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Abstract

We consider the problem of learning stable matchings with
unknown preferences in a decentralized and uncoordinated
manner, where “decentralized” means that players make de-
cisions individually without the influence of a central plat-
form, and “uncoordinated” means that players do not need
to synchronize their decisions using pre-specified rules. First,
we provide a game formulation for this problem with known
preferences, where the set of pure Nash equilibria (NE) coin-
cides with the set of stable matchings, and mixed NE can be
rounded to a stable matching. Then, we show that for hierar-
chical markets, applying the exponential weight (EXP) learn-
ing algorithm to the stable matching game achieves logarith-
mic regret in a fully decentralized and uncoordinated fashion.
Moreover, we show that EXP converges locally and exponen-
tially fast to a stable matching in general matching markets.
We complement our results by introducing another decentral-
ized and uncoordinated learning algorithm that globally con-
verges to a stable matching with arbitrarily high probability.

Introduction

Learning stable matchings is one of the fundamental prob-
lems in computer science, economics, and engineering that
has received considerable attention over the past decades.
Stable matchings provide a desirable notion of stability in
two-sided matching markets where agents on each side of
the market have preferences over the other side. A match-
ing is called stable if no two agents prefer each other over
their current matches. For instance, in college admissions,
applicants have different preferences for colleges and vice
versa. The goal is to match applicants to colleges in such
a way that no applicant-college pair would prefer to break
their current matches and instead be matched to each other.
Similar situations arise in other applications, such as kidney
exchange programs, job assignment to workers, matching in
online dating platforms, and scheduling jobs on machines.
It is known that when all preferences are known, stable
matchings always exist, and a simple decentralized and un-
coordinated Deferred-Acceptance (DA) algorithm, first pro-
posed by Gale and Shapley (1962), can find such stable
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matches in a polynomial number of iterations. However,
when preferences are unknown, developing such an algo-
rithm faces major challenges due to the lack of coordination.
While the DA algorithm provides a satisfactory solution for
many practical applications, there are scenarios where the
information structure of the problem hinders the implemen-
tation of the DA algorithm. For instance, as argued in Ma-
heshwari, Sastry, and Mazumdar (2022), there has been a
recent emergence of online matching markets, such as on-
line labor markets (e.g., TaskRabbit, Upwork), online dating
markets (e.g., Tinder, Match.com), and online crowdsourc-
ing platforms (e.g., Amazon Mechanical Turk), where users
do not know their preferences a priori and can repeatedly
interact with the market to improve their matching quality.
The more a pair on both sides of the market gets matched,
the more certain they become about their preferences. Thus,
an important question is how agents should interact with the
market so that, in the absence of any coordination, they can
learn their preferences quickly and achieve a stable match-
ing. The mathematical model in this work is an abstraction
of such interactions and serves as a starting point for under-
standing these markets. Our main contribution is to show
that such markets can be studied using a game-theoretic
framework, which yields stronger results than prior work.

In this work, we consider a two-sided matching market
framed as a marriage problem, where the agents on one side
are referred to as men and the agents on the other side as
women. We assume that both men and women have prefer-
ences regarding the other side, and that women are aware
of their ordinal preferences for men. However, men do not
know their preferences for women and only learn them if
they propose and get matched. In this case, the matched men
receive a noisy estimate of their preferences. We assume that
agents cannot observe any other information (e.g., who is
rejected or accepted) and cannot coordinate in any way. The
goal for men is to follow a decentralized and uncoordinated
proposal strategy such that the entire market converges to a
stable matching over time. One of the major challenges in
learning a stable matching in such markets is handling col-
lisions. More precisely, when multiple men propose to the
same woman, only one of them gets matched and receives
useful information, while all others are rejected and receive
no information about their preferences. Therefore, resolving
such collisions without coordination is a significant issue.



Moreover, even if a man is matched with a woman, he re-
ceives a noisy utility drawn from an unknown distribution
that may differ from his true preference. Consequently, a
collision-avoidance process needs to be repeated many times
before men can accurately estimate their true preferences.
One of our goals in this work is to provide decentralized and
uncoordinated algorithms that can effectively learn the true
preferences while minimizing the number of collisions.

