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Abstract

Multi-agent path finding (MAPF) is a safety-critical scenario
where the goal is to secure collision-free trajectories from ini-
tial to desired locations. However, due to system complexity
and uncertainty, integrating learning-based controllers with
MAPF is challenging and cannot theoretically guarantee the
safety of the learned controllers. In response, our study pro-
poses a verified safe multi-agent neural control (VSMANC)
approach for MAPF, focusing on the unified training of De-
centralized Control Barrier Functions (DCBF) and controllers
to enhence safety. VSMANC enables all agents to concur-
rently learn controllers and DCBFs using a unified loss func-
tion designed to maximize safety, adhere to standard con-
trol policies, and incorporate path-finding-related heuristics.
We also propose a formal verification-guided retraining pro-
cess to both verify the properties of the learned DCBFs and
generate counterexamples for retraining, thereby providing a
verified safety guarantee. We validate our approach through
shape formation experiments and UAV simulations, demon-
strating significant improvements in safety and effectiveness
in complex multi-agent environments.

Introduction

Multi-agent path finding (MAPF) seeks collision-free tra-
jectories for multiple agents moving from their initial to de-
sired locations (Stern et al. 2019; Zhang et al. 2024; Liu and
Zhang 2022). The importance of MAPF is clear in a wide
range of applications: multi-agent monitoring (Ondracek,
Vanek, and Pechoucek 2015), cooperative delivery (Zong
et al. 2022), and multi-robot patrolling (Joe and Lau 2023).
Many methods have been developed to address the critical
need for collision avoidance in these contexts (Borrmann
et al. 2015; Cheng et al. 2020; Qin et al. 2021).

To address the collision avoidance problem in MAPEF,
there are three mainstream approaches: (1) model-based
planning approaches (Chen et al. 2021; Zhou et al. 2019),
which plan safe trajectories based on the system dynamics;
(2) model-free methods based on safe multi-agent reinforce-
ment learning (MARL) (Gu et al. 2023; Melcer, Amato, and
Tripakis 2022), which impose safety constraints on MARL
and learn a safe neural controller through interaction with
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the environment; (3) safe certificates-based methods (Zeng
et al. 2023; Zhao et al. 2022), which use Lyapunov func-
tions or barrier functions to constrain the controller’s ac-
tions within a safe range. Among these, the third category
provides the strictest theoretical safety guarantees due to its
strong foundation in control theory and differential invari-
ants (Liu, Zhan, and Zhao 2011).

In the line of safe certificates-based methods, Control Bar-
rier Functions (CBFs) stand out due to their effectiveness
in managing dynamic systems while ensuring critical safety
constraints and maintaining boundary conditions (Cheng
et al. 2019; Zeng et al. 2023; Zhao et al. 2021). CBFs are in-
tegrated into MAPF controllers to monitor system states and
adjust control inputs, thus preventing agents from breach-
ing safety boundaries. The application of CBFs in MAPF
has led to significant innovations, from single-agent CBF-
based shields designed to correct potentially hazardous ac-
tions (Cheng et al. 2019), to multi-agent CBF tailored for co-
operative scenarios (Cai et al. 2021), decentralized CBF en-
suring scalable collision-free operations (Wang, Ames, and
Egerstedt 2017), and resilient CBF for response to the ad-
versarial agents (Usevitch and Panagou 2023).

However, implementing CBFs in MAPF presents signifi-
cant challenges, primarily due to the complexity and unpre-
dictability inherent in dynamic multi-agent environments.
Some existing work often relies on experts to manually de-
sign CBF using prior knowledge of system dynamics, a
task that becomes particularly challenging under complex
and uncertain conditions. Additionally, there is a growing
interest in employing deep learning to train CBFs, espe-
cially suited for managing nonlinear and uncertain dynam-
ics (Zeng et al. 2023; Zhao et al. 2021). However, since
the learning method is data-driven, the rigorousness of the
learned CBF resulting from zero training loss is not guar-
anteed. The inaccuracy of such learned CBFs can severely
undermine the safety guarantees for the controller, thereby
hindering the practical application of CBFs.

