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Abstract

The maximin optimisation problem, inspired by Von Neu-
mann’s work (von Neumann 1928) and widely applied in
adversarial optimisation, has become a key research area in
machine learning. Gradient Descent Ascent (GDA) is a com-
mon method for solving these problems but requires the pay-
off function to be differentiable, making it unsuitable for dis-
crete or binary functions that often occur in game-theoretical
scenarios. Co-evolutionary algorithms (CoEAs), which are
derivative-free, offer an alternative to these problems. How-
ever, the theoretical understanding of CoEAs is still limited.
This paper provides the first rigorous runtime analysis of
CoEAs with pairwise dominance on binary two-player zero-
sum games (or maximin problems), specifically focusing on
the DIAGONAL game. The mathematical analysis rigorously
shows that the PDCoEA can efficiently find the optimum in
polynomial runtime with high probability under low muta-
tion rates and large population sizes. Empirical evidence also
identifies an error threshold where higher mutation rates lead
to inefficiency. In contrast, single-pair-individual algorithms,
i.e., RLS-PD and (1+1)-CoEAs, fail to find the optimum in
polynomial time. These findings highlight the usefulness of
pairwise dominance, low mutation rates, and large popula-
tions in maintaining a “co-evolutionary arms race”.

Introduction

The maximin problem is a significant class of optimisa-
tion problems in machine learning, with applications in ad-
versarial optimisation, training, game playing, and matrix
games (Lin, Jin, and Jordan 2020; Palaniappan and Bach
2016; Mertikopoulos et al. 2018; Daskalakis and Panageas
2018; Goodfellow et al. 2014; Robey et al. 2024; Zhang
et al. 2022; Gidel, Jebara, and Lacoste-Julien 2017; Grand-
Clément and Kroer 2021; Wei et al. 2021). When gradient
information is available, gradient descent ascent (GDA) is
a natural approach, especially for bilinear objectives like
f(x,y) = 2T Ay (Gidel, Jebara, and Lacoste-Julien 2017;
Daskalakis and Panageas 2018). However, when gradients
are inaccessible but the problem is convex-concave, zeroth-
order methods can provide solutions (Dvinskikh et al. 2022;
Beznosikov, Sadiev, and Gasnikov 2020; Gasnikov et al.
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2022). The absence of gradients or a nonconvex-nonconcave
structure, however, makes these problems intrinsically more
challenging (Colson, Marcotte, and Savard 2007).

Evolutionary Algorithms (EAs) are biologically inspired
randomised heuristics designed to find global optima with
minimal knowledge of fitness functions, making them ideal
for black-box or oracle settings, especially where derivative-
free methods are needed (Popovici et al. 2012; Eiben and
Smith 2015; Xue et al. 2021). Co-evolutionary algorithms
(CoEAs), a subset of EAs, are particularly promising for
tackling nonconvex-nonconcave and non-differentiable op-
timisation problems within cooperative or non-cooperative
game-theoretical scenarios. These methods have been ap-
plied in areas like coevolutionary learning, defence, design
of sorting network and novelty search (Xue et al. 2023;
Hemberg et al. 2021; Hevia Fajardo et al. 2024; Benford
et al. 2024; Ficici and Pollack 1998; Hillis 1990; O’Hanley
and Church 2011; Gomes, Mariano, and Christensen 2014;
Wang et al. 2019, 2020). However, a significant research gap
remains in the theoretical understanding of coevolution.

Runtime analysis studies the number of iterations or func-
tion evaluations algorithms take before finding the optimum.
Runtime analysis not only provides more precise perfor-
mance guarantees and guidelines for practitioners to design
randomised algorithms but also enhances the explainability
of various heuristic search and black-box optimisation algo-
rithms, including NSGA-II (Non-dominated Sorting Genetic
Algorithm IT), MOEA/D (Multi-Objective Evolutionary Al-
gorithm based on Decomposition) and EDAs (Estimation-
of-Distribution Algorithms) (Do et al. 2023; Zheng and Do-
err 2023; Doerr and Qu 2023; Zheng, Liu, and Doerr 2022).
Related Work: Theoretical analysis of evolutionary al-
gorithms on discrete maximin problems is limited. Re-
cent studies (Lehre 2022; Hevia Fajardo, Lehre, and
Lin 2023) have conducted rigorous runtime analy-
ses of CoEAs on discrete maximin problems such as
DISCRETE-BILINEAR, demonstrating that single-pair Co-
EAs and population-based CoEAs with pairwise dominance
can solve DISCRETE-BILINEAR in polynomial runtime.
However, there is a gap in the theoretical understanding of
CoEAs on more challenging discrete games with binary out-
puts (i.e. g : X x Y — {0,1}), as originated from sem-
inal works on co-evolving sorting networks and test cases
by Hillis (1990) and co-evolving players in the game of



Backgammon by Pollack and Blair (1998). Lehre and Lin
(2024) showed that (1, \)-CoEA can find the approximation
of the optimum of the DIAGONAL game in polynomial run-
time with high probability. Moreover, another variant of DI-
AGONAL called the bigger-number game was considered in
(Zhang and Sandholm 2024) to show the inefficiency of the
Double Oracle Algorithm in zero-sum games. However, the
analytic tool developed in previous related works cannot be
used directly in our scenario due to the complexity of the
binary games and the difficulty of analysing the population-
based CoEAs. Thus, we adapt the level-based theorem for
co-evolution to study this problem (see Theorem 1).

