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Abstract
The centralized training for decentralized execution paradigm
emerged as the state-of-the-art approach to ϵ-optimally solv-
ing decentralized partially observable Markov decision pro-
cesses. However, scalability remains a significant issue. This
paper presents a novel and more scalable alternative, namely
the sequential-move centralized training for decentralized ex-
ecution. This paradigm further pushes the applicability of the
Bellman’s principle of optimality, raising three new proper-
ties. First, it allows a central planner to reason upon suffi-
cient sequential-move statistics instead of prior simultaneous-
move ones. Next, it proves that ϵ-optimal value functions
are piecewise linear and convex in such sufficient sequential-
move statistics. Finally, it drops the complexity of the backup
operators from double exponential to polynomial at the ex-
pense of longer planning horizons. Besides, it makes it easy
to use single-agent methods, e.g., SARSA algorithm en-
hanced with these findings, while still preserving conver-
gence guarantees. Experiments on two- as well as many-agent
domains from the literature against ϵ-optimal simultaneous-
move solvers confirm the superiority of our novel approach.
This paradigm opens the door for efficient planning and rein-
forcement learning methods for multi-agent systems.

1 Introduction
The problem of designing a system with multiple agents that
cooperate to control a hidden Markov chain is of interest in
artificial intelligence, optimal decentralized and stochastic
control, and game theory (Yoshikawa and Kobayashi 1978;
Radner 1962; Ooi and Wornell 1996; Bernstein et al. 2002;
Shoham and Leyton-Brown 2008). Simultaneous-move de-
centralized partially observable Markov decision processes
(Dec-POMDPs) emerged as the standard framework for for-
malizing and solving such problems when agents act si-
multaneously. Given the growth of multi-agent intelligence
systems, e.g., online interactive services, the Internet of
Things, and intelligent transportation systems, the impor-
tance of scalable multi-agent solutions is clear. It also high-
lights the impetus for methods with theoretical guarantees to
find safe and secure solutions. However, as the situation cur-
rently stands, ϵ-optimally solving Dec-POMDPs is widely
believed to be out of reach: finite-horizon cases are NEXP-
hard, infinite-horizon cases are undecidable (Bernstein et al.
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2002), and approximations remain intractable (Rabinovich,
Goldman, and Rosenschein 2003).

There are two distinct but interdependent explanations
for the limited scalability of existing algorithms. The more
widely known reason is that agents in such a setting can nei-
ther see the state of the world nor explicitly communicate
with one another due to communication costs, latency, or
noise. However, what one agent sees and does directly af-
fects what the others see and do. That silent coordination
problem makes it hard to define a right notion of state neces-
sary to apply dynamic programming theory (Hansen, Bern-
stein, and Zilberstein 2004). A standard solution method
suggests reducing the original multi-agent problem into a
single-agent one, which is then solved using single-agent
algorithms based on recent advances in Markov decision
processes. This simultaneous-move centralized training for
decentralized execution paradigm applies successfully to
planning (Szer, Charpillet, and Zilberstein 2005; Oliehoek,
Spaan, and Vlassis 2008; Oliehoek et al. 2013; Dibangoye
et al. 2016; Sokota et al. 2021) and reinforcement learn-
ing (Foerster et al. 2018; Rashid et al. 2018; Bono et al.
2018; Dibangoye and Buffet 2018). The less well-known
reason for the poor scaling behavior is the requirement of
current methods for simultaneous-move decision-making.
In such methods, the simultaneous-move greedy selection
of joint decision rules, i.e., simultaneous-move Bellman’s
backup, is performed collectively for agents—all at once.
Unfortunately, this decision entanglement problem is dou-
ble exponential with agents and time, rendering even a sin-
gle simultaneous-move Bellman’s backup prohibitively ex-
pensive when facing realistic problems with long planning
horizons—let alone finding an optimal solution.

In contrast, this paper builds upon the assumption that
decision rules to be executed simultaneously can nonethe-
less be selected sequentially. A paradigm we refer to as
sequential-move centralized training for simultaneous-move
decentralized execution. This paradigm pushes further the
applicability of Bellman’s principle of optimality so that
a central planner can still select joint decision rules, but
now one private decision rule at a time. Doing so disen-
tangles the decision variables with mutual influence and
raises three new properties. First, it allows a sequential-
move central planner to reason upon sufficient sequential-
move statistics instead of prior simultaneous-move ones.
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Next, it proves that ϵ-optimal value functions are still piece-
wise linear and convex in sufficient sequential-move statis-
tics. Finally, it drops the complexity of Bellman’s backups
from double exponential to polynomial at the expense of
longer planning horizons. We show that a SARSA algo-
rithm enhanced by these findings applies while preserving
its convergence guarantees. Experiments conducted in stan-
dard two- and multi-agent domains from existing literature,
particularly against ϵ-optimal solvers such as feature-based
heuristic search value iteration and local methods (Tan 1993;
Konda and Tsitsiklis 1999), demonstrate the clear advan-
tages of our sequential-move variant of the oSARSA algo-
rithm (Dibangoye and Buffet 2018).

This remainder of this paper is organized as follows.
Section 2 examines the dominant paradigm for optimally
solving simultaneous-move Dec-POMDPs: simultaneous-
move centralized training for decentralized execution. Al-
though this paradigm has demonstrated efficiency in small
to medium-sized teams of cooperative agents, it faces scala-
bility issues when applied to larger teams. In Section 3, we
advocate for a paradigm shift from simultaneous-move to
sequential-move centralized training for decentralized exe-
cution. We establish that simultaneous-move Dec-POMDPs
can be reduced to sequential-move ones, enabling knowl-
edge transfer from the former to the latter. Section 4 illus-
trates that all existing structural results from the dominant
paradigm are transferable to this new approach. However,
this shift also uncovers an exponential drop in the com-
plexity of backup operators. Finally, Section 5 adapts the
oSARSA algorithm from the original paradigm to the new
framework. The experiments in Section 6 provide substan-
tial evidence for the superiority of the proposed paradigm.