Our Works. In response, our study proposes a verified safe
multi-agent neural control (VSMANC), which offers two
key benefits: (1) it designs neural networks for CBFs and
controllers, and jointly learns them from agent-environment
interactions without relying on knowledge of the system dy-
namics; (2) it can formally analyze the input-output proper-
ties of the CBFs, strictly ensuring its rigorousness, thereby



enhancing the safety of the learned controller. Specifically,
first, we introduce Decentralized Control Barrier Function
(DCBF) that extends CBF to the multi-agent context, and
construct a safe control set under the worst case, which is
used to train the DCBF neural networks. Second, due to the
mutual influence between the DCBF and the controller, we
design a joint training framework. This framework uses a
unified loss function specifically designed for MAPF tasks,
considering both safety and efficiency of the path planning.
Third, we propose a formal verification-guided retraining,
which leverages formal analyzer of neural networks to ver-
ify the safety property of the DCBF neural networks, and
retrains the DCBF neural networks under the counterexam-
ples generated by the formal analyzer.

Finally, we conduct a set of comprehensive experiments
on drones. Experimental results are indeed promising. The
proposed method is highly scalable, applicable to various
agent scales while maintaining very low collision rates. This
has notably pushed the boundaries of MAPF and promoted
the adoption of multi-agent safe learning.

Contributions. We make the following contributions:

We introduce a supervised learning for jointly training
DCBF and controller, underpinned by a novel unified loss
function that enhances safety and efficiency.

We develop a formal verification-guided retraining pro-
cess to fine-tune the DCBF neural networks, thereby pro-
viding strict safety guarantees for the learned controller.
We validate our methods through rigorous experiments on
shape formation and simulations using DJI Mavic 3 Pro
UAVs in outdoor scenarios, demonstrating the effective-
ness and safety of our approach.

Related Work

Deep learning-based methods have been used in control of
multi-agent systems for long, and recently regained popular-
ity with the prosperity of multi-agent reinforcement learn-
ing equipped with deep neural networks (DNN) (Lowe et al.
2017; Zhang et al. 2021). The applications (such as MAPF)
of them are typically safety-critical and potentially mali-
cious (Amir, Sharon, and Stern 2015), thus, the safety of
learning-based control is attracting increasing attention.
Researchers are beginning to introduce Control Barrier
Functions (CBFs) into the learning-based control. CBFs, ef-
fective tools from control theory and formal methods, serve
as proofs for the satisfaction of the certain safety constraints
or boundary conditions of a system (Cheng et al. 2019;
Zhao et al. 2021; Zeng et al. 2023). (Chen, Peng, and Griz-
zle 2018) proposed a supervisory control algorithm based
CBF for low-speed vehicles, which relies on specific prob-
lem structures. Some studies focused on learning CBF from
data, i.e., using DNN to approximate CBF and using the sys-
tem’s running data to train the DNN (Boffi et al. 2020; Zhao
et al. 2021). Some studies dealt with uncertainties in the
system, including introducing martingale theory into CBF-
based control (Black et al. 2023), incorporating Gaussian
processes into CBFs (Khan, Ibuki, and Chatterjee 2021), and
combining Bayesian neural networks with CBFs (Zeng et al.
2023), among others. For guaranteeing safety in multi-agent
systems, existing studies extend the single-agent CBF into
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multi-agent CBF. (Borrmann et al. 2015) designed a CBF
for swarm with perfectly known system dynamics. (Wang,
Ames, and Egerstedt 2017) assumed a worst-case uncer-
tainty bounds, and modified the controllers to formally sat-
isfy safety constraints for provably collision-free behaviors
in multi-robot systems. (Chen et al. 2021) proposed a scal-
able decentralized controller under the CBF framework, but
its reliance on online integration of dynamics can be com-
putationally challenging for complex systems. (Cheng et al.
2020) addressed scenarios with unknown system dynamics
and adopted matrix-variate Gaussian process for learning the
robust multi-agent CBFs. (Qin et al. 2021) introduced a joint
training approach that effectively learns control policies and
multi-agent CBFs concurrently, showcasing excellent scala-
bility for a large number of agents.

Additionally, formal analysis and verification techniques
for the safety and robustness of DNNs have been pro-
posed. For example, (Jin et al. 2020) developed a PCA-based
framework to analyze DNNs generalization errors. (Lin et al.
2019) constructed a nonlinear optimization problem to as-
sess the robustness of DNNs using sigmoid activation func-
tions. Marabou is one of the most widely used tools for for-
mal analysis of DNN’s properties, supporting various types
of networks and nonlinear activation functions (Katz et al.
2019). (Athavale et al. 2024) builds on Marabou by combin-
ing self-composition to utilize existing reachability analysis
techniques and introducing a novel abstraction of the soft-
max function, suitable for automated verification. To the best
of our knowledge, our work is the first approach to incor-
porate formal verification into learning-based CBF methods
and the first to use verified CBFs to ensure controller safety.

