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Abstract

The convergence behavior of Stochastic Gradient Descent
(SGD) crucially depends on the stepsize configuration. When
using a constant stepsize, the SGD iterates form a Markov
chain, enjoying fast convergence during the initial transient
phase. However, when reaching stationarity, the iterates os-
cillate around the optimum without making further progress.
In this paper, we study the convergence diagnostics for SGD
with constant stepsize, aiming to develop an effective dy-
namic stepsize scheme. We propose a novel coupling-based
convergence diagnostic procedure, which monitors the dis-
tance of two coupled SGD iterates for stationarity detec-
tion. Our diagnostic statistic is simple and is shown to track
the transition from transience stationarity theoretically. We
conduct extensive numerical experiments and compare our
method against various existing approaches. Our proposed
coupling-based stepsize scheme is observed to achieve su-
perior performance across a diverse set of convex and non-
convex problems. Moreover, our results demonstrate the ro-
bustness of our approach to a wide range of hyperparameters.

1 Introduction
Stochastic Gradient Descent (SGD) aims to minimize an ob-
jective function by iteratively updating the model parame-
ters based on noisy gradients of the function (Robbins and
Monro 1951). SGD is well suited for large-scale machine
learning scenarios, where the data are abundant and the com-
putation is limited, as it processes data points one at a time
or in small batches (Bottou 2010, 2012).

Mathematically, the SGD recursion is given by

θk+1 = θk − γk∇fk(θk), (1)

Here, θk is the model parameters at iteration k, ∇fk(θk)
is the noisy gradient of the objective function f at θk, and
γk > 0 is the stepsize (also known as the learning rate) for
the kth iteration.

The stepsize configuration plays a critical role in the con-
vergence of SGD. A traditional approach is to use dimin-
ishing stepsize, such as γk = γ0/k or γ0/

√
k (Robbins

and Monro 1951; Bach 2014). These decay stepsize sched-
ules have been well studied, with non-asymptotic conver-
gence guarantees (Moulines and Bach 2011; Lacoste-Julien,
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Schmidt, and Bach 2012; Rakhlin, Shamir, and Sridharan
2011; Shamir and Zhang 2013; Hazan and Kale 2014). How-
ever, these schedules are often less robust to ill-conditioning
and tend to suffer from a slow convergence rate.

In practice, constant stepsize SGD is widely used, due
to faster convergence and easy tuning. Prior work on con-
stant stepsize SGD (Needell, Ward, and Srebro 2014) pro-
vides a classical bias-variance decomposition of the mean-
square error. Recent work provides a more precise charac-
terization of its properties (Dieuleveut, Durmus, and Bach
2020; Yu et al. 2021; Lauand and Meyn 2023; Merad and
Gaı̈ffas 2023), by leveraging the fact that the SGD iterates
(θk)k≥0 defined by (1) form a Markov chain with a con-
stant stepsize γk ≡ γ > 0. The Markov chain (θk)k≥0 is
shown to converge at an exponential rate that is proportional
to the stepsize γ. However, the chain does not converge to
the optimal solution θ⋆ but exhibits as a random walk within
a vicinity of θ⋆ of radius O(√γ) as k →∞.

The insights imply that fast convergence can be achieved
by using a large constant stepsize; when the iterates reach
stationarity, reduce the stepsize and continue the iteration
to achieve a better accuracy at the next saturation, upon
which the procedure is repeated. Indeed a common practice
for SGD and deep learning algorithms is to use epoch-wise
constant stepsize and periodically reduce it (He et al. 2016;
Krizhevsky, Sutskever, and Hinton 2012; Wang, Magnússon,
and Johansson 2021), but the epoch lengths are mostly pre-
determined and hand-picked. To make the best use of the
procedure to achieve the best of both worlds, it is critical to
develop a saturation diagnostic that effectively and promptly
detects stationarity, while being computationally efficient.

