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Abstract

In this work, we study the logarithmic regret for reinforce-
ment learning (RL) with linear function approximation and
adversarial corruptions, in the formulation of linear Markov
decision processes (MDPs). Specifically, we consider the case
where there exist adversarial corruptions over the reward
functions, and the total amount of the corruptions of each
step h across all episodes K is bounded by a corruption level
C ≥ 0. We propose an algorithm, double-weighted least-
squares value iteration with UCB (DW-LSVI-UCB), which
leverages weighted linear regressions to learn the (corrupted)
unknown reward parameters and unknown transition parame-
ters simultaneously. We prove that DW-LSVI-UCB attains an
Õ( d

2H4 log2(1+K/δ)
gapmin

+ CdH2) regret (omitting the depen-
dence on lower order terms), where d is the ambient dimen-
sion of the feature mapping, H is the horizon length, gapmin

is the minimal sub-optimality gap, and K is the number of
episodes. Additionally, when there are no adversarial corrup-
tions over reward functions, the regret of our algorithm im-
proves the previous best result by an Õ(dH/ logK) factor.

1 Introduction
Reinforcement learning (RL), which is typically modeled
as Markov decision processes (MDPs) (Feinberg 1996), has
garnered significant empirical success across diverse do-
mains such as gaming, control systems, and robotics. For
tabular MDPs with small finite state space and finite action
space, nearly minimax optimal sample complexity has been
attained in discounted MDPs utilizing a generative model
(Azar, Munos, and Kappen 2013). In the absence of such
a generative model, optimal sample complexity has been
achieved in MDPs with finite and infinite horizons (Azar,
Osband, and Munos 2017; He, Zhou, and Gu 2021b; Tossou,
Basu, and Dimitrakakis 2019). Nevertheless, in practical RL
applications, the state and action spaces can be immense,
even approaching infinity, rendering tabular MDPs vulnera-
ble to the curse of dimensionality. To address this challenge,
recent research has pivoted towards examining MDPs un-
der the lens of function approximation. Typically, this ap-
proach involves reparameterizing the values of state-action
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pairs by embedding them into a low-dimensional space us-
ing a specified feature mapping. RL with linear function ap-
proximation, in particular, has attracted significant research
attention in recent years. Among these studies, linear mix-
ture MDPs (Ayoub et al. 2020) and linear MDPs (Jin et al.
2020) are two of the most prominent MDP models that en-
able RL with linear function approximation. Notably, re-
cent works have achieved the (nearly) minimax optimal re-
gret guarantee of order Õ(dH

√
KH) in both linear mixture

MDPs (Zhou, Gu, and Szepesvári 2021) and linear MDPs
(Hu, Chen, and Huang 2022; He et al. 2023) with stochas-
tic reward functions, where d is the ambient dimension of
the feature mapping, H is the horizon length, and K is the
number of episodes.

Despite significant advances in establishing (nearly) min-
imax optimal regret for RL with linear function approxima-
tion, the previous algorithms are still not able to be shown
to achieve better performance in “easier” environments and
might not be able to work in the more “difficult” environ-
ments. Specifically, when the instance-dependent structure
is relatively mild to be learned, the algorithms should be ex-
pected to perform better than in environments with instance-
dependent structures that are hardest to learn. Indeed, for
bandit problems, the more amenable special case of RL,
and tabular MDP problems, instance-dependent regret of
O(logK) has been established (Simchowitz and Jamieson
2019; Jin and Luo 2020; Lattimore and Szepesvári 2020;
Yang, Yang, and Du 2021; Jin, Huang, and Luo 2021). One
notable exception is the work of He, Zhou, and Gu (2021a),
which establishes an instance-dependent regret of order
Õ
(
d3H5 logK/ gapmin

)
for linear MDPs and an instance-

dependent regret of order Õ
(
d2H5 log3 K/ gapmin

)
for

linear mixture MDPs, where gapmin is the minimal sub-
optimality gap. However, He, Zhou, and Gu (2021a) also
provide a regret lower bound of order Ω (Hd/ gapmin) for
both problems, indicating that there still exist large gaps be-
tween the regret upper bounds and the regret lower bound.
On the other hand, when non-stationarity arises in the en-
vironment, these algorithms will fail to work in such cases,
except for the algorithms by Jin and Luo (2020); Jin, Huang,
and Luo (2021), which adapt to the stochastic environ-
ment with Õ (logK/ gapmin) regret and also guarantee
Õ(logK +

√
C) regret when there is a total amount of C
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corruptions over the reward functions in the environment.
However, the algorithms by Jin and Luo (2020); Jin, Huang,
and Luo (2021) are tailored to the cases of tabular MDPs,
leaving the more challenging and practical cases with large-
scale state-action spaces unexplored.