2 Simultaneous-Move Central Planning
This section presents an overview of the dominant paradigm
for solving cooperative multi-agent problems: simultaneous-
move centralized training for decentralized control. We
start by distinguishing between the multi-agent and single-
agent formulations of simultaneous-move Dec-POMDPs.
The multi-agent framework, while being the original de-
sign, faces significant challenges in dynamic programming
applications. In contrast, the single-agent formulation en-
ables a central planner to orchestrate the actions of all agents
concurrently, thereby illustrating simultaneous-move cen-
tralized training for decentralized control. This paradigm
leverages single-agent theories and algorithms and has
emerged as the dominant approach for (optimally) solving
simultaneous-move Dec-POMDPs.

2.1 Simultaneous-Move Multi-Agent Formulation
Definition 1. A n-agent simultaneous-move Dec-POMDP
is given by tuple M .

= (X, U, Z, p, r). , where: X is a finite set
of states, denoted x or y; U .

= U1 × · · · × Un is a finite set of
actions, denoted u = (u1, · · · , un); Z .

= Z1 × · · · × Zn is a
finite set of observations, denoted z = (z1, · · · , zn); p is the
transition function that specifies the probability pu,zx,y of the
process state being y and having observation z after taking
action u in state x; and r is the reward function specifying
the reward rx,u received after taking action u in state x.

Throughout the paper, we make the following assump-
tions: (1) rewards are two-side bounded, i.e., there exists
some c > 0, such that ∥r·,·∥∞ ≤ c; and planning hori-
zon ℓ is finite. This is commonly achieved in infinite-horizon
problems with a discount factor γ ∈ [0, 1) by searching
for an ϵ-optimal solution (for some ϵ > 0) and setting
ℓ = ⌈logγ (1− γ)ϵ/c⌉. Optimally solving M aims at finding
(simultaneous-move) joint policy ξ = (a10:ℓ−1, · · · , an0:ℓ−1),
i.e., an n-tuple of sequences of private decision rules, one
sequence of private decision rules ai0:ℓ−1 = (ai0, . . . , a

i
ℓ−1)

for each agent i. An optimal joint policy maximizes the ex-
pected γ-discounted cumulative reward starting from initial
state distribution b0 onward. This value can be expressed as:

υξ
M,γ,0(b0)

.
= E{

∑ℓ−1
t=0 γtrxt,ut | b0, ξ}.

Let N≤m
.
= {0, 1, . . . ,m} and N∗

≤m
.
= N≤m\{0}. For each

agent i ∈ N∗
≤n, private decision rule ait : o

i
t 7→ uit depends

on t-th private history oit
.
= (ui0:t−1, z

i
1:t), with 0-th private

history being oi0
.
= ∅. At each step t ∈ N≤ℓ−1, we denote Oit

and Ait the finite set of agent i’ t-th private histories oit ∈ Oit
and decision rules ait ∈ Ait, respectively.

Optimally solving M using dynamic programming theory
in its simultaneous-move multi-agent formulation is non-
trivial, since it is not clear how to define a right notion of
state (Hansen, Bernstein, and Zilberstein 2004). To better
understand this, notice that every agent acts simultaneously,
but can neither see the actual state of the world nor explic-
itly communicate its actions and observations with others.
At the same time, what one agent sees and does directly af-
fects what the others see and do, which explains the mutual
influence of all decision variables at = (a1t , · · · , ant ) at each
time step t ∈ N≤ℓ−1, i.e., a mapping called t-th joint deci-
sion rule at : ot 7→ ut from joint histories ot

.
= (o1t , . . . , o

n
t )

to joint actions. At each step t ∈ N≤ℓ−1, we denote Ot and At
the finite set of t-th joint histories ot ∈ Ot and joint decision
rules at ∈ At, respectively.

The motivation for a single-agent reformulation is two-
fold. The primary reason is that it allows us to reason simul-
taneously about all mutually dependent decision variables
at = (a1t , · · · , ant ), i.e., a t-th joint decision rule. Besides,
the single-agent reformulation eases the transfer of theory
and algorithms from single- to multi-agent systems.

2.2 Single-Agent Reformulation
This equivalent single-agent reformulation aims at recast-
ing M from the perspective of an offline simultaneous-move
central planner. At every step, this planner simultaneously
acts on behalf of all agents, taking a joint decision rule, but
receives no feedback in the worst-case scenario. A statis-
tic of the history of selected joint decision rules a0:t−1 =
(a0, . . . , at−1), i.e., t-th simultaneous-move occupancy state
st

.
= (Pr{xt, ot | b0, a0:t−1})xt∈X,ot∈Ot , is a conditional

probability distribution over states and t-th joint histories. It
describes a non-observable and deterministic Markov deci-
sion process, namely a simultaneous-move occupancy-state
MDP (oMDP) (Dibangoye et al. 2016).
Definition 2. A simultaneous-move oMDP w.r.t. M is given
by a tuple M′

.
= (S, A, T, R), where S = ∪t∈N≤ℓ−1

St is a
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collection of simultaneous-move occupancy states, denoted
st ∈ St; A is the space of actions describing joint decision
rules; T : S × A → S is the deterministic transition rule,
where next occupancy state is given by st+1

.
= T(st, at),

st+1 : (y, (o, u, z)) 7→
∑

x∈X st(x, o) · p
at(o),z
x,y ,

and R : S×A→ R describes the linear reward function—i.e.,

R : (st, at) 7→
∑

x∈X
∑

o∈Ot st(x, o) · rx,at(o).

Optimally solving M′ aims at finding a simultaneous-move
joint policy ξ via an optimal value function (υ∗

M′,γ,t)t∈N≤ℓ
,

i.e., mappings from states to reals, υ∗
M′,γ,t(st)

.
=

maxat:ℓ−1∈At:ℓ−1
υ
at:ℓ−1

M′,γ,t (st), and solution of Bellman’s op-
timality equations, i.e.,

υ∗
M′,γ,t(st) = maxat∈At q∗M′,γ,t(st, at), (1)

q∗M′,γ,t(st, at)
.
= R(st, at) + γυ∗

M′,γ,t+1(T(st, at)), (2)

with boundary condition υ∗
M′,γ,ℓ(·) = q∗M′,γ,ℓ(·, ·) = 0. One

can greedily select an optimal joint policy given the opti-
mal value function. Unfortunately, solving Bellman’s opti-
mality equations (1) is not trivial since simultaneous-move
occupancy-state space S grows exponentially with time and
number of agents. Instead, Dibangoye et al. (2016) build on
the piecewise linearity and convexity in the simultaneous-
move occupancy-state space of the ϵ-optimal value function.
Also, they introduced simultaneous-move backup operators
that can circumvent the exhaustive enumeration of all joint
decision rules using mixed-integer linear programs. They
provided equivalence relations among private histories to
enhance value generalization. Altogether, these operations
made it possible to use single-agent algorithms, e.g., oS-
ARSA (Dibangoye and Buffet 2018) and point-based value
iteration (Dibangoye et al. 2016) algorithms, to solve Mwhile
preserving the convergence guarantees. However, scalabil-
ity remains a major issue. The following lemma suggests
there is room for greater scalability by breaking down the
decision-making process one step and one agent at a time.
Lemma 1. [Proof in Appendix C.1] Let σ : N∗

