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Abstract

Time Series Forecasting (TSF) aims at predicting future val-
ues for a time series data and plays a crucial role in many real-
world applications, e.g., finance, disease spread, or weather
predictions. However, it is also a very challenging task due
to complex temporal dependencies in the data, especially for
long-term forecasting. In this paper, we introduce Wavelet-
Mixer, an iterative multi-levels, multi-resolutions and multi-
phases approach to effectively capture long-term dependen-
cies of multivariate time series in both global and local per-
spectives for improving forecasting performance. Wavelet-
Mixer fundamentally differs from existing works in the fol-
lowing key aspects. First, it exploits multi-levels proper-
ties of Wavelet transformation to create multiple forecast-
ing models for different frequency domains at various lev-
els of resolutions. Second, the relationships among different
frequency domains are exploited to iteratively adjust all pre-
diction models at all levels simultaneously in both local and
global perspectives to reduce prediction errors and biases,
thus significantly improving the final accuracy. Third, while
WaveletMixer is a general framework that can be used to
boost the performance of any deep-learning architecture (e.g.,
MLP, LSTM or Transformer), we additionally introduce TS-
Learner, an MLP-based model to further enhance the perfor-
mance in long-term forecasting. Extensive experiments have
been conducted on nine real-world datasets to demonstrate
the outstanding performance of WaveletMixer compared to
SOTA methods and to reveal its important characteristics.

1 Introduction

Time series forecasting (TSF), which aims at predicting fu-
ture values using observed data in a time series, is a fun-
damental research problem in Machine Learning. It has
been widely used in many real-world applications, e.g.,
weather prediction (Jain and Mallick 2016), disease spread
modelling (Datilo, Ismail, and Dare 2019; Rodriguez et al.
2021), financial forecasting (Sezer, Gudelek, and Ozbayo-
glu 2020), or streamflow prediction (Li, Xu, and Anastasiu
2024). However, the intrinsic temporal variations and depen-
dencies among different time points (e.g., increasing, de-
creasing, fluctuations) make TSF a very challenging task,
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Figure 1: Model performance comparisons using MSE as a
metric for different datasets (the more outward, the better).

especially when predicting many future values (i.e. long-
term forecasting (LTSF)). TSF, particularly LTSF, remains
an open research despite tremendous research efforts, e.g.,
(Box et al. 2015; Zhou et al. 2021; Wang et al. 2024b).
With rapid developments of computer performance and
Al in recent years, deep learning models, built upon diverse
backbones like multilayer perceptron (MLP) (Chen et al.
2023; Zeng et al. 2023; Li et al. 2023), recurrent neural net-
work (RNN) (Lai et al. 2018), convolution neural network
(CNN) (Koprinska, Wu, and Wang 2018; Wu et al. 2023;
Wang et al. 2023) and Transformer (Vaswani et al. 2017;
Zhou et al. 2021; Nie et al. 2023; Liu et al. 2023), have
shown great potential in capturing the periodicity, trends
and long-sequence dependencies of time series for LTFS.
Many of them, e.g., DLinear (Zeng et al. 2023), RLinear (Li
et al. 2023), TimesNet (Wu et al. 2023), MICN (Wang et al.
2023), Informer (Zhou et al. 2021), PatchTST (Nie et al.
2023) and iTransformer (Liu et al. 2023), achieve state-of-
the-art results on various real-world benchmarks. Most of
these techniques focus on disentangling time series in the
temporal dimension to capture the intrinsic periodic infor-
mation for improving performance, e.g., decomposing time
series into trend and seasonal components (Wu et al. 2021;
Zeng et al. 2023; Zhou et al. 2022b; Wang et al. 2023)
or breaking data into chunks with different period lengths
(Wu et al. 2023; Zhou et al. 2022a). A few techniques, e.g.
MICN (Wang et al. 2023) and Pathformer (Chen et al. 2024),
aggregate time series into multi-scale to capture different
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Figure 2: The overall process of WaveletMixer for both Training and Inference steps. Prior to the Training step, the input X and
output Y are decomposed into different resolution levels (E). The training process is divided into 3 different phases. In the Initial

~ 0 ~ L
phase (A), for each level ¢, we build an independent model f.4¢ to learn cA, from cAl (ie. cA, = fea, (cAL)). Similarly,