Preliminaries and Problem Statement

This section presents the multi-agent dynamics, and intro-
duces the safe learning problem in MAPF. Throughout the
paper, R is the set of real numbers, and ||-||, is the 2-norm.

Multi-Agent Dynamics

The multi-agent system in MAPF consists of an operating
physical environment and multiple mobile agents.

Definition 1. The environment model is defined as a 5-tuple
& = (N,S,80,84,0), where: (1) N is a finite set of n
agents labeled by 1, ...,n; (2) S C R™ is the location space
of the environment where the agents exist, m is the dimen-
sionality of the locations, and 3(t) = [s1(t), ..., sn(t)] is the
Joint location of agents at time t where s;(t) € S is agent i’s
location at time t; (3) So = |J;—, Si,0 is a set of initial loca-
tions for all agents, where S; o C S is the initial location set
of agent i; (4) Sy = U, Si 4 is a set of goal locations for
all agents, where S; ; C S is the goal location set of agent
i, (5) O C S is the location space of obstacles, it satisfies
that ON Sy =0 and O NSy = 0. O

In line with other solutions (Dimarogonas and Kyri-
akopoulos 2007; Hou et al. 2021; Zeng et al. 2023), the dy-
namics for each agent is formalized as follows.

Definition 2. Given an environment &, the agent dynamics
is defined as A = (V, A, ¢, f), where: (1) V = {V1,...,V,,}



is the velocity space, and v;(t) € V; denotes the velocity
of agent i at time t; (2) A = {A,...,An} is the action
space, and a;(t) € A; denotes the acceleration of agent
i at time t; (3) ¢ € ® represents bounded noise induced
by environment, where ® C R™ is the range of noise; (4)
f=Af1, ., fnu} is a set of dynamics functions for all agents,
where agent i’s dynamics is $;(t) = fi(si(t), a;(t)). O

fi is considered in a discretization form, where continu-
ous time is divided into discrete time steps. Thus, the loca-
tion dynamics is: s;(t + 1) = s;(t) 4+ v; (t)At. The velocity
dynamics is: v; (t+1) = v;(¢) +a;(t) At+¢;(t), where At is
a tiny increment of time. s;(t+1)/v;(t+1) is the location/ve-
locity of agent ¢ at time step ¢ + 1, and ¢, () is the environ-
mental noise for agent ¢ at time step ¢. In line with other so-
lutions (Qin et al. 2021; Zhao et al. 2021; Zeng et al. 2023),
we assume that f; is unknown. Each agent only observes its
own location and those of its neighbors. Let N;(t) C N
be the set of agent i’s neighbors at time ¢t. The observa-
tion 0;(t) € R™*Ni(l is the joint locations of i’s neigh-
bors. €2; is i’s observation space. The acceleration of each
agent is controlled by the controller 7; : 1TVl 5 A,
mi(s:(t), 0:(t)) = a;(t) denotes that when agent i is at state
s;(t) and observes o;(t), it will take action a;(t).

Problem Statement

The safety constraint requires that all agents should avoid
collisions with each other and collisions to the obstacles
while moving from their initial to desired locations.

Definition 3 (Safety). For an environment £ and an agent
dynamics A, the system consisting of all agents in N is safe
if: (1) Vi € N there does not exist t > 0 s.t. s;(t) € O; (2)
for any two agents i,j € N there does not exist t > 0 s.t.
llsi(t) — s;(t)|l, < K, where K € RY is a safe distance. [

Problem 1. Given a set of agents N, a set of initial loca-
tions Sy, a set of goal locations S, the controller for each
agent in MAPF is defined as a function 7; : S*HNi®l
A;. Each controller should find a trajectory [s;(0), ..., s;(t)]
from initial to goal location, and minimize time steps as
much as possible while meeting safety constraints. O

Since the agent dynamics functions are unknown, we pa-
rameterize agent ¢’s controller as a neural network wf",
where w; denotes the weights of the neural network, and use
the data generated by the environment to train the network.