To address the aforementioned limitations of existing al-
gorithms, in this work, we aim to establish an algorithm
for RL with linear function approximation that can en-
joy the Õ (logK/ gapmin)-type instance-dependent regret
in stochastic environments, while being robust to adversar-
ial corruptions over reward functions. Formally, we study
linear MDPs where both the state transitions and the re-
ward functions admit linear structures but the rewards can
be corrupted by an adaptive adversary. At each step h in
each episode k, the adversary may add an arbitrary corrup-
tion over the sampled reward r̂k,h(sk,h, ak,h) of state-action
pair (sk,h, ak,h), which might potentially depend on all the
information up to step h in episode k including the action
ak,h taken by the learner. To tackle this problem, we propose
an algorithm called DW-LSVI-UCB, which simultaneously
leverages weighted regressions to learn the unknown reward
parameters against the adversarial corruptions and the un-
known transition parameters to adapt to the variances of
the transition noises. Consequently, our algorithm achieves
the regret of order Õ(d

2H4 log2(1+K/δ)
gapmin

+ CdH2) (omitting
the dependence on lower order terms), where C is the total
amount of the reward corruptions. Our regret upper bound
also improves the previous best result by an Õ(dH/ logK)
factor, when there are no adversarial corruptions over reward
functions (i.e., C = 0). The analysis for our algorithm is in-
spired by previous works studying gap-dependent regret for
uncorrupted MDPs (Yang, Yang, and Du 2021; He, Zhou,
and Gu 2021a) but with more refined parts to sharpen the
dependence of logK (see Section 4 for details).

1.1 Additional Related Works
RL with Function Approximation To enable efficient
learning in RL within vast state-action spaces, recent stud-
ies have gravitated towards RL algorithms employing func-
tion approximation. Broadly, these results can be grouped
into three categories. The first line of research explores the
linear MDP assumption (Yang and Wang 2019; Jin et al.
2020; Du et al. 2020; Zanette et al. 2020; Wang, Salakhut-
dinov, and Yang 2020; Wang et al. 2021; He, Zhou, and
Gu 2021a; Luo, Wei, and Lee 2021; Dai et al. 2023; Sher-
man, Koren, and Mansour 2023; Zhong and Zhang 2024;
Kong et al. 2024), wherein both the transition probabili-
ties and the reward functions are modeled as linear func-
tions of given state-action feature mappings. Notably, Jin
et al. (2020) pioneer a statistically and computationally effi-
cient algorithm with a regret guarantee of Õ(H2

√
d3K). He

et al. (2023) then enhance this achievement by leveraging
weighted ridge regression and a Bernstein-type exploration
bonus, achieving the (nearly) minimax optimal regret bound
of Õ(dH

√
KH). In this work, we likewise focus on linear

MDPs. The second approach hinges on the linear mixture
MDP assumption (Ayoub et al. 2020; Cai et al. 2020; Zhang
et al. 2021; Zhou, Gu, and Szepesvári 2021; He, Zhou, and

Gu 2021a; Zhou and Gu 2022; Wu, Zhou, and Gu 2022;
Min et al. 2022; He, Zhou, and Gu 2022; Zhao et al. 2023;
Li, Zhao, and Zhou 2024), where the transition probabilities
are linear in an unknown parameter and a given feature map-
ping of state-action-next-state triplets. Among these studies,
Zhou, Gu, and Szepesvári (2021) attain the (nearly) mini-
max optimal regret bound of Õ(dH

√
KH). The final line

of research examines the general function approximation in
RL (Jiang et al. 2017; Dann et al. 2018; Sun et al. 2019; Du
et al. 2019a, 2021; Jin, Liu, and Miryoosefi 2021; Uehara,
Zhang, and Sun 2022).

Reward Corruptions in RL A substantial amount of lit-
erature has been dedicated to exploring the challenges in se-
quential decision-making problems with adversarially cor-
rupted rewards, including bandits (Lykouris, Mirrokni, and
Leme 2018; Gupta, Koren, and Talwar 2019; Yang et al.
2020; Garcelon et al. 2020; Lu, Wang, and Zhang 2021; Ito
2021a; Zimmert and Seldin 2021; Ito 2021b; Zhong, Che-
ung, and Tan 2021; He et al. 2022; Kong, Zhou, and Li
2022; Ito, Tsuchiya, and Honda 2022; Ye et al. 2023a; Ito
and Takemura 2023; Kong, Zhao, and Li 2023; Dann, Wei,
and Zimmert 2023; Ito, Tsuchiya, and Honda 2024) and RL
(Lykouris et al. 2021; Wu et al. 2021; Zhang et al. 2020; Jin
and Luo 2020; Jin, Huang, and Luo 2021; Wei, Dann, and
Zimmert 2022; Ye et al. 2023a; Chen et al. 2023; Ye et al.
2023b, 2024). Amongst these works, some works study the
best-of-both-worlds guarantee (Zimmert and Seldin 2021;
Ito 2021b; Jin and Luo 2020; Jin, Huang, and Luo 2021;
Kong, Zhou, and Li 2022; Ito, Tsuchiya, and Honda 2022;
Ito and Takemura 2023; Kong, Zhao, and Li 2023; Dann,
Wei, and Zimmert 2023; Ito, Tsuchiya, and Honda 2024),
meaning that the algorithms in these works can simultane-
ously enjoy the O(logK/ gapmin) regret in stochastic en-
vironments and O(

√
K) regret in adversarial environments

where an adversary may corrupt the rewards in each episode.
In addition, we note that some works study RL problems
where both the rewards and state transitions might be cor-
rupted (Ye et al. 2023a,b, 2024).

2 Preliminaries
An episodic Markov decision process (MDP) is formally
represented by the tuple M(S,A, H, {rh}Hh=1, {Ph}Hh=1),
where S is the state space, A is the action space, H denotes
the episode length, rh : S×A → [−1, 1] is the reward func-
tion at step h, and Ph : S × A × S → [0, 1] is the state
transition probability with Ph(s

′|s, a) being as the probabil-
ity of transitioning from state s to state s′ after taking action
a at step h. Following Jin et al. (2020), we postulate that
S is a measurable space potentially comprising an infinite
number of states, while A is a finite set.