The problem of detecting saturation in constant stepsize
SGD has been studied since the seminal work of Pflug
(1983), who proposed using the running average of the in-
ner products of successive gradients to monitor convergence.
Pflug’s statistic has been used to develop several diagnostic
algorithms for SGD (Chee and Toulis 2018; Yaida 2018).
However, recent work has shown that Pflug’s method may
fail even for quadratic functions, due to the large variance
of the diagnostic statistic (Pesme, Dieuleveut, and Flammar-
ion 2020). In particular, the noisy signal fails to accurately
indicate whether saturation has been reached, leading to fre-
quent early stepsize reduction. Improving upon the diagnos-
tic proposed by Yaida (2018), Lang, Xiao, and Zhang (2019)
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developed a more robust detection rule based on gradients of
a mini-batch. Their approach, however, tends to suffer from
the opposite issue, i.e., being overly conservative and lead-
ing delays in stationary detection.

The more recent work in Pesme, Dieuleveut, and Flam-
marion (2020) introduced an alternative method based on the
distance between the initial iterate θ0 and the kth iterate θk.
The idea is that ∥θk− θ⋆∥2 is expected to reach saturation at
approximately the same time as ∥θk − θ0∥2. Their approach
outperforms Pflug’s methods empirically, but lacks theoreti-
cal justifications for general convex problems. A closely re-
lated work in Sordello, He, and Su (2020) considers split-
ting the SGD recursion into multiple threads, which are ini-
tialized from the same θ0 but use independent data points
to calculate the gradients. Near-orthogonality of these gra-
dients is used as an indicator of stationarity. Note that each
thread only uses a fraction of the available data points.

In this paper, we propose a new, coupling-based con-
vergence diagnostic procedure that is simple, flexible, and
data-efficient. We apply this method to develop an effec-
tive dynamic stepsize scheme for SGD. Our main contri-
butions are summarized as follows. First, building on the
fact that the constant stepsize SGD iterates (θk)k≥0 form
a Markov chain, we design a stationarity diagnostic statis-
tic via Markov chain coupling. Specifically, our coupling-
based method maintains two SGD iterates (θ

(1)
k )k≥0 and

(θ
(2)
k )k≥0 using the same stepsize and data points at each it-

eration (“coupling”), but with different initialization. To as-
sess whether the iterates have reached stationary phase, we
perform a diagnosis based on the ratio of coupled iterates
difference ∥θ(1)k − θ

(2)
k ∥2/∥θ

(1)
0 − θ

(2)
0 ∥2. Once stationarity

is detected, the stepsize is reduced, and the procedure is re-
peated. Our stationarity detection is simple and easy to im-
plement. Moreover, we prove that our diagnostic statistic is
valid for convergence detection in general convex problems.
Furthermore, we conduct extensive experiments to evaluate
our coupling-based dynamic stepsize scheme against various
existing methods. Our approach consistently achieves supe-
rior performance across a range of convex and non-convex
problems, such as logistic regression and ResNet-18, as well
as in stochastic approximation with Markovian data. Lastly,
our results demonstrate the robustness of our approach to a
wide range of hyper-parameters.

2 Preliminaries
In this paper, we focus on the classical SGD algorithm for
minimizing an objective function f : Rd → R. With an
initialization θ0 ∈ Rd, the SGD recursion (1) can be written
equivalently as

θk+1 = θk − γk
[
∇f(θk) + εk(θk)

]
, k ≥ 0, (2)

where εk : Rd → Rd is the random field corresponding to
the stochasticity in∇fk(·) as an estimate of the true gradient
∇f(·), such that∇fk(·) = ∇f(·) + εk(·).

For our analysis, we consider the following assumptions
on the loss function f and the noise functions (εk)k≥0.

Assumption A.1 (Smoothness). The function f is L-smooth
with L ≥ 0, i.e., for all θ, θ′ ∈ Rd,

∥∇f(θ)−∇f(θ′)∥ ≤ L∥θ − θ′∥.
Assumption A.2 (Strong convexity). The function f is
strongly convex with parameter µ > 0, i.e., ∀θ, θ′ ∈ Rd,

⟨∇f(θ)−∇f(θ′), θ − θ′⟩ ≥ µ∥θ − θ′∥2.
Assumption A.2 implies that the objective function f ad-

mits a unique global optimum θ⋆.

Assumption A.3 (Zero-mean noise). There exists a filtra-
tion (Fk)k≥0 on some probability space such that for all
k ∈ N and θ ∈ Rd, εk(θ) is Fk-measurable and E[εk(θ) |
Fk−1] = 0. In addition, (εk)k≥0 are independent and iden-
tically distributed random fields.