Decentralized Control Barrier Function

The concept of CBF plays an important role in safety veri-
fication of dynamics systems. To ensure the controllers for
multiple agents adhere to the safety constraints, Decentral-
ized Control Barrier Function (DCBF) was introduced (Qin
et al. 2021), which extends the CBF to multi-agent systems.

Theorem 1. Given an environment £ and an agent dynamics
A, for each agent i € N, the multi-agent dynamic system
is safe, if there exists a continuously differentiable function
h;: S xQ; - Rs.t (V(si,oi) S Si,O X Qi.hi(si,oi) > O)
/\ (V(Si,Oi) S Si,d X Qi.hi(si,oi) < 0) /\ (V(si,oi) S
{(Si,Oi)‘hi(S“Oi) > O}[,flhz(Sz,Ol) =+ )\hq(S“OZ) > O),
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where Ly, hi(s;,0;) is the Lie derivative of h;(s;, 0;) along
fi(s,a) (i.e., the inner product of f; and the gradient of h;),
Si,q is the agent i’s dangerous set, which is designed based
on the safety constraints, and A > 0 is a coefficient. Such h;
is the decentralized control barrier function for agenti. [

Verified Safe Multi-Agent Neural Control

The intuition behind our proposed learning method is that
integrating DCBF neural networks, verified through for-
mal verification, into the learning process of the neural net-
work controllers for ensuring the safety. As illustrated by
the framework in Fig.1, besides an environment (i.e., multi-
agent dynamic system) for generating the training data, the
learning framework for verified safe multi-agent controller
consists of two parts: (1) Supervised learning of DCBF
and controller, which parameterizes the DCBFs for safety
constraints and the controllers for path planning as neu-
ral networks, leverages the DCBF neural networks to con-
strain the output of the controller neural networks within
a safe range, and jointly trains them due to the coupling
relationship between the DCBF and controller. (2) For-
mal Verification-Guided Retraining, which designs a formal
verification-based process to verify DCBF neural networks
satisfies safety constraints, stopping the whole learning pro-
cess if constraints are satisfied or generating counterexam-
ples to retrain the DCBF neural networks if they are not.
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Control policy Classical control ||;
neural network (7;"") | poticy @)
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Figure 1: Our framework

Supervised Learning of DCBF and Controller

To achieve the learning objective, we construct a safe control
set for DCBFs under the worst-case scenario, design neural
networks for both the DCBFs and controllers, and create a
loss function for training these neural networks.

Safe Control Set under the Worst Case. For simplicity
of analysis, we assume that at each time step, each agent
has a probability 3 of taking the worst possible action, i.e.,
moving towards a collision with the nearest agent. Let At
be the time interval and V., be the maximum velocity.
Next, we investigate the worst-case safe distance, denoted
as Kp > K, which is the minimum required to ensure that
the agent does not collide in the worst case. In the worst



case, i.e., agent ¢ and j are heading towards each other, it
takes at least ’;‘5 K time for them to violate the safety con-

straint (i.e., ||s;(t1) — s; (t1)||2 > K). In terms of time steps,
it requires a minimum of 5 A - steps. Hence, the proba-
bility of two agents v1olat1ng the safety constraint within a

Kp—K
distance of K is at most /3 Viasa? . Given a safety threshold
Ps (i.e., the probability of an agent colliding at each time
step is less than Pg), K p must satisfy:

Kp—K

BVmaeat < 1— P, )
Based on Eq.(1), we can derive the minimum value of 3.

v Kg—K
1gh et < gl o ZB T 08 < gl P
g <lg VmazA g g
1g?
Ig

= K 2 Vi At gy ") K

where lg = log;y, 8 < 1, 1g” < 0. Let Kps
Vinaz At 1g[13_ Ps The safe constraint for two agents is rewrit-
ten as follows: for any two agents 7,7 € N, there does not
existt € [0, Tnaz] st ||si(t) — 5;(t)]], < Kps + K.

In the same way, we get the safe constraint to avoid col-
lisions with obstacles under the worst case: for all i+ € N
there does not exist t € [0, Tpaz] s.t. dis(s;(t), O) < Kps,
where dis(s;(¢), O) = mingeco [|5;(t) — s]|5.

