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Abstract

Backward error analysis allows finding a modified loss func-
tion, which the parameter updates really follow under the in-
fluence of an optimization method. The additional loss terms
included in this modified function is called implicit regular-
izer. In this paper, we attempt to find the implicit regular-
izer for various federated learning algorithms on non-IID data
distribution, and explain why each method shows different
convergence behavior. We first show that the implicit regular-
izer of FedAvg disperses the gradient of each client from the
average gradient, thus increasing the gradient variance. We
also empirically show that the implicit regularizer hampers its
convergence. Similarly, we compute the implicit regularizers
of FedSAM and SCAFFOLD, and explain why they converge
better. While existing convergence analyses focus on point-
ing out the advantages of FedSAM and SCAFFOLD, our ap-
proach can explain their limitations in complex non-convex
settings. In specific, we demonstrate that FedSAM can par-
tially remove the bias in the first-order term of the implicit
regularizer in FedAvg, whereas SCAFFOLD can fully elim-
inate the bias in the first-order term, but not in the second-
order term. Consequently, the implicit regularizer can pro-
vide a useful insight on the convergence behavior of federated
learning from a different theoretical perspective.

Introduction
Federated learning is a distributed learning technique in
which a central server builds a global model by repeatedly
aggregating the parameters of local models that clients up-
date and upload. The most popular algorithm is FedAvg
(McMahan et al. 2017), which aggregates the parameters
simply by averaging them. Despite its privacy advantage,
FedAvg suffers from lower accuracy and slower conver-
gence due to a misalignment between local and global ob-
jectives, especially on non-IID data distribution (Zhao et al.
2018; Karimireddy et al. 2020b). Many algorithms, such as
FedSAM (Caldarola, Caputo, and Ciccone 2022; Qu et al.
2022) and SCAFFOLD (Karimireddy et al. 2020b), have
been proposed to reduce the drift in local updates and en-
hance performance. Also, there have been many researches
to understand the difference of the convergence behavior
with an analysis from the convex optimization perspectives
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(Wang et al. 2019; Yu, Yang, and Zhu 2019; Li et al. 2020;
Khaled, Mishchenko, and Richtárik 2020; Haddadpour and
Mahdavi 2019; Karimireddy et al. 2020b; Qu et al. 2022).
However, it is still challenging to make a tight analysis on
non-IID data. This paper attempts to analyze the conver-
gence behavior of a few federated learning algorithms from
a different theoretical perspective, implicit regularization.

The concept of implicit regularization was originally in-
troduced to explain the generalization behavior of central-
ized gradient descent (GD) and stochastic gradient descent
(SGD) (Barrett and Dherin 2021; Smith et al. 2021); unless
otherwise stated, GD and SGD are for centralized in this
paper. Their approach, inspired by backward error analysis
(Hairer et al. 2006), is to analyze the path on which discrete
parameter updates of GD or SGD lie. They found that the
path of the gradient flow does not follow the original loss,
but a modified loss under the influence of the small yet fi-
nite learning rate as well as the optimization method itself.
The approximation of the modified loss function consists of
two terms, the original loss term and the implicit regularizer
term proportional to the learning rate. The implicit regular-
izer leads GD and SGD to flat minima by penalizing the
norm of the gradient, thus contributing to the generalization.

Unlike GD and SGD, we found that its implicit regularizer
works negatively for the convergence of FedAvg. If we as-
sume that the number of local SGD steps (E) and the learn-
ing rate (η) are finite but small enough to disregard the high-
order terms O(E3η3) in the parameter updates, we found
that the implicit regularizer term of FedAvg has a different
form from SGD’s. That is, the first-order term of the implicit
regularizer contains a special term, which we call the disper-
sion term. When the modified loss is minimized, the disper-
sion term is also minimized, which increases the distance
of each client’s gradient from the average gradient. Inde-
pendently from this variance, we found through experiments
that the dispersion term affects the convergence of FedAvg.
We also found that there is another term in the higher-order
terms of the implicit regularizer (we call the secondary dis-
persion term), which can affect the convergence of FedAvg
as well. So, both terms make the parameter updates deviate
from the original path, which we call a bias in this paper.