Our Contributions: This paper tackles the open challenges
in zero-sum games with sparse binary payoff signals, pre-
senting the first rigorous runtime analysis of CoEAs with
pairwise dominance on DIAGONAL game. Specifically, we
demonstrate that single-pair CoEAs, such as Random Lo-
cal Search with Pairwise Dominance (RLS-PD) and (1+1)-
CoEA, cannot find the optimum of DIAGONAL in polyno-
mial runtime with high probability. Additionally, we show
that a population-based CoEA (PDCoEA) can find the op-
timum in polynomial runtime under large population sizes
and low constant mutation rates. Our experimental results
further illustrate the practical implications of our theoretical
bounds and examine the error threshold for mutation rates in
PDCoEA. Moreover, these findings highlight the promising
potential of coevolution for binary maximin problems and
reveal the importance of low mutation rates and large popu-
lation sizes in maintaining a “‘coevolutionary arms race”.

Preliminaries & Problem

Notations: For a filtration F;, we write E.(-) := E(:|F)
and Pr;(-) Pr(:-|F;). We denote 1-norm by |z|; =
Yoz for z € {0,1}" [n] := {1,2,...,n}. “With high
probability” is abbreviated to “w.h.p.”. o(1) of any func-
tion f(n) where n € N means that lim,_,~ f(n) = 0.
x € poly(n) denotes that there exist constants ¢, d such
that < cn®. A two-player game is defined by the strategy
spaces X and ), along with payoff functions g; : X x Y —
R, where ¢ € [2]. Here, g;(z,y) represents the payoff to
player ¢« when player 1 adopts strategy x and player 2 adopts
strategy y. NE denotes the Nash Equilibrium.

In this paper, we denote X; = |x¢|;1 € [n] U {0} for
x¢ € {0,1}" and Y; = |y:|1 € [n] U {0} for y; € {0,1}"
for any n € N. We consider the search space X x )V =
{0,1}™ x {0,1}" for any n € N. We consider the filtration
(Fi)e>0 including the o-algebra of (X, Yp), ..., (X4, Y7).
Binary Zero-Sum Games: Given a two-player game with
strategy spaces X and ), the payoff functions g1, go
X x Y — R are defined for player 1 and player 2, re-
spectively. The game is zero-sum if player 1’s gain is ex-
actly equal to player 2’s loss (and vice versa), meaning
g1(z,y) + g2(z,y) = O forall x € X andy € Y. If
g1(z,y), g2(x,y) € {—1,1} for all z,y € X, the game is
called binary. Given a binary functiong : X xY — {—1, 1},
we refer to the game with payoff functions ¢ (z,y) =
g(z,y) and ga(z,y) = —g(z,y) as the binary zero-sum
game defined by g.

Many classical games where the outcomes are win/lose
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such as Nim, Backgammon, Chess or Go (without draw) can
be represented by a binary function g by setting g(x,y) = 1
if and only if player 1 wins and g(x,y) = 0 otherwise.
Sparsity: This paper adopts the notion of sparsity from
(Auger et al. 2015). Note that this is a different notion than
games with sparse payoff matrix. Instead, we consider the
sparsity in the sense that the support of mixed strategies
(non-zero probability terms) is far fewer than the size of pure
strategies each player can take.

DIAGONAL Games: To model the binary maximin optimi-
sation problem originating from Hillis’s seminal work on
co-evolving sorting networks and test cases (Hillis 1990),
Lehre and Lin (2024) introduced a class of payoff functions
with X x ) as the input and {—1, 1} as the output, namely
DIAGONAL. Here, X = {0, 1}" represents the set of geno-
types corresponding to designs for sorting networks, while
Y = {0,1}™ denotes the set of genotypes for test cases.
g(z,y) = 1 if and only if design = passes test case y. The
optimisation problem is to find (z*, y*) € X x ) such that

forall (z,y) € X x Y, g(x,y") < g(z*,y") < g(z*,y).
Sparse binary games like DIAGONAL game and its vari-
ant have been studied in the literature (Auger et al. 2015;

Lehre and Lin 2024; Zhang and Sandholm 2024; Benford
and Lehre 2024).