The interaction protocol between the learner and the envi-
ronment is given as follows. At the commencement of each
episode k, the learner specifies a policy set πk = {πk,h}Hh=1
to adhere to during that episode. Meanwhile, an initial state
sk,1 is sample from P0(·). At each step h within episode k,
the learner observes the current state sk,h and samples an
action ak,h ∼ πk,h(·|sk,h). Then the learner observes a re-
ward r̂k,h(sk,h, ak,h) = rh(sk,h, ak,h) + εk,h, where εk,h

22760



is a conditionally 1-sub-Gaussian stochastic noise. Subse-
quently, the system transitions to the next state sk,h+1 ∼
Ph(·|sk,h, ak,h), which will be observable to the learner at
step h + 1. Finally, episode k will end after the learner
reaches the (fixed) terminal state sH+1.

For a given policy set π = {πh}Hh=1, its state-action
value Qπ

h(s, a) and state value V π
h (s) for state-action

pair (s, a) ∈ S × A are defined as Qπ
h(s, a) =

E
[∑H

h′=h rh′ (sh′ , ah′)
∣∣∣(sh, ah) = (s, a), π,P

]
and

V π
h (s) = Ea∼πh(·|s)

[
Qπ

h

(
s, a
)]

, where the expectation is
taken over the randomness of the policy π and the environ-
ment state transition P. Additionally, for (s, a) ∈ S × A,
we denote by Q∗

h(s, a) = maxπ Q
π
h(s, a) the optimal

state-action value and V ∗
h (s) = maxπ V

π
h (s) the optimal

state value. It is known that there exists (at least one)
optimal policy π∗ such that Qπ∗

h (s, a) = Q∗
h(s, a) and

V π∗

h (s) = V ∗
h (s) for all (s, a) ∈ S ×A and h ∈ [H].

We proceed to define the regret accumulated over the K
episodes as

RegK =

K∑
k=1

V ∗
1 (sk,1)− V πk

1 (sk,1) ,

where πk is the policy adopted by the learner in the k-th
episode.

Following (Simchowitz and Jamieson 2019; Du et al.
2019b; Yang, Yang, and Du 2021; He, Zhou, and Gu 2021a),
we formally define the minimal sub-optimality gap gapmin
for MDPs as detailed below, under the assumption that
gapmin > 0.

Definition 2.1. For each state-action pair (s, a) ∈ S × A
and step h ∈ [H], let gaph(s, a) = V ∗

h (s) − Q∗
h(s, a)

be the sub-optimality gap at (s, a). Then the minimal sub-
optimality gap is defined as

gapmin = min
h∈[H],(s,a)∈S×A

{gaph(s, a) : gaph(s, a) > 0} .

Linear Markov Decision Process In this work, we study
RL with linear function approximation, in the formulation
of linear MDPs, detailed as follows.

Definition 2.2. An MDP M(S,A, H, {rh}Hh=1, {Ph}Hh=1)
is a linear MDP if for any step h ∈ [H], there exist an
unknown vector θh ∈ Rd, an unknown (signed) measures
µh(·) : S → Rd and a known feature mapping ϕ : S×A →
Rd, such that for each state-action pair (s, a) ∈ S ×A and
state s′ ∈ S , it holds that

rh(s, a) =
〈
ϕ(s, a),θh

〉
, Ph(s

′|s, a) =
〈
ϕ(s, a),µh(s

′)
〉
.

Moreover, we further impose the regularity condition over
the linear MDPs, assuming that ∥θh∥2 ≤ 1,

∥∥µh(S)
∥∥
2
≤√

d and ∥ϕ(s, a)∥2 ≤ 1 for all (s, a) ∈ S ×A and h ∈ [H].

Corruptions over Reward Functions In this work, we
consider the case where the rewards of linear MDPs might
be adversarially corrupted, subject to the following condi-
tions. At each step h in each episode k, after the learner takes
action ak,h at state sk,h and the reward r̂k,h(sk,h, ak,h) =

rh(sk,h, ak,h) + εk,h is sampled from the environment, the
adversary observes the reward r̂k,h and may impose an ad-
versarial corruption ck,h onto the reward r̂k,h, which might
depend on all the information up to step h − 1 in episode
k as well as (sk,h, ak,h, r̂k,h). Then the corrupted reward
r̃k,h(sk,h, ak,h) = r̂k,h(sk,h, ak,h) + ck,h is revealed to the
learner. Note that we do not impose any structural assump-
tions over the corruption ck,h, and ck,h is potentially depen-
dent on the current action ak,h chosen by the learner (as well
as the current state sk,h of the learner), while the corruption
ck,h is determined by the adversary before it observes the
current action ak,h of the learner in some prior works (Lyk-
ouris, Mirrokni, and Leme 2018; Gupta, Koren, and Talwar
2019; Jin and Luo 2020; Jin, Huang, and Luo 2021). In ad-
dition, we assume that the total amount of corruption at each
step h is bounded by some corruption level C ≥ 0. That is,
maxh∈[H]

∑K
k=1 |ck,h| ≤ C.