We also obtained the implicit regularizer for variance re-
duction methods such as FedSAM (Caldarola, Caputo, and
Ciccone 2022; Qu et al. 2022) and SCAFFOLD (Karim-
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ireddy et al. 2020b). We found that they mitigate the prob-
lem of the dispersion term by enforcing the gradients to be
close to each other, thus automatically reducing the drifts.
Their convergence analysis based on convex optimization
clearly showed their advantage. However, our analysis based
on the implicit regularizer of FedSAM and SCAFFOLD can
show their limitations as well as their strengths. We can
prove that FedSAM can partially remove the bias for the
dispersion term. On the other hand, SCAFFOLD can com-
pletely remove the bias for the dispersion term, but not for
the second-order terms of the implicit regularizer. Generally,
the implicit regularizer-based analysis is useful since it can
provide an insight on a more complex, non-convex setting
where federated learning is often employed. Actually, there
is an analysis of SCAFFOLD in a non-convex setting, which
gave a good mathematical insight on its convergence speed
(Karimireddy et al. 2020b). Compared to that, our analysis
can provide a more intuitive insight on where it converges
and why. For example, the implicit regularizer of FedAvg
can also explain sharpness of the loss surface at the sub-
optimal point where it converges.

Contributions. Our main contributions are as follows.
• This is the first work to analyze the implicit regularizer

for federated learning on non-IID data, which can explain
convergence on complex, non-convex settings.

• The implicit regularizer of FedAvg not only can explain
its defect in convergence but also the sharpness of the
loss surface where FedAvg converges.

• The implicit regularizer of FedSAM and SCAFFOLD
can explain their limitations as well as their advantages.

Related Work
Convergence of FedAvg on non-IID data. It is widely
known that FedAvg converges slower than centralized
learning. Previous work such as Stich (2019), Patel and
Dieuleveut (2019), and Khaled, Mishchenko, and Richtárik
(2020) have analyzed the convergence behaviour of Fe-
dAvg under a different name, Local SGD. Such a slow
convergence becomes more severe when the data distribu-
tion of the clients is non-IID (Karimireddy et al. 2020b).
Many researches such as Zhao et al. (2018), Yu, Yang, and
Zhu (2019), Wang et al. (2019), Haddadpour and Mahdavi
(2019), and Li et al. (2020) have done a sharp analysis on
such a situation, focusing on the asymptotic convergence
speed of FedAvg in the best and worst cases. In addition to
the slow convergence, Li et al. (2020) focused on the inher-
ent bias of FedAvg. They showed that the path of parameter
updates in FedAvg deviates from the path of SGD, deriving
a model whose performance is lower than the SGD’s.

Implicit regularization. Implicit regularization (Barrett
and Dherin 2021) (Smith et al. 2021) is a key concept used
in this paper. Using backward error analysis, one can find
the path the gradient flow actually takes under the influence
of implicit regularization, defined by a finite learning rate
and an optimization method itself such as GD or SGD. In
this work, we extend implicit regularization to the federated
learning domain to analyze the gradient flow of FedAvg.

As a similar approach to our analysis, Glasgow, Yuan, and
Ma (2022) and Gu et al. (2023) employ Stochastic Differen-
tial Equation-based approximation to analyze the gradient
flow of FedAvg (Local SGD). Gu et al. (2023) observes the
long-term behavior of local minimizers in FedAvg and con-
cludes that the local minimizer of FedAvg is biased towards
flat minima for IID data. Unlike this work, we focus on the
short-term behavior of FedAvg on non-IID data.

Backward Error Analysis
The idea of backward error analysis
This whole subsection briefly explain the idea of backward
error analysis done in Barrett and Dherin (2021) and Smith
et al. (2021). The basic idea starts by considering GD as the
integration of an ODE in the form ω̇ = −∇L(ω), called the
gradient flow. Then discrete updates of GD can be seen as
solving the integration problem with explicit Euler method
of the first order, as ω(t + η) ≈ ω(t) − η∇L(ω(t)). When
the step size is finite, there will be a gap between a discrete
solution of a GD step and the exact solution of the gradient
flow equation. To bridge the gap, we introduce a modified
flow of ω̇ = f̃(ω) that the optimization such as GD really
follows, where f̃(ω) is expressed in powers of step size η.

f̃(ω) = f(ω) + ηf1(ω) + η2f2(ω) + . . . (1)

This is viable when the step size η is finite but relatively
small. Now, the role of backward error analysis is to find
the function for each correction term fi(ω). In Barrett and
Dherin (2021), the second-derivative of the parameter is

ω̈(t) = ∇f̃(ω(t))ω̇(t) = ∇f̃(ω(t))f̃(ω(t)), (2)

and by using this, we can obtain the perturbed parameter
ω(t+ η) taking the Taylor expansion of f̃ .