Definition 1 (DIAGONAL Game (Lehre and Lin 2024)).
Givenn € N, X Y = {0,1}", the payoff function
DIAGONAL : X x Y — {—1,1}is

L |yl <zl

—1 otherwise

DIAGONAL(z,y) = {

For notational brevity, we will denote the function DI-

AGONAL by g in the remaining of this paper. A payoff of
1 indicates that design x passes the test cases y; otherwise,
the payoff is —1. In the DIAGONAL game, y* = 1" is the
hardest test case, which only the solution z* = 1™ can pass
(i.e., g(z*,y*) = 1). Thus, (x*,y*) is the unique maximin
optimum, where neither the design nor the test case devi-
ates without affecting their payoff g(z,y). This aligns with
the NE in zero-sum games. The paper investigates whether
CoEAs can efficiently find the NE of DTAGONAL.
Remark. To distinguish DIAGONAL from the commonly
used ONEMAX benchmark in the theory of evolutionary
computation (Doerr and Neumann 2019), we highlight key
differences. Unlike ONEMAX, DIAGONAL is more chal-
lenging. ONEMAX uses a linear fitness function (payoff in-
dependent of the opponent), while DIAGONAL is a game
where payoff depends on the opponent. DIAGONAL pro-
vides only 1 bit of information per evaluation, compared to
log(n) bits in ONEMAX. Additionally, ONEMAX has an as-
cending fitness landscape, making it easy for algorithms like
(1+1)-EA or RLS to follow, whereas the binary payoff land-
scape in DTAGONAL leads to genetic drift, rendering single-
pair CoEAs inefficient. Understanding these differences and
their impact is a key contribution of this paper.

Co-evolutionary Algorithms

A broad class of co-evolutionary processes, defined by Al-
gorithm 1 update two populations P, (). At each iteration, a



Algorithm 1: Co-evolutionary Process (Lehre 2022)

Require: Population size A € N, strategy spaces X and ).
Require: Initial populations Py € X* and Qo € Y.
1: for each generation number ¢t € Ny do

2: for each interaction number i € [\] do
3: Sample an interaction (x,y) ~ D(Py, Q4).
4: Set Pt+1(7;) := z and Qt+1(i) =.

new pair of solutions is sampled from P, () via the interac-
tion of two populations. Such an interaction includes vari-
ation, evaluation, selection, etc. The population is then up-
dated with this new pair of solutions, and the process contin-
ues until the termination criteria are met. For single-pair Co-
EAs, we denote the current pair in generation ¢ by (z¢, y).
These stochastic processes track the dynamics of coevolu-
tionary algorithms, and we will analyse their first hitting
time on the target set. Next, we introduce the concept of pair-
wise dominance, which is key to characterising the operator
D of CoEAs.

Characteristic Lemma of Dominance Relation

Lehre (2022) demonstrated that a population-based CoEA
called Pairwise Dominance CoEA (PDCoEA) can solve
some instances of BILINEAR (a bi-linear payoff function
with real-valued rather than binary payoffs) in polynomial
runtime with high probability. Hevia Fajardo, Lehre, and Lin
(2023) shows random local search with pairwise dominance
(RLS-PD) solves some instances of BILINEAR in expected
polynomial runtime (as summarised by the Table in the Ap-
pendix). Therefore, we aim to explore whether such a pair-
wise dominance method can also work for our binary max-
imin optimisation problem. Here, we provide a definition of
the pairwise dominance relation (c.f. Definition 2).

Definition 2. (Lehre 2022) Given a functiong : X x) — R
and two pairs (21, Y1), (z2,y2) € X XY, (x1,y1) dominates
(22, y2) with respect to g, denoted (z1,y1) =4 (z2,%2), if
and only if g(1,y2) > g(w1,91) > g(x2,91)-

In order to understand how the search point will move
under the pairwise dominance relation, we characterise the
relationship among search points in DIAGONAL games.

Definition 3. Given a pair of search point (z,y) € X X
Y, we say (z,y) lies above the diagonal if |z|; < |y|; and
(z,y) lies below the diagonal if |z|; > |y|;.

Next, we derive sufficient and necessary conditions for the
dominance relation of DIAGONAL games. We defer all the
proofs to the appendix.

Lemma 1. Given a DIAGONAL game denoted by g,
(z,y) =4 (u,v) if and only if (z,y), (u,v) satisfy one of
the following:

() |zly <[ol, [z[2
2 |z} > |v)1,|zh
3) [z]1 > |v]1,]zh
@) |z|r > ||y, [z|:

< lyl1 and [ul; < |yl1;
< lyl1 and [ul1 < |y|1;
> |yli and [ul1 < |yli;
> |yli and |uly > [y]s.

A Refined Level-Based Theorem

To analyse the runtime of population-based evolutionary al-
gorithms, we define the runtime properly.

Definition 4. For any instance A of Algorithm 1 and S C
X x Y, define Ty s :=min{tA € N| (P, x Q) NS # 0}.

Although Lehre (2022); Hevia Fajardo, Lehre, and Lin
(2023) have analysed CoEAs on BILINEAR, as mentioned
in the introduction, DIAGONAL and other binary maximin
problems exhibit a more challenging and sparse payoff land-
scape, causing the original methods inapplicable. To over-
come this issue, we provide a variant of the level-based the-
orem, which takes the initialisation of algorithms into ac-
count!. Note that if m is set to be 1, then Theorem 1 recov-
ers the original theorem introduced by Lehre (2022).