Additional Notations For any state value function V :
S → R, we introduce the shorthand notations [PhV ](s, a) =
Es′∼Ph(·|s,a)[V (s′)] and [VhV ](s, a) = [PhV

2](s, a) −(
[PhV ](s, a)

)2
for notational convenience. Consequently,

by the Bellman equation for MDPs, for each step h and
policy π, the state-action value Qπ

h(s, a) can be rewritten
as Qπ

h(s, a) = rh(s, a) + [PhV
π
h+1](s, a), where we de-

fine V π
H+1(s) = 0 for all s ∈ S . We denote by oi,j =

(si,j , ai,j , r̃i,j(si,j , ai,j)) be the observation of the learner
at episode i and step j. Let Fk,h be the σ-algebra gener-
ated by {o1,1, . . . , o1,H , o2,1, . . . , ok,1, . . . , ok,h}. For sim-
plicity, we sometimes abbreviate E[·|Fk,h], ϕ(sk,h, ak,h),
r̃k,h(sk,h, ak,h) as Ek,h[·], ϕk,h and r̃k,h. We sometimes de-
note log+(x) = max{1, log x}.

3 Algorithm
This section introduces the proposed double-weighted least-
squares value iteration with UCB (DW-LSVI-UCB) algo-
rithm, detailed in Algorithm 1. Our algorithm is built upon
the LSVI-UCB++algorithm by He et al. (2023), but with
several key alterations, illustrated in Section 3.1 and 3.2, re-
spectively.

3.1 Transition Parameter Learning
To learn the unknown transition parameter µh, the
LSVI-UCB++algorithm (He et al. 2023) adopts a model-
free manner and utilizes the fact the state-action value func-
tion of linear MDPs are linear with the feature mapping
ϕ(·, ·) in the sense that Qπ

h(s, a) = ⟨ϕ(s, a),µhV
π
h+1+θh⟩.

Nevertheless, in this way, the learning of the transition pa-
rameter µh and the reward parameter θh are coupled with
each other, making it hard to handle the adversarial corrup-
tions over rewards simultaneously. To this end, our algo-
rithm adopts a model-based manner, enabling separate learn-
ing of the transition parameter µh and the reward parameter
θh. We detail the learning of µh in this section and present
the learning of θh in the next section.

Weighted Regression for Learning µh To enable effi-
cient learning of the unknown transition parameter µh, we
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utilize a weighted regression scheme to learn µh by solving

µ̂k,h =argmin
µ∈Rd×S

k−1∑
i=1

∥∥∥σ̂−1
i,h

[
µ⊤ϕi,h − δi,h+1

]∥∥∥2
2

+ λP ∥µ∥2F , (1)

where σ̂i,h is the estimated variance, δi,h+1 ∈ {0, 1}S is
the Dirac measure centred on si,h+1 (i.e., the one-hot vector
with the one entry at si,h+1), λP > 0 is the transition regu-
larization parameter and ∥ · ∥F denotes the Frobenius norm.
The solution of Eq. (1) is given by

µ̂k,h = (ΣP
k,h)

−1bPk,h , (2)

where ΣP
k,h =

∑k−1
i=1 σ̂−2

i,hϕi,hϕ
⊤
i,h + λP I is the weighted

feature covariance matrix and bPk,h =
∑k−1

i=1 σ̂−2
i,hϕi,hδ

⊤
i,h+1.

Note that µ̂k,h can be computed in an “implicit” manner
with time and space complexities both of order O(poly(d))
(see Appendix for details).

Construction of Variance Estimates The estimated vari-
ance σ̂i,h of [VhV̂k,h+1](si,h, ai,h) in Eq. (1) is used to con-
struct a sharper confidence set that adapts to the variance of
the transition noises so as to enable the use of the Bernstein-
type self-normalized vector-valued martingale inequality,
which is originally proposed by Zhou, Gu, and Szepesvári
(2021) to obtain the (nearly) minimax optimal regret for
learning stochastic linear mixture MDPs and subsequently
used by Hu, Chen, and Huang (2022); He et al. (2023) to
achieve the (nearly) minimax optimal regret for learning
stochastic linear MDPs. Note that directly setting σ̂i,h as
the estimated variance of [VhV̂k,h+1](si,h, ai,h) will induce
the measurability issue (i.e., the noise V̂k,h+1 (si,h+1) −
[PhV̂k,h+1] (si,h, ai,h) is not Fi+1,h-measurable and

Ei,h

[
V̂k,h+1(si,h+1)− [PhV̂k,h+1](si,h, ai,h)

]
̸= 0),

which requires a uniform covering argument to address and
eventually leads to an additional Õ(

√
d) dependence as

discussed by Jin et al. (2020). To overcome this obstacle, we
consider decomposing the Bellman error [P̂h − Ph]V̂k,h+1

into [P̂h − Ph]V
∗
h+1 as well as [P̂h − Ph](V̂k,h+1 − V ∗

h+1)
and bound these two terms separately, which only re-
quires to estimate the variances [VhV

∗
h+1](sk,h, ak,h) and

[Vh(V̂k,h+1 − V ∗
h+1)](sk,h, ak,h), following Azar, Osband,

and Munos (2017); Hu, Chen, and Huang (2022); He et al.
(2023).