Related Work

Stable matching was first introduced by Gale and Shapley
(1962) as a model for college admissions and to study the
stability of marriages. Since then, there has been a tremen-
dous effort to generalize and extend stable matchings to var-
ious market settings Roth (2008). In their seminal work,
Gale and Shapley provided a simple Deferred Acceptance
(DA) algorithm in which men propose to their most pre-
ferred women, and the women reject all proposals except the
one from their most preferred man. They showed that such
a decentralized algorithm converges to a stable matching in
at most O(ng) steps, where n is the total number of men
and women in the market. Unfortunately, when the agents’
preferences are unknown, the DA algorithm is no longer
guaranteed to converge to a stable matching without addi-
tional coordination. Therefore, to extend the DA algorithm
to the case of unknown preferences, earlier works Pokharel
and Das (2023); Maheshwari, Sastry, and Mazumdar (2022);
Pagare and Ghosh (2023); Liu, Mania, and Jordan (2020);
Kong, Wang, and Li (2024); Kong and Li (2023) have pro-
posed various coordination-based DA algorithms. The main
idea is to develop a phase-dependent process where, in some
phases, the agents primarily explore, and in other phases,
they implement the DA algorithm based on current estimates
of their unknown preferences.

It is known that stable matchings with known preferences
can be characterized using the extreme points of a frac-
tional polytope that is totally dual integral Vohra (2012); Teo
and Sethuraman (1998). Moreover, stable matchings exhibit
other useful properties that allow their geometry to be char-
acterized using so-called rotations Kirdly and Pap (2008). It
was shown in Roth and Vate (1990) that uncoordinated ran-
dom better-response dynamics converge to a stable matching
with probability one. Subsequently, Ackermann et al. (2008)
provided an exponential lower bound for the worst-case con-
vergence time of the uncoordinated random better/best re-
sponse dynamics to a stable matching. However, all these
results apply to the case when market preferences are fully
known, allowing agents to compute their best or better re-
sponses and update their decisions accordingly.

More recently, there has been a significant interest in
matching markets with unknown preferences. However, de-
pending on the information structure and the feedback re-
ceived by the agents, one might expect a wide range of per-
formance guarantees, which also depends on the type of al-
gorithms followed by the agents (e.g., centralized/decentral-
ized or coordinated/uncoordinated). The work in Bei, Chen,
and Zhang (2013) devised a randomized polynomial-time
centralized algorithm for finding a stable matching with un-
known deterministic preferences. The study in Wang et al.
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(2022) considers learning a specific stable matching with
unknown stochastic preferences by adopting a suitable no-
tion of stable regret, which measures the number of times
that men propose to women other than their stable pair in
that stable matching. The work in Maheshwari, Sastry, and
Mazumdar (2022) addressed the problem of learning sta-
ble matchings in hierarchically structured markets, and de-
veloped a phase-coordinated decentralized algorithm that
achieves logarithmic regret in time with respect to the mar-
ket’s unique stable matching. Additionally, Liu et al. (2021)
considered learning stable matchings in an uncoordinated
and decentralized fashion. However, they require stronger
assumptions on information feedback (e.g., a player ob-
serves the actions of other players in the previous round)
and use a different performance metric than the one we con-
sider in this work. We refer to Jagadeesan et al. (2021);
Liu, Mania, and Jordan (2020) and Basu, Sankararaman, and
Sankararaman (2021) for other learning algorithms in two-
sided matching markets with different performance guaran-
tees. While all these works address the problem of learning a
stable matching with unknown preferences, their algorithms
differ substantially due to the information/feedback struc-
ture, the type of performance guarantee, and the level of co-
ordination allowed among the agents.

Contributions

We consider the problem of learning stable matchings in a
decentralized and uncoordinated manner. In particular, we
focus on the weakest type of feedback that men can receive:
a man observes a noisy version of his true preference only
if his proposal is accepted, and receives no information oth-
erwise. Our main objective is to provide a novel and prin-
cipled approach to designing decentralized and uncoordi-
nated learning algorithms for stable matchings by examin-
ing them through the lens of NE learning in noncooperative
games. Our contributions can be summarized as follows:

* We first formulate the stable matching game and show
that its set of pure NE coincides with the set of sta-
ble matchings. Additionally, its mixed NE points can be
rounded in a decentralized way to obtain a stable match-
ing. This connection provides an alternative approach for
measuring the closeness of the market dynamics to stable
matchings through the lens of NE computation in games.

Leveraging this game-theoretic formulation, we present a
simple decentralized and uncoordinated algorithm, EXP,
that globally converges to a stable matching in hierarchi-
cal markets. This algorithm achieves logarithmic regret
in time, thereby extending the existing phase-coordinated
algorithms in the literature to an uncoordinated one.