ω(t+ η)

=ω(t) + ηf̃(ω(t)) +
η2

2
∇f̃(ω(t))f̃(ω(t)) +O(η3) (3)

From Equation 1, it is possible to express f̃(ω(t)) with
the original function f(ω(t)) and correction terms f1(ω(t)),
f2(ω(t)), . . . , and modify Equation 3 as

ω(t+ η) = ω(t) + ηf(ω(t)) + η2(f1(ω(t))

+
1

2
∇f(ω(t))f(ω(t))) +O(η3). (4)

In order to derive the correction terms, we need to ensure
the equivalence between the parameter from the continuous
modified flow and the parameter discretely updated during a
single or multiple steps of optimization. For GD, as a sim-
ple example, the parameter after a single discrete update,
ωt+1 = ωt − η∇L(ωt), should be the same as the parame-
ter, ω(t + η). Then f(ω) can be fixed as −∇L(ω). Also, at
order η2, the coefficient must go to zero which means that

f1(ω) = −1

2
∇∇L(ω)∇L(ω) = −1

4
∇∥∇L(ω)∥2. (5)

Finally, it is possible to say that discrete GD iterates follow-
ing the path of an ODE with the form of

ω̇ = −∇L(ω)− (η/4)∇∥∇L(ω)∥2 +O(η2). (6)
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If the step size η is small enough to ignore the high order
terms, the modified loss that the parameter updates of GD
truly follows can be expressed as

L̃GD(ω) ≈ L(ω) + η

4
∥∇L(ω)∥2. (7)

The modified loss is regarded as the the true loss function
that the parameter updates of GD should minimize.

The same technique can be applied to SGD. In this case,
rather than one step, a single epoch is taken into considera-
tion to obtain the modified loss where ∇Lk(ω) is the loss of
k-th mini-batch in E iterations of one epoch:

L̃SGD(ω) ≈ L(ω) + η

4E

E−1∑
k=0

∥∇Lk(ω)∥2. (8)

Backward error analysis for FedAvg
The same backward error analysis can be used to explain the
convergence behavior of FedAvg. Unlike in central learning,
in FedAvg, it is the client that trains the model with training
samples. With their own data, the clients locally update their
parameters with multiple steps (one step means one itera-
tion of parameter update) and send their updated parame-
ters to the server. What the server does is aggregating (av-
eraging in FedAvg) those local parameters to produce new
global parameters. A single iteration of training and aggre-
gation is called a round. Therefore, unlike in GD where we
try to match the solution of a single step, we try to match the
solution of the multiple steps of one round to the modified
continuous flow. Pseudocode for FedAvg is in Appendix.

We first define the necessary variables below, assuming
that FedAvg runs with full participation of the clients.

Notations. The number of clients is m and the number of
local steps in one round is E. The parameter is ω and lo-
cal parameters are updated with a finite learning rate η. The
loss function of the mini-batch sample from k-th step of j-
th client is defined as Ljk(ω). The mean loss function of
each client is defined as Lj(ω) = 1

E

∑E−1
k=0 Ljk(ω), and

L(ω) = 1
m

∑m−1
j=0 Lj(ω). ∇Lj(ω) is called a client gradi-

ent and ∇L(ω) is called the global gradient in this paper.
Now we assume that the learning rate η is large enough to

make O(E2η2) significant, yet too small to make O(E3η3)
significant. With these assumptions and definitions, we ob-
tain the loss function modified under FedAvg as follows.
Theorem 1. If local parameters of clients are discretely up-
dated with a finite learning rate, the expectation of discrete
updates of the aggregated parameter in FedAvg follows the
modified loss L̃FedAvg(ω) which can be expressed as

L̃FedAvg(ω) ≈ L(ω)− Eη

4m

m−1∑
j=0

∥∇L(ω)−∇Lj(ω)∥2︸ ︷︷ ︸
Dispersion term

+
η

4mE

m−1∑
j=0

E−1∑
k=0

∥∇Ljk(ω)∥2. (9)

The approximation holds when η ≪ 1/E. If E = 1, the
modified loss is the same as the one of SGD.

