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Abstract

This work presents a novel systematic methodology to anal-
yse the capabilities and limitations of Large Language Mod-
els (LLMs) with feedback from a formal inference engine,
on logic theory induction. The analysis is complexity-graded
w.r.t. rule dependency structure, allowing quantification of
specific inference challenges on LLM performance. Integrat-
ing LLMs with formal methods is a promising frontier in
the Natural Language Processing field, as an important av-
enue for improving model inference control and explainabil-
ity. In particular, inductive learning over complex sets of facts
and rules, poses unique challenges for current autoregressive
models, as they lack explicit symbolic grounding. While they
can be complemented by formal systems, the properties de-
livered by LLMs regarding inductive learning, are not well
understood and quantified. Empirical results indicate that the
largest LLMs can achieve competitive results against a SOTA
Inductive Logic Programming (ILP) system baseline, but also
that tracking long predicate relationship chains is a more dif-
ficult obstacle than theory complexity for LLMs.

Introduction

The integration of Large Language Models (LLMs) with for-
mal methods stands out as a promising frontier in the field
of Natural Language Processing. It is an avenue for improv-
ing model inference control and explainability, by both com-
plementing the content flexibility of Large Language Mod-
els (LLMs) with the systematicity of symbolic/formal sys-
tems (Quan et al. 2024a,b) and by using well-defined formal
settings to assess the underlying inference properties of the
model.

Inductive Logic Programming (ILP) is a subfield of sym-
bolic Al which focuses on methods that can derive (gener-
alise) theories to explain observed facts and rules (Muggle-
ton 1991; Nienhuys-Cheng and de Wolf 1997). Addressing
inductive learning over complex sets of facts and rules, poses
unique challenges for current autoregressive LLMs, as they
do not operate over data symbolically, rather combining an
extensive set of structural an semantic signals to approxi-
mate the most probable answer in a generative fashion.

While such means of problem solving might lack explicit
symbolic grounding, LL.Ms can leverage its large-scale in-
ternal representation to support inductive-style inference.
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Still, the properties delivered by LLMs w.r.t. inductive learn-
ing, in particular regarding logic rules and theory induction,
are not well understood and quantified.

This paper presents a systematic methodology to evalu-
ate the inductive learning properties (in the context of logic
theory induction) of LLMs. It is aimed at answering the fol-
lowing research questions (RQs):

RQ1. To what extent the combination of an LLM with feed-
back from a formal inference engine can compare to a SOTA
inductive logic programming (ILP) system in logic theory
induction, w.r.t. inference quality at different expressivity
levels?

RQ2. How does the expressivity of the target theories affect
inference quality of LLMs for inductive reasoning?

In order to address these RQs, we propose a method
for combining iterative theory refinement on stock LLMs
(i.e., zero-shot inference (Brown et al. 2020; Radford et al.
2019)), a formal ILP inference engine and a synthetic gen-
erator for inductive reasoning datasets, in order to perform
systematic evaluations of the LLM induced theories, using
state-of-the-art ILP solvers as a baseline. Moreover, to quan-
tify the extent in which LLMs can address ILP tasks, the
evaluation is graded w.r.t. the expressivity of the target rule-
sets. Figure 1 schematises the proposed approach.

This work’s main contributions are as follows:

. (Methodological) A novel method for systematic evalua-
tion of LLM induced logic theories with feedback from a
formal inference engine.

(Empirical) A detailed empirical analysis on the
strengths and limitations of SOTA LLMs regarding logic
theory induction generation, according to target ruleset
expressivity.

. (Resources) A reusable and extensible framework for ex-
tending and assessing the inductive capabilities of LLMs.