For the variance [VhV
∗
h+1](sk,h, ak,h), with the observa-

tion that

[VhV
∗
h+1](sk,h, ak,h) = [V̂k,hV̂k,h+1](sk,h, ak,h)

+ [VhV
∗
h+1](sk,h, ak,h)− [V̂k,hV̂k,h+1](sk,h, ak,h)

≤[V̂k,hV̂k,h+1](sk,h, ak,h)

+
∣∣[VhV̂k,h+1 − VhV

∗
h+1](sk,h, ak,h)

∣∣
+
∣∣[V̂k,hV̂k,h+1 − VhV̂k,h+1](sk,h, ak,h)

∣∣ ,
we upper bound [VhV

∗
h+1](sk,h, ak,h) by

[V̂k,hV̂k,h+1](sk,h, ak,h) + Ek,h + Dk,h, where

Ek,h and Dk,h serve as the upper bounds
of

∣∣[V̂k,hV̂k,h+1 − VhV̂k,h+1](sk,h, ak,h)
∣∣ and∣∣[VhV̂k,h+1 − VhV

∗
h+1](sk,h, ak,h)

∣∣, respectively (see
Appendix for details). In particular, Ek,h and Dk,h

satisfying

Ek,h =min
{
β̃P
∥∥ϕk,h

∥∥
(ΣP

k,h)
−1 , H

2
}

+min
{
2Hβ̂P

∥∥ϕk,h

∥∥
(ΣP

k,h)
−1 , H

2
}
,

Dk,h =d3H2 min
{
4
[
ϕ⊤

k,hµ̂k,h

(
V̂k,h+1 − V̌k,h+1

)
+2β̂P ∥ϕk,h∥(ΣP

k,h)
−1

]
, H
}

,

where V̂k,h+1 and V̌k,h+1 are the optimistic and pessimistic
value function estimates, β̂P = Õ(Hd3/2) and β̃P =

Õ(H2d3/2) are the Hoeffding-type concentration coeffi-
cients for the self-normalized transition error sequences
∥ (µ− µ̂k,h) V̂k,h+1∥ΣP

k,h
and ∥ (µ− µ̂k,h) V̂

2
k,h+1∥ΣP

k,h

(see Appendix for the detailed values of β̂P and β̃P ), re-
spectively.

On the other hand, for the variance [Vh(V̂k,h+1 −
V ∗
h+1)](sk,h, ak,h), it can be proven that Dk,h above

also serves as an upper bound of [Vh(V̂k,h+1 −
V ∗
h+1)](sk,h, ak,h). Therefore, the overall variance estimate

is taken as

σk,h =

√
[V̂k,hV̂k,h+1](sk,h, ak,h) + Ek,h +Dk,h +H .

(3)

To facilitate a slightly tighter confidence set, following Zhou
and Gu (2022); He et al. (2023), our algorithm utilizes an ad-
ditional uncertainty term 2d3H2∥ϕk,h∥

1/2

(ΣP
k,h)

−1 to construct

the final variance estimate σ̂k,h used in the weighted regres-
sion for learning µh:

σ̂k,h = max
{
σk,h, H, 2d3H2∥ϕk,h∥

1/2

(ΣP
k,h)

−1

}
. (4)

Rare-updating of Value Function Estimates Besides,
we also apply the determinant-based rare-updating scheme,
originally proposed by Abbasi-Yadkori, Pál, and Szepesvári
(2011) and also leveraged by He et al. (2023) to control
the updates of the optimistic and pessimistic value functions
(Line 4 - Line 11), which is critical in bounding the cover-
ing number of the value function classes. In particular, both
the optimistic and pessimistic state-action value function es-
timates will be updated only when the determinants of the
reward or transition feature covariance matrices are doubled.
In this case, they will be updated as

Q̂k,h(·, ·) = min
{[

r̂k,h(·, ·) + βr∥ϕk,h∥(Σr
k,h)

−1

+⟨µ̂k,hV̂k,h+1,ϕ(·, ·)⟩+ βP ∥ϕk,h∥(ΣP
k,h)

−1

]
[−H,H]

,

Q̂g(k−1),h(·, ·)
}

, (5)
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and

Q̌k,h(·, ·) = max
{[

r̂k,h(·, ·)− βr∥ϕk,h∥(Σr
k,h)

−1

+⟨µ̂k,hV̌k,h+1,ϕ(·, ·)⟩ − β̂P ∥ϕk,h∥(ΣP
k,h)

−1

]
[−H,H]

,

Q̌g(k−1),h(·, ·)
}
, (6)

where V̂k,h+1(s) = maxa∈A Q̂k,h+1(s, a) and V̌k,h+1(s) =

maxa∈A Q̌k,h+1(s, a), and g(k) denotes the index of the lat-
est episode when updates of the value function occur up to
episode k.

Algorithm 1: Algorithm for Linear MDPs with Corrupted
Rewards

1: Input: λr, λP , βr, β̂P , β̃P , βP , α.
2: for k = 1, . . . ,K do
3: Set V̂k,H+1(s) = V̌k,H+1(s) = 0 for all s ∈ S .
4: if there exists some step h′ ∈ [H] s.t.

det(Σk,h′) ≥ 2 det(Σg(k−1),h′) or det(Σk,h′) ≥
2 det(Σg(k−1),h′) then

5: Set g(k) = k.
6: for h = H, . . . , 1 do
7: Update optimistic and pessimistic value function

estimate as in Eq. (5) and Eq. (6) respectively.
8: end for
9: else

10: Set g(k) = g(k − 1).
11: Set Q̂k,h(·, ·) = Q̂k−1,h(·, ·) and Q̌k,h(·, ·) =

Q̌k−1,h(·, ·).
12: end if
13: for h = 1, . . . ,H do
14: Take action ak,h = argmaxa∈A Q̂k,h(sk,h, a),

observe reward r̃k,h and next-state sk,h+1 ∼
Ph(·|sk,h, ak,h).