Dispersion term. Unlike SGD, the implicit regularizer of
FedAvg is composed of two terms. The latter term, which
is the same as in the implicit regularizer of SGD, is the one
known to aid generalization and help the converged model
to achieve a high accuracy (Smith et al. 2021). One thing
to note is that the latter term is affected by the size of each
mini-batch, rather than the effective batch size (Lin et al.
2019) which is a size of a mini-batch multiplied by the num-
ber of local steps E. The former term, called dispersion term
in this paper, is the one that makes a difference. Equation 9
indicates that when the modified loss is reduced (so is the
the dispersion term), the dispersion term increases the dis-
tance between the client gradient and the global gradient.
The presence of the dispersion term can affect convergence
severely, which we will show through experiments.

Dispersion term and sharp minima. Many optimization
problems such as minimization of cross-entropy can be re-
garded as a Maximum Likelihood Estimation problem. Such
a problem setting makes an interesting point about the Hes-
sian of the loss. If we assume that the current parameter ω is
close to an optimum and the outputs of a model in the cur-
rent parameter are almost identical to the ground-truth, the
Hessian of the loss can be approximated as Fisher informa-
tion matrix. Moreover, since the loss gradient is almost zero
nearby optima, we can build a special equivalence of the
trace of Fisher information matrix and the gradient variance
of samples. Since we can approximate the Hessian of loss
as Fisher information matrix, we can deduce that the trace
of Hessian can be approximated by the gradient variance of
samples (Rame, Dancette, and Cord 2022). If the number of
samples in the dataset is N and the loss gradient of the i-th
sample is ∇L̃i(ω), the trace of Hessian is approximated as

tr(∇∇L(ω)) ≈ 1
N

∑N
i=1 ∥∇L̃i(ω)−∇L(ω)∥2 (10)

Meanwhile, if one considers that the dispersion term of Fe-
dAvg on non-IID data increases the gradient variance, it is
possible to build another link between FedAvg and the Hes-
sian trace. When the parameter is nearby optima, the disper-
sion term of FedAvg can increase the trace of Hessian. Since
the trace of Hessian can be a measure for sharpness of the
loss surface (Ma and Ying 2021), it can be stated that the
dispersion term leads the parameter to sharp minima (later,
we will see an opposite characteristics of FedAvg, though).

Backward error analysis for FedSAM
While the dispersion term of FedAvg on non-IID data drives
the parameter to converge into sharper minima, there is a
well-known technique called sharpness-aware minimization
(SAM) that can produce an opposite effect. SAM is a tech-
nique that alters the loss function into a form of

LSAM (ω) = L(ω + ε∇L(ω)) where ε ≪ 1 (11)

and it is already well-known that SAM increases the con-
vergence speed of FedAvg (Caldarola, Caputo, and Ciccone
2022; Qu et al. 2022). However, we analyze the implicit reg-
ularization of FedSAM to show that SAM acts as a variance
reduction method by partially removing the dispersion term,
rather than naı̈vely leading the parameter to flatter minima.
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For clarity, we refer to an approximation method in Zhao,
Zhang, and Hu (2022) and Geiping et al. (2022) that is
used for computation of Hessian-vector product. Through a
finite-difference approximation, the corresponding gradient
to a gradient norm penalty is computed as ∇ 1

2∥∇L(ω)∥2 ≈
∇L(ω+ε∇L(ω))−∇L(ω)

ε when the magnitude of ε is very
small like 0.01/∥∇L(ω)∥ as in Foret et al. (2021). If we
put this to a loss as an explicit regularizer with coefficient λ,

L(ω) + λ
2 ∥∇L(ω)∥2

≈λ
εL(ω + ε∇L(ω)) + (1− λ

ε )L(ω) (12)

If λ = ε, the cost function is the same as the one of SAM.
This implies that SAM is equivalent to training a model
with a gradient norm penalty. However, ε of SAM could be
smaller than Eη/2 if the norm of the gradient is large. Also,
FedSAM gives penalty to the mini-batch gradients instead of
the norm of an average gradient of mini-batches of a client.
In this case, if a subsidiary implicit regularization caused by
gradient penalty itself can be ignored, the result below holds.