Theorem 1. Given subsets A; C X,B; C Y for j € [m]
where Ay = X and By = Y, define T := min{t\ | (P; x
Q¢) N (A, X By) # 0}, where forallt € N, P, € X* and
Q. € Y are the populations of Algorithm 1 in generation t.
Denote the current level of the population by j := max{ i €
[m—1] [ |(Px Q)N (4; x B;)| > 70A?} where o € (0, 1).
Given mo € N where mo < m, suppose Py x Qq is
initialised with the current level j > mo. If there exist
Zmgs -+ -3 2m—1,0 € (0,1) such that for any populations
PecX*and Q€ V> with the current level 7 > mo,

(GI) for (z,y) ~ D(P,Q), Pr(x € Aj;1)Pr(y €
Bji1) > 2y

(G2a) for all v € (0,7), if |(P x @) N (A J+1 X

Bj1)| > yA, thenfor (z,y) ~ D(P,Q), Pr(z €

Aj1)Pr(y € Bjs1) > (1+6)y

(G2b) for (z,y) ~ D(P,Q), Pr(z € A;)Pr(y € B;) >
(14 6)yo;

(G3) and the population size A € N satisfies N >
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c' log(m/ z.) for a sufficiently large constant ¢/, where
2 = Mily,<i<m—1 Zi-

then there exists a constant ¢’ > 0 such that any r > 0,

))-

Exponential Lower Bounds for RLS-PD,
(1+1)-CoEA on Diagonal Game

In this section, we focus on the single-pair CoEA with pair-
wise dominance.

m—1

>

1=mso

1

Zi

1—&-0(1).

/!
Pr (T > 7’% </\2(m —msg) +

Algorithm 2: Single-Pair CoEA with Pairwise Dominance
Require: Payoff function g : {0,1}" x {0,1}" — R.
Require: Mutation, mutate : {0,1}?>" — {0,1}".

1: Sample z, y uniformly at random from {0, 1}";

2: fort € {1,2,...} do
3: (z',y') = mutate(x,y);
4 i (2,y) =g (2,y) then (z,y) := (2/,y);

'A similar modification can be found in (Hevia Fajardo and
Lehre 2024).



In RLS-PD, the local mutation operator mutate creates
z',y' by copying = and y, and flipping exactly one bit cho-
sen uniformly at random from either  or y. In (1+1)-CoEA,
the bit-wise mutation operator mut at e creates z’ and y’ by
copying x, y and flipping each bit independently with prob-
ability x/n, where x € (0,n).

RLS-PD and DIAGONAL Game

The first competitive CoEA we consider is RLS-PD. We
show that it fails to find the maximin optimum of DIAG-
ONAL games in polynomial runtime.

RLS-PD samples both the design x and the test case y uni-
formly at random. Then, until the termination condition is
met, either = or y is mutated by the local mutation operator.
After that, RLS-PD selects the pair of designs and test cases
based on pairwise dominance as defined in Definition 2. Un-
like the success of RLS-PD on BILINEAR (Hevia Fajardo,
Lehre, and Lin 2023), it fails to find the maximin optimum
of DTAGONAL in polynomial runtime.

Theorem 2. Consider RLS-PD on DIAGONAL and problem
size n € N. The runtime of RLS-PD for finding the maximin
optimum of DIAGONAL is at least ¢*("") with probability at
least 1 — e~

Theorem 2 shows that the algorithm performs a random
walk before reaching the optimum. In this case, the selec-
tion mechanism fails to distinguish which individual is fitter
if search points share the same payoff. Theorem 2 also sug-
gests that DIAGONAL is a challenging and non-trivial max-
imin problem compared to BILINEAR since it takes poly-
nomial runtime for RLS-PD to solve BILINEAR (Hevia Fa-
jardo, Lehre, and Lin 2023) but at least exponential runtime
to solve DIAGONAL.

There are various simple and effective mutation operators
used in evolutionary algorithms (Doerr and Neumann 2019).
RLS-PD uses the local mutation operator, which is one of
the commonly used mutation operators in evolutionary al-
gorithms. This operator picks any bit position uniformly at
random and flips the selected bit. Another well-known mu-
tation operator is the bit-wise mutation operator, which flips
each bit in the bit-string with probability x /n where the mu-
tation rate x € (0,n) is some constant. The bit-wise muta-
tion performs a more diverse search in the Hamming neigh-
bourhood of the given search point. What if we modify the
mutation operator from local mutation to bit-wise mutation?
The bit-wise mutation operator potentially allows the search
point to make more significant jumps in the search space at
one iteration. Can the algorithm then find the optimum more
efficiently? To answer these questions, we analyse the run-
time of (1+1)-CoEA on DIAGONAL.