Assumption A.3 implies that ∇fk(θ) := ∇f(θ) + εk(θ)
is an unbiased estimator of the true gradient∇f(θ).
Assumption A.4 (Co-coercivity). The gradient is co-
coercive in expectation, i.e., ⟨∇f(θ) − ∇f(θ′), θ − θ′⟩ ≥
(1/L)E[∥∇fk(θ)−∇fk(θ′)∥2], ∀k > 0, θ, θ′ ∈ R, where L
is given in Assumption A.1. Moreover, there exists a constant
σ ≥ 0 such that for all k > 0, E[∥εk(θ⋆)∥2] ≤ σ2.

Assumption A.4 is standard and appeared in Dieuleveut,
Durmus, and Bach (2020); Merad and Gaı̈ffas (2023).

Transience-stationarity under constant stepsize. Con-
stant stepsize SGD has recently gained increasing atten-
tion and its properties have been well understood for well-
conditioned problems. In particular, the classical result
(Needell, Ward, and Srebro 2014) decomposes the bound on
E
[
∥θk − θ⋆∥2

]
into bias and variance terms: the bias term is

proportional to the initial condition ∥θ0 − θ⋆∥ and decays at
an exponential rate; the variance term is determined by the
gradient noise. In general, the iterates are not converging to
the global optimum θ⋆.

Recent work has provided a more precise characteri-
zation of the bias-variance trade-off through the lens of
Markov chain theory (Dieuleveut, Durmus, and Bach 2020;
Yu et al. 2021). In particular, with a constant stepsize γk ≡
γ > 0, the SGD iterates (θk)k≥0 given by (2) form a
Markov chain. The Markov chain is shown to converge to
a unique stationary distribution πγ under appropriate condi-
tions. Let P2(Rd) denote the set of probability measure on
(Rd,B(Rd)) with a finite second moment, where B(Rd) is
the Borel σ-field of Rd.

Proposition 1 (Proposition 2 in Dieuleveut, Durmus, and
Bach 2020). Suppose that Assumptions A.1–A.4 hold. With
constant stepsize γ ∈ (0, 2/L), the Markov chain (θk)k≥0

given by the recursion (2) satisfies:

W 2
2

(
P k
γ (θ0, ·), πγ

)
≤ ρkEθ∼πγ

[
∥θ0 − θ∥2

]
, (3)

where P k
γ is the k-step Markov kernel for the chain (θk)k≥0,

W2(ν, ν
′) is the Wasserstein distance of order two between

measures ν, ν′ ∈ P2(Rd), and ρ := 1− 2γµ(1− γL/2).

Proposition 1 shows that during the transient phase, i.e.,
before reaching stationarity, the Markov chain converges ex-
ponentially fast at a rate proportional to the stepsize γ. Con-
sequently, using a larger stepsize achieves faster transient
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convergence. However, when reaching stationary phase, the
iterates exhibit a random walk around θ⋆, incurring a satu-
rated expected error Eπγ

[θ]−θ⋆ = Aγ+O(γ2) (Dieuleveut,
Durmus, and Bach 2020, Theorem 4). Therefore, a larger
stepsize suffers from a larger approximation error. Simi-
lar transience-stationarity properties have also been char-
acterized for general stochastic approximation algorithms
with Markovian data, which covers SGD as a special case
(Lauand and Meyn 2023; Huo et al. 2024).

This above insight on the transient phase convergence rate
and the stationary phase error naturally indicates an adaptive
constant stepsize scheduling procedure to achieve the best
of both worlds: Start with a large constant stepsize for fast
transient convergence; when the iterates have approximately
reached stationarity, decrease the stepsize and continue the
SGD process to achieve smaller approximation error.

The key challenge here is how to detect the stationarity of
the iterates effectively, which has remained an open problem
in the literature (Pasupathy, Honnappa, and Hunter 2019).
Several statistical tests have been proposed for stationar-
ity diagnostic (Chee and Toulis 2018; Yaida 2018; Pesme,
Dieuleveut, and Flammarion 2020). However, these meth-
ods either lead to poor empirical results or lack of theoreti-
cal analysis. There is a critical need for a more efficient and
principled tool to assess the convergence of SGD iterates
with constant stepsize. In the next section, we present our
approach that uses Markov chain coupling algorithmically.