Corollary 2. If local parameters are updated with a finite
learning rate, the expected path of the global parameter up-
dates of FedSAM approximately follows the modified loss
L̃FedSAM (ω) as

L̃FedSAM (ω) ≈ L(ω) + ε

2
∥∇L(ω)∥2

− (
Eη

4m
− ε

2m
)

m−1∑
j=0

∥∇L(ω)−∇Lj(ω)∥2

+
ε

2mE

m−1∑
j=0

E−1∑
k=0

∥∇Lj(ω)−∇Ljk(ω)∥2

(13)

The approximation holds when η ≪ 1/E.
The modified loss of FedSAM is under the influence of ε.

It can be observed that the presence of ε reduces the magni-
tude of the dispersion term. This indicates that FedSAM can
function as a variance reduction method that decreases the
dispersion of gradients. It is important to note, however, that
if ε is smaller than Eη/2, such effects by ε will only par-
tially remove the dispersion term and might not sufficiently
enhance the performance of the model as other variance re-
duction methods. We will evaluate it through experiments.

Backward error analysis for SCAFFOLD
Another simple solution to mitigate the effect of the dis-
persion term would be enforcing the gradients to be close
to each other. A variance reduction method such as SCAF-
FOLD (Karimireddy et al. 2020b) is the one. It utilizes the
control variates to remove the dispersion effect of FedAvg.
The convergence behavior of SCAFFOLD is quite different
from FedAvg’s, and as done for FedAvg, a backward error
analysis can be done for SCAFFOLD to explain its conver-
gence behavior. For convenience, we again assume full par-
ticipation of all clients. If SCAFFOLD is under an ideal situ-
ation and the learning rate is small enough to make O(E2η2)
negligible, we obtain the modified loss of SCAFFOLD.

Theorem 3. If local parameters of clients are discretely up-
dated with a finite learning rate, the expectation of discrete
updates of the aggregated parameter in SCAFFOLD follows
the modified loss L̃SCAFFOLD(ω) which is expressed as

L̃SCAFFOLD(ω) ≈ L(ω) + η

4
∥∇L(ω)∥2

+
η

4mE

m−1∑
j=0

E−1∑
k=0

∥∇Lj(ω)−∇Ljk(ω))∥2 (14)

The approximation holds when η ≪ 1/E.

The implicit regularizer of SCAFFOLD consists of two
terms, η

4∥∇L(ω)∥2 and η
4mE

∑m−1
j=0

∑E−1
k=0 ∥∇Lj(ω) −

∇Ljk(ω))∥2. The former term has the same form as the im-
plicit regularizer of GD and penalizes the norm of the global
gradient. The latter penalizes the trace of covariance matrix
of local mini-batch gradients from each client, unlike the im-
plicit regularizer of SGD that penalizes the trace of covari-
ance matrix of all mini-batch gradients (Smith et al. 2021).

The most notable point is that the dispersion term is ab-
sent in the modified loss of SCAFFOLD. SCAFFOLD is
mostly not affected by the effect of the dispersion term and
its convergence behaviour resembles SGD more than Fe-
dAvg, which can be verified in the experiments.

Empirical analysis
One way to inspect the effect of the dispersion term is to
compare the convergence behaviour of FedAvg with and
without the dispersion term. In order to empirically check
the effect of the dispersion term, we manually removed the
dispersion term from the modified loss. The algorithm for
removing the dispersion term is in the Appendix.

Empirical analysis on the dispersion term. We run ex-
periments for evaluation of our analysis. To evaluate only
the effect of the dispersion term, we run experiments with
a simple CNN model on a simple dataset, MNIST (LeCun
et al. 1998) and a relatively more complex dataset, FEM-
NIST (Caldas et al. 2018). Experiments were done on a
non-IID environment of Dirichlet distribution with param-
eter 0.2, except for FEMNIST, which is naturally non-IID.
The batch size was 30 for MNIST and 100 for FEMNIST.
The effective batch size mentioned in Dispersion term. was
not applied to SGD and the batch size was set the same for
both FedAvg and SGD. This is to make the implicit regular-
izer of FedAvg the same as the one of SGD other than the
dispersion term. To fully observe the effect under the gra-
dient flow, we used a normal SGD optimizer with a small
learning rate of 0.001 with no momentum and learning rate
decay. More details on the experimental settings such as the
model architecture and the learning rate are in the Appendix.