The worst-case safe control set is designed as follows:

Ss ={(s1,...,8n) € S"|Vi € [1,n].dis(s;, O) >

Kgs \i,j € [1,n]. |s; — si|l, > Kps + K}

Leveraging the DCBF proposition (Qin et al. 2021) and
Eq.(3), the dangerous set of agent i is defined as follows:
S@d = {Si S S|dis(81’, O) < KpBs

\/ i € Ll |Isi = s;ll, < Kps + K}

3

“

The Unified Loss Function. Based on Eq.(4), we design
a unified loss function to jointly train the DCBF neural net-
works 7" and the neural network controllers hfi.

Computing the DCBF (refer to Theorem 1) requires the
Lie derivative £, h;(s;, 0;), which is computed as follows:

Ly hi(si,0:) = (Vhs) - f(si,mi(si,0:)) 5)

=V, hi- fi(5i,mi(84,0i) + Vo, hi - foi
where f, ;(3,7) = o; is the time derivative of the observa-
tion, which depends on the behavior of other agents.

Given the observed dependency of the Lie derivative on
both h; and m;, we jointly train hfi and 77", The loss func-
tion of the two neural networks consists of three parts. The
first part is the worst-case safe loss:

/;WS = Z ReLU(v; — h (8i,04))+

s;€l;
€2 Z ReLU(y2 + h?i (si,0i))+ (6)
5i€Si,d
c3 Z ReLU(y3 — Ly, hf"’(si, 0;) — )\hf"' (84,04))
5i€Sin
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where S; ), = {(si70¢)\h?"(si,oi) > 0}, and ¢y, ca, c3 are
positive coefficients. v1, v2, y3 are three small positive tol-
erances, the role of which is to increase the generalization
of hf" and 77:”, i.e., to enforce zero loss on the non-sampled
(84,0;). For the Lie derivative, we employ a discretization
approach to approximately compute it: Ly, (hi(s;,0;)) =
ﬁ (hz(sl(t + At), Oi(t + At)) — hi(Si(ﬁ), Ol(t)))

In addition to satisfying safety constraints, another objec-
tive of the controller is to plan a trajectory from the initial
location to the goal location. We introduce a classical con-
trol approach to guide the controller to the goal. Hence, the
second part is the classical control loss:

£ )= (s

“(5i,0,) L@
S;ES 2
where ufef (s;) is a classical control policy/approach (e.g.,
PID, LQR or MPC), and ¢4 > 0 is a weight coefficients.
To make the agent reach the goal as soon as possible, the

third part is the goal distance loss:

e Z 2(84,04) gi — S

fypy Szaoz)HQ ||gi_5iH2 2
where g; € S, 4 is the current goal location of agent ¢.
c1, C2, C3, C4, C5 are setto 1, 1, 1, 0.1, and 0.05, respec-
tively. v1 = 2 = 73 = 0.01. The comprehensive loss func-
tion of the neural networks for all agents is:

raoll _ Z Eyvs + Z ﬁzef + Z ﬁfoal

iEN iEN i€EN

goal
z

®)

||7T

9

Formal Verification-Guided Retraining

Theoretically, a DCBF that fully satisfies Theorem 1 can
provide strict safety guarantees for the controller’s output.
However, since the approximation of DCBF with neural net-
work is data-driven, the rigorousness of hf’i resulted from O
training loss is not guaranteed. Therefore, we enhance the
accuracy of hfi through formal verification of the neural net-
work, thereby improving safety of the controller.

Due to the limitations of existing neural network formal
analyzer, some special computations/operations in certain
neural networks cannot be directly verified, and the time
cost for verifying large-scale neural networks is very high.
To preform the verification, we distill hf using soft target
knowledge distillation (Hinton, Vinyals, and Dean 2015).
h?’i serves as the teacher network, and a Multilayer Percep-
tron (with ReLLU activation functions for each layer) as the

student network, denoted as hs;u ;- Extract (s;, 0;) data from

the episode buffer as features and use the corresponding out-

puts of he as labels to train b’ .. The loss function for

stu,i®

hsiu ; is Mean Squared Error (MSE):
1 & / 2
ghstudent — — N7 (B0 (s' of) = By, (s1,0)) T (10)
m
t=1
where (s!, o) refers to the ¢-th state and observation in the

training data, m is the number of training data points.

We verify hsmi using the Marabou (Katz et al. 2019)
under the following properties: (1) V(s,0) € S;o X



’
0; ,
stu,?