Y
we build f.pe to learn cD,, from cD’. In the Local phase (B), all models f, ¢ and f.pe will be updated to maximize their

agreements via the local error propagation scheme. E.g., f.42 can be updated by obtaining I DWT (cAg, cbg) from f. 43 and

DwWT (c}l;) from f.41 to calculate the loss function Lo(cA?) stated in Eq. 10 wrt. the ground truth cA? and predicted value
cAi In the Global phase (C), we first reconstruct the final value Y using by combining prediction outputs of all f,. 4. and f.pe

in a weighted ensemble (fusion) scheme with learnable weights. E.g., by doing IDWT with (0:4;7 cb;), (0:457 cbi, Cb;), and
(CA%, cbg, cbg, clA);), we obtain 3 different prediction values Y1, Y2, and Y3 to form Y via Eq. 12 . After that, we decompose
Y again into cAf} and cDg to update f.42 in the global error propagation scheme via the loss function £3(cA?) stated in Eq.
13. The Local and Global phases are iteratively performed until the training process converge. In the Inference step, we perform

Prediction Fusion (D) like in the Global phase for obtaining Y as the final prediction outcome. Here, we only demonstrate the
error propagations for a specific level cA? as an example in the local and global phases. Best viewed in colors.

characteristics spanning accross different scales. However,
they ignore frequency domains, which can provide impor-
tant frequency features for the analysis of time series. Other
methods, e.g. FEDformer (Zhou et al. 2022b) and FiLM
(Zhou et al. 2022a), aim to use Fourier transformation for
effectively forecasting long-term values by exploiting sparse
representation of time series in frequency domains. How-
ever, these models still lack of global summarization ability,
which can be particularly useful when forecasting long-term
values. Moreover, most of these current approaches build a
single prediction model for LTSF, thus limiting diverse per-
spectives on the prediction outcomes.

Contributions. In this paper, we propose WaveletMixer,
an iterative multi-levels, multi-resolutions and multi-phases
ensemble approach for LTSF. Compared to above mentioned

works, WaveletMixer fundamentally differs as following.
First, WaveletMixer exploits the Multi-Resolution Dis-
crete Wavelet Transform (MRDWT) (Harti 1993) to decom-
pose input time series into a hierarchy of multiple levels of
low-frequency and high-frequency components. Compared
to Fourier transform, Wavelet can represent time series in
both the time and frequency domains. Moreover, its multi-
resolution property allows us to effectively capture irregular
change patterns in the data (Stankovi¢ and Falkowski 2003).
Hence, MRDWT provides deep characteristics of the input
at both local and global perspectives, which can be exploited
to enhance the forecasting accuracy as described below.
Second, rather than building a single model to predict fu-
ture values using a chosen set of input features as above ex-
isting works, we construct multiple independent models, in
which each model takes one frequency components of the
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input to predict the same frequency components of the out-
put at the same level of resolutions (c.f. Figure 2 for an illus-
tration). The final prediction output will be constructed from
the hierarchy of frequency component outputs via inverted
Wavelet transform (Stankovi¢ and Falkowski 2003) via an
ensemble (fusion) scheme with learnable weights. This ap-
proach allows each model to fully focus on learning a single
component representing a characteristic of data at a specific
level of resolution without being distracted by too many in-
puts from other components, thus being more effective.

Third, though all components are learned independently,
their intrinsic relationships should be exploited to further
boost the performance. Here we introduce a unique multi-
phases approach to iteratively update all models from their
initial stages via two proposed local and global error prop-
agation schema. The key idea is to let each model adjusts
each other locally via their decomposition/reconstruction
relationships. While in the global phase, the final recon-
structed signal is used to adjust each model via a global
decomposition. By this way, we maximize the agreements
from all models in both local and global perspectives. This
helps to reduce the prediction errors and biases, and improve
the overall accuracy, which is studied in details in Table 3.