We then prove that EXP converges locally to a stable
matching in general matching markets at an exponential
rate. Moreover, if EXP converges globally with positive
probability, it must converge to a stable matching.

We complement our results by providing an alternative
decentralized and uncoordinated algorithm that globally
converges to a stable matching in general matching mar-
kets with arbitrarily high probability, a fact that was un-
known previously.



Problem Formulation
Stable Matchings with Known Preferences

Here, we first introduce the stable matching problem with
known preferences Gale and Shapley (1962). In this prob-
lem, there are a set M of men and a set W of women, where
by introducing dummy agents with appropriate preferences,
without loss of generality we may assume |M| = |[W| =n
Vohra (2012) (we use the term “agents” to refer to either
men or women). Each man m € M has a cardinal prefer-
ence for each women w € W, denoted by pinm, € (0, 1],
such if flyw > fmw, it means that m prefers w over w'.
Moreover, each woman w has an ordinal preference over the
men, and we write m >,, m’ if woman w strictly prefers
m over m’. In this work we assume that no agent has ties in
their preferences and we define

A:

m,mwglw’ |me — Hmw’ |7

Mmin = I Uy, Mmax = MaAX Uy -
m,w m,w

In particular, we note that A > 0 and i, > 0.

Definition 1 Given a matching and two matched pairs
(m,w) and (m',w"), we say that (m,w’) forms a blocking
PaIr if s > fmw and m > m/. In other words, (m, w")
is a blocking pair if both m and w' prefer each other over
their current matches. A perfect matching is called a stable
matching if it does not contain any blocking pair.

Stable Matchings with Unknown Preferences

In this work, we consider the problem of finding a stable
matching with the main difference that men do not know
their true preferences fi,,.,, and they only get to learn them
through interactions with the market. More precisely, for any
m € M,w € W, we assume that the preference of man
m about woman w is in the form of a [0, 1]-supported un-
known distribution D,,,,, with unknown mean fi,,,, > O.
We assume men and women interact in this market through
a discrete-time process, where at any time t = 0,1,2,...
that a man m proposes to a woman w, he receives a feed-
back in the following form:

e If the proposal of m gets rejected at time ¢ because
woman w has received an offer from a more preferred
man m/, i.e., m’ >,, m, then m receives no information
as feedback other than the fact that he was rejected by
woman w at time t.

If the proposal of m gets accepted by w at time ¢, then m
observes an i.i.d. realization of his sampled preference
drawn from D,y,,,, denoted by jif,,.

In the stable matching problem with unknown prefer-
ences, the agents’ goals are to interact with the market
through the information feedback structure described above
such that the emerging dynamics converge to a stable match-
ing of the market with known preferences { (i, }. We note
that in the discrete-time process described above, men are
the decision makers on whom to propose at each time ¢;
women merely respond to men’s decisions by accepting
their most preferred proposal (if they received any) and re-
jecting all others.
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A Game-Theoretic Formulation and Nash
Equilibrium Characterization Results

In this section, we provide a complete information nonco-
operative game formulation for the stable matching problem
with known preferences whose set of pure Nash equilibrium
(NE) points coincides with the set of stable matchings. Later,
we will show how to leverage this formulation to extend our
results for learning stable matchings with unknown prefer-
ences. Such a formulation has three main advantages: i) it
reduces the learning task in matching markets to learning
NE in continuous-strategy concave games, ii) it captures the
selfish behavior of men (players) and the feedback they re-
ceive through their payoff functions, and iii) it simplifies the
combinatorial structure inherent in learning stable match-
ings to learning NE in noncooperative games.

Stable Matching Game

Consider a complete information game in which the action
set of each man (player) is given by the set of women W,
and the set of (mixed) strategies for each player is given by
the probability simplex over the set of women W, i.e., the
strategy set of player m is defined by &,,, = {x,,, € RLYV‘ :
Y wew Tmw = 1}. Let x_,, denote the strategy vector of
all the players except the mth one. Given a strategy profile
x = (T, T—m ), we define the payoff of player m by

Um (x) = Z (me H (l—mkw))mmw,

wew k>,m

(1)

where (i,,,, > 0 is the utility (true preference) received by
man m if he gets matched to women w.

Definition 2 A strategy x,, for player m is called pure if it
is zero in all coordinates except one. Otherwise, it is called
a mixed strategy. A pure (mixed) strategy profile x* is called
a pure (mixed) NE if for any player m and any pure (mixed)
strategy T, we have wm (T, x* ) < wm(ak,, 2*,).