3 A Coupling-based Statistic for Stationarity
Diagnostic

In this section, we introduce a novel coupling-based statistic
for convergence diagnostic and present the theoretical foun-
dation for justify its effectiveness.

Our approach builds on the fact that the SGD iterates
(θk)k≥0 forms a Markov chain under a constant stepsize.
We propose a diagnostic that detects the convergence of
the Markov chain (θk)k≥0 by coupling. Stochastic coupling
techniques have served as a powerful analytical tool for
characterizing stochastic system performance. In particular,
it has been widely employed to establish Markov chain con-
vergence (Dieuleveut, Durmus, and Bach 2020; Huo, Chen,
and Xie 2023; Foss and Tweedie 1998; Lauand and Meyn
2023), which serves as an inspiration for our approach.

In particular, consider two SGD iterates (θ
(1)
k )k≥0 and

(θ
(2)
k )k≥0 that use the same stepsize γ and the same mini-

batch data at every iteration, i.e., sharing the same noise, but
with different initialization θ

(1)
0 and θ

(2)
0 . This coupling of

the two Markov chains (θ(1)k )k≥0 and (θ
(2)
k )k≥0 has played

an important role in showing the convergence of the iterates
to their unique stationary distribution πγ ; e.g., see the proof
of Proposition 2 by Dieuleveut, Durmus, and Bach (2020).

Here we propose to employ the coupling technique al-
gorithmically to construct a statistical test for stationar-
ity diagnostic. Let Dk := θ

(1)
k − θ

(2)
k denote their differ-

ence. Intuitively, the distributional convergence of the it-
erates (θ

(1)
k )k≥0 and (θ

(2)
k )k≥0 implies that ∥Dk∥ ≈ 0 if

θ
(1)
k and θ

(2)
k reach the stationary phase, thanks to the cou-

pling procedure. This observation suggests a natural crite-
rion for the stationarity of the primary sequence θ

(1)
k via

tracking the ratio of the differences, ∥Dk∥/∥D0∥, with the
auxiliary sequence θ

(2)
k . This naturally leads to the follow-

ing convergence diagnostic: if ∥Dk∥ / ∥D0∥ is smaller than
some threshold, then the stepsize is decreased by a factor of
r ∈ (0, 1), upon which we reinitialize one sequence θ(2)k and
repeat this procedure.

Our intuition is clearly illustrated in Figure 1. Importantly,
we observe that when ratio of the distance ∥Dk∥ / ∥D0∥
decreases to a small value, the SGD iterates (θ

(1)
k )k≥0 ap-

proximately enter the stationary phase. A natural question
arises: Can we theoretically justify that the behavior of the
difference Dk accurately reflects the transition of iterates
(θ

(1)
k )k≥0 between transience and stationarity?

Figure 1: Evolution of ∥θ(1)k − θ⋆∥2 and ∥θ(2)k − θ⋆∥2 and
∥θ(1)k − θ

(2)
k ∥2 under least squares regression with two dif-

ferent constant stepsizes.

Quadratic Setting To answer the above question for our
coupling approach, we first consider the case of a quadratic
objective function, as stated in the following assumption.

Assumption A.5 (Quadratic semi-stochastic setting). There
exists a symmetric positive definite matrix H , a vector a and
a constant c such that f(θ) = 1

2θ
⊤Hθ + a⊤θ + c. The gra-

dient noise εi(θ) = ξi is independent of θ, where (ξi)i≥0 are
i.i.d and satisfy E[ξi] = 0 and E[ξ⊤i ξi] = C.

Under this assumption, we can compute E[∥θ(1)k −θ
(2)
k ∥2]

in a closed-form, as stated in the following proposition. See
the proof in Appendix A, provided separately.1

Proposition 2. Suppose Assumptions A.1, A.2, and A.5
hold. Let γ ∈ (0, 1/L). We have that for all k ≥ 0:

E[∥Dk∥2] = E[D⊤
0 (I − γH)2kD0] ≤ (1− γµ)2kE[∥D0∥2].