Fourth, while most existing works rely on a fixed back-
bone like MLP, CNN or Transformer, WaveletMixer is a
general framework that can be used with any existing back-
bones to boost their performance. Here, we additionally in-
troduce TS-Learner, a special MLP-based module that is
specifically designed for accurately capturing the features
from channel and temporal dimensions by combining ad-
vanced components including Patching, Channel Mixing
and Temporal Mixing, to use with our WaveletMixer frame-
work (c.f. Full results table in the Supplementary Materials
for comparative studies among TS-Learner, Linear MLP and
LSTM wrt. WaveletMixer).

Summarization. WaveletMixer is a unique approach
build upon the Wavelet transformation for LSTF. It pro-
vides a unified perspective of multi-resolution, temporal and
frequency-domain analysis, and ensemble forecasting for
enhancing prediction accuracy and can be used with any
deep learning backbones. Extensive experiments are con-
ducted over nine real-world benchmarks with different pre-
diction length settings to demonstrate that WaveletMixer
significantly outperforms SOTA models (c.f. Figure 1 for
performance summary) and to reveal its characteristics.

2 Background

Discrete Wavelet Transform (DWT) (Sundararajan 2016) is
a wavelet transformation where the wavelets are sampled
discretely. The DWT of a discrete signal sequence x[n],
where n is an integer, is computed using a pair of filters:
a low-pass filter g[n] and a high-pass filter h[n]. The trans-
formation can be formulated as:

cAln] = 3737 x[2n — Klg[k] (1)
eD[n] = 3772 x[2n — k]h[K] )

or simplified
cA[n],eDIn] = DWT(z[n]) 3)
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In this paper, we utilize Haar Wavelets (Stankovi¢ and
Falkowski 2003) as mother wavelets, where g¢[n]
V2/2,V2/2] and hin] = [~v2/2,vV2/2).

Inverse Discrete Wavelet Transform (IDWT) upsampling
the coefficients and applying the inverse filters reconstructs
the signal from its approximation and detail coefficients.

z[n] = IDWT(cA[n], cD[n)) 4)
Multi-Resolution Discrete Wavelet Transform (MRDWT)

refers to apply multiple DWTs to the multi-levels approxi-
mation coefficients of the same original signal:

cA™ 1 n], eD"™ 1 [n] = DWT(cA'[n)])

(&)

where i € Z is the resolution level, and cA? and ¢D? de-
note approximation (lower frequency) and detail (higher fre-
quency) coefficients at level i, respectively (cA°[n] = x[n]
at level 0). Similarly, the signal at the previous level that can
be recovered using IDWT from decomposed coefficients:

cA'ln] = IDWT(cA"™ 1 [n], D" [n]) (6)

3 Our Proposed Algorithm WaveletMixer
Given the time series X = [vg,21,...,21_1] € RE*L
with look-back window length L and C' channels, where
x: € RC denotes the multivariate values of C' dimension
channels series with timestamp ¢. Also, let us introduce
some common notions including the maximum wavelets de-
composition levels [,,, the sub-sequence approximation co-
efficients (lower-frequency component) cAf: € ROXIL/2]
and the detail coefficients (higher-frequency component)
cD! € ROXIL/ 21 of ¢ levels DWT decomposition of X.

Ground truth of future time series is denoted by ¥ =
Y0, Y1, .- ym—1] € RE*H where H is the length of
the prediction horizon. The decomposition components by
DWT of Y at level ¢ are denoted as cA! and cD! €

ROXTH/2T (or simply cZ} when itis clear as cAL or ¢DY).
Our target is to build an effective model f to predict the
future Y based on the historical X, i.e. Y = f(X) where
Y = [0, 91, Jr—1] € RE*H is the prediction of future
time series. The reconstructed prediction of the future time
series from level ¢ after IDWT are denoted by Y¢ € RC*H |
where V¢ and Y have the same length.
Definition 1. (Prediction MRDWT). Given the predicted ap-

. . ~ T . . Y
proximate coefficients CA.?/ ?nd detal‘l ceoeﬁ‘iaents cD, se-
. ~ i A i—> .
quences at level i, let cA,  and cD,  be the coefficients

of the sequences 624; and cbz after m € Z, times trans-
formation (DW'T™ or IDWT™) from level i to the target
level £, respectively. We have:

., [pwrtiea,) ifi <t
Ay = IDWTU (A cD,,....cDy ) ifi> 1
0 otherwise
(7N
cADTZ _ {DWT‘i(c:‘l;) ifi < E. )
0 otherwise