≤n 7→ N∗
≤n

be a permutation over agents. Bellman’s optimality equa-
tions (1) can be re-written in sequential form with no loss in
optimality, i.e., for all t ∈ N≤ℓ and any t-th simultaneous-
move occupancy state st,

υ∗
M′,γ,t(st) = max

a
σ(1)
t ∈Aσ(1)

t

· · · max
a
σ(n)
t ∈Aσ(n)

t

q∗M′,γ,t(st, at).

The main issue with the dominant paradigm is the neces-
sity for simultaneous decision-making rather than the dou-
ble exponential growth of joint policies over time and the
number of agents. If simultaneous planning is conducted,
then backups are performed collectively for all agents, all at
once. In the much larger problems that are our long-term
objective, the double exponential growth of joint policies
would render even a single simultaneous-move backup, cf.
Bellman’s optimality equations (1), prohibitively expensive.
Instead, Lemma 1 suggests that planning can take place in
an offline sequential central manner while preserving op-
timality, even though agents (online) execute actions in a

decentralized and simultaneous fashion. Doing so will dis-
entangle the decision variables. Even more importantly, it
will make it possible to implement efficient basic opera-
tions, e.g., occupancy-state estimation, value generalization,
and backup, of exact single-agent algorithms. The follow-
ing section introduces the sequential-move central planner
approach to optimally solving Dec-POMDPs, assuming for
the sake of clarity that the permutation over agents σ is fixed
throughout the planning process. We shall demonstrate the
sequential-move centralized training for decentralized exe-
cution paradigm opens the doors for more scalable single-
agent algorithms to apply to multi-agent problems.

3 Sequential-Move Central Planning
This section presents an alternative paradigm to (optimally)
solving simultaneous-move Dec-POMDPs aimed at over-
coming the limitations inherent to the dominant approach.
We will establish that simultaneous-move Dec-POMDPs re-
duce to sequential-move Dec-POMDPs. This reduction en-
ables us to apply techniques designed for sequential-move
settings to their simultaneous counterparts, thereby intro-
ducing the sequential-move centralized training for decen-
tralized control. For clarity, we will distinguish between
multi-agent and single-agent formulations of sequential-
move Dec-POMDPs, while also establishing their equiva-
lence, which enables the transfer of theories and algorithms
from single-agent to sequential-move multi-agent scenarios.

3.1 Sequential-Move Multi-Agent Formulation
This subsection starts with a fairly general definition of n-
agent sequential-move Dec-POMDPs. Theorem 1 provides
the formal proof that one can convert any simultaneous-
move Dec-POMDP into an equivalent sequential-move one,
allowing us to solve the former using the latter.

Definition 3. A n-agent sequential-move Dec-POMDP is
given by a tuple M

.
= (X,U,Z, ρ, p, r, ℓ′), where: X is a

finite set of states, denoted x or y; U(τ) is a finite set of in-
dividual actions available to any arbitrary agent at decision
epoch τ , denoted u; Zi is a finite set of individual observa-
tions of agent i, denoted zi, with Z

.
= Z1 × Z2 × · · · × Zn

and z
.
= (z1, · · · , zn); ρ : N≤ℓ′−1 → N∗

≤n is the agent func-
tion1, which assigns to each decision epoch τ ∈ N≤ℓ′−1 an
agent i ∈ N∗

≤n who chooses an action at that step; puzxy(τ)
is the τ -th dynamics function that specifies the probability
of the state being y and having observation z after taking
action u in state x; rx,u(τ) is the τ -th reward function that
specifies the reward received after agent ρ(τ) takes action u
in state x; and ℓ′ is the planning horizon.

In sequential-move multi-agent formulation M , agents
may start with noisy information regarding the state of the
world, specified by the initial state distribution b0. At each
decision epoch τ , the world is in some state xτ . Agent ρ(τ)
chooses any action uτ available in action space U(τ). Upon

1It is worth noticing that agent function ρ prescribes
(H1, . . . , Hn), with Hi being the set of points in time agent i takes
actions, so that ∩i∈N∗

≤n
Hi = ∅, with ∪i∈N∗

≤n
Hi = N≤ℓ′−1.

23278



the execution of action uτ in state xτ , the world immedi-
ately responds with the corresponding reward rxτ ,uτ (τ). It
further responds at the subsequent decision epoch by ran-
domly moving into a new state xτ+1 and provides each
agent i with sequential observation ziτ+1, according to the
dynamics function p

uτ ,zτ+1
xτ ,xτ+1(τ). The process repeats itera-

tively until the planning horizon is exhausted. Optimally
solving M aims at finding sequential-move joint policy π,
i.e., a sequence of private decision rules, π .

= (aτ )τ∈N≤ℓ′−1
,

which maximizes the expected cumulative γ-discounted re-
ward starting from initial state distribution b0 onward, i.e.,

υπ
M,λ,0(b0)

.
= E{

∑ℓ′−1
τ=0 λ(τ) · rxτ ,uτ

(τ) | b0, π}, (3)

where λ : N≤ℓ′−1 → (0, 1) is the discount function. At
every decision epoch τ , agent i = ρ(τ) acts upon pri-
vate decision rule aτ : o

i
τ 7→ uτ , which depends on se-

quential private histories. Sequential private histories are de-
fined as oiτ+1 = (oiτ , uτ , z

i
τ+1) if agent i = ρ(τ); and

oiτ+1 = (oiτ , z
i
τ+1) otherwise, with initial sequential private

history being oi0
.
= ∅. At each step τ ∈ N≤ℓ′−1, we denote

Oi
τ and Aτ the finite set of agent i’s τ -th private histories

oiτ ∈ Oi
τ and decision rules aτ ∈ Aτ , respectively.