15: Compute empirical variance σk,h as in Eq. (3).
16: Set σ̂k,h as in Eq. (4).
17: Update transition statistics:

ΣP
k+1,h = ΣP

k,h + σ̂−2
k,hϕk,hϕ

⊤
k,h ,

bPk+1,h = bPk,h + σ̂−2
k,hϕk,hδ

⊤
k,h+1 .

18: Compute µ̂k+1,h as in Eq. (2).
19: Set reward weight as in Eq. (7).
20: Update reward statistics:

Σr
k+1,h = Σr

k,h + wk,hϕk,hϕ
⊤
k,h ,

brk+1,h = brk,h + wk,hϕk,hr̃k,h .

21: Compute θ̂k+1,h as in Eq. (8).
22: end for
23: end for

3.2 Reward Parameter Learning
In addition to the weighted regression used to learn the un-
known transition parameter, our algorithm incorporates a
second weighted regression scheme aimed at learning the

unknown reward parameter θh, which gives rise to the name
DW-LSVI-UCB for our algorithm. In particular, to deal with
the potential adversarial corruptions over the rewards, the
weight of each experienced state-action pair (sk,h, ak,h) is
inversely proportional to the width of the confidence set.
Intuitively, a larger width of the confidence set of the ex-
perienced state-action pair (sk,h, ak,h) indicates that the
learning of the unknown reward parameter θh is less ac-
curate along with the direction of ϕk,h and thus there
might be larger adversarial corruptions over this state-action
pair (sk,h, ak,h). Consequently, our algorithm will assign a
smaller weight in weighted regression to such (sk,h, ak,h),
which eventually minimizes the impacts of the experienced
state-action pairs with large adversarial corruptions on the
learning of θh. A similar design is first proposed by He et al.
(2022) to achieve minimax optimal regret for linear contex-
tual bandits with adversarial corruptions and is also subse-
quently used by Ye et al. (2023a) for learning corrupted con-
textual bandits and RL with bounded eluder dimension.

Formally, in each episode k, our DW-LSVI-UCB algo-
rithm solves the following weighted regression to obtain an
estimate of the unknown reward parameter θh:

θ̂k,h = argmin
θ∈Rd

k−1∑
i=1

wi,h

(
θ⊤ϕi,h − r̃i,h

)2
+ λr∥θ∥22 ,

where λr > 0 is the reward regularization parameter and

wi,h = min
{
1, α/∥ϕi,h∥(Σr

i,h)
−1

}
, (7)

is the regression weight with α as a parameter to be tuned in
the analysis. The closed-form solution of θ̂k,h is given as

θ̂k,h = (Σr
k,h)

−1brk,h , (8)

where Σr
k,h =

∑k−1
i=1 wi,hϕi,hϕ

⊤
i,h + λrI and brk,h =∑k−1

i=1 wi,hϕi,hr̃i,h.

4 Analysis
In this section, the theoretical guarantee of our algorithm
will be introduced first, followed by the proof sketch and the
technical challenges in the proof.

4.1 Main Results
The regret of Algorithm 1 is guaranteed by the following
theorem.

Theorem 4.1. For any linear MDP M satisfying Defini-
tion 2.2, if the total amount of corruption at each step h
is bounded by C ≥ 0 and C is known, then by setting
βr = O(

√
d log ((1 +K/λr) /δ) +

√
λr + αC), α =

(
√
d +

√
λr)/C, β̂P , β̃P , and βP = βP,(1) + βP,(2) speci-

fied in Appendix, λr = 1 and λP = 1/H2, with probability
1− ((K+6)H⌈logH/gapmin⌉+logK)δ, the gap-dependent
regret of DW-LSVI-UCB is upper bounded as

Õ

(
d2H4 log2+(K/δ)

gapmin

log2

(
log2+(K/δ)

gap2min

)
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+ CdH2
√
log+(K/δ) log2

(√
log+(K/δ)

gapmin

)

+ d4H9 + d7.5H6 log+(K/δ) log2
(
log+(K/δ)

gapmin

)
+
√

(d13.5H14 + Cd6H7) log+(K/δ) log
log2+(K/δ)

gap2min

)
,

where Õ(·) suppresses all logarithmic terms expect for
log+(K/δ) and log(1/ gapmin).

Remark 4.1. Further ignoring all the log-logarithmic
terms, the gap-dependent regret of Algorithm 1 is

Õ(
d2H4 log2

+(K/δ)

gapmin
+ CdH2

√
log+(K/δ) + (d7.5H6 +√

(d13.5H14 + Cd6H7)) log+(K/δ) + d4H9), where
the corruption level C is not multiplicative to the lead-

ing term Õ(
d2H4 log2

+(K/δ)

gapmin
); instead, it only appears

in the lower-order terms Õ(CdH2
√
log+(K/δ) +√

(d13.5H14 + Cd6H7) log+(K/δ). Besides, when there
are no adversarial corruptions over rewards (i.e., cor-
ruption level C = 0), the regret of our DW-LSVI-UCB
algorithm improves the previous best result of He, Zhou,
and Gu (2021a) by an Õ(dH/ logK) factor. Please see
Appendix for additional discussions on the results.