3.1 Multi-Resolution Wavelets LTSF Model

As mentioned in the Introduction section, the main key
ideas of WaveletMixer are: (i) exploiting DWT to represent
time series at multiple level of resolutions that capture both
temporal and frequency aspects of the data for information
richness; (ii) constructing multiple models to predict each
wavelet component at each level independently for diver-
sity; (iii) exploiting intrinsic relationships among different
Wavelet levels to adjust the prediction outcomes for each
model locally and globally; and (iv) providing final predic-
tion outcome by fusing multiple reconstructed outputs from
all models to reduce biases and prediction errors.

Figure 2 illustrates the overall pipeline of WaveletMixer
for both Training and Inference steps. Before the Training
step, we apply MRDWT decomposition to obtain multiple
sub-sequence approximate and detail coefficients cA% and
DY, from the input time series X and cA’ and ¢D], from
the output time series Y at each level £ where ¢ < [,,. Thus,
we have a hierarchy structure capturing relationships of of
different Wavelet components as illustrated in Figure 2 (E).
The Training step starts with an Initial phase (Figure 2 (A))
to train multiple prediction models for each Wavelet compo-
nent independently before iteratively updating them in the
Local and Global phases to reduce errors and biases. The Lo-
cal phase (Figure 2 (B)) updates models so that their predic-
tion results are consistent across different levels of resolu-
tions via their local decomposition/reconstruction relation-
ships. Hence, any component hard to predict can be adjusted
via other components at higher or lower levels to enhance
accuracy. The Global phase (Figure 2 (C)) creates final pre-
diction output Y by reconstructing signals from all levels
and combine them in a weighted ensemble (fusion) scheme
with learnable weights. This Y contains global errors from
the whole output and will be decomposed into Wavelet com-
ponents to be used to adjust existing models at all levels to
ensure better final prediction accuracy. The Inference step
(Figure 2 (D)) works exactly similar to the Global phase
without the decomposition part. The detailed descriptions
for these phases can be found below while their pseudocodes
can be found in the Supplementary Materials. Unless other-
wise specified, we use Mean Square Error (MSE) to calcu-
late the loss functions.

Phase 1: Initial Training Phase (ITP). In this phase, for
each level ¢, we build an independent model f,,¢ to learn

c}lz from cA (i.e. c}lz = f.ae(cAL)) and a model f.pe

to learn cbf from cD? (i.e. cbz = f.pe(cD%)). Here, any
backbone models (e.g., MLP or LSTM) can be employed
for f, thus making our approach a very generic framework
for boosting performance of any existing models. This phase
ensures that each learner has good initialization weights for
effective error propagations in the next phases. Since each
model only learns the feature information of the correspond-
ing resolution, there is no interaction between different lev-
els. So, the loss function £; of each learner will be:

Li(cZ) = MSE(cZ,,cZ") )
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Phase 2: Local Error Propagation Phase (LEPP).
Learners f.y¢ can learn time series features at each reso-
Iution level but can not ensemble information together to
correct prediction errors si nce there is no direct interaction
among them. Hence, LEPP performs DWT/IDWT to each
level to decompose/reconstruct the learners’ predictions to
the same length as the target level’s and to force learners
to make consistent predictions across different levels. The
multi-resolution information between each level propagates
by constructing separate loss functions. Specifically, we treat
two kind of different learners: input learners and a target
learner, where input learners provide the prediction into

. . . 7 1=
DWT or IDWT to obtain the correction series cZ, as

same length as the prediction ch of the target learner at
level ¢ which we want to correct the errors and the super-
script [ — £ denotes from level [ transform to level /. If the
target level ¢ > [, using DWT to decompose the prediction
of input learners to level ¢, otherwise using IDWT. Then we
calculate the MSE of these predictions applied to the target
loss function as the following (c.f. Figure 2 as an example).