(s,0) > 0;(2)V(s,0) € Sjax Qi.hf’éw(&o) < 0;

Q;.h

3)V(s,0) € Ss x Qi.hz%u_i(s, 0) > 0.1If hiiuz fails to sat-
isfy these three properties, Marabou returns a set of coun-
terexamples {(s, 0)}. These counterexamples are used to re-

train 1%, and the loss function for retraining h%* is MSE:

h_ret 1 = O;r .t t t 2
cl :%Z<hi'(s,o)—y) (11
t=1
where (s?,0") refers to the ¢-th counterexample, m is the
number of counterexamples, y® is computed as follows: if
(st,0') € SioxQUSs x Q;, yt = C; otherwise, y' = —C,
where C > 0 is a real number.

I IController 'rfeﬁr_ai;égx}o_rki I 'DCBF 'rEix?a'l_néEx}&ki o
| 2|l =
- o 2 LE o i g

- si®) +2 g i | g - | &
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E :o C%E—-E—kq :o CZTQ_’ET}”
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Figure 2: The loss function and neural network architecture.

Implementation

Fig. 2 presents the neural network architecture of the con-
troller and the DCBF, which consists of Multilayer Percep-
tron (MLP), Convolutional Neural Network (CNN) and fully
connected layer (FC). The controller for each agent is ho-
mogeneous. Regardless of the agent, given the same loca-
tion and observation, the action taken should be identical.
Therefore, all agents share a neural network controller 7
and a DCBF neural network h?. Due to the dynamic nature
of an agent’s neighbors, using neighbors’ locations directly
as observations would result in a variable input length of
7. Inspired by grid-wise control (Han et al. 2019), we de-
sign a masking representation as follow. The observation o;
for agent ¢ is constructed by centering a r X r square grid
(where r is the field of view’s radius) around agent ¢. This
grid is transformed into the matrix opxx. A grid value at
o[i, j] is designated as 1 if it is occupied by an agent or ob-
stacle; otherwise, it’s assigned a value of 0.

Experiments

This section delineates the evaluations and addresses the fol-
lowing questions: (1) the performance (including safety, effi-
ciency and generalization capability) of different MAPF so-
lutions; (2) the ablation study of our method; (3) the practi-
cality the proposed method in the actual quadcopter drones.

Experimental Setup

Shape formation task. For the performance comparison, we
have chosen the UAV shape formation task, a classic task in
the MAPEF, as our experimental benchmark. In this task, each
drone has a unique starting location and a designated goal
location. Together, the goal locations of all drones create a
distinct pattern. We have established 200 patterns, which in-
clude English letters, combinations of multiple letters, vari-
ous geometric shapes, and so on.
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Obstacle Setting. As shown in Fig.4, we have chosen three
types of scenarios for simulation evaluation: (1) a random
map, characterized by cuboidal obstacles that are positioned
arbitrarily; (2) a cross map, wherein the spatial arrangement
of obstacles emulates a crossroads; (3) a street map, ab-
stracted from the open building dataset pertaining to Port-
land, USA (Burian et al. 2002).

Comparison Approaches and Hardware. Four compared
approaches are considered, namely (1) MDBC (Qin et al.
2021), which learns a safe controller within the constraints
of DCBF; (2) S2M2 (Chen et al. 2021), a scalable and safe
MAPEF solution that leverages mixed integer-linear program;
(3) MADDPG-safe, which incorporates the safety reward
to the reward function of MADDPG, a pioneering work on
multi-agent reinforcement learning (Lowe et al. 2017); (4)
ALF (Chu et al. 2023), an MAPF solution rooted in artifi-
cial potential fields, optimally suited for scenarios with min-
imal to no obstacles; (5) CS-MARL, a state-of-the-art safe
MARL used in autonomous driving (Zheng and Gu 2024).
All the simulation experiments are conducted on a desktop
running Ubuntu 16, powered by Intel(R) Core(TM) i7-7700
CPU@3.6GHz and an Nvidia Quadro P600 GPU.

Evaluation Criteria. For evaluating the safety, we define a
safety rate (Qin et al. 2021): % S Erer[L(si(t) & Sia)]
where I(a) is the indicator function that is 1 when a is true
or 0 otherwise, T is the termial time step, n is the number of
agents. For evaluating the efficiency, we use the running time
step from the initial takeoff of the first drone to the moment
the last drone reaches its goal location. In our experiment,
each time step simulates 0.1 seconds (At = 0.1s).