The remainder of the paper is organised as follows: Sec-
tion “Inductive Learning, Expressive Power & Datasets”
formalises the relevant ILP concepts, dataset generation, and
LLM used in the paper. Section “Proposed Approach” de-
scribes the proposed method and algorithms. Section “Ex-
periments” presents the experimental procedures, results and
discussion, followed by related work and conclusions.
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Figure 1: The proposed method to evaluate theory induction with an LLM in Prolog based on background knowledge and
training examples. The process starts with a prompt generator (c¢) that formulates prompts for an LLM (a). Both the background
knowledge and training sets are parameterised by different noise and rule expressive power levels: Chain, Rooted Directed
Graph (DG), Disjunctive Rooted DG, and Mixed. The LLM generates theories, which are then evaluated by a logic program
interpreter (b). The evaluation feedback, including accuracy, precision, recall, and F1 scores, as well as wrongly classified
examples, is used to refine the prompts iteratively. We analyse and categorise the generated theories according to their expressive
power (d).

Inductive Learning, Expressive Power & learned theory should not entail (i.e., these are examples
Datasets that should be false according to the theory).

In this section we introduce the target task and the typol- Goal: Find a hypothesis H (a set of logical clauses) such
ogy of inductive learning expressivity levels, as well as the that:
dataset generation process. 1. Completeness: For every example e € E™:
Inductive Logic Programming HUBK e
Inductive Logic Programming main objective is to gener- Meaning the hypothesis H, together with the background
ate logical hypotheses or theories from the available back- knowledge BK', should entail all positive examples.
ground knowledge, such as facts, rules, and positive and neg- 2. Consistency: For every example e € E~:
ative examples. Unlike traditional machine learning meth- HUBK [ e
ods, ILP works directly with logical predicates and rules,
using a formal representation that is usually represented Meaning the hypothesis H, together with the background
using first-order logic (FOL). For example, the fact “par- knowledge B K, should not entail any negative examples.
ent(john, tom).” means that John is the parent of Tom, and F llv: An ILP svst ks a hvpothesis H that satis-
“parent(john, anne).” means that John is the parent of Anne. ﬁg;ma y:an System seeks 8 lypothesis at satts
From that, we can create a rule (theory) “sibling(X, Y) :- par- ’ Vec BT, BKUH e

ent(P, X), parent(P, Y), X # Y.” . This rule states that if there

exists a parent who has both X and Y as children, and X and Vec E-, BKUH l# €

Y are not identical, then X and Y are considered siblings. Conclusion: The learned hypothesis H should thus be a
Deriving rules from a set of examples is a process known as logical theory that explains the positive examples and ex-
theory induction. This task can be formally defined as fol- cludes the negative examples, based on the given back-
lows: ground knowledge.
Given:

Theory Expressivity

* Background Knowledge (BK): A set of logical clauses

that represent prior knowledge about the domain. Inductive learning can be organised according to different

classes of expressive power, which involves a typology of

* Positive Examples (E*): A set of ground facts (in- the structural complexity of the problem. Moreover, vari-
stances) which the learned theory should entail (ie., ables such as the amount and type of noise within the evi-
these are examples that should be true according to the dence set (such as the number of incorrect or missing facts
theory). or completeness levels) can be integrated within this set-

* Negative Examples (E~): A set of ground facts which the ting. Following the typology of (Cornelio and Thost 2021)
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four base categories of rules can be introduced based on
their dependencies: Chain, Rooted Directed Graph (RDG),
Disjunctive Rooted DG, and Mixed. Each category repre-
sents a hierarchical generalisation, with each step encom-
passing a broader range of structures. Starting with CHAIN,
which represents a linear composition of predicates, RDG is
a generalisation of CHAIN, meaning it includes all chain
structures but also accommodates more complex depen-
dencies. Moving up, DRDG generalises RDG by incorpo-
rating directed relationships, thus offering a more exten-
sive representation of dependencies. Finally, Mixed is a
DRDG with recursion, containing connected components
from CHAIN, RDG, and DRDG. Each progression from
CHAIN to MIXED represents a step towards greater inclu-
sivity and complexity in the types of structures captured.

The expressive power of each class and their character-
istics are summarised in Table 1. A detailed description of
each class is provided in the supplementary material'.