Upon executing a sequential joint policy, agents collec-
tively build a sequential joint history satisfying the follow-
ing recursive formula: oτ+1 = (oτ , uτ , zτ+1). At each step
τ ∈ N≤ℓ′−1, we denote Oτ the finite set of sequential joint
histories oτ ∈ Oτ . Furthermore, each sequential joint his-
tory oτ includes the sequential private history oiτ of each
agent i. We denote the sequential private policy of agent i
extracted from sequential joint policy π as πi .

= (aτ )τ∈Hi .
Perhaps surprisingly, we establish that one can always con-
vert any simultaneous-move Dec-POMDP into a sequential-
move one with no loss in optimality.
Theorem 1. [Proof in Appendix C.2] For every
simultaneous-move Dec-POMDP M, there exists a corre-
sponding sequential-move Dec-POMDP M along with the
appropriate performance criterion (3), whose optimal solu-
tion is also optimal for M.

Theorem 1 establishes that any simultaneous-move Dec-
POMDP can be solved as a sequential-move Dec-POMDP.
One can similarly recast any simultaneous-move Dec-
POMDP into an extensive-form game (Kovařı́k et al. 2022).
The main similarity is that both transformations allow the se-
quencing of decision-making one agent at a time. Yet, these
transformations remain fundamentally different, mainly as
sequential-move Dec-POMDPs make applying theory and
algorithms derived from Markov decision processes easy.

3.2 Sequential-Move Single-Agent Reformulation
In the remainder, we assume a sequential central planner
who knows model M and selects what to do on behalf of all
agents. Even though agents act and receive feedback about
the state of the world simultaneously, as in M, our sequential
central planner can select the simultaneous private decision
rule of one agent at a time by relying on the equivalent model
M . To this end, it essentially traverses the space of joint
decision rules by performing expansions of joint decision

rules, one private decision rule, or one agent, at a time. This
sequential expansion is illustrated in Figure 1, cf. Appendix.
The selection of a private decision rule of an agent depends
on the choice of private decision rules from previous points
in time and the initial belief state about the process. We call
sequential exhaustive data the overall data available to the
sequential central planner at each sequential decision epoch.
Definition 4. For all sequential decision epoch τ ∈ N≤ℓ′−1,
sequential exhaustive data ιτ

.
= (b0, a0:τ−1).

Sequential exhaustive data satisfy recursion ιτ+1 =
(ιτ , aτ ), with boundary condition ι0

.
= (b0). It is worth

noticing that variables (ιτ )τ∈N≤ℓ′−1
taking values in sequen-

tial exhaustive data set SSS define a sequential-move data-
driven Markov decision processMMM . In such a process, states
are sequential exhaustive data and actions are private deci-
sion rules, as illustrated in the influence diagram in Figure
1, cf. Appendix. This process is deterministic since the next
sequential exhaustive data is given by concatenating the pre-
vious one ιτ along with the sequential action choice aτ , i.e.,
ppp : (ιτ , aτ ) 7→ ιτ+1. Furthermore, upon taking sequential
action aτ at sequential exhaustive data ιτ , the expected re-
ward is rrr : (ιτ , aτ ) 7→ E{λ(τ) · rxτ ,uτ

(τ) | ιτ , aτ}.
Definition 5. A sequential-move data-driven Markov deci-
sion process w.r.t. M is given by MMM

.
= ⟨SSS,A,ppp,rrr⟩ where:

SSS
.
= ∪τ∈N≤ℓ′−1

SSSτ defines the state space, where SSSτ is the
set of all sequential exhaustive data at sequential decision
epoch τ ∈ N≤ℓ′−1; A .

= ∪τ∈N≤ℓ′−1
Aτ denotes the action

space, where Aτ is the action space available at sequential
decision epoch τ ∈ N≤ℓ′−1; ppp : SSS × A → SSS prescribes the
next state ιτ+1 = ppp(ιτ , aτ ) after taking action aτ at state
ιτ ; rrr : SSS ×A→ R specifies the immediate reward rrr(ιτ , aτ )
upon taking action aτ in state ιτ ; and ι0

.
= (b0).

Similarly to M , optimally solving MMM aims at finding se-
quential joint policy π, which maximizes the cumulative γ-
discounted reward starting from ι0 onward, and given by
υπ
MMM,γ,0(ι0)

.
= E{

∑ℓ′−1
τ=0 rrr(ιτ , aτ ) | ι0, π}. Building upon

theory and algorithms for MDPs, one can extract an optimal
sequential joint policy π∗ from the solution of Bellman’s op-
timality equations, i.e.,

υ∗
MMM,λ,τ (ιτ ) = maxaτ∈Aτ

q∗MMM,λ,τ (ιτ , aτ )

q∗MMM,λ,τ (ιτ , aτ ) = rrr(ιτ , aτ ) + υ∗
MMM,λ,τ+1(ppp(ιτ , aτ ))

with boundary condition υ∗
MMM,λ,ℓ′(·) = q∗MMM,λ,ℓ′(·, ·)

.
= 0. To

transfer knowledge from sequential-move data-driven MDP
MMM to corresponding sequential-move Dec-POMDP M , it
will prove useful to show MMM and M are equivalent.
Lemma 2. [Proof in Appendix C.3] If we let MMM be a
sequential-move data-driven MDP w.r.t. original problem
M , then any optimal sequential joint policy π∗

MMM for MMM is
also an optimal solution for M .
MMM differs from M in that the search space of MMM is made

explicit, i.e., a state in MMM (or a sequential exhaustive data)
is a point in the search space. Consequently, space SSS is too
large to be generated and stored in memory. It is not use-
ful to remember all the states the sequential central plan-
ner experienced. Instead, one can rely on more concise rep-
resentations, often referred to as statistics. Analogously to
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Dibangoye et al. (2016), we introduce a statistic that summa-
rizes the sequential exhaustive data, and name that statistic
sequential-move occupancy state (SOC).
Definition 6. A SOC sτ ∈ △(X ×Oτ ) at step τ ∈ N≤ℓ′−1

is defined as a posterior probability distribution of hidden
states and sequential joint histories given sequential exhaus-
tive data ιτ , i.e., sτ : (xτ , oτ ) 7→ Pr{xτ , oτ |ιτ}.