The empirical results are summarized in Figure 1. Over-
all, FedAvg without the dispersion term converged faster
than the original FedAvg and the performance was identi-
cal to the ones of SGD and SCAFFOLD, whose modified
loss is similar to the one of FedAvg without the dispersion
term. This indicates that the dispersion term is the main rea-
son for performance degradation of FedAvg when the size
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(a) (b) (c) (d)

Figure 1: Test accuracy and variance of client gradients of FedAvg, SCAFFOLD, and SGD on MNIST, and FEMNIST. The
final test accuracy is higher and the variance of client gradients is significantly lower when the dispersion term is absent in the
modified loss. The convergence behaviours of SCAFFOLD, SGD, and FedAvg without dispersion term are almost identical.

(a) (b)

Figure 2: Variance of mini-batch gradients in MNIST and
FEMNIST.

of a learning rate is small enough. Also, the variance of the
client gradients, measured at the beginning of the round, was
much higher when there was a dispersion term in the modi-
fied loss, which matches our theoretical observation. These
result indicates that our analysis on the first-order term of
implicit regularizer can explain the convergence behaviour
of FedAvg and SCAFFOLD. However, one thing to note is
that the main reason for performance degradation of FedAvg
is not the noise of gradients due to the increased gradient
variance, but rather the presence of the implicit regularizer
itself. We will discuss this in later sections.

Implicit bias of FedAvg. In Figure 1 and 2, FedAvg with
the dispersion term has higher variances of mini-batch gradi-
ents as well as client gradients than FedAvg without it, even
when the performance of the model is the same. If the up-
dates of FedAvg with the dispersion term slowly but surely
followed the same path as FedAvg without the dispersion
term, the variance of gradients should have been the same
when the performance of the model was the same. However,
the difference in variance implies that the parameter updates
of FedAvg deviated from the original path due to the bias by
implicit regularization. Such a deviation heavily affects the
convergence behavior and leads FedAvg to converge into a
sub-optimal solution as pointed out by Li et al. (2020).

(a) (b)

Figure 3: The value of ε of FedSAM on MNIST and
Fashion-MNIST. ε is consistently lower than Eη/2.

Empirical analysis on FedSAM. We experimented with
FedSAM on MNIST and Fashion-MNIST (Xiao, Rasul, and
Vollgraf 2017) on non-IID with full client participation. We
used simple datasets to observe the effect of the dispersion
term without a disturbance of batch gradient variance. More
details on the experimental settings are in the Appendix.

We first investigated the value of ε during a normal train-
ing with FedSAM. The value of ε was set as the value
similar to 0.01/

√
∥∇Ljk(ω)∥, which was much more sta-

ble than 0.01/∥∇Ljk(ω)∥. A detailed explanation is in the
pseudocode in the Appendix. As shown in Figure 3(a) and
3(b), the value of ε stayed below Eη/2.

Next, we examined the performance of FedSAM. We
checked if FedSAM could perform as well as SCAFFOLD
even when the value of ε stays below Eη/2. As shown in
Figure 4(a) and 4(c), FedSAM was able to perform better
than FedAvg but not as well as SCAFFOLD. This accords
with our prediction that FedSAM would only partially mit-
igate the dispersion effect if ε is not large enough, while
SCAFFOLD is able to almost remove the dispersion term.

To confirm if the slow convergence of FedSAM is due to
the insufficient magnitude of ε, we changed the value of ε in
Equation 13 to Eη/2 during training, which makes the mag-
nitude of the dispersion term zero. We increased the value
of ε to Eη/2 in the middle of training session when the
gradients are relatively stable. We did not change ε in the
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(a) (b) (c) (d)

Figure 4: Test accuracy, value of ε, and client gradient variance of FedSAM on MNIST and Fashion-MNIST. ε was switched
to Eη/2 during training and the convergence speed became faster while the variance of mini-batch gradients decreased. The
values at the exact round where switching occurred were omitted for smoothing of the graphs.

early stage of training since the gradient variance tends to
increase rapidly in the early stage and the gradients become
extremely unstable. We switched ε at the 200-th round on
MNIST and at the 300-th round on Fashion-MNIST.

As shown in Figure 4(a), 4(c), the performance of Fed-
SAM with switched ε surpassed the performance of the orig-
inal FedSAM due to a faster convergence speed. The result
indicates that the convergence speed becomes faster when ε
is as big as Eη/2 and the dispersion term is fully removed.
Also, as shown in 4(b) and 4(d), the dispersion term was
mitigated, and the variance of client gradients was decreased
after switching, consistent with our analysis.