Category # Parents Recursive  Alt. rules
CHAIN 1 No No
CHAIN REC. 1 Yes No
RDG 1-* No No
RDG REC. 1% Yes No
DRDG 1-* No Yes
DRDG REC. 1-* Yes Yes
MIXED 1% Yes Yes

Table 1: Characteristics for each dataset category. #Parents
refers to the number of times a predicate appears as the head
of a rule in the context of rule learning and logical induction.
It indicates the number of rules through which each rule can
deduce relevant facts. Recursive refers to whether a predi-
cate in the head of a rule can also occur in the body of the
same rule. Alt. rules indicate whether a predicate can be de-
duced by alternative rules.

Dataset Synthesis

In order to generate datasets for rigorous analysis, this study
employed the RuDaS tool (Cornelio and Thost 2021) to sys-
tematically vary parameters such as noise, open-world de-
gree, and missing data. By adjusting these factors in con-
junction with the category parameter, it is possible to en-
sure comprehensive coverage of different structural config-
urations and expressivity levels.

For each configuration, the following settings were ap-
plied:

e The minimum and maximum number of Directed
Acyclic Graphs (DAGs), which refer to the range of dis-
tinct rule structures generated within each dataset, were
both set to 1 (mindags = 1, maxdags = 1).

Noise levels, which include the addition of irrelevant
facts or the removal of relevant ones that do not support

the rules, were systematically varied at intervals of 0.1,
0.2, and 0.3.

' A version of this paper with the supplementary material can be
found at https://arxiv.org/pdf/2408.16779.
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* The percentage of missing data (missing), which de-
termines the proportion of data entries - specifically con-
sequences - that are intentionally left out, and open world
degree (owa) were similarly varied across 0.1, 0.2, and
0.3.

The category parameter was set to cover all classes of
expressivity described in the previous section, and listed
in Table 1. The distribution of each category in the syn-
thesised dataset is an independent hyperparameter, dis-
cussed in the experiments section.

Further details regarding the dataset generation can be
found in the supplementary material’.

Proposed Approach

The proposed approach can be divided in two parts: itera-
tive refinement and graded evaluation. They form a system-
atic evaluation loop, covering all the expressivity classes de-
scribed in the previous section, for a given set of LLMs and
dataset synthesis parameters.

Iterative Refinement

Consists of an iterative refinement loop that alternates be-
tween the generation of a theory by a language model and
the evaluation of said theory through a formal interpreter. It
is comprised of the following components, as illustrated in
Figure 1:

(a) A language model capable of generating a theory H,
based on background knowledge, positive and negative ex-
amples, and hypothesis search, provided as a prompt text
in a logic program language. Typically an LLM with struc-
tured (e.g., code) generation capabilities. (b) A logic pro-
gram interpreter. We use Prolog (Warren et al. 2023) as the
logic program language. (¢) A prompt generation compo-
nent, that interleaves logical programming language with
natural language queries designed to drive the theory in-
duction responses. The logical programming language ex-
presses background knowledge and the relevant outputs of
the program interpreter. (d) An evaluation module, that uses
the logic program interpreter to execute the generated theory
H as logical rules, and computes a set of evaluation metrics.
Given: background knowledge (BK), positive examples
(E™), negative examples (E~), and assuming a language
model LM which can find a hypothesis H (a set of
logical clauses) such that it satisfies the conditions of
completeness (for every example e € ET, H U BK [ e)
and consistency (For every example e € E—, HUBK }£ e).

1. Context Representation: Represent the input to the
language model as a combination of background knowledge
and examples: Context = encode(BK, BT, E™).

2. Theory Generation: From a background knowledge
set of clauses sampled from a knowledge base dataset,
including positive and negative examples, a prompt is
created for the LM to induce a theory as Prolog code, i.e.
using the language model to generate a set of logical clauses
(hypothesis H): H = LM(Theory Prompt + Context).