Corollary 4.1. For any linear MDP M, if the total corrup-
tion level C is unknown and we have an estimated corrup-
tion level Ĉ such that Ĉ ≥ C ≥ 0, by setting α = (

√
d +√

λr)/Ĉ and βr = O(
√
d log ((1 +K/λr) /δ)+

√
λr) and

all other parameters the same as in Theorem 4.1, with prob-
ability 1 − ((K + 6)H⌈logH/gapmin⌉ + logK)δ, the gap-
dependent regret of DW-LSVI-UCB is upper bounded as

Õ

(
d2H4 log2+(K/δ)

gapmin

log2

(
log2+(K/δ)

gap2min

)

+ ĈdH2
√
log+ (K/δ) log2

(√
log+ (K/δ)

gapmin

)

+ d4H9 + d7.5H6 log(1 +K/δ) log2
(
log+ (K/δ)

gapmin

)
+

√
(d13.5H14 + Ĉd6H7) log+ (K/δ) log

log2+(K/δ)

gap2min

)
.

Remark 4.2. When the upper bound of C is unknown and
C > Ĉ, our DW-LSVI-UCB algorithm fails to learn the cor-
rupted linear MDPs and incurs a linear gap-independent
regret. However, note that for a given class A of algo-
rithms for learning uncorrupted linear MDPs with true re-
gret RegK satisfying RegK ≤ Reg′K ≤ O(K) for some
Reg′K , DW-LSVI-UCB can also enjoy the Reg′K regret by
simply setting Ĉ = O(Reg′K /(dH)). Further, we can show
that when C is unknown and C ≥ Ω(Reg′K /(dH)), all the
algorithms in this class suffer linear (expected) regret, fol-
lowing similar reasoning in He et al. (2022). This indicates

that when C is unknown and C ≥ Ω(Reg′K /(dH)), the cor-
rupted linear MDPs are not learnable for all the algorithms
belong to class A including DW-LSVI-UCB .

4.2 Proof Sketch
We now present the proof sketch of Theorem 4.1, along
with the key technical challenges and discussions on how
we overcome them.

To begin with, the following lemma guarantees that the
estimation error of the true unknown reward parameter θh is
upper bounded by the reward exploration bonus.
Lemma 4.1 (Lemma 4.1, He et al. (2022)). Fix h ∈ [H]. For
any 0 < δ < 1 and known corruption budget C ≥ 0, set the

reward confidence radius βr =
√
d log

(
(1 +K/λr)/δ

)
+

√
λr + αC, then with probability at least 1 − δ, for

each episode k, the estimator θ̂k,h satisfies that ∥θ̂k,h −
θh∥Σr

k,h
≤ βr.

For the concentration of the transition parameter µh, we
first introduce the following Hoeffding-type concentrations:

Ĉk,h =
{
µ ∈ Rd×S : ∥(µ− µ̂k,h)V̂k,h+1∥ΣP

k,h
≤ β̂P

}
,

C̃k,h =
{
µ ∈ Rd×S : ∥(µ− µ̂k,h)V̂

2
k,h+1∥ΣP

k,h
⩽ β̃P

}
,

Čk,h =
{
µ ∈ Rd×S : ∥(µ− µ̂k,h)V̌k,h+1∥ΣP

k,h
⩽ β̂P

}
,

where the values of β̂P and β̃P are specified in Appendix.
With high probability, the following lemma guarantees

that µh lies in the above concentration sets. It will be use-
ful for constructing the sharper Bernstein-type concentration
sets and its proof is deferred to Appendix.
Lemma 4.2. Define E as the event that µh ∈
Ĉk,h

⋂
C̃k,h

⋂
Čk,h for all (k, h) ∈ [K] × [H]. Then E hap-

pens with probability 1− 3δ.
Based on the Hoeffding-type concentration above, we

then construct the following Bernstein-type confidence set:

Ck,h =
{
µ ∈ Rd×S : ∥(µ− µ̂k,h)V̂k,h+1∥ΣP

k,h
≤ βP

}
,

where βP := βP,(1) + βP,(1) with βP,(1) and βP,(1) quan-
tified in Appendix. Define Ẽh as the event that µh′ ∈ Ck,h′

for all k ∈ [K] and h′ ∈ {h, h + 1, . . . ,H}. Let Ẽ = Ẽ1.
Then the following lemma guarantees that the true transition
parameter µh is contained in the constructed Bernstein-type
confidence set with high probability. Its proof is postponed
to Appendix.

Lemma 4.3. Conditioned on event E , event Ẽ holds with
probability at least 1− 2δ.

Moreover, by the standard performance difference
lemma (Kakade and Langford 2002), one can see that
RegK = O(

∑K
k=1

∑H
h=1 gaph (sk,h, ak,h)), where recall

gaph(s, a) = V ∗
h (s) − Q∗

h(s, a). Then, to obtain the fi-
nal gap-dependent regret, it suffices to bound the sum-
mation of the gaph (sk,h, ak,h)’s in the above display.
To this end, we consider dividing the range [gapmin, H]
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where all the gaph (sk,h, ak,h)’s lie into several subintervals,
and upper bounding the number of gaph (sk,h, ak,h)’s that
fall into each subinterval of [gapmin, H] following Yang,
Yang, and Du (2021); He, Zhou, and Gu (2021a). Specif-
ically, we first divide the whole range [gapmin, H] into
⌈logH/gapmin⌉ subintervals, with the i-th subinterval being
as
[
2i−1 gapmin, 2

i gapmin

)
. Then with the observation that

gaph (sk,h, ak,h) =V ∗
h (sk,h)−Q∗

h(sk,h, ak,h)