One can interpret ., () as the expected utility that player
m would receive by successfully getting matched if each
man independently proposes to women according to his
mixed strategy distribution x,,,. The reason for defining the
payoff functions as in (1) is that we want our devised algo-
rithms to be implemented in a fully decentralized and un-
coordinated manner among men by relying only on their
received feedback (embedded into their payoff functions).
While such payoff functions are highly nonlinear, they are
essential to eliminate any degrees of coordination among
the players. In other words, the cost of devising a fully
coordination-free algorithm comes in analyzing more com-
plex payoff functions with higher degrees of nonlinearity.
The following are three properties of the payoffs (1).

* Player m’s strategy does not have any impact on the co-
efficient terms fi,,,, Hk>wm(1 — Tgw), w € W. In par-

ticular, the gradient of w,, (-) with respect to &, equals
'Umw(x) = Vmwum(x) = Umw H (1 - -Tkw)
k>wm

* The payoff of each player m is linear with respect to his
own strategy T,.



 For any fixed strategy of other players x_,,, player m
always has a pure strategy best response that is obtained
by setting x,,, = 1 for the woman w that achieves the
maximum value Uy, (), and ., = 0 otherwise.

In the remainder of this paper, we will refer to the above
noncooperative game as the stable matching game and de-
note it by G = (M, {um tmenr, {Xm }menr). It is important
to note that although our interest is in obtaining a NE of the
stable matching game, which is a complete information one-
shot game, our goal is to learn such a NE by repeatedly play-
ing the incomplete information game, where the true prefer-
ences (i, are not fully known.

Nash Equilibrium Characterization

In this part, we show that the set of pure and mixed NE
points of the stable matching game has interesting connec-
tions with the set of stable matchings when preferences are
known. The following theorem establishes one such result.

Theorem 1 A pure strategy profile z* € {0, 1}"2 corre-
sponds to the characteristic vector of a stable matching if
and only if it is a pure NE for the stable matching game.

We note that computing a pure NE in the stable match-
ing game with known preferences is not PPAD-complete.
The reason is that the DA algorithm can always find a stable
matching (and hence a pure NE) in polynomial time. How-
ever, the challenge arises from the restrictions on informa-
tion feedback, non-coordination, and incomplete informa-
tion with stochastic rewards, which we will address in the
subsequent sections. While the above equilibrium charac-
terization theorem concerns pure NE points, it is possible
that the stable matching game admits a mixed NE. In fact,
mixed NE points may exhibit unpredictable patterns, making
it difficult to draw general conclusions about their structure.
Nevertheless, the following theorem establishes an interest-
ing connection between mixed and pure NE points, implying
that obtaining a mixed NE with full support on the women’s
side is as satisfactory as obtaining a pure NE.

Theorem 2 Let x be any mixed NE in which each woman
receives at least one (fractional) proposal. For each
man m, let w,, be the least preferred woman among
those that he fractionally proposes to them, i.e., w,, =
argmin, cy{ hmw : Tmw > 0}. Then {(m, wy,),m € M}
forms a stable matching for the stable matching game.'

The rationale behind the rounding in Theorem 2 is that
men aim to ensure that, even in the worst-case scenario, they
are matched with their stable partner. Therefore, among all
the women they are proposing to fractionally, they eventu-
ally tend to propose to the least preferred one on their list.
In fact, Theorem 2 offers a simple decentralized method to
convert mixed NE points into stable matchings. We can first
design a decentralized algorithm (e.g., using Algorithm 1 in
conjunction with a preference estimation oracle) to learn a

' the condition that each woman receives at least one proposal
does not hold, the theorem still holds for the induced submarket in
which each woman receives at least one fractional proposal.
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mixed NE of the stable matching game and acquire esti-
mated preferences. Subsequently, each man can convert his
fractional mixed strategy into a pure strategy in a decentral-
ized manner by proposing only to his least (estimated) pre-
ferred woman among those he fractionally proposes to. This
process ensures that the resulting pure strategy profile will
be a pure NE with high probability, and the probability of er-
ror vanishes over time. Importantly, each man has complete
access to his own estimated preferences, and the rounding
process outlined in Theorem 2 does not require knowledge
of others’ mixed strategies. Each man only needs to be aware
of his own mixed strategy and estimated preferences.