Definition 2. (Local Error Propagation Loss). Given the

~ 1
predicted approximate coefficients cAy and detail coeffi-

. st . .
cients cD,, sequences at level i, we define loss functions as:

La(cAL) =aLi(cAl)+
ly—1 .
(1 - a)MSE(cA,, — Ay 0y
1=0
EQ(CD?) :Oéﬁl(CDzl;)—F

ly—2
~ 0 A i—4
(1-a)MSE(cD,, 5 Y ¢D,”) (1)
=0

Phase 3: Global Error Propagation Phase (GEPP).
LEPP provides good guarantees for consistency between
predictions generated at each level, however, our final ob-
jective is the prediction of future time series instead of the
prediction of the decomposition components, and this devia-
tion can cause the model to lose accuracy. GEPP is designed
to solve this problem by utilizing IDWT to reconstruct the
time series Y as same length as the future time series Y
at level ¢ from (:A,f; and clA); where 1 < s < /. All these

reconstructed output Y will be ensembled (fused) into the
final prediction values Y. Since some levels ¢ may be more
accurate than the others depending on the data nature, we
propose to combine them using a weighted scheme where
the weights are learnable via a Linear Layer. We call it a
multi-resolution prediction fusion scheme.

Definition 3. (Multi-Resolution Prediction Fusion). Given
multiple prediction sequences {Y°,Y', ... Y} from dif-
ferent levels, let F' be the fusion model contains l,,+ 1 learn-
able parameters {p", ... ,ple }. We have the fusion module:

lw
Y =FY°. . V) => pv* (12)
=0
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Figure 3: The architecture of the TS-Learner. It mainly con-
sists of Normalization Layers, a Patch Embedding Layer,
MLP-Mixer Layers and a projection Layer.

Then, for each level ¢, we apply the level-specific DWT
decomposition to gain the cAf and cDY.

The loss function of each target learner in GEPP can be
formulated as follows:

Definition 4. (Global Error Propagation Loss). Given the

A q
predicted approximate coefficients cAy and detail coeffi-

cients cb; sequences at level 1, let F' be the fusion model.
We define the loss function £3(CZ§) at GEPP as follows:

La(cZ) =BL1(cZ) + (1 — BYMSE(cZ,,cZL)  (13)

where cZ means the cA or cD subject to target learner.

3.2 Time Series Learner

Though WaveletMixer can be used with any backbones, we
additionally introduce Time Series Learner (TS-Learner),
which is used in this paper to improve performance. The ar-
chitecture of the TS-Learner is shown in Figure 3, which
is built upon the concept of MLP-Mixer (Tolstikhin et al.
2021). MLP-Mixer layer processes channel mixing and tem-
poral mixing by transposing inputs. Each MLP consists of
two fully connected layers and a GELU nonlinearity. Other
components include instance norm, residual connections,
dropout, and layer norm on the channels.

Normalization. To eliminate the non-stationary factors of
time series, we apply RevIN (Kim et al. 2022), a reversible
instance normalization layer to standardizes the distribution
of time series by subtracting mean and dividing the standard
deviation. And we apply the layer normalization (Ba, Kiros,
and Hinton 2016) inside the MLP-Mixer layer.

Patching. Patching the input time series into overlapped
or non-overlapped patches allows to reduce the computing
complexity and improve the performance (Nie et al. 2023).
Our model based on MRDWT has different granularities in-
put tokens naturally. In our experiments, we normally use
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the finest grain length as the patch length denoted as P and
let stride S = P. Due to the lengths between different gran-
ularities are dyadic-related, which allows that patches to be
non-overlap and eliminates the impact of padding.

MLP-Mixer. The MLP-Mixer (Tolstikhin et al. 2021) is
a competitive architecture which does not use convolutions
or self-attention. We perform Channel Mixer and Temporal
Mixer for the time series to learn correlations across channel
and temporal dimensions, each Mixer contains an MLP and
residual connection inside.

4 Experiments

Benchmarks. We extensively employ 9 real-world multi-
variate benchmark datasets for evaluating the performance
of our approach including ETT datasets (with 4 subsets:
ETThl, ETTh2, ETTml, ETTm?2), Weather, Electricity,
Traffic, Exchange and ILI.