Previously, Dibangoye et al. (2016) introduced the con-
cept of (simultaneous-move) occupancy state to select a si-
multaneous joint decision rule on behalf of all agents, all at
once. Instead, SOCs make it possible to select a private de-
cision rule for each agent, one agent at a time. However, not
all statistics can replace the sequential exhaustive data while
preserving the ability to find an optimal solution. Statis-
tics that exhibit such property include sufficient statistics
of sequential exhaustive data for optimal decision-making
in sequential-move Dec-POMDP M . Before further proving
the sufficiency of SOCs, we start with two simple yet impor-
tant preliminary lemmas.
Lemma 3. [Proof in Appendix C.4] SOCs (sτ )τ∈N≤ℓ′−1

describe a Markov process. In other words, there exists
T : (sτ , aτ ) 7→ sτ+1, i.e., for every state-history pair θ =
(xτ+1, ⟨oτ , uτ , zτ+1⟩),

sτ+1(θ) =
∑

xτ∈X p
aτ (o

ρ(τ)
τ ),zτ+1

xτ ,xτ+1 (τ) · sτ (xτ , oτ ).

Lemma 3 describes the transition rule of a continuous-
state deterministic Markov decision process M ′, in which
states and actions are SOCs and private decision rules, re-
spectively. Next, we define the expected immediate reward
model of M ′ that SOCs and private decision rules induce.
Lemma 4. [Proof in Appendix C.5] SOCs (sτ )τ∈N≤ℓ′−1

are sufficient statistics of sequential exhaustive data
(ιτ )τ∈N≤ℓ′−1

for estimating expected immediate reward. In
other words, there exists a mapping R : (sτ , aτ ) 7→ E{λ(τ)·
rxτ ,uτ

(τ) | sτ , aτ} such that for every sequential exhaustive
data ιτ , corresponding SOC sτ , and any private decision
rule aτ , we have:

R(sτ , aτ )
.
= rrr(ιτ , aτ ).

We are now ready to define sequential-move occupancy
Markov decision process (soMDP) M ′ the Markov decision
process that SOCs describe via dynamics and reward models
T (cf. Lemma 3) and R (cf. Lemma 4), respectively.
Definition 7. A soMDP w.r.t. M is given by a tuple M ′ .

=
(S,A, T,R, ℓ′) where: S ⊂ △(X×O) is the space of SOCs;
A is as in M ; T : S × A → S is the transition rule; and
R : S ×A→ R is the immediate reward model.

The goal of soMDP M ′ is to find an optimal sequential
joint policy π which maximizes the cumulative γ-discounted
reward starting from s0 onward, i.e., υπ

M ′,λ,0(s0)
.
=

E{
∑ℓ′−1

τ=0 R(sτ , aτ ) | s0, π}. The optimal state- and action-
value functions (υ∗

M ′,λ,τ , q
∗
M ′,λ,τ )τ∈N≤ℓ′−1

of M ′ are solu-
tions of Bellman’s optimality equations: for every sτ ∈ S,

υ∗
M ′,λ,τ (sτ ) = maxaτ∈Aτ

q∗M ′,λ,τ (sτ , aτ ),

q∗M ′,λ,τ (sτ , aτ ) = R(sτ , aτ ) + υ∗
M ′,λ,τ+1(T (sτ , aτ )),

with boundary condition υ∗
M ′,λ,ℓ′(·) = q∗M,λ,ℓ′(·, ·)

.
=

0. Given the optimal value functions, one can ex-
tract an optimal sequential joint policy π∗ as fol-
lows: for every decision epoch τ ∈ N≤ℓ, and SOC
s∗τ

.
= (Pr{xτ , oτ |s0, π∗})xτ∈X,oτ∈O, we have a∗τ =

arg maxaτ∈Aτ
q∗M ′,λ,τ (s

∗
τ , aτ ). Interestingly, an optimal se-

quential joint policy for soMDP M ′ is also an optimal joint
policy for the original sequential-move Dec-POMDP M .

Theorem 2. [Proof in Appendix C.6] Let M be a
sequential-move Dec-POMDP. Let MMM be a sequential-move
data-driven MDP w.r.t. M . SOCs (sτ )τ∈N≤ℓ′−1

are statis-
tics sufficient to replace the sequential exhaustive data
(ιτ )τ∈N≤ℓ′−1

via soMDP M ′ w.r.t. M while still preserving
the ability to optimally solve MMM (resp. M ).

Theorem 2 demonstrates that—by optimally solving any
problem M ′, MMM or M along with the appropriate perfor-
mance criteria—we are guaranteed to find an optimal solu-
tion for the others.

4 Exploiting Structural Results
The previous section shows that—to solve simultaneous-
move Dec-POMDP M—one can equivalently solve
the corresponding soMDP M ′. This section shows
optimal sequential state- and action-value functions
(υ∗

M ′,λ,τ , q
∗
M ′,λ,τ )τ∈N≤ℓ′−1

for M ′ are piecewise linear and
convex functions of states and actions in M ′. These con-
vexity properties enable us to generalize values experienced
in a few states and actions over the entire state and action
spaces. Doing so speeds up convergence towards an optimal
solution for M ′ (respectively, M ). Similar properties exist
for simultaneous-move Dec-POMDPs as well. However,
maintaining sequential action-value functions will prove
more tractable—i.e., point-based simultaneous-move back-
ups are double exponential, whereas sequential-move ones
exhibit only polynomial-time complexity in the worst case.

Before we state one of the main results of this paper—
the piecewise linearity and convexity of optimal sequen-
tial state- and action-value functions over state and ac-
tion spaces—we introduce the following preliminary def-
inition of sequential state-action occupancy measures and
related properties. Let ŝτ and âτ be extended variants of
SOCs sτ and private decision rules aτ , respectively. In other
words, for SOC sτ and private decision rule aτ , we have
ŝτ : (xτ , oτ , uτ ) 7→ sτ (xτ , oτ ) and âτ : (xτ , oτ , uτ ) 7→
Pr{uτ |aτ , oρ(τ)τ }. We denote Ŝ and Â the extended spaces
of SOCs and private decision rules, respectively. We further
let Ŝ ⊙ Â be the space of all Hadamard products ŝτ ⊙ âτ
between extended SOC ŝτ and private decision rule âτ ,
that is sequential state-action occupancy measure, where
[ŝτ ⊙ âτ ](xτ , oτ , uτ ) = ŝτ (xτ , oτ , uτ ) · âτ (xτ , oτ , uτ ).