Logarithmic Regret for Hierarchical Markets

In this section, we consider the stable matching game with
unknown preferences and develop a decentralized and un-
coordinated algorithm for learning its NE points. In partic-
ular, we focus on matching markets with specific structures
because without imposing any assumption on the matching
market, there are exponential lower bounds for the num-
ber of iterations to find a stable matching through better re-
sponse dynamics Ackermann et al. (2008). One example of
such a structured matching market is the hierarchical match-
ing market, where it was shown in Maheshwari, Sastry, and
Mazumdar (2022) that if men follow a certain decentralized
(but coordinated) algorithm, the men’s expected regret (see
Definition 3) is at most logarithmic in time but exponen-
tial in terms of other parameters such as the number of men
n. In this section, we show that a much simpler algorithm
(Algorithm 1) also achieves logarithmic regret in a fully un-
coordinated fashion, hence, removing the phase-dependent
coordination required by the algorithm in Maheshwari, Sas-
try, and Mazumdar (2022). In particular, our analysis pro-
vides a clear and closed-form characterization of the other
constants involved in the regret bound. Throughout this sec-
tion, we impose the following hierarchical assumption on
the matching market.

Assumption 1 We assume that the sets of men and women
can each be ordered as M = {my,...,m,} and W =
{w1, ..., wy} such that any man and woman with the same
rank prefer each other above any other partner with a
lower rank; i.e., man my prefers woman wy to women
Wgt1, Wkt2, - - -, Wy, and woman wy, prefers man my, to
men Miy1, Mk42, ..., My. It is easy to see that under
this hierarchical assumption, the matching {(my,wy), k =
1,...,n} is a stable matching.

Remark 1 The condition imposed in Assumption 1 is also
known as the Sequential Preference Condition (SPC) Clark
(2006) and is weaker than the a-reducible condition consid-
ered in Maheshwari, Sastry, and Mazumdar (2022), which
assumes that each submarket has a fixed-pair: A pair (m, w)
is called a fixed pair if both m and w prefer each other the
most among anyone else in that submarket. In fact, one can
show that a matching market has a unique stable matching
if and only if it satisfies a-reducible condition Maheshwari,
Sastry, and Mazumdar (2022). Since Assumption 1 is weaker
than the o-reducible condition, all our results immediately
applies to a-reducible markets.



Definition 3 Ler us assume that players follow a decentral-
ized and uncoordinated algorithm A that results in a se-
quence of proposals ot = (al,,m € M),t = 1,...,T.
The expected regret of algorithm A is defined by

ZE (3keln

where 1, denotes the indicator function. In other words,
R(T) is the expected number of times that the men’s pro-
posals do not form a stable matching.

Jiat, Awi})s

Algorithm Design and Preliminaries

The algorithm that we propose is an adaptation of the online
dual mirror descent for adversarial multi-arm bandit prob-
lem (see, e.g., EXP3 Algorithm in Lattimore and Szepesvari
(2020, Chapter 11)) to the stable matching game, where for
simplicity we refer to it as the EXP algorithm. In particu-
lar, it uses an entropy regularizer and adaptive stepsize for
updating the players’ mixed strategy distributions over time.

In the initial stage of EXP, when the men have no prior
information about the women, they propose randomly. How-
ever, as time progresses, the men learn the women’s prefer-
ences through their cumulative scores and gradually avoid
collisions. If a man is repeatedly rejected by a woman, her
cumulative score decreases, and as a result, the algorithm
will propose to her with less probability. The stepsize in the
EXP algorithm diminishes at a controlled sublinear rate. If
proposing to a certain woman is very rewarding, her score
increases roughly at a linear rate while the stepsize decreases
at a sublinear rate. As a result, her cumulative score will
increase over time, and the players will gradually learn the
preferences. The normalization of the exponential scores en-
sures that the rate of increase/decrease among different can-
didates scales proportionally so that those with higher scores
have a higher probability of receiving proposals. Moreover,
the scores are designed to provide an unbiased estimator of
the payoff gradients, allowing agents to eventually maximize
their own payoffs and reach a NE (stable matching).

To describe the EXP algorithm, let us denote the gradi-
ent vector of player m by v, (x) = VU (x) such that for
any woman w, we have v, () = tmw Hk>wm(1 — Tha)-
In particular, we note that w,,(x) = (%, v, (z)). There-
fore, when restricting to a pure strategy (action) profile
al =(at,...,al) € W x --- x W that is played at time ¢,
the w-th coordinate of the gradient vector is given by

t

Umw T

2
where 1., denotes the indicator function. On the other
hand, by playing a pure strategy profile o, each man m re-
ceives a feedback only for the woman o, that he has pro-
posed to her at time ¢. In particular, if of, = w, player m
observes the payoff /i7,,1{at 2w vk>,m) L{at, =w} at time
t, where we recall that !, is the realization of a ran-
dom reward drawn independently from an unknown distri-
bution me with unknown mean p,,,, and bounded vari-
ance o2, € [0,1].