Baselines. We compare our WaveletMixer approach to 14
SOTA baselines including iTransformer (Liu et al. 2023),
TimeMixer (Wang et al. 2024a), TSMixer (Chen et al.
2023), PatchTST (Nie et al. 2023), TimesNet (Wu et al.
2023), Crossformer (Zhang and Yan 2023), DLinear (Zeng
et al. 2023), MICN (Wang et al. 2023), FILM (Zhou et al.
2022a), NSformer (Liu et al. 2022b), FEDformer (Zhou
et al. 2022b), Pyraformer (Liu et al. 2022a), Autoformer (Wu
et al. 2021), and Informer (Zhou et al. 2021).

Implementation. WaveletMixer is implemented in Py-
Torch (Paszke et al. 2019). Experiments are conducted on
a single Nvidia L4 24GB GPU. The batch size is uniformly
set to 32 (8 for Traffic) and the number of initial and local
phases epochs are fixed to 1. We utilize ADAM (Kingma
and Ba 2015) as the optimizer and L2 loss for the model op-
timization. We fix the input length L = 512 and commonly
used prediction horizon H € {96,192, 336,720} (L = 36
and H € {24, 36,48, 60} for ILI) for all baselines, and find
the best hyper-parameters for each dataset, model hidden di-
mension size in [16, 512], MLP-Mixer layers in [1, 4], initial
learning rate in {1x107°,1x107%, 1x1073}. We use Mean
Square Error (MSE) and Mean Absolute Error (MAE) as
evaluation metrics. We use PyWavelets (Lee et al. 2019) and
ptwt (Wolter et al. 2024) to implement the multi-resolution
discrete wavelets transform.

4.1 Main Results

Due to space limitation, Table 1 shows the averaged results
from 4 prediction horizon settings in 6 selected datasets
(the full results can be found in Supplementary). The re-
sults demonstrate that out of a total of 90 forecasting
cases, WaveletMixer achieves 56 best results and surpasses
the SOTA Transformer-based method iTransformer with
an overall 7.71% reduction in MSE and 5.22% reduction
in MAE averaged from all datasets. Notably, when com-
pared to the SOTA MLP-based model DLinear, Wavelet-
Mixer achieves a 15.15%/11.64% reduction in MSE/MAE
overall. In particular, WaveletMixer also outperforms on
large datasets with a large number of channels, reducing



Method WaveletMixer iTransformer  PatchTST TimesNet  Crossformer  DLinear MICN FiLM

(Ours) (2024) (2023) (2023) (2023) (2023) (2023) (2022)
Metric | MSE MAE | MSE MAE | MSE MAE| MSE MAE|MSE MAE|MSE MAE|MSE MAE|MSE MAE
ETThl | 0.405 0.423 |0.448 0.460| 0.413 0.434] 0.458 0.450|0.600 0.557]0.423 0.437|0.558 0.535|0.482 0.475
ETTml | 0.347 0.377 |0.367 0.397| 0.353 0.382] 0.353 0.382]0.514 0.510]0.357 0.379|0.392 0.413]0.358 0.380
ETTm2 | 0.250 0.313 |0.271 0.331] 0.256 0.317| 0.291 0.333]0.621 0.510]0.267 0.332|0.328 0.382]0.259 0.319
Exchange | 0.414 0.432 |0.437 0.449| 0.500 0.468| 0.861 0.634|1.125 0.782|0.494 0.491|0.650 0.602|0.429 0.541
Electricity | 0.155 0.254 |0.160 0.256 | 0.159 0.253| 0.192 0.295|0.186 0.283|0.166 0.264|0.186 0.295|0.186 0.285
Weather | 0.219  0.260 |0.243 0.277 | 0.241 0.264| 0.251 0.294]0.406 0.442]0.246 0.300|0.242 0.299]0.253 0.309

Table 1: Comprehensive experiments in 6 selected datasets of multivariate long-term time series forecasting in MSE and MAE
(the lower the better). All the results are averaged from 4 different prediction length settings H € {96,192, 336, 720}. The best
results are in bold and the second best are underlined. The full results can be found in Supplementary Materials.