3. Evaluation of Hypothesis: Checking for the complete-

ness and consistency conditions:

True Positives (TP): The number of positive examples

correctly entailed by the hypothesis.
P=|{ec E* | BKUH E¢}|

False Positives (FP): The number of negative examples
incorrectly entailed by the hypothesis.
=|{e€ E~ | BKUH [ e}

False Negatives (FN): The number of positive examples not
entailed by the hypothesis.
=|{e€ BT | BK UH [~ e}

True Negatives (TN): The number of negative examples
correctly not entailed by the hypothesis.
=|{e€e E- | BK UH [~ e}|

from which accuracy (ACC) (%) precision
® (T PiF P) recall (R) (Recall = W) and F1-score

(F1) (2 - %) can be generated.
4. Theory refinement: Following an initial evaluation, the
LM is tasked to refine the induced theory iteratively. Each
refinement round involves adjusting the theory based on
feedback from the Prolog interpreter validation. The refine-
ment aims to improve the theory’s performance by address-
ing misclassifications and enhancing its predictive capabil-
ities. If H does not satisfy completeness and consistency,
update the input representation based on feedback and gen-
erate a new hypothesis using the language model, given the
Feedback Context +— {FP,FN,P,R,F1, ACC} and the
final prompt input Input <— (Refinement Prompt + Context
+ Feedback Context): H + LM (Input).

The main loop of the algorithm continues until the eval-
uation metrics meet the defined thresholds or the maximum
number of iterations is reached. In each iteration, the lan-
guage model generates a theory based on the current prompt.
This generated theory is then evaluated using the logic pro-
gram interpreter, in our case Prolog, resulting in a validation
set. Evaluation metrics are computed from these validation
results and stored. Based on the feedback from the valida-
tion, a new prompt is generated by incorporating the initial
knowledge base sample, the current theory, and the valida-
tion feedback. Our approach removes recursive rules from
the LLM-induced theory before evaluation. The refinement
loop is summarised in Algorithm 1. The process starts by
sampling facts from the knowledge base dataset to create
kb. An initial prompt is then generated using these sampled
facts, denoted as prompt.

5. Termination: The process continues iteratively until a
maximum number of iterations is reached.

Graded Evaluation

A synthetic data generator is used to control for the input
parameters of the ruleset expressive power, namely: categor-
ical distribution (CHAIN, RDG, DRDG, etc.), background
knowledge, positive examples and negative examples as

Algorithm 1: Iterative LM theory refinement

Define: K B as the background knowledge dataset.
Define: PGen as the prompt generator.

Define: E'xs as the positive and negative examples.
Define: LM as the language model.

Define: PL as the logic program interpreter.

Define: E'val as the evaluation module.

Define: M as the evaluation metrics set.

Define: M az;i., as the maximum number of iterations.
Define: MT},..sn, < Map : M — R as the evaluation
metrics treshold.

Let prompt «+ PGen(K B, Examples)
Let iter < 0
Let results < Map: M — R
while (Im € results : resultsim] < MTiresn[m]) A
(iter < Max;ter) do
theory < LM (prompt)
results < Eval(Examples)
prompt < PGen(K B, theory, Exs)
iter < iter + 1
end while

well as the amount of noise introduced within the dataset.

1. Categorised Learning Sets: Consisting of C": set of rule-
set expressivity classes (e.g., CHAIN, RDG, DRDG, etc.),
N: set of noise levels, S: number of samples per combina-
tion of C' and N. For each ¢ € C' and n € N, generate S
datasets {D.,; | ¢ = 1,...,S} where each dataset D, ,, ;
includes:

Dc,n,i = (BKc,n,za E+

C’I’Ll’

E

noise,,)

C’I’Ll’

2. Hypothesis Generation and Evaluation: For each
dataset D, ;, use a learning algorithm to generate a hy-
pothesis H. ,, ;, tracking the F1 score F, ,, ; and processing
time T ,, ; at each iteration and recording the best F1 score
Fl1. . and corresponding processing time Time, , ;:

Flen.i = max(F. ;)

