaborations with
ARMMAN to inform the design of the simulator. ARMMAN
provided anonymized covariate information from 24,011 ben-
eficiaries enrolled in their maternal health program, collected

3For instance, if BCoR was highly sensitive to its prior, it would
not be able to effectively learn from the data when the RMAB is,
e.g., stationary. However, BCoR achieves high reward in this setting
(see Figure 1(b)) suggesting BCoR is not highly sensitive.
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Figure 1: We generate all RMAB instances using N = 400, 7 = 50, and B = 10, i.e., B is 2.5% of N, across 1,000 random
seeds. The covariate matrix X is randomly generated with k = 4 (two continuous covariates and two categorical) across the
random seeds. The various RMAB simulation settings are detailed in Section 5.2 and can be summarized as (a) a well-specified
setting (no components of Model (4.1) are zero’ed out), (b) a setting where passive actions are uninformative of active actions
(bp = b1 = 0), (c) a stationary setting (7](5’“) = 0,Vs,a), (d) a setting with uninformative covariate information (ug = 0,
B(*%) = 0, Vs, a), and (e) a highly misspecified setting, i.e., one where the RMAB instances are stationary with no information
sharing between or within the arms. Lines represent the time-averaged reward of each method averaged over the 1,000 random
seeds with the Random baseline subtracted out. Error bars depict £2 SEs.

(a) Budget B=10 (b) Budget B=15 (c) Budget B=20 (d) Budget B=25
2% of N 3% of N 4% of N 5% of N

Learning Method
= BCoR

5 == UCWhittle

0 == Oracle

10 20 30 40

_
(=]

Random-Centered
Time-Averaged Reward

10 20 30 40 10 20 30 40 10 20 30 40

Time t

Figure 2: Performance of various methods on the ARMMAN data-driven example described in Section 5.3 with N = 500, T = 40,
and varying budget B, where all B < 5% of N to reflect the magnitude of real-world budget constraints. Lines represent the
time-averaged reward of each method averaged over 100 random seeds with the Random baseline subtracted out. Note, the
grey line is an oracle approach with access to the true transitions. Error bars depict 2 SEs. UCWhittle performs worse than
random across all settings, which can sometimes occurs when the budget is relatively small and the time horizon is short, though

it recovers over a longer time horizon; see Figure 17.

in 2022. We generate the data-driven simulator by using AR-
MMAN’s internal estimates of the true transition probabilities
given a beneficiary’s covariate information. We choose IV,
T, and B to reflect the learning challenges present in the
ARMMAN setting, e.g., T' = 40 because that is the approxi-
mate length of a pregnancy in weeks, and the varying budget
values are reflective of ARMMAN’s true budget constraints.

As shown in Figure 2, BCoR achieves the highest reward
across all budget constraints, translating to significant in-
creases in overall engagement compared to the next best
performing method; for instance, a 61% increase in engage-
ment in the tightest, and hence most realistic, budget setting
(B = 10). Hence, BCoR enables RMABs to be applied to
realistic public health settings with significantly better per-
formance at unprecedented scale in N and shorter horizon
T, potentially leading to life-saving health outcomes in real-
world mHealth settings. See Appendix B.3 for further details
on implementation and data privacy protocols.
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6 Conclusion and Ethical Considerations

We present BCoR, the first online RL approach for contextual
and non-stationary RMABs designed for mHealth in close
collaboration with domain experts at ARMMAN. Using a
novel combination of techniques in Bayesian hierarchical
modeling combined with Thompson sampling, BCoR outper-
forms existing approaches across a wide range of challenging
empirical settings reflective of real-world applications, sig-
nificantly increasing the potential social impact of RMABs
for real-world resource allocation. Importantly, BCoR is de-
signed to improve listenership in mHealth settings and hence,
would not withhold any health information from beneficiaries.
Our data-driven simulator is considered secondary analysis,
was approved by ARMMAN’s ethics board, and was per-
formed with fully anonymized data collected with consent
prior to data collection. See Appendix A and B.3 for detailed
discussions on ethical considerations and data privacy.
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