(1+1)-CoEA and DIAGONAL Game

We consider (1+1)-CoEA with the pairwise dominance rela-
tion. We want to explore the impact of changing the mutation
operator compared to RLS-PD and whether this new variant
can find the optimum more efficiently.

(1+1)-CoEA samples both the design z and the test case y
uniformly at random. Then, until the termination criteria are
met, unlike RLS-PD, both z and y are mutated by a bit-wise
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mutation operator. After that, (1+1)-CoEA selects the pair
of designs and test cases based on the pairwise dominance
relation from Definition 2. We use Lemma 1 to show condi-
tion (2) in Negative Drift Theorem (Oliveto and Witt 2012;
Rowe and Sudholt 2012; Doerr and Neumann 2019).

Lemma 2. Consider (1+1)-CoEA with pairwise dominance
relation on DIAGONAL and a constant mutation rate y =
O(1). Suppose we have a search point (z4,4:) € X X Y
in iteration ¢ € N and define M; := 2n — (X; + Y}).
For any ¢, if en < M; < n/4 for some constant ¢ >
0, then there exist some 7, > 0 s.t. for any 5 > 0,
Pr([My — M| =25 | Fe) <v/(1+n).

Lemma 2 shows that (1+1)-CoEA makes big jumps with
exponential decay probability, which satisfies the step size
condition in the Negative Drift Theorem. To see how to
bound the negative drift from (1+1)-CoEA, we visualise
Lemma 1. In Figure 1, the coloured regions represent the
potential areas where the search point may move in the next
iteration under the pairwise dominance relation. We consider
the Manhattan distance between the current search point and
the optimum, denoted as M; = 2n — (X; + Y;). Generally,
negative drift occurs when the search point moves to the blue
and red regions. Positive drift occurs when the search point
moves to the orange and green regions.

i)

X, Y)

@ X: =Y (b) X: > Y: (©X: <Y

Figure 1: Visualisation of Lemma 1. The colour area repre-
sents the search point (z,y) € X x YV s.t. (x,y) =4 (Te, Y1)
where X; = |x¢|1,Y: = |y¢|1. The blue region corresponds
to case (1), the orange region corresponds to case (2), the
green region corresponds to case (3) and the red region cor-

responds to case (4) in Lemma 1.

Lemma 3. With the same setting as Theorem 3 and suffi-
ciently large n > 1, for any ¢t and M; := 2n — X; — Y, if
en < M; < 2en for any constant ¢ € (0,1/20], then there
exists § > 0 such that E;(M; — M;11) < —6.

Once we show the existence of negative drift in Lemma 3,
we can use the Negative Drift Theorem with Lemma 2 to
derive Theorem 3.

Theorem 3. Consider (1+1)-CoEA with pairwise domi-
nance relation on DIAGONAL, constant mutation parameter
X € (0,1], and problem size n € N. The runtime of (1+1)-
CoEA for finding the maximin optimum of DIAGONAL is at
least £*™) with probability at least 1 — e =),

Theorem 3 shows that (1+1)-CoEA also fails to find the
desired optimum for DIAGONAL in polynomial time. The
proof for Theorem 3 is more complex than that of Theo-
rem 2 because the current search point of the (1+1)-CoEA



can potentially make a significant jump in the search space,
while RLS-PD only makes a 1-bit-step local search around
the given search point.

From our analysis of RLS-PD and (1+1)-CoEA on DIAG-
ONAL, Theorem 2 and Theorem 3 both show that with high
probability (i.e., 1 — e~*2("), single-pair CoEAs with pair-
wise dominance cannot find the maximin optimum of DIAG-
ONAL efficiently, regardless of which mutation operators the
algorithms use. DTAGONAL consists only of binary values,
resulting in a very flat payoff landscape in the search space,
unlike problems with real-valued payoff functions, such as
BILINEAR (Hevia Fajardo, Lehre, and Lin 2023; Hevia Fa-
jardo and Lehre 2023). Such a payoff landscape is challeng-
ing for CoEAs.

PDCoEA Finds the NE of Diagonal Efficiently
Pairwise Dominance CoEA

From our previous analysis, we know that (1+1)-type Co-
EAs with pairwise dominance cannot solve DIAGONAL ef-
ficiently. We ask whether a competitive CoEA can solve this
problem by changing its selection mechanism or increasing
its population size. To address this question, we analyse the
runtime of PDCoEA on DIAGONAL in the following section.