Theorem 3. [Proof in Appendix D.5] For any soMDP M ′,
optimal state-value functions υ∗

M ′,λ,0:ℓ′ are piecewise lin-
ear and convex w.r.t. SOCs. Furthermore, optimal action-
value functions q∗M ′,λ,0:ℓ′ are also piecewise linear and con-
vex w.r.t. sequential state-action occupancy measures.
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Theorem 3 proved the optimal state-value function for M ′

is piecewise linear and convex. We now introduce a practi-
cal representation of piecewise linear and convex optimal
state- and action-value functions υ∗

M ′,λ,0:ℓ′ and q∗M ′,λ,0:ℓ′ ,
respectively. We show they can be represented as the upper
envelope of a finite collection of linear functions. Such a rep-
resentation, suitable only for lower-bound state- and action-
value functions, is referred to as the max-plane representa-
tion (Smith 2007). In addition, we describe operations for
initializing, updating and selecting greedy decisions.
Corollary 1. [Proof in Appendix F.1] For any soMDP
M ′, let υ∗

M ′,λ,0:ℓ′ be the optimal state-value functions w.r.t.
SOCs. Then, for every τ ∈ N≤ℓ′−1, there exists a finite col-
lection of linear functions w.r.t. SOCs, Vτ

.
= {α(κ)

τ : κ ∈
N≤k} such that:

υ∗
M ′,λ,τ : sτ 7→ max

α
(κ)
τ ∈Vτ

⟨sτ , α(κ)
τ ⟩

where ⟨·, ·⟩ denotes the inner product.
Next, it will prove useful to define a constant private de-

cision rule auτ
τ (·) = uτ , which prescribes uτ for any private

history, and the action-value linear function β
(κ)
τ that state-

value linear function α
(κ)
τ+1 induces, i.e., for any (xτ , oτ , uτ ),

β(κ)
τ (xτ , oτ , uτ ) = E{λ(τ)rxτ ,uτ

(τ) + α
(κ)
τ+1(xτ+1, oτ+1)}.

We are now ready to describe how to greedily select a private
decision rule from a given state-value function.
Theorem 4. [Proof in Appendix F.2] For any soMDP M ′,
let Vτ+1 be a finite collection of linear functions w.r.t. SOCs
providing the max-plane representation of state-value func-
tion υM ′,λ,τ+1. Then, it follows that greedy private decision
rule a∗τ at SOC sτ is:

(asττ , βsτ
τ ) ∈ arg max

(a
(κ)
τ ,β

(κ)
τ ) : κ∈N≤k

⟨ŝτ ⊙ â
(κ)
τ , β

(κ)
τ ⟩,

a(κ)τ (oρ(τ)τ ) ∈ arg maxuτ∈U(τ)⟨ŝτ ⊙ âuτ
τ , β

(κ)
τ ⟩.

Also, αsτ
τ : (xτ , oτ ) 7→ βsτ

τ (xτ , oτ , a
sτ
τ (o

ρ(τ)
τ )) is the greedy

linear function induced by βsτ
τ . The update of finite collec-

tion Vτ is as follows: Vτ ← Vτ ∪ {αsτ
τ }.

Theorem 4 greedily selects a decision rule asττ according
to a lower-bound value function at a given SOC sτ and a
linear action-value function βsτ

τ to update the lower-bound
value function υM ′,λ,τ . It then computes a linear state-value
function αsτ

τ over SOCs to be added in the collection of lin-
ear functions Vτ . These update rules exhibit a complexity
that is polynomial only w.r.t. the sizes of SOC sτ and set Vτ ,
cf. Lemma 5 in the appendix. Similar rules have been previ-
ously introduced for the simultaneous-move setting. Unfor-
tunately, these rules relied on mixed-integer linear programs
in the best case. In the worst case, they enumerate all joint
decision rules, thus creating a double exponential time com-
plexity, cf. Lemma 5 in the appendix.

5 The oSARSA Algorithm
This section extends a reinforcement learning algorithm
for ϵ-optimally solving simultaneous-move Dec-POMDPs,

Algorithm 1: oSARSA(ϵ).

1 Init a0:ℓ′−1 ← blind policy, α·(·)← 0, g· ← −∞.
2 foreach episode do
3 Init SOC s0 ← b0 and step τ0 ← 0.
4 for τ = 0 to ℓ′ − 1 do
5 Select ϵ-greedily asττ w.r.t. ατ+1.
6 Compute SOC sτ+1 ← T (sτ , a

sτ
τ ).

7 if AcceptAcceptAccept(asττ , gτ+1, ατ+1(sτ+1)) then
8 a0:ℓ′−1 ← ⟨a0:τ−1, a

sτ
τ , aτ+1:ℓ′−1⟩.

9 gτ+1 ← ατ+1(sτ+1).
10 τ0 ← τ .

11 for τ = τ0 to 0 do
12 Update ατ backward.

known as oSARSA (Dibangoye and Buffet 2018), to sequen-
tial centralized training for decentralized execution.

oSARSA generalizes SARSA from MDPs to oMDPs. It
iteratively improves a (sequential) policy and its correspond-
ing linear action-value functions, one per time step. The
improved (sequential) policies are constructed by generat-
ing trajectories of OCs, one per episode, guided by an ϵ-
greedy exploration strategy. A mixed-integer linear program
(MILP) is used to select greedy joint decision rules to avoid
the enumeration of double-exponential joint decision rules
at every step. Once a trajectory resumes, it updates the lin-
ear action-value functions in the reversed order in which
OCs were visited in it. We chose oSARSA among all point-
based algorithms because it leverages the piecewise linear-
ity and convexity properties of optimal value functions in
Dec-POMDPs, yet maintains only a single linear value func-
tion per time step. Besides, it is guaranteed to find ϵ-optimal
policy asymptotically. Note that algorithms that do not re-
strict to the max-plane representations for value functions,
e.g., the feature-based value iteration (FB-HSVI) algorithm
(Dibangoye et al. 2016), may not fully exploit our findings.