Time, ,, ; = time until max(F ;)

3. Aggregation: The information is then aggregated by com-
plexity category and noise level for all the samples, averag-
ing times and F1 scores, to obtain the complete graded eval-
uation statistics. For each combination of c € C'andn € N,
compute the average F1 score and average processing time:

1 S
=3 ZFlc,nﬁi
S i=1
1 S
Time, , = g ZTimec’n,i
i=1
Experiments

In order to answer the research questions, a set of exper-
iments was elaborated to systematically analyse the the-



ory inducing capabilities of a set of most popular open-
source LLMs and two versions of GPT, with the pro-
posed approach, having the state-of-the-art ILP system Pop-
per (Cropper and Morel 2021) as a baseline. The tests cov-
ered all data categories discussed on the section “Inductive
Learning, Expressive Power & Datasets”, allowing a graded
analysis w.r.t. the expected level of induction expressivity
and tolerated noise.

Experimental Setup & Dataset

For each data category, five datasets were generated using
RuDasS (Cornelio and Thost 2021). The size of each dataset
was set to X.S (min = 50, maxz = 100, support = 3), and
noise, missing, and open world were all set to 0.1, then all set
to 0.2, and finally all set to 0.3. This resulted in 105 datasets
in total, with 35 datasets for each rate. Subsequently, two
methods are used to induce a theory for each dataset: (1)
employing Popper, with NuWLS (Chu, Cai, and Luo 2023)
and WMaxCDCL, varying its time limit parameter from
10 to 800 seconds; (2) applying the proposed iterative LM
theory refinement method (Section “Proposed Approach”),
with parameters M ax;ie, = 4 and M Typresp, = 1.0. Three
different LLM models were used for (2): Open AI?’s model
GPT-40°, Mistral AI*’s Mixtral-8x7B° (Jiang et al. 2023),
and Google’s Gemma® (Team et al. 2023).

Table 2 presents a comprehensive overview of statistical
metrics pertaining to each category of data, in order of com-
plexity (except MIXED).

Categories Facts Positive Negative
CHAIN 67654 236+£65 48+2l1
CHAINREC. 542+141 196+7.8 44+25
RDG 602+9.8 186=£123 42+34
RDG REC. 63.2+90 166£47 34+£13
DRDG 612+14.1 31.0£260 80+£82
DRDGREC. 542 +125 3404222 9.0+6.2
MIXED 544 +18.1 2424123 48+27

Table 2: Statistics for each dataset category. A detailed de-
scription of each can be found in Section “Inductive Learn-
ing, Expressive Power & Datasets”. The mean + standard
deviation (mean = std) for each category is provided

We computed the average F1-score for each category, tak-
ing into account the level of noise, open world scenarios, and
missing facts. The mean values reported are based on the re-
sults obtained from the theory that was generated from the
train set and evaluated on the test set.

The experiment used the OpenAl service for GPT mod-
els. For Popper, Llama3-8B-Instruct, Gemma-7B-It and
Mixtral-8x7B-Instruct-v0.1, it was conducted on a computer
with an Intel(R) Xeon(R) Gold 5217 CPU @ 3.00GHz,
188GB RAM, and 2x NVIDIA RTX A6000 (48GB VRAM)

*https://openai.com/

3https://openai.com/index/hello-gpt-4o

*https://mistral.ai/
Shttps://huggingface.co/mistralai/Mixtral-8x7B-Instruct-v0.1
Shttps://huggingface.co/google/gemma-7b-it
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GPUs. The software used was CUDA 12.3, PyTorch 2.2.2,
and Transformers 4.41.2. Prompt templates used were in-
cluded in the supplementary material'.