Durmg the course of the algorithm, at each time ¢, each
player m holds a mixed strategy X!, € X, and updates it

mel{azyéw Vk>,m}s
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Algorithm 1: EXP Algorithm for Player m

Input: A decreasing stepsize sequence {n > 0}, a mixing

sequence {~ > 0}, and an initial vector L, = 0.
For t > 1, player m independently performs the following:

e Player m computes his mixed-strategy vector X! using
_exp(ntLih)
Y el
t

* Player m draws a pure strategy o, € W according to
his adjusted mixed strategy defined by

Xt we W.

3)

,yt

XL =01-"X,+-1, weW,
n

where ~¢ is a mixing parameter and 7’ is the stepsize.

Player m receives a feedback in terms of his observed
payoff at time ¢ and constructs an unbiased estimate of
his actual payoff gradient vector:

~t o :U’fnwl{ockyéw Vk>,,m}
mw Xt

mw

Lt —wy, we W, (4)

where pf, ., is the realization of the random reward if m
is matched to w at time ¢, and updates

L, =Ll + w e W.

mw7

whenever he receives new information. He then computes
his adjusted mixed strategy X! = (1 — %)X/ + %1,
where 4* > 0 is a mixing parameter and 1 is the vector
of all ones. Using ideas from importance sampling for ban-
dit problems Bubeck, Cesa-Bianchi et al. (2012); Giannou,
Vlatakis-Gkaragkounis, and Mertikopoulos (2021), and to
obtain an unbiased estimator of the actual gradient vector,
player m constructs an estimate vector 9!, by normalizing
the received feedback with his adjusted mixed strategy prob-
abilities as

t
At mel{ak;éw Vk>,m}
mw Xt

mw

gt —wy, weW. (5)

The reason why we use adjusted mixed strategies Xt with
additional mixing parameter ' is to ensure that the mixed
strategies remain bounded away from zero by a positive
quantity. That makes the estimators (5) have bounded vari-
ance (see Lemma 1), which allows us to use martingale con-
centration results to bound the probability of various events.

Let us denote the (random) score vector of player m at
timet—1by L= = (L, w € W). Player m uses Li=1to
compute his leCd strategy vector X/ using the logit update
rule (3). He then proposes to a woman «, chosen indepen-
dently at random according to his adjusted mixed strategy
X!, and receives as feedback 9/, with entries given by (5).
Player m then updates his score vector by L! = L~ 4t
and proceeds to the next round. The detailed description of
the EXP algorithm is summarized in Algorithm 1.



In order to analyze the convergence behavior of Algo-
rithm 1 to a stable matching, let { F1=1}2°, be the increasing
filtration sequence that is adapted to the history of the ran-
dom processes generated by Algorithm 1. More precisely,

F'-

V(X7 L7007, 7 =0,1,...,t — 1} U{X?},

contains all the realized events up to time ¢ — 1 except the
realization of pure strategies o and the rewards p* at time ¢.
In particular, all relevant processes at time t—1 as well as X
and Xt are F!~!-measurable, but o and * are not Ft—1-
measurable. In fact, it is easy to show that the feedback ﬁfn
received by player m at time ¢ is conditionally an unbiased
and bounded estimator of the actual gradient vector vfn, as
stated in the following lemma.

Lemma 1 The received feedback is a conditionally unbi-
assed and bounded estimate of the gradients, i.e., Ym, w:

)2|J—_-t71] S E

B[4, | F* ] = v (X°), :
.

B[00

Performance of EXP for Hierarchical Markets

In this section, we analyze the performance of Algorithm 1
for hierarchical matching markets. To that end, let us con-
sider the stochastic dynamics of Algorithm 1, which for any
pair (m, w) are described by

Xt — exp( tL?rnu%)
et L)
t ty vt ol
me*(lffy )X w+g;
Lt — Lf 1 + ~t )
Define V%, = S vu(X7), where vy, (X7) =
Pomw [T, m (1 — X7,), and consider the event
- . 2
0= (Lt Ltad) - Ot i) < 220 e,

where ¢ s Mingen){A, fm,w, } i a constant. The
“good” event ) represents the set of circumstances where
the difference between the accumulated realized rewards,
n' (L, 5 — Lt..,), for any m,w, 0, and t, remains close to
1ts cond1t10nal expected value. The following lemma shows
that the event €2 occurs with very high probability, which al-
lows us to analyze the performance of Algorithm 1 under its

conditional mean trajectory while incurring a small loss.