Case |Oh— (M9 Oh—aY | O&—¢" | @ (¢8|

o6 | ©4 | ¢

Metric | MSE MAE

| MSE MAE | MSE MAE | MSE MAE | MSE MAE | MSE MAE | MSE MAE

ETThl | 0.4102

0.4282 | 0.4303 0.4454]0.4143 0.43380.4445 0.4560]0.4154 0.4334]0.4546 0.4597|0.4142 0.4342

ETTh2 | 0.3560  0.3960

|0.3638 0.4034|0.3574 0.3979]0.3669 0.4071|0.3565 0.3982|0.3753 0.4158]0.3652 0.4076

ETTml | 0.3692  0.3941

|0.3728 0.3952]0.3721 0.3968]0.3882 0.4066 |0.3715 0.3952]0.3752 0.3993]0.3759 0.3988

ETTm2 | 0.2618

0.3216 ‘0.2710 0.3284‘0.2629 0.3224‘0.2809 0.3369‘0.2626 0.3221‘0.2869 0.3397‘0.2746 0.3310

Weather | 0.2354  0.2793

|0.2454 0.2868|0.2423 0.2839]0.2782 0.3144|0.2414 0.2832]0.2673 0.3046|0.2543 0.2944

Table 2: Ablation studies of train phase, where & denotes Initial Phase, # denotes Local Phase, ¢ denotes Global Phase, and
the superscript /N denotes the number of iterations repeated. We fix N = 3 here for all cases. The best results are in bold.

10.97%/13.33% on Weather and 6.62%/3.78% on Electric-
ity in MSE/MAE, where Weather has 21 and Electricity
has 321 channels. And WaveletMixer outperforms mr-Diff
(Shen, Chen, and Kwok 2024), better MAEs in 5/6 datasets.

Type | Fusion | Average | Concat
Metric ‘ MSE MAE ‘ MSE MAE ‘ MSE MAE
9 | 0.268 0.334 | 0.273 0.338 | 0.301 0.366
« | 192 10325 0372 | 0321 0373 | 0.441 0.461
£ ] 336 | 0.334 0384 | 0351 0.399 | 0.521 0.504
E 720 | 0.376 0.420 | 0.432 0.459 | 0.871 0.650
| Avg | 0.326 0378 | 0344 0392 | 0533 0.495

Table 3: Ablation study of Multi-Prediction Fusion Module.

4.2 Ablation Studies

We study WaveletMixer to prove that its advantages
come from efficient multi-phase training strategies, multi-
resolution and high-frequency prediction.

Efficient Multi-Phase Training Strategies. We explore
the ablation experiments of each training phase, and show-
case the averaged results on 5 selected datasets in the Ta-
ble 2. The ablation study clearly demonstrates that our pro-
posed model (case @) consistently achieves the best results
across all benchmarks. This underscores the effectiveness

0.5[13.1% ClWaveletMixer -
('-',-)‘ 14.6% 15.4% [l w/o High Freq
s H HI HI 15, 3% 123.4% 11.9%
0 O MW
ETTh1 ETTh2 ETTmi ETTm2 ECL Weather
06} ~H96 -=H-336 | (&) |[LJw/MRDWT 16.59%
L H-192 -+-H-720 w4 |lw/o MF}DWT .
0 —_—— T | @ 1%
204} 1——r—a——r {1 = [110.00%

Ours Linear LSTM
(c)

Figure 4: (a) The effectiveness of high frequency compo-
nents; (b) Analysis of the number of Multi-resolution DWT
levels on ETTh1; (c) The effectiveness of applying MRDWT
to WaveletMixer, Linear and LSTM on ETTh2.

of the full initial-local-global training strategy. Case @, @),
@, ®, ® and @ represent the model removing one or two
phases, shows a higher MSE and MAE which suggests that
all the phases contribute to the performance, likely helping
model in capturing patterns in the data, which are essential
for multi-grained accuracy. The Original model, which uti-
lizes all three training phases, outperforms the ablated ver-
sions, proves WaveletMixer utilizing the most effective strat-
egy for optimizing the model’s performance.
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Figure 5: Visualization of prediction from different compo-
nents under MRDWT on ETThl.

High Frequency Components. Figure 4(a) shows that

Iy
adding the high-frequency part (i.e., ch # 0) helps to im-
prove the MSE of up to 23.4% on 6 studied datasets.

Multi-Resolution Levels. Figure 4(b) shows that with the
increasing of the number of Multi-resolution DWT levels
lw, the model achieves the better performance under four
different prediction horizon lengths.