Results & Discussion

Overall results for F1 are presented in Figure 2. We addi-
tionally report on processing times as a measure of practical
interest in Figure 3. We present the values obtained in detail
in the supplementary material! (Tables 4 and 5) Gemma-
7B-It results are not included as it failed to generate valid
theories. The results reveal significant insights into LLM ca-
pabilities and limitations w.r.t. theory induction, which are
summarised as follows:

Noise 0.1
o 1.0
5 1 Popper
A 0.5 B GPT-40
s I GPT-3.5-Turbo
0.0 MIXED CHAINCHAIN R. RDG RDG R. DRDG DRDG R, HIEEl Llama3
Noise 0.2 ;
010 HEl Mixtral
3
wn 0.5
i
0.0
: MIXED CHAINCHAIN R. RDG RDG R. DRDG DRDG R.
Noise 0.3
o 1.0
3
wn 0.5
i
i

MIXED CHAINCHAIN R. RDG RDG R. DRDG DRDG R.

Figure 2: F1 score trends across categories. Different mod-
els (GPT-4o0, Llama3 8b instruct, Popper, and Mixtral-8x7B-
Instruct-v0.1) under varying noise levels and categories re-
veal distinct performance patterns. GPT-40 demonstrates
stable accuracy yet sensitivity to noise, particularly in com-
plex rule-based categories like RDG and DRDG. Mixtral-
8x7B-Instruct-v0.1 exhibits mixed results with notable vari-
ability across categories particularly in more complex tasks.
Llama3 8b instruct delivers lower scores, indicating chal-
lenges in reasoning and theory generation.

LLMs can achieve competitive performance against the
baseline, specially at higher noise levels. The larger scale
models (GPT3.5, 4) demonstrate more resilience to noise
and consistent F1 across the different categories, as indi-
cated in Figure 2, with an average Fl-score difference of
+0.25 against Popper. This answers the overall quality part
of RQ1.

Inducing theories on long relation chains is the major
obstacle for LLMs, rather than the expressivity level.
With the CHAIN category being the least expressive and
one of the most consistently solved by Popper, but none of
the tested LLMs was able to overcome the baseline perfor-
mance at all noise levels (Figure 2 CHAIN category). This
suggests that such models have a limited capacity of track-
ing long relationship chains of independent predicates. This
addresses a part of the answer for RQ2.

Increasing iteration limits does not monotonically im-
prove results for LLMs. Upon increasing the iteration



Noise 0.1

1 Popper
2 [ GPT-40
I GPT-3.5-Turbo
0 ~ MIXED CHAINCHAIN R, RDG_ RDG R. DRDG DRDG R, HEE Llama3
Noise 0.2 B Mixtral
2
0™"MIXED CHAINCHAIN . RDG. RDG R. DRDG DRDG R.
Noise 0.3
2

~ MIXED CHAINCHAIN R. RDG RDG R. DRDG DRDG R.

Figure 3: Performance on time consumption trends across
categories using a logarithmic scale (log(time (s))). The
data consistently shows that LLM outperforms Popper in all
intervals. The results however do not represent a measure
of efficiency, as the computational resources employed are
vastly different across methods.

limits from 1 to 4, it was found that the metrics can either in-
crease or decrease non-monotonically. No significant overall
performance improvements were observed beyond 3 itera-
tions. Thus Max;.., Was set to 4 and the iteration with the
best accuracy is taken as the final result.

Performance is remarkably lower on more expressive
rule sets at moderate noise levels. Responses for more
expressive categories, such as RDG and DRDG display
higher variance and LLM hallucination artifacts, such as
valid rules containing predicates that do not exist in the rule
set. We present an error analysis in the section “Error anal-
ysis”. For instance, a comparison of the results for the RDG
category generated by GPT-40 under noise levels set to 0.1
and 0.3 reveals a significant decline in performance, with the
F1-score dropping from 0.75 to 0.22. A comparable pattern
is observed with GPT-3.5 Turbo for RDG and DRDG and
Mixtral RDG in the presence of elevated noise levels, with
GPT-3.5 Turbo scores going from 0.56 to 0.0, 0.28 to 0.08,
and Mixtral-8x7B going from 0.60 to 0.0. This complements
the answer to RQ2. Further details are included in the sup-
plementary material'.