Algorithm 3: Pairwise Dominance CoEA (Lehre 2022)

Require: Payoff function g : {0,1}" x {0,1}" — R.
Require: Population size A and mutation rate x € (0, n].
1: fori € [A]

2:  Sample Py(¢) uniformly at random from {0, 1}";

3:  Sample Qo (i) uniformly at random from {0, 1}";

4: for t € {0,1,2,...} until termination criterion met do
5: fori € [\] do

6: Sample (x1,y1) ~ Unif(P; X Qy);

7: Sample (x2,y2) ~ Unif(P; x Q¢);

8: if (21,91) =4 (22,92) then(z,y) := (21,y1)
9: else(.'lf7 y) = (x27 y2)
10: Obtain z’ by flipping each bit in x with prob. X;
11: Obtain y' by flipping each bit in y with prob. ;
12: Set Pyy1(i) := 2’ and Q¢41(2) := v’

Algorithm 3 samples both the designs Py and the test
cases (Jp uniformly at random. Before mutation, Algo-
rithm 3 uses 2-tournament selection to compare the pairs
of designs and test cases. First, two pairs are sampled uni-
formly at random (lines 6-7), and then they are compared
based on the pairwise dominance relation from Definition 2
(lines 8-9). Finally, both z € P, and y € @Q); are mutated by
a bit-wise mutation operator.

In this section, we use Theorem 1 to prove that PDCoEA
can efficiently find the optimum of the DTAGONAL games.
In general, level-based analysis partitions the whole search
space into several levels and analyses the upgrade among
different levels. Theorem 1 enables us to track the state of
the algorithm and provides the tail bound on the number of
function evaluations until the current population contains an
individual hitting a target set (set to be our final level), given
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that conditions (G1)-(G3) hold. We defer the proofs of (G1)-
(G3) conditions to the appendix.

Before showing our main result (Theorem 4), we define
the following pixels and partitions that we will use in Theo-
rem 1. We define the pixels: j € {1,--- ,n},

Ay ={r € {0,1}" | 2], = j} and
By :={ye{0,1}" | lyh = j}. (1)

Next, we define the following partitions that we will use in
Theorem 1. Given (Uy x Vp), -, (U, x V4,), we define
Up =X and Vy = Y and for j € {1,---,n}, where we
suppose n = 4k (and thus n/2 = 2k to simplify the notation
during our calculation. One can use a different alternating
partition for odd n)

U2j L= A2j and U2j+1 = A2j+1 @] A2j+2;

‘/2]' L= ng U B2j+1 and ‘/2]'_;'_1 = ng+1. (2)

Given two populations of solutions P, € X*, Q; € Y, we
define the current level by j := max{: € [n] U {0} | |(P; X
Qi) N (A; x B;)| > 40?2} where 79 € (0,1) is constant
and A € N is the population size. To estimate the runtime of
a population-based evolutionary algorithm, we consider the
number of function evaluations until the population contains
at least one individual arriving at the final level (i.e. the first
hitting time of the population of solution hitting the final
level multiplied by the population size A): T := inf{\t >
0| (Pthf)ﬂ(U,Lan)#@}

Technical Lemmas for Level-Based Analysis

In order to use Theorem 1, we need to satisfy (G1), (G2a),
(G2b) and (G3). (G3) is easily satisfied by setting A =
Q(logn). So the rest of this section is to show conditions
(G1), (G2a) and (G2b)>.

Ensuring Condition (G1)

In this section, we compute the upgrade probability in condi-
tion (G1). It would be hard for A x B to upgrade to A; X By
when the population falls off the diagonal. To resolve this,
we assume the algorithm initialises the population at level
n/2 and the population will keep hill-climbing along the di-
agonal from level n/2 to level n. It is also worth noting that
the original tool (Level-Based Theorem (Lehre 2022)) does
not consider the population’s initialisation and thus cannot
be directly applied to our problem.

Lemma 4. Given two populations P and ) in PDCoEA
with population size A € poly(n) and constant mutation rate
X € (0,In2/2) on DIAGONAL with problem size n € N, as-
sume PDCoEA initialises Py, Qo at |Po(i)|1 = |Qo(4)|1 =
n/2forall i € [A]. For the current level j > n /2, there exists
Zpj2s s Zn—1 € (0,1) such that for (z,y) ~ D(P,Q),

Pr(z € Ujq1) -Pr(y € Vijz1) > 2.

Lemma 4 shows that if the populations in PDCoEA are
initialised at level j = n/2 and the current level is above
n/2, then we can obtain a positive upgrade probability.

2We provide the visualisation of level partitions for PDCoEA
on DIAGONAL in the appendix.



Ensuring Condition (G2a)

For PDCoEA, recall that D(P, Q) in Algorithm 1 is D =
SELECToMUTATE, where SELECT corresponds to lines 6-9,
and MUTATE corresponds to lines 10-12 in Algorithm 3. We
denote the SELECT probability by Prgjecr and the MUTATE
probability by Pryyee. Note that (G2a) in Theorem 1 keeps
track of the multiplicative growth on the next current level.
In the following analysis, without loss of generality, we
assume the current level j is even to simplify the calcu-
lation. Before showing the next lemma, we need to make
some assumptions: there exists a constant (with respect to
X) a € (0,1) such that

(A | G2a): Pr

€ B;) > a.
wanif(Q)(y i) 2

This means that in each iteration, when the population is
at the current level, there exists a constant fraction of the
population in A; x Bj;. Our current analysis works when
assuming (A | G2a) holds. The other case where (A | G2a)
does not hold is left as an open problem.