To leverage the sequential centralized training for the de-
centralized execution paradigm, we apply the oSARSA al-
gorithm in M ′ corresponding to M. Hence, Algorithm 1 pro-
ceeds by generating trajectories of SOCs instead of OCs, one
trajectory per episode, guided by sequential ϵ-greedy explo-
ration steps. The sequential greedy selection rule requires
only a polynomial time complexity, cf. Theorem 4. We use
a portfolio of heuristic policies to guide the selection of the
next sequential action to enhance exploration. This portfo-
lio includes the random policy, the underlying MDP policy,
and the blind policy (Hauskrecht 2000). We introduce an ac-
ceptance rule based on Simulated Annealing (SA) (Rutenbar
1989) to avoid the algorithm being stuck in a local optimum.
Therein, a modification of the current sequential policy is
kept not only if the performance improves but also in the
opposite case, with a probability depending on the loss and
on a temperature coefficient decreasing with time. While the
point-based greedy selection rules in the sequential central-
ized training for decentralized execution paradigm are faster
than those in its simultaneous counterpart, the length of tra-

23281



jectories increases by order of n, i.e., the number of agents.
In most domains, however, the complexity of a single point-
based greedy selection affects oSARSA far more strongly
than the length of trajectories. The complexity of point-
based greedy selection is a far better predictor of the ability
to solve a simultaneous-move Dec-POMDP using oSARSA
than the length of trajectories.

6 Experiments
This section presents the results of our experiments, which
were carried out to juxtapose the sequential planning ap-
proach with its simultaneous counterpart employed in many
leading-edge global multi-agent planning and reinforce-
ment learning algorithms, encompassing the utilization
of oSARSA, cf. Algorithm 1, as a standard algorithmic
scheme. Our empirical analysis involves two variants of the
oSARSA algorithm, namely oSARSAsim and oSARSAseq,
each employing a distinct reformulation of the original
simultaneous-move Dec-POMDP M and point-based backup
method. oSARSAsim relies on oMDP M′ w.r.t. M and uti-
lizes mixed-integer linear programs (MILPs) for implicit
enumeration of joint decision rules. We used ILOG CPLEX
Optimization Studio to solve the MILPs. oSARSAseq, in-
stead, relies on soMDP M ′ w.r.t. M and utilizes point-based
sequential backup operator introduced in Theorem 4. We
used the same heuristics (random, blind, and MDP policies)
for oSARSAsim and oSARSAseq. For reference, we also
reported, when available, the performance of state-of-the-
art ϵ-optimal solver for two-agent simultaneous-move Dec-
POMDP M, i.e., FB-HSVI. Unfortunately, most global meth-
ods are not geared to scale up with the number of agents. To
present a comprehensive view, we have also compared our
results against local policy- and value-based reinforcement
learning methods, i.e., advantage actor-critic (A2C) (Konda
and Tsitsiklis 1999) and independent Q-learning (IQL) (Tan
1993). All experiments were run on an Ubuntu machine with
16 GB of available RAM and an 1.8 GHz processor, using
only one core and a time limit of 1 hour. The source code is
available at https://git.lwp.rug.nl/ml-rug/osarsa-aaai-25.

We have comprehensively assessed various algorithms us-
ing several two-agent benchmarks from academic literature,
available at masplan.org. These benchmarks include mabc,
recycling, grid3x3, boxpushing, mars, and tiger. To enable
the comparison of multiple agents, we have also used the
multi-agent variants of these benchmarks, cf. (Peralez et al.
2024). Please refer to the appendix for a detailed description
of these benchmarks. Our empirical study aimed to assess
the superiority of the sequential planning approach through
the drop in the complexity of the point-based backup opera-
tors. Each experience in reinforcement learning algorithms,
i.e., A2C, IQL and oSARSA, was repeated with three dif-
ferent seeds. The values reported in Tables 1 and 2, are the
best solution obtained among the three trials for two- and
many-agent domains, respectively.

Table 1 shows that oSARSAseq outperforms oSARSAsim

on all tested two-agent domains, sometimes by a significant
margin. On boxpushing at planning horizon ℓ = 100, for in-
stance, oSARSAseq achieves value 2366.21 against 1895.16

ℓ oSARSAseq oSARSAsim A2C IQL HSVI

tiger

10 15.18 15.18 −0.78 −1.30 15.18
20 30.37 30.37 −25.08 −14.61 28.75

40 67.09 67.09 −62.23 −50.72 67.09
100 170.91 169.30 −184.71 −165.42 170.90

recycling

10 31.86 31.86 31.48 31.48 31.86
20 62.63 62.63 62.25 62.63 n.a.
40 124.17 124.17 123.79 123.79 n.a.
100 308.79 308.79 308.40 308.72 308.78

gridsmall

10 6.03 6.03 4.99 5.31 6.03
20 13.96 13.90 11.16 11.49 13.93

40 30.93 29.89 22.56 23.54 28.55

100 78.37 78.31 56.92 47.79 75.92

grid3x3

10 4.68 4.68 4.68 4.68 4.68
20 14.37 14.37 13.37 14.36 14.35
40 34.35 34.35 32.34 34.35 34.33
100 94.35 OOT 92.34 94.32 94.24

boxpushing

10 224.26 219.19 54.69 223.48 223.74

20 470.43 441.98 123.59 254.41 458.10

40 941.07 918.62 236.79 283.79 636.28

100 2366.21 1895.16 599.97 560.16 n.a.

mars

10 26.31 24.47 17.90 17.63 26.31
20 52.32 52.20 34.43 35.27 52.13

40 104.07 103.25 67.74 65.94 103.52

100 255.18 OOT 152.52 124.73 249.92

mabc

10 9.29 9.29 9.20 9.20 9.29
20 18.31 18.31 18.10 18.20 n.a.
40 36.46 36.46 36.10 36.20 n.a.
100 90.76 90.76 90.20 90.20 90.76

Table 1: For each two-agent domain and planning horizon
ℓ, we report the best value per algorithm. OOT means time
limit of 1 hour has been exceeded and ’n.a.’ is not available.