High-order Terms in the Implicit Regularizer
Meanwhile, one thing was unexplained in the empirical re-
sults on the dispersion term. In Figure 1, the variance of
client gradients in SGD was higher than the one of FedAvg
without the dispersion term. It means that there is still an un-
explained bias of FedAvg which reduces the client gradient
variance. Here, we analyze the implicit regularizer of Fe-
dAvg with high-order terms and show that those high-order
terms can reduce the client gradient variance but hamper
the convergence of FedAvg. For our analysis, we use the
notion of local epochs. To reduce the communication cost
between the client and the server, federated learning often
employs local epochs. That is, clients iterate over their en-
tire local data multiple times, and one full iteration is called
one local epoch. Since the presence of multiple local epochs
increase the number of total local steps E, the high-order
terms O(E3η3) become significant.

Here, the number of total local steps E can be obtained
with two factors: the number of local epochs and the number
of local steps within a single local epoch, defined as a and
K, respectively. In this paper, we deal with a case where the
number of steps per a local epoch, K, is small enough to ig-
nore O(K3η3), while the number of local epochs, a, is large
enough to make O(a3K3η3) significant. Now, we ignore
high-order terms within a local epoch such as O(K3η3),
while keeping O(a3K3η3) to get a more precise, modified
loss with the second-order terms in the implicit regularizer.
Corollary 4. If local parameters are updated with a finite
learning rate for multiple local epochs, the expectation of

discrete updates of the aggregated parameter in FedAvg fol-
lows the modified loss L̃(ω) as

L̃(ω) ≈ L(ω)− aKη

4m

m−1∑
j=0

∥∇ζj(ω − aKη

3
∇Lj(ω))∥2︸ ︷︷ ︸

Transformed dispersion term

+
a2K2η2

6m

m−1∑
j=0

∇ζj(ω)
⊤∇∇L(ω)∇ζj(ω)︸ ︷︷ ︸

Secondary dispersion term

. (15)

when ∇ζj(ω) = ∇L(ω) − ∇Lj(ω) and ∇∇L(ω) de-
notes the Hessian of the loss. The approximation holds when
1/E2 ≪ η ≪ 1/E and a ≫ 1.

Now, the implicit regularizer of FedAvg has been trans-
formed. The first term of the implicit regularizer, which we
call the transformed dispersion term, is now the client gra-
dient variance at ω − aKη

3 ∇Lj(ω) instead of at ω. Due to
a transformation of the dispersion term, the modified loss
no longer maximizes the gradient variance at the current pa-
rameter ω. This will reduce the effect of the original dis-
persion term on increasing the gradient variance. On the
other hand, we refer to the latter term of implicit regularizer
as the secondary dispersion term. One thing to note is that
secondary dispersion term is a quadratic objective function.
When the loss Hessian is positive-semidefinite, the quadratic
term minimizes the gap between the client gradients and the
global gradient.

So, both the secondary dispersion term and the difference
of the dispersion term due to transformation can reduce the
variance of client gradients. Experimental results below will
confirm that these high-order terms of the implicit regular-
izer can reduce the gradient variance. Moreover, from the
link between sharpness of a loss surface and the gradient
variance, it can be stated that the secondary dispersion term
can lead FedAvg to flat minima. Such an effect by high-order
terms contradicts the effect of the dispersion term. The dis-
persion term leads FedAvg to sharp minima when the num-
ber of local steps is small as mentioned previously, while
high-order terms lead FedAvg to relatively flatter minima
when the number of local steps is large. The latter aligns
with Gu et al. (2023) which proves that local steps in Local
SGD lead the parameter to flat minima.

18724



(a) (b)

Figure 5: Test accuracy and client gradient variance for
a complex model and dataset. Compared to SGD that no
dispersion terms, FedAvg without the first-order dispersion
term has a lower accuracy but a lower variance, while SCAF-
FOLD has a slightly lower accuracy, due to high order terms.