Lemma 5. Given two populations P and ) in PDCoEA
with population size A € poly(n) and a sufficiently small
constant mutation rate y € (0, 1) on DIAGONAL with prob-
lem size n, assume the assumption (A | G2a) holds with con-

stant vy > <71 + /4a(l+90) + 1) /2a where § € (0, a).
For all v € (0,70), if [(P x Q) N (Uj41 x Vit1)| > ¥A%,
then for a sample (z,y) ~ D(P,Q), there exists a con-
stant o > 0 such that for all current levels j € [n/2,n],
PT(SC € Uj+1) Pr(y € ‘/}'+1) > (1 + 60)'Y~

Lemma 5 shows that we can obtain the multiplicative
growth on the next level if the mutation rate is relatively low.

Ensuring Condition (G2b)

(G2b) in Theorem 1 keeps track of the multiplicative growth
on the current level. Before showing (G2b) condition, we
need to show that if the population starts at level n/2 (as
stated in Theorem 4, with the assumption (A | G2b) holds,
we can have the multiplicative growth in the current level.
(A | G2b) means that there exists a certain fraction of the
population in previous pixels forz € A< andy € B.; U
B;. To proceed with this, we show Lemma 6.

Lemma 6. Let D be the operator associated to Algorithms 3
(PDCoEA) on DIAGONAL. Let P and () be populations of
PDCoEA at current level j € [n/2,n] of DIAGONAL with
respect to the partitions U, V and vy € (0, 1). There exists a
constant 6o > 0 and sufficiently small mutation rate x, such
that if for some constant § > 0, (A | G2b):

Pr (z€A.; Pr eB»UB»2+1>
z~Unif(P)( <) (yNUnif(Q) (v € B<; U B;)
)
S 12040 s,
Y0

then for (z,y) ~ D(P,Q), Pr(z € U;)Pr(y € V;) >
(14 d0)70.

Next, we show that the condition (A | G2b) holds with
high probability.
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Lemma 7. Suppose PDCoEA initialises Py, Qo at
|Po(i)|1 = |Qo(é)]1 = n/2 for all i € [\ with the
runtime of Algorithm 3 finding the optimum 7 € N
and (z¢,y;) ~ D(P;, Q) at iteration ¢ < T. With the
same setting of Lemma 6, the assumption (A | G2b) with
some constant 6 € (0, xe X/7): there exists 1 > ~y >
V/(1+0)/ (xe=x/7+1) such that (A | G2b) holds with

probability 1 — e~(")

Lemma 8. Given two populations from PDCoEA, P and
@ with population size clogn < A\ € poly(n) where
c > 0 is some constant and low constant mutation rate x
on DIAGONAL with problem size n, assume constant vy >
V(1 +0)/ (xe x/7+ 1) with constant § € (0,xe X/7)
and sufficiently large n. Suppose PDCoEA initialises Py, Qg
at IP()(’L)|1 = ‘QQ(’L)|1 = ’I’L/2 for all 7 € [/\] with the
runtime of Algorithm 3 finding the optimum 7" € N and
(x¢,y¢) ~ D(P;, Q) at iteration ¢t < T. There exists a con-
stant § > 0 such that for all current levels j € [n/2,n],
Pr(z; € Uj) Pr(y: € V;) > (14 0)0.

Finally, Lemma 8 states that if the mutation rate is set low,
7o large enough and furthermore the population is initialised
at level A,, /2 X By, /2, then we can obtain the multiplicative
growth in our current level. Next, we conclude everything in
the level-based argument using Theorem 1 with Lemma 4, 5
and 8.

Theorem 4. Assume the condition (A | G2a) holds with
Yo > ( da(l+6)+1— 1) /2a where § € (0,a) and

a > 0 is some constant with respect to x. Assume that for a
sufficiently large constant c, it holds clogmn < X\ € poly(n)
and Algorithm 3 initialises Py, Qo at |Py(1)]1 = |Qo(i)]1 =
n/2 for all i € [N If x is a sufficiently low constant, then
there exists a constant (w.rt n and \) d > 0 such that
the runtime of Algorithm 3 is at most rd\n ()\2 + nz) with
probability at least 1 — 1/r.

Theorem 4 shows that if we set a low constant mutation
rate and large population size, then PDCoEA can find the
optimum of DIAGONAL in polynomial runtime with high
probability. To the best of our knowledge, although vari-
ous empirical studies demonstrate the existence of a “co-
evolutionary arms race” (Gomes, Mariano, and Christensen
2014; Ficici and Pollack 1998; Popovici et al. 2012; Hillis
1990), including recent applications of coevolutionary al-
gorithms (Hemberg et al. 2021; Xue et al. 2023), this is
the first provable coevolutionary “arms race” for solving bi-
nary maximin optimisation problems. This result not only
demonstrates the promising potential of coevolution with
pairwise dominance but also rigorously proves the necessity
of large population sizes and low mutation rates to maintain
a “coevolutionary arms race” on binary maximin optimisa-
tion problems.