Lemma 2 Fix any § € (0,1), and suppose each player fol-
lows Algorithm 1 with stepsize nt = % and mixing parame-

= Mlngt, where M = 4771 log % Then, IP{Q} >1-6.

Conditioned on the event €2, in the following lemma we
show that, due to the market structure and payoff functions,
as time progresses, more pairs in the market are matched ac-
cording to the underlying hierarchical order with high proba-
bility. Additionally, the size of such nested matchings grows
with high probability after a constant number of steps.

ter
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Lemma 3 Assume that each man follows Algorithm 1 with
stepsize nt = % and mixing parameter v = M lotgt

M = @ log 5 L Leta; > ... > a, be a sequence defined by
a1 = %anda;c = 1m1n1€k]{A Mo w; } Vk = 2,.

Conditioned on the event §Q, there exists a sequence of ttme
instances t1 < ... <t, = O(c’ﬂ[1 10g2(¥)), such that for
any k € [n], t > tx, and w # wy, we have

, where

t t

I—vy Y
t P
kawk = 1 + (n _ ].)6 nt tapt + n )
1— -n akt t
gt o (=70 X . (6)
et 1 +(n—1)enaxt = p

Finally, in the following theorem, we combine the results
of Lemma 2 and Lemma 3 to bound the expected regret of
Algorithm 1 by conditioning on the event €.

Theorem 3 Assume that each man follows Algorithm I with
t L and ~ Mlogt, where M = *%logT and

"=V
c = gmmke HA, tmyw, }- Then, the expected regret of

Algorithm 1 in hlerarchlcal matching markets is at most
R(T) = O(C:}% log T + ™ log? T).

Exponential Local Convergence for General
Matching Markets

In this section, we consider learning a stable matching in
general matching markets (i.e., without any hierarchical as-
sumption) and show that Algorithm 1 converges locally at an
exponential rate to a stable matching when players’ strate-
gies get sufficiently close to one of the stable matchings. To
that end, we first consider the following technical lemma,
which shows that if a strategy profile is sufficiently close to
a stable matching, then the reward of choosing an action ac-
cording to that stable matching is strictly the best decision.

Lemma 4 Let X* be a pure NE of the stable matching game
and set ¢ = 3 min{A umm} For any strategy profile x that
satisfies ||z — X*[|; < W , we have vy (T) — U (T) >
cYw # w*, where w* is the woman that m is matched to
her under the pure Nash equilibrium X*.

Next, we consider the following lemma that will be used
to capture the local behavior of Algorithm 1 around a NE.

Lemma 5 Suppose X* is a pure NE and { X'} be the se-
quence of iterates generated by Algorithm 1. Moreover, let

A1 — Zt;:ll (Vmuw (XT) = Uy (X7)), where w* is the
woman that man m is matched to her under the pure Nash

equilibrium X*. Then, the following statements hold:

e i) If||Xt X*|1 < 556z, then ntLi-l —ptpi-l >
In( 3 ) + 6 Vm,w # w*

. ii) IfntLﬁnul, ntLi-1l > In(4- )Vm w # w*, then
X~ XM < e

o iii) Let to be the first time such that 1/ntot1 — 1 /pto <

c/(ln( ) + 3). If for some t > to we have nt A*=1 >
In(%4- )+3 and Uy (Xt) Vi (X)) > eVm, w # w*,
then nt+1At > In(4 ) + 3.



Finally, using Lemmas 4 and 5 recursively, we can show
that if dynamics of Algorithm 1 enter a small neighborhood
of a pure NE, they remain there forever with arbitrarily high
probability and converge to that NE exponentially fast.

Theorem 4 Fix an arbitrary 6 € (0, 1), and suppose each
player follows Algorithm 1 with parameters that satisfy

nt < (8n1n(%t)§1)§7

zy‘f'

t—1 1 t—1 4 1 _
' < <2n2277) ;o' (Z - ) (7
T7=1 =1
Let tq be such that 1/7]t0‘|r1 1/nt < ¢/(In(% ) + 3) and
[ Xt — X*|| < 5z6—, where X* is some pure NE Then

P*{HXHl—X*Hl < dnexp(—cty+1) vt > to} >1- 6,
where P*{-} =P{ - || X" — X
Corollary 1 For~' =

* C
Il < 250m2 }
tll/g ,nt = td% the convergence rate
_ /In(n?/c)+3\4
>to=(——"L")%

of Theorem 4 becomes exp(—ct'/*)

Global Learning in General Markets

In this section, we address the question of whether there is an
uncoordinated and decentralized algorithm capable of glob-
ally learning a stable matching in general markets, regard-
less of the convergence rate. We answer this question affir-
matively by introducing an alternative algorithm that lever-
ages the weak acyclicity of the stable matching game.