Results and Analysis

Performance. Fig.3 presents a comparative performance
analysis of the proposed VSMANC method against the
aforementioned five methods, focusing on safety rate and
running time steps across the three testing scenarios and
varying drone scales. The experimental results demonstrate
that: (1) Irrespective of variations in drone scale, our method
consistently outperforms the competing methods in both
safety rate and the efficiency (i.e., running time steps); (2)
Relative to the second best-performing method, our method
enhances the safety rate by margins ranging from 3% to 37%
and reduces the execution time steps by 16% to 30%. (3) As
the scale of drones increases, the safety rate of all methods
decreases, while the time steps increase. Compared to other
methods, the decrease in safety rate and the increase in time
steps are relatively smaller for our approach. In addition, it is
important to note that MADDPG-safe and CS-MARL strug-
gle to converge in large-scale scenarios with more than 32
drones. Therefore, for comparison, we use the policy net-
works trained with 32 drones to test with 64 drones.

We further examine the generalization capability of our
proposed method. Generalization capability refers to the
method’s performance in terms of safety rate and running
time steps when there are differences between the MAPF
environment configurations during training and testing. As
shown in Fig.5, we set the number of drones to 8 and use a
random map during training. In the testing phase, the num-
ber of drones is expanded from 4 to 1024, and the maps in-
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Figure 5: Generalization of VSMANC and MDBC.
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clude random map, cross map, and street map. Since other
methods, except for MDBC, struggle to scale beyond 64
drones and do not address generalization capability, we only
compare our method with MDBC. The experimental results
indicate that: (1) Under the same testing conditions, our
method outperforms MDBC in both safety rate and running
time steps; (2) Our method has a particular advantage in run-
ning time steps, exceeding MDBC by up to 36.5%.

Ablation Study. The key components affecting the per-
formance of VSMANC include the three parts of the unified
loss (i.e., LV5 £/ and £9°%) and the formal verification-
guided retraining. In the ablation study, we examine the
impact of each of these four components individually.
We design four variants of VSMANC (.e., V(w/o)ﬁWS ’
V(w/lo)L¢f, V(wlo)L£°%, V(w/o)VS), corresponding to
VSMANC without £"'° loss, without £7¢/ loss, without
L£9°0L 1oss, and without formal verification-guided retrain-
ing, respectively. The results in Tab.1 show that: (1) £"<
loss and formal verification-guided retraining have a signif-
icant impact on the safety rate; removing them leads to a
substantial decrease in safety rate; (2) £7¢f loss and £9°%
loss significantly affect the running time step, and £7¢/ loss
also slightly influences the safety rate; (3) Comparing VS-
MANC, V(w/0)£"?, and V(w/o)VS shows that the for-
mal verification-guided retraining greatly enhances the con-
troller’s safety, and using the retraining alone without £
loss can ensure a certain level of safety.

map  VSMANC V(w/)LWS  V(wio)Lre  V(wlo)£  V(w/o)VS
random _ 0.99, 75 0.89,79 0.97, 101 099,119 090, 76

cross 099, 87 0.87, 89 0.98, 113 098,124 090,85

steet  0.99, 74 0.88,75 0.97,98 099,117 091,72

Table 1: Ablation Study (|| = 32, the results are in the
form of “safety rate, running time step”.)

The formal verification-guided retraining not only ver-
ifies safety but also generates counterexamples for train-



ing the DCBF. We also compare the effectiveness of gen-
erating counterexamples using this method to that of ran-
dom sampling (i.e., randomly selecting input states from the
input space, where any input state that causes the DCBF
to violate safety constraints is used as a counterexample).
In Tab.2, C is the counterexample label value mentioned
in Eq.(11). A round involves generating counterexamples
using formal verification or random sampling, taking the
DCBEF and safety constraints as inputs, followed by retrain-
ing the DCBF using the generated counterexamples. Mul-
tiple rounds mean repeating this process several times. The
results in Tab. 2 show that: (1) As C increases, the safety rate
improves for both formal verification-based method and the
random sampling; as the number of rounds increases, the
safety rate also improves for both methods; (2) Under the
same C and number of rounds, the formal verification-based
method achieves a higher safety rate than the random sam-
pling, demonstrating its advantage in retraining the DCBF.