Induction capability varies substantially across models.
Using the same inputs resulted in vastly different responses
from different models, suggesting critical influence from
model size in parameters. Figure 2 illustrates this: when
comparing GPT-40, Mixtral-8x7B and Llama3 at noise lev-
els set to 0.1 and 0.3 respectively, the consistency in gener-
ating a valid theory correlates to their relative size.

At a noise level of 0.1, GPT-40’s F1 score is almost twice
that of the GPT-3.5-Turbo in average, and at a noise level
of 0.3, the difference increases to a ratio of 4, indicating
substantially higher noise resiliency. The performance gap is
more pronounced when comparing with Llama3-8B, where
GPT-40 F1 score is 21 times higher at the lowest noise set-
ting.

Mixtral-8x7B-It-v0.1 performs similarly to GPT-3.5-
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Turbo at lower noise levels, scoring 13.4% higher in average
at 0.1 noise. However, its performance becomes less stable at
higher noise levels. It consistently outperforms Llama3-8B-
it, at 0.1 noise, with a F1-score 11 times higher in average.

Model size does not correlate to noise resilience De-
spite being able to achieve higher scores than GPT-3.5
and Mixtral-8x7B in some of the tests (e.g., RDG-R
@Qnoise = 0.1, CHAIN-R Qnoise 0.2) and scoring
higher on intermediate noise than on low noise, Llama3-8B
did not consistently generate valid theories. On the other
hand, Mixtral-8x7B, a much larger model, is particularly
susceptible to noise, with an average F1-score drop of over
0.8 from noise = 0.1 to noise = 0.2 and a monotonic
performance reduction with the increase of the noise level.

Regarding the parameterisation of each method, some
higher-level observations on the trade-off between time and
inference quality can be summarised as follows:

Computational scalability allow LLMs to operate at
substantially lower times. While Popper consists of a
combination of serial algorithms, the parallel nature of
transformer-based LLMs allows them to operate at times
about 3 orders of magnitude lower, given enough compu-
tational resources. This can be observed in Figure 3, for all
classes and all tested noise intervals.

Error Analysis

The errors found in the evaluation of the generated theories
could be separated in two categories: syntactic and logical.
Syntactic errors occur when the generated response does not
match the logic programming language grammar. For exam-
ple, the following response:

theory :-
p(X, Y), pos(pO0(X, Y)) - positive.
p(X, Y), neg(p0(X, Y)) - negative.
\+ p(X, Y), pos(p0(X, Y)) - false.
\+ p(X, Y), neg(p0(X, Y)) - true.

is not valid Prolog and will fail evaluation.

Logical errors occur when the generated response has cor-
rect grammar, but cannot be induced from the examples.
Consider the following Prolog theory:

theory :-
pd4 (X, Y); p7(X, Y); p8(X, Y);
p0(X, Y),
not neg(p(X, Y)),
(pos(p(X, Y)) - true; fail).

The response contains the head of the clause “theory,” as
well as the predicates ’p” and “’pos”, which do not exist in
the BK. Table 3 presents a distribution of error categories for
the analysed models. A more detailed analysis of the models

outputs is included in the supplementary material'.



Model # Syntactic  Logical
GPT-40 0% 100%
GPT3.5 0% 100%
Llama3-8B 46% 54%
Mixtral-8x7B 20% 80%
Gemma-7B-it 100% 0%

Table 3: Error distribution for each of the evaluated models.
Gemma-7B-it did not produce valid Prolog.

Related Work

Neural symbolic computation combines neural networks
with symbolic methods to enhance Al reasoning capabili-
ties. Yang and Cohen (2017) introduced Neural Logic Pro-
gramming, An end-to-end differentiable model integrating
neural networks with logic programming. Within the LLM-
Symbolic space, Wan et al. (2024) developed LogicAsker,
which evaluates and improves LLMs’ logical reasoning us-
ing propositional and predicate logic. It identifies reasoning
failures and enhances capabilities through in-context learn-
ing. Within the context of symbolic toolformers over LLMs,
Quan et al. (2024a; 2024b) proposed methods of improving
explanatory reasoning with the support of formal iterative
cycles using both logical solvers and theorem provers for
supporting more controlled step-wise reasoning.