Gradient variance and performance. However, reduc-
tion of gradient variance and convergence into flat minima
do not necessarily lead to better performance, as we will see
in the experiments. This point differs from FedSAM which
also converges to flat minima. SAM partially but explicitly
removes the dispersion term, whereas high-order terms of
the implicit regularizer such as the transformed dispersion
term in Equation 15 can actually induce an additional bias
to FedAvg. Although the high-order terms of its implicit
regularizer reduce the gradient variance and lead FedAvg
to flat minima, they still make parameter updates deviate
from the optimal path, thus affecting convergence. On the
other hand, the fact that a reduction of gradient variance can
lead to degradation of performance implies that the noise of
the gradients from the increased gradient variance is not a
critical factor in convergence of FedAvg. This is contrary
to a misconception that addition of variance in gradients is
a primary reason for performance degradation of FedAvg.
Though the addition of variance will certainly affect the con-
vergence speed, the empirical results show that another fac-
tor, the bias of FedAvg, is a more critical factor.

Limits of variance reduction methods. Meanwhile, the
fact that high-order terms in the implicit regularizer hamper
the convergence is a thought-provoking point to all variance
reduction methods that use stagnant gradients as the con-
trol variates. Traditional variance reduction methods such as
SCAFFOLD use the client gradients from a previous round
to correct deviation of client gradients and mitigate the ef-
fect of the dispersion term. However, the client gradient that
composes the transformed dispersion term is actually from
the middle of the current round. Such a discrepancy will in-
evitably cause a performance degradation, which can be a
limitation of variance reduction methods. Theoretical expla-
nation of the limitation is in the Appendix.

Empirical analysis on high-order terms
We ran experiments on a rather complex dataset, CIFAR-10
(Krizhevsky, Hinton et al. 2009), for a model with residual
connections to evaluate the impact of high-order terms of
the implicit regularizer (small dataset and simple model do

not show the impact). Data is non-IID with a Dirichlet dis-
tribution of parameter 0.05, more extreme than the previous
experiment. 100 clients were trained with a learning rate of
0.001, 3 local epochs, and the batch size of 300. We experi-
mented with FedAvg with and without the first-order disper-
sion term, SCAFFOLD, and SGD. Details on experimental
settings are in the Appendix.

Figure 5 shows that the gradient variance of SGD, which
naturally lacks the dispersion term and the secondary dis-
persion term in its implicit regularizer, is higher than that
of FedAvg without the dispersion term. This matches our
analysis that the high-order terms of the implicit regularizer
contributes to reducing the gradient variance. On the other
hand, the convergence speed of SGD is higher although its
gradient variance is higher. This indicates that the increased
gradient variance itself is not the primary reason for slow
convergence of FedAvg. The result also indicates that the
high-order terms play a significant role in hampering con-
vergence of FedAvg when a model is complex.

On the other hand, Figure 5 shows that the performance
of SCAFFOLD is much higher than FedAvg’s without the
dispersion term and almost close to SGD’s. This was ex-
pected since SCAFFOLD in Equation 14 lacks the disper-
sion term of FedAvg in Equation 9. However, the perfor-
mance of SCAFFOLD is still inferior to SGD’s. Considering
that slow-down from the batch gradient variance is larger in
SGD due to more parameter updates in a single epoch, it can
be concluded that SCAFFOLD cannot fully mitigate the bias
from the high-order terms of its implicit regularizer. It can be
severe when a model becomes complex to make high-order
terms significant, which has been continuously observed in
Reddi et al. (2020); Karimireddy et al. (2020a); Yu et al.
(2022).

Limitation and Conclusion
As in the previous work by Smith et al., one condition re-
quired to validate our analysis is that the learning rate should
be small enough to make high-order terms insignificant.
Such an assumption is an extreme condition as pointed out
by Smith et al.. However, a small learning rate has been com-
monly assumed in many federated learning researches. For
example, many assume that the local learning rate is smaller
than the reciprocal of the product of the number of local up-
dates and the smoothness of the loss function (Karimireddy
et al. 2020b; Qu et al. 2022; Xu et al. 2021). Noting that the
smoothness is the maximum eigenvalue of a Hessian, our
assumption is not really extreme compared to their work.

Our goal was to understand the dynamics of FedAvg and
variance reduction methods in a more intuitive way than ex-
isting convex optimization-based analysis. Despite limita-
tion of our assumptions, we effectively analyzed the addi-
tional implicit regularization posed federated learning meth-
ods. We found that the presence of the dispersion term and
secondary dispersion term of the implicit regularizer of Fe-
dAvg is the main reason that affect its the convergence,
rather than the noise from the increased gradient variance
itself. We also analyzed the fundamental limitations of exist-
ing variance reduction methods. Empirical results confirmed
our theoretical observations.
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