The Effectiveness of MRDWT Framework. In Figure
4(c), we apply our proposed MRDWT framework to two
classical models (Linear and LSTM). The results show that
these models also can be significant benefited from our
WaveletMixer framework. Notably, Linear reduces 30.61%
in MSE on ETTh2 with our MRDWT framework.

Multi-Prediction Fusion Module. We evaluate different
types of the fusion module in Table 3. The results show that
using our Fusion module can achieve the best performance.

Wavelets Bases. We run experiments using Haar, Bior and
Rbio Wavelets basis on ETTh1. Haar acquires the best per-
formance in terms of both MSEs and MAE:s. Please refer to
supplementary for full results.

4.3 Hyperparameter Sensitivity

We perform a comprehensive hyperparameter sensitivity
analysis of WaveletMixer including the hidden dimension
size, the number of MLP-Mixer layers, the look-back win-
dow length, learning rate, phases parameters alpha and beta.
Full analysis can be found in Supplementary Materials.

4.4 Computational Complexity Analysis

WaveletMixer has fewer parameters and trains faster than
most methods while acquiring better prediction accuracy,
which makes it very practical. Eg., it takes 11.33s to run
one epoch (l,, = 1) compared to 105.91s of PatchTST on
ETTh1(H=96) (c.f. Supplementary for full details).

4.5 Visualization

We visualize the prediction of each component of multi-
resolution DWT in Figure 5, where (a) shows the original
time series, and (b)(c)(d)(e) show the approximation and de-
tail coefficient of applying DWT to the original series. The
red circles and green lines highlight how the high-frequency
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components add details to the final prediction and make the
final prediction more accurate.

5 Related Work

Long-term Time Series Forecasting (LTSF). Recent
transformer-based studies (Liu et al. 2023; Nie et al. 2023;
Zhou et al. 2021) have been achieving promising results
on real-world benchmarks. PatchTST (Nie et al. 2023), a
Transformer-based model, introduces the concept of patch,
which cuts the input time series data into patches and makes
individual predictions for each channel to improve the over-
all performance. However, some studies have shown that
MLP and CNN models (Zeng et al. 2023; Wu et al. 2023)
can also achieve state-of-the-art results. DLinear (Zeng et al.
2023) unravels the trend and seasonality items of the time
series and improves forecasting performance by predicting
each component separately. TimesNet (Wu et al. 2023), a
CNN-based model, divides periodicity into intraperiod- and
interperiod variations and capture the multi-periodicities by
transforming the 1D time series into 2D space.

Frequency Domain Analysis. Analysing in frequency
domain can efficiently disentangle time series data show-
ing the hidden pattern and characteristic. FEDformer (Zhou
et al. 2022b) recognizes the key frequency components by
designing a frequency-enhanced block based on Fourier
transform. FILM (Zhou et al. 2022a) uses frequency infor-
mation to improve prediction results and speed up the com-
putational speed of the model. Autoformer (Wu et al. 2021)
uses an Auto-Correlation mechanism to find the correlation
in time series by applying the Fast Fourier Transform.

Multi-Resolution Analysis. Reality long-term time se-
ries usually have multi-granularity periodicity, which has
prompted the development of multi-scale and multi-
resolution path modeling. MICN (Wang et al. 2023) pro-
poses to use isometric convolution to capture global corre-
lations for a short sequence and achieve O(LD?) complex-
ity. mWDN (Wang et al. 2018) finds that MRDWT can im-
prove the interpretability of deep learning, and has achieved
good results in time series prediction and time series classi-
fication. MRA-AWNN (Doucoure, Agbossou, and Cardenas
2016) uses MRDWT to optimize the complexity and perfor-
mance for time series prediction system.

6 Conclusion

In this paper, we propose WaveletMixer, a novel deep learn-
ing model based on multi-resolution wavelet transform to
the field of long-term time series forecasting. We introduce
the prediction of the high-frequency part as a complement
for the multi-resolution model, redesign the multi-resolution
training strategy and fully ensemble multiple prediction re-
sults to make the final prediction outcomes. Experimentally,
WaveletMixer has demonstrated superior performance on 9
benchmarks compared to many SOTA methods. Our future
works aim to explore the performance of WaveletMixer with
different backbones and other types of Wavelet transforma-
tions for time series forecasting tasks.
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