Formal verification-based Random
Round C=1 C=2 C=3 C=4|C=1 C=2 C=3 (C=4
#1 0954 0970 0991 0.994 | 0.947 0949 0951 0.956
#2 0971 0975 0993 0997 | 0950 0951 0955 0.959
#3 0983 0984 0993 0.997 | 0954 0956 0.960 0.961
#4 0988 0.995 0994 0998 | 0.962 0962 0.965 0.967
#5 0.995 0.997 0997 0998 | 0.962 0964 0.967 0.968

Table 2: The impact of the formal verification-based method
and random sampling on DCBF retraining performance.

Tab.3 presents the results of distilling the DCBF net-
work using different student networks architectures. “FC
xn” indicates that the student network has n FC layers, and
“k1+...+ky,” represent the number of neurons in each layer.
We measure the similarity between the student network and
the original network: by randomly selecting 100 states from
the input space, we record whether the safety constraints are
violated in both the student and original networks, thereby
obtaining the true positives (TP, cases where both the student
and original networks violate safety constraints), false posi-
tives, true negatives, and false negatives, and then calculate
the F1 score. The results in Tab.3 reveal that: (1) Increasing
the complexity of the student network does not necessarily
improve the F1 score; the best F1 score is achieved when the
student network is set to FC x2 (64+32). (2) The F1 score
and safety rate are positively correlated; a higher F1 score
leads to a higher safety rate of the controller.

FCx1 FCx1 FCx2 FCx2 FCx2 FCx2
64 128 16 +8 32+ 16 64 +32 128+ 64
0.25,0.94 0.22,0.92 0.33,095 0.54,097 0.69,099 0.31,0.94
FCx3 FCx3 FCx4 FCx4
324+16+8 644128464 32+16+8+4 32+32+8+38
0.59,0.97 0.22,0.92 0.30,0.94 0.29,0.94
FCx4 FCx5 FCx5
32+16+8+4 32+16+8+4+2 128+64+32+32+8
0.37,0.95 0.51,0.96 0.41,0.96

Table 3: The performance of the DCBF neural network after
distillation using different architectures (The results are in
the form of “F1 score, safety rate”).
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ALF CS-MARL
0.45 0.80

Approach  VSMANC MDBC S2M2 MADDPG-safe
Proportion 1.00 0.90 0.85 0.70

Table 4: Proportion of safe trajectories in the outdoor simu-
lation experiment, calculated as the number of collision-free
episodes divided by the total number of episodes (20 trials).

Practicality. Fig.6 presents the outdoor simulation, where
the blue rectangles are the goal locations for the drones, the
red rectangles signify the drones themselves, and the yel-
low lines trace their flight paths generated by VSMANC.
Fig.6(b) depicts the evasive maneuvers undertaken by two
drones upon encountering each other at location s. In the
experiment, we set the condition that once a collision oc-
curs, the episode is terminated. The results in Tab.4 show
that VSMANC demonstrates very high safety in real-world
scenarios, with no collisions occurring in any of the 20 trials,
whereas other methods experienced multiple collisions.

(b) The case of two drones
avoiding each other

(a) Top view of the
outdoor simulation

Figure 6: Outdoor simulation (|N| = 10).

Limitations and Future Work

Aiming at the safety concerns in the Multi-Agent Path Find-
ing (MAPF), we propose a verified safe multi-agent neural
control approach that augments the Decentralized Control
Barrier Functions (DCBFs) and the formal verification to
guarantee the safety of the agents’ paths, and design a uni-
fied loss function for concurrently training both the DCBFs
and controllers. The performance and practicality of the pro-
posed method are validated through simulation experiments.

Despite these advancements, there are some limitations in
the proposed method. (1) Our learning framework is based
on supervised learning, requiring standard control policies
and heuristic path-finding rules for guidance. (2) The formal
verification-guided method uses distillation to enable DCBF
neural network verification, but this may result in some loss
of rigorousness, and could potentially weaken the safety
guarantees for the controller. (3) The UAV simulations em-
ploy double-integrator dynamics, a basic model that may not
fully capture the potential of our learning approach in more
sophisticated scenarios. To address these limitations, in fu-
ture work, we plan to: (1) incorporate multi-agent reinforce-
ment learning to refine learning capabilities; (2) introduce
theoretically grounded abstraction or approximation tech-
niques from formal methods to simplify the DCBF neural
network, facilitating the verification of its properties; (3) ap-
ply our method to more complex MAPF scenarios (e.g., with
nonlinear agent dynamics and dynamically changing objec-
tives) to thoroughly assess the effectiveness of our approach.
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