Despite these advancements at the interface of LLM-
based reasoning and formal controls, it is unclear the ex-
tent and the conditions in which LLMs can perform for-
mal reasoning (Huang and Chang 2023). Sinha et al. (2019)
introduced CLUTRR, a benchmark assessing LLMs’ struc-
tural learning by inferring kinship relations in stories, requir-
ing relationship extraction and logical rule inference. Zhu
et al. (2024) proposed the Hypotheses-to-Theories (HtT)
framework to improve LLM reasoning by learning explicit
rules in two stages: generating and verifying rules (induc-
tion) and using the obtained rule library for reasoning (de-
duction). HtT enhances relational and numerical reasoning
and concept learning.

Madaan et al. (2023) introduces a novel technique for im-
proving machine learning models through iterative refine-
ment. This approach allows models to improve their perfor-
mance by continuously evaluating and adjusting their pre-
dictions based on self-generated feedback. By critiquing
their own outputs, models can identify errors and make
corrections over successive iterations, leading to increased
accuracy and robustness across different tasks. Our work
builds upon this approach by employing an ILP solver to
evaluate and then using its output as critique for the refine-
ment process.

In a related study (Dziri et al. 2023), the authors in-
vestigate the limitations of transformer models in handling
composition tasks. Their results show that, despite their
strengths, transformers face significant challenges in deal-
ing with compositionality, which involves understanding
and generating complex structures from simpler compo-
nents. This limitation highlights the need for innovative ap-
proaches, such as self-refining, to further enhance the capa-
bilities of machine learning models.
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In contrast, our work focuses on the still under-explored
area of assessing and controlling inductive learning/infer-
ence capabilities of LLMs. These contributions integrate
LLMs and formal logic for robust theory induction and al-
lows a graded analysis of LLM capabilities, with respect to
theory induction complexity.

Conclusion

In this study we thoroughly investigate the integration of
state-of-the-art formal theory induction within the context
of large language models (LLMs), aiming to elucidate the
extent in which LLMs can systematically perform inductive
learning for theories spanning across different expressivity
levels. At the heart of this exploration lies the recognition
of relational data’s inherent semantic depth, stemming from
its symbolic representations. The empirical results presented
here have indicated the ability of LLMs to address inductive
learning tasks, with the largest LLMs achieving competitive
results against the algorithmic SOTA with better tolerance to
higher noise levels, which can be attributed to their semantic
flexibility. This flexibility however has certain limitations,
as we found that tested language models are more limited
by their capacity of tracking long relationship chains of in-
dependent predicates than by the dependency complexity of
the rule sets (disjunctiveness, recursivity).

As future work we plan to use larger datasets to test the
scalability of the proposed approach, allowing the assess-
ment of the performance of LLMs across a broader range
of domain-specific and agnostic scenarios. Additionally, we
will investigate the impact of LLMs for bootstrapping the
initial generation of theories.

Limitations

While the proposed evaluation methodology aims to cover a
wide range of logic theory induction expressivity levels, it is
limited in its resolution to the categories specified by (Cor-
nelio and Thost 2021), and does not quantify other ruleset
characteristics, such as workspace size or unification rate in
the case of Prolog (Dikovsky 1993).

The methodology compares all models under the same in-
puts. Therefore it is not concerned with extracting maximum
performance of any given model, but obtaining a relative as-
sessment of their fundamental capabilities. This means that
the empirical analysis reported scores should not be taken as
a measure of SOTA performance.

Furthermore, the time gains demonstrated in the experi-
ments are presented as an achievable result, conditioned to
the combination of software and hardware indicated in the
paper and the services provided by third-parties (e.g., Ope-
nAl). They should not be interpreted as a measure of com-
putational efficiency.
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