Definition 4 In a pure strategy profile x, a matched man is
the one whose strategy x,, has exactly one coordinate equal
to 1 (say T = 1), and no other man of higher preference
proposes to w. A pure strategy profile x is a good state if all
the men matched under x are at their best responses.

Definition 5 (Marden, Arslan, and Shamma (2007)) A

better response path in a finite action noncoopertaive game
is a sequence of pure strategy profiles x*, x2, ..., x¥ such
that for each ¢ = 1,..., L — 1, 2" is obtained from z* by
letting some player iy to play a better response. A game is
called weakly acyclic if from any pure strategy profile x°,

there is a finite length better response path to a pure NE.

Definition 6 A pure NE z* (zF,,2*,,) of the stable
matching game is called strict if each player has a unique
best response at x*, i.e., for every m and any pure strategy
Ty 7 X, We have um(acm,x m) < Um Xk a* ).

The following lemma shows that if the stable matching
game starts from a good state, then any sequence of best re-
sponse dynamics by the players reaches a pure NE. We will
use this lemma in the proof of our Theorem 5 to show that
the stable matching game is a weakly acyclic game whose
pure NE points are strict.

—m

Lemma 6 Consider the stable matching game that starts
from a good initial state x°. Consider any sequence of up-
dates where at each time t, an arbitrary subset of players
that includes at least one unsatisfied player updates their
actions by playing their best responses. Then, the sequence
of updates converges to a pure NE in no more than n? steps.
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Algorithm 2: Globally Convergent Algorithm for Player m

Input: An initial action o, € [W], initial baseline action
bl = ol , episode length 7,,, tolerance level § > 0, explo-
ration probablllty e € (0, 1), inertia probability w € (0, 1).
For s = 1,2, ..., do the following steps:

During the sth episode ¢ € {(s — )7, ..., 8T — 1},
player m selects his baseline action obtained at the end
of the previous episode with probability 1 — e or explores
a new uniformly sampled action with probability e:

‘ b; w.p. 1 —¢,
o — m
m w € Unif[W]  wp. £.

At the end of episode s, player m evaluates his average
utility when playing each action w € W as

1 $Tm—1
S . t 1
U = 5 Homap L {at #w Vk>w’m} {at, =w}>
N
t=(s—1)Tm
s _ ST —1
where n; ., = t=(5—1)7m 1¢at —wy, and computes the

set A7, = {w : upy = upye + 0}

If A%, # 0, player m uniformly samples an action w €
Am, and updates his baseline action to b51 = w with
probability 1 — w. Otherwise, he sets bSJrl =0b7,.

The proposed algorithm (Algorithm 2) is an adapta-
tion of the sample experimentation algorithm for weakly
acyclic games Marden et al. (2009) to the stable matching
game. Intuitively, each player m goes through a sequence
of phase-dependent exploration/exploitation. At the end of
each episode, player m evaluates his payoff for each action
he has taken during the last episode. He then updates his
baseline action (an action that brings him the highest reward
in the past episode up to some tolerance) and sticks to that
baseline action most of the time in the next episode while
still exploring new actions with a small probability.

Theorem 5 Let p,w € (0, 1) be arbitrary probabilities and

e < min{*=2, 2 50 where § € (0,A). For each man
m, there exists a sufficiently large episode length T,, =
T (D, €), such that if each player m follows Algorithm 2 with
episode length T, for all sufficiently large times t > 0, the
pure strategy profile o will be a (fixed) stable matching with

probability at least p.

Conclusions

We considered the problem of learning stable matchings
with unknown preferences in a fully decentralized and un-
coordinated manner. Using a game-theoretic framework, we
showed how to design principled learning algorithms to
drive the matching market to its stable points and established
several global and local convergence results in hierarchical
and general markets. Our results provide new insights into
learning stable matchings through NE learning in games and
bridge the discrete problem of learning a stable matching
with that of learning a NE in continuous-strategy games.
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