for oSARSAsim . It improves the best known values pro-
vided by FB-HVI in all tested domains, except for recycling
and mabc, where it achieves equivalent values. Moreover,
the margin between oSARSAseq and FB-HSVI increases as
the planning horizon increases. In boxpushing, the margin
between oSARSAseq and FB-HSVI increases from 0.52 at
planning horizon ℓ = 10 to 304.79 at planning horizon
ℓ = 40. It is worth noticing that oSARSAsim achieves com-
petitive performances against FB-HSVI in most tested two-
agent domains, except mars and grid3x3, where it runs out of
time. A2C and IQL are competitive on two weakly-coupled
domains, e.g., recycling and grid3x3, but get stuck in local
optima in the other domains. Table 2 shows that oSARSAseq
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n ℓ oSARSAseq oSARSAsim A2C IQL

tiger

3 10 11.29 OOT −19.26 −9.82

4 10 6.80 OOT −110.08 −18.48

5 2 -4.00 -4.00 −30.00 -4.00
5 4 3.84 OOT −50.00 −7.01

5 6 -0.16 OOT −93.83 −11.56

5 8 -5.43 OOT −128.98 −14.97

5 10 2.41 OOT −126.62 −131.91

recycling

3 10 85.23 85.23 45.83 47.51

4 10 108.92 105.96 57.70 55.49

5 10 133.84 133.84 74.50 72.88

6 10 159.00 OOT 86.37 79.83

7 2 45.50 OOT 18.20 20.80

7 4 80.50 OOT 57.11 40.84

7 6 115.50 OOT 64.49 59.06

7 8 150.50 OOT 72.97 71.84

7 10 185.50 OOT 85.07 91.07

gridsmall

3 10 5.62 OOT 0.34 0.57

4 2 0.13 0.13 0.02 0.13
4 4 0.78 OOT 0.22 0.55

4 6 1.75 OOT 0.39 0.77

4 8 2.85 OOT 0.65 1.11

4 10 4.09 OOT 1.50 1.84

Table 2: For each many-agent domain and planning horizon
ℓ, we report the best value per algorithm. OOT means time
limit of 1 hour has been exceeded.

outperforms oSARSAsim, A2C and IQL on all tested many-
agent domains over different planning horizons. For medium
to large teams and planning horizons, oSARSAsim runs out
of time. Even though A2C and IQL scale up with larger
teams, they achieve poor performances against oSARSAseq.

The empirical results of oSARSAseq are due to two inter-
dependent reasons: (1) the piecewise linearity and convexity
property of the value function over (sequential occupancy-)
states and (2) the polynomial-time update rule. The uniform
continuity property (1) generalizes values from seen states
to unseen ones. Doing so guides algorithms toward the most
promising parts of the search space while discarding oth-
ers. Although uniform continuity holds for both oSARSAsim

and oSARSAseq (albeit in different state spaces), its effi-
ciency differs. In particular, oSARSAseq can discard parts
of the search space at each decision step, but oSARSAsim

can only do it after n decision steps. In other words, even
if the search space is the same, oSARSAseq will often ex-
plore fewer states than oSARSAsim. The exponential com-
plexity drop enables oSARSAseq to perform exponentially
faster episodes than oSARSAsim, thus visiting many states
that will, in return, help discard larger parts of the search
space. However, each update in a single state in oSARSAsim

is double exponential in the worst case. So, as the number
of agents and actions per agent increases, performing even
a single update (not to mention an episode) in oSARSAsim

is prohibitive. This insight hinders its ability to exploit the
uniform continuity property in larger instances.

7 Discussion
This paper highlights the need for a paradigm shift
in ϵ-optimally solving Dec-POMDPs, transitioning from
simultaneous- to sequential-move centralized training for
decentralized execution. This shift addresses the silent coor-
dination dilemma and the decision entanglement problems,
which have hindered the scalability of ϵ-optimal methods.
Specifically, it leads to an exponential drop in the complexity
of backups, although it comes at the cost of longer planning
horizons. It facilitates the application of efficient single-
agent methods while preserving their theoretical guarantees,
as evidenced by the superior performance of the oSARSAseq

algorithm compared to all other tested baselines across do-
mains involving two or more agents. Interestingly, this novel
paradigm also addresses the multi-agent credit assignment
problem, breaking down the optimal value functions among
agents. This insight is important because this problem has
recently attracted much attention in the multi-agent rein-
forcement learning community (Foerster et al. 2018; Rashid
et al. 2018; Wang et al. 2023; Mahajan et al. 2019; Son et al.
2019; Wang et al. 2021; Li et al. 2021; Chen et al. 2024).
Yet, with the exception of Kuba et al. (2022), all contri-
butions suggest approximate solutions. Kuba et al. (2022)
introduces a clever way of factorizing the joint value func-
tion leveraging advantage functions but limits its applicabil-
ity to trust-region learning algorithms. The sequential-move
centralized for decentralized control paradigm applies to all
value- and policy-based algorithms.

Studies conducted by Cazenave (2010) and subsequent re-
search by Bertsekas (2020) demonstrated that one can effec-
tively solve both multi-agent path planning and multi-agent
cooperative reinforcement learning problems, one agent at
a time. However, Bertsekas (2020) limited their approach
to sequential policies, thereby hindering the ability to de-
rive optimal decentralized policies in general cases. Our re-
search advances this field by applying a broader framework
of Dec-POMDP while offering an optimal dynamic pro-
gramming theory. This paradigm was applied successfully
in subclasses of simultaneous-move Dec-POMDPs, namely
two and many-player hierarchical information-sharing Dec-
POMDPs (Xie, Dibangoye, and Buffet 2020; Peralez et al.
2024). Similarly, Koops et al. (2023) employs a sequential-
move centralized training paradigm for decentralized con-
trol but confines the analysis to a tree-search algorithm,
specifically the multi-agent A* (MAA*) (Szer and Charpil-
let 2006; Oliehoek, Spaan, and Vlassis 2008; Oliehoek et al.
2013). Additionally, Kovařı́k et al. (2022) demonstrated that
simultaneous-move games could be treated as sequential-
move problems through extensive-form games, although
they did not provide a practical computational theory or
algorithms. We posit that transitioning from simultaneous-
to sequential-move centralized training for decentralized
execution establishes a foundation for enhancing exact
and approximate planning and reinforcement learning algo-
rithms applicable to cooperative, competitive, and ultimately
mixed-motive partially observable stochastic games.
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