In addressing the technical constraints of Theorem 4, it is
important to note that generalising the result without the ini-
tialisation constraint is challenging. Proving Theorem 4 with
random initialisation introduces a random walk phase, and
it remains unclear whether existing tools can effectively ad-
dress genetic drift toward the diagonal. The primary objec-



tive of this analysis is to rigorously demonstrate the “coevo-
lutionary arms race,” and for this purpose, the current The-
orem 4 sufficiently illustrates this point. We consider Theo-
rem 4 as a foundational step for future advancements.

Experiments

To complement our asymptotic results with data for concrete
problem sizes, we conduct the following experiments.
Settings: We conduct the experiments with all CoEAs on
the DTAGONAL problem with three different problem sizes:
n = 100, 500, and 1000. Firstly, we conduct experiments
of all CoEAs on DIAGONAL with n = 100, generating
heatmaps for the empirical mean of runtimes under differ-
ent configurations. Secondly, we explore the best possible
configurations of x and A for PDCoEA with problem sizes
n = 100,500, and 1000, providing detailed statistics, in-
cluding tables for the empirical mean of runtimes, p-values
from Wilcoxon rank-sum tests for runtimes, and boxplots
for runtime distribution with respect to low mutation rates
X € [0.1,0.4]. Finally, we pick x = 0.3 and A = clogn
where ¢ = 10, 20, 30, 40, 50, and 60 and conduct the exper-
iments under problem sizes n = 100-1000. The budget for
each run is set to 10® function evaluations for n = 100 and
10° function evaluations for n = 500 and 1000. For each
configuration, we conduct 100 independent runs.

Results: We defer other empirical results to the appendix
and present part of our findings here. As shown in Figure 2,
with respect to different problem sizes, once the population
size reaches certain thresholds (i.e., A > 0.4n for n = 100
and A\ > 0.2n for n = 500, 1000) under a low mutation
rate x € [0.1,0.4]. Although PDCoEA can solve DIAGO-
NAL under certain configurations, a high mutation rate above
x = 0.5 results in the inefficiency of PDCoEA. The data (in
the appendix) shows that the best empirical mean of run-
time, for n = 100, 500, 1000, is approximately 0.12 x 108,
1.05 x 108 and 2.71 x 106, respectively, under a certain low
mutation rate xy = 0.3. Moreover, Figure 3 suggests that al-
though our theoretical bound is correct, it might not be tight
enough in terms of asymptotic order. While our bounds are
sufficient to show a distinct separation between CoEAs with
a large population and those with a small population, our
theoretical bounds can be improved.

a) n = 100 b) n = 500
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Figure 2: Heatmaps for the mean runtime of PDCoEA on
Diagonal against different mutation rates and each pixel in
the plot represented the empirical mean of runtime among
100 independent runs with respect to different mutation rates
and population sizes. The mutation rate  in the vertical axis
ranges from 0.1 to 0.7, and the population size A in the hor-
izontal axis ranges from 0.1n to n.
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Figure 3: Boxplots for runtime of PDCoEA (x = 0.3) on
DIAGONAL with respect to different ¢ and problem size n.

Conclusion and Discussion

Discrete maximin optimisation is challenging. This paper
presents the first runtime analysis of CoEAs with pair-
wise dominance on non-trivial b inary two-player zero-sum
games. We show that for the DIAGONAL game, RLS-PD and
(1+1)-CoEA require exponential time to find the optimum
due to negative drift, highlighting the inefficiency of Co-
EAs without sufficiently large population sizes in flat pay-
off landscapes. However, PDCoEA with a low mutation rate
and large population size A = Q(logn) can efficiently find
the optimum with high probability.

This paper presents a clear separation among various Co-
EAs on binary two-player zero-sum games, emphasising the
need for large populations, as opposed to previous studies on
BILINEAR (Hevia Fajardo, Lehre, and Lin 2023). It demon-
strates the feasibility of runtime analysis for population-
based competitive CoEAs, suggesting that these tools can
broaden the scope of future analyses. Practically, it shows
that single-pair CoEAs like RLS-PD and (1+1)-CoEA may
be unsuitable for such problems, recommending instead Co-
EAs with large populations and low mutation rates for chal-
lenging, flat payoff landscapes.

This work marks a significant first step in the rigorous
runtime analysis of population-based CoEAs on DTAGONAL
and introduces a variant of the level-based theorem for co-
evolution. While our analysis is focused on a specific class
of sparse binary games, we believe the level-based theo-
rem has broader applicability to general coevolutionary pro-
cesses. Extending this tool to more general partitions be-
yond the Cartesian product of search spaces X and ) would
be valuable. Although our empirical results imply that the
current bound may not be tight, we conjecture that the run-
time of PDCoEA could be O(Anlogn) under certain con-
ditions. Future research should explore a wider range of bi-
nary games, develop additional coevolutionary algorithms,
and refine the runtime bounds for PDCoEA on DIAGONAL.
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