=Q∗
h(sk,h, π

∗(sk,h))−Q∗
h(sk,h, ak,h)

≤Q̂k,h(sk,h, π
∗(sk,h))−Qπk

h (sk,h, ak,h)

≤Q̂k,h(sk,h, ak,h)−Qπk

h (sk,h, ak,h) ,

where the first inequality is due to the optimism of the con-
structed estimated state-action value function Q̂k,h guaran-
teed by Lemma 4.1 and 4.3. Therefore, it turns out that
the total number of gaph (sk,h, ak,h)’s that fall into the i-
th subinterval

[
2i−1 gapmin, 2

i gapmin

)
is naturally upper

bounded by the estimation errors of the state-action value
functions in these episodes. This is demonstrated in the fol-
lowing key technical lemma (please see Appendix for its for-
mal statement).
Lemma 4.4. Let N := ⌈logH/gapmin⌉. Conditioned on the
events in Lemma 4.1 and 4.3, for any fixed h ∈ [H] and
i ∈ [N ], with probability at least 1−Kδ, we have

K∑
k=1

1{gaph (sk,h, ak,h) ≥ 2i gapmin}

= Õ

(
d2H3 log2+(K/δ)

4i gap2min

log2

(
d2H3 log2+(K/δ)

4i gap2min

)

+
CdH

√
log+ (K/δ)

2i gapmin

log2

(
CdH

√
log+ (K/δ)

2i gapmin

))
.

The proof of Lemma 4.4 is inspired by Yang, Yang, and
Du (2021), which study the gap-dependent regret of the
canonical Q-learning for tabular MDPs. Similar reasoning
has also been adopted by He, Zhou, and Gu (2021a) for
achieving the gap-dependent regret for uncorrupted linear
(mixture) MDPs. However, note that our proof adopts a re-
fined analysis to further sharpen the dependence on logK
in the final results. In particular, fix a step h ∈ [H] and
an index of the subinterval i ∈ [N ]. Denote by m =∑K

k=1 1{gaph (sk,h, ak,h) ≥ 2i gapmin}. Then a straight-
forward analysis will deduce a quadratic equation regarding
m as follows:

m · 2i gapmin = Õ
([
CdH + d4H8 + d7.5H5

+d
√
H(mH2 + d11.5H11 + Cd4H4)

]
log2+(K/δ)

)
.

Solving this quadratic equation can only lead to

m = Õ

(
(CdH + d4H8 + d7.5H5) log2+(K/δ)

2i gapmin

+
d2H3 log4+(K/δ)

4i gap2min

+

√
d13.5H12 log4+(K/δ)

2i gapmin

+
√
Cd6H5 log4+(K/δ)/

(
2i gapmin

))
.

Multiplying such m with the maximum value 2i gapmin of
this subinterval and taking summation over i will inevitably
lead to a log4+(K)/ gapmin dependence of the leading term
in the final regret bound.

To overcome this obstacle, we establish a more refined
analysis to upper bound m. In specific, we first upper bound
m · 2i gapmin as

m = Õ
(
d4H8 log+ (m) + d7.5H5 log+ (K/δ) log+ (m)

+ d
√
H(d11.5H11 + Cd4H4) log+ (K/δ) log

1/2
+ (m)

+ d
√
H(mH2 + d3H4.5m1/2) log+ (K/δ) log

1/2
+ (m)

+βrH
√

md log+ (m) + βrHd log+ (m) /α
)
. (9)

Further, we prove that for any two large enough positive
numbers x and y satisfying x/ log x ≤ y, it holds that
x = O(y log2 y). With this observation, we delicately up-
per bound m using each term in the RHS of Eq. (9), which
eventually shaves off a multiplicative log2+(K) factor in the
leading term of the regret upper bound (please see Appendix
for details).
Discussions on the Optimal Dependence on K As men-
tioned in Remark 4.1, the leading term in our regret upper
bound currently has a log2 K dependence. The extra logK
dependence comes from the fact the confidence radius of
the Bernstein-type concentration for vector-valued martin-
gales (see, e.g., Theorem 2 of Zhou, Gu, and Szepesvári
(2021); Theorem 4.3 of Zhou and Gu (2022)) has an ad-
ditional

√
logK dependence compared with the canoni-

cal Hoeffding-type concentrations (see, e.g., Lemma 11 of
Abbasi-Yadkori, Pál, and Szepesvári (2011)), though the
former has the advantage of being adaptive to the variance of
the noises. Currently, it is highly unclear whether it is feasi-
ble to establish a Bernstein-type concentration for vector-
valued martingales with the confidence radius having the
same logK dependence as that of the Hoeffding-type ones.
We leave this interesting and challenging extension as our
future study.

5 Conclusion
In this work, we propose the first algorithm for learning

corrupted linear MDPs with provable Õ(
d2H4 log2

+(K/δ)

gapmin
+

CdH2) gap-dependent regret. When there are no corrup-
tions over reward functions, this result also improves the pre-
vious best-known gap-dependent regret for linear MDPs by
an Õ(dH/ logK) factor. We believe our results might shed
light on better understandings of how to adapt to mild envi-
ronments with fine-grained instance-dependent structures in
RL with large-scale state-action spaces, while being robust
to adversarial corruptions. One remaining question may be
whether it is possible to obtain the optimal logK depen-
dence for our problem. The other natural question might be
extending the proposed algorithm and results to corrupted
RL with general function approximation. We leave these ex-
tensions as our future directions.
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