Proposition 2 states that the expected squared distance de-
cays exponentially and eventually converges to zero,

Proposition 3 (Quadratic). Under Assumptions A.1, A.2,
and A.5, we have the following result with constant stepsize

1An extended version can be found at Li and Xie (2024).

18496



γ ∈ (0, 1/L) :

W 2
2

(
P k
γ (θ

(1)
0 , ·), πγ

)
≤ E[∥Dk∥2]
E[
(
D⊤

0 qmax

)2
]
· Eθ∼πγ

[
∥θ(1)0 − θ∥2

]
, (4)

where qmax is the eigenvector associated with the largest
eigenvalue of the matrix I − γH.

Proof. By centering, we may assume without loss of gen-
erality that a = 0 and c = 0, so f(θ) = 1

2θ
⊤Hθ. For

this setting, we have the following claim on the distribu-
tional convergence of the Markov chain (θk)k≥0. The proof
of the claim follows similar lines as that of Proposition 2 in
Dieuleveut, Durmus, and Bach (2020). We provide the proof
in Appendix A for completeness.

Claim 1. Under the setting of Proposition 3, the Markov
chain (θk)k≥0 given by the recursion (2) satisfies:

W 2
2

(
P k
γ (θ0, ·), πγ

)
≤ (1− γλmin)

2kEθ∼πγ

[
∥θ0 − θ∥2

]
,

(5)
where λmin being the smallest eigenvalue of H.

Note that the largest eigenvalues of the matrix (I − γH)
is 1−γλmin. Let qmax be the corresponding eigenvector. By
Proposition 2, we have:

E[∥Dk∥2] = E[D⊤
0 (I − γH)2kD0]

≥ (1− γλmin)
2kE[

(
D⊤

0 qmax

)2
].

If the initial difference vector D0 satisfies E[
(
D⊤

0 qmax

)2
] ̸=

0, combining the above inequality with the inequality (5)
from Claim 1 yields the desired result.

From Proposition 3, we note that a small distance be-
tween the two iterates θ(1)k , θ

(2)
k implies that the iterates θ(1)k

approximately converges to its stationary distribution πγ .
Since the eigenvector qmax is unknown, we propose to track
the ratio of the iterates difference ∥Dk∥ / ∥D0∥ as an ap-
proximation, which is easy to compute.

General Convex Setting We next generalize our analysis
to non-quadratic setting.
Theorem 1 (General Convex). Suppose Assumptions A.1–
A.4 hold and γ ∈ (0, γ0], where γ0 = min

{
1
4L ,

2L
µ

}
. Then

∀τ ∈ [ 4Lµ ,∞), we have the following result:

W 2
2

(
P k
γ (θ

(1)
0 , ·), πγ

)
≤
(
E[∥Dk∥2]
E[∥D0∥2]

)1/τ

· Eθ∼πγ

[
∥θ(1)0 − θ∥2

]
.

Proof. Consider the SGD update rule in eq. (1) and fix an
arbitrary integer k ≥ 0. The expected squared norm of the
parameter difference after one iteration is given by:

E∥θ(1)k+1 − θ
(2)
k+1∥

2 (6)

= E∥(θ(1)k − γ∇fk(θ(1)k ))− (θ
(2)
k − γ∇fk(θ(2)k ))∥2

= E∥θ(1)k − θ
(2)
k ∥

2 + γ2E∥∇fk(θ(1)k )−∇fk(θ(2)k )∥2

− 2γE⟨∇fk(θ(1)k )−∇fk(θ(2)k ), θ
(1)
k − θ

(2)
k ⟩.

By the smoothness assumption of f , we have:

⟨∇f(θ(1)k )−∇f(θ(2)k ), θ
(1)
k − θ

(2)
k ⟩ ≤ L∥θ(1)k − θ

(2)
k ∥

2.

Therefore, we can lower bound the LHS of Equation (6) as

E∥θ(1)k+1 − θ
(2)
k+1∥

2 ≥ E∥θ(1)k − θ
(2)
k ∥

2

− 2γLE∥θ(1)k − θ
(2)
k ∥

2

+ γ2E∥∇f1(θ(1)k )−∇f(θ(2)k )∥2.
Moreover, by strong convexity of f together with the
Cauchy-Schwarz inequality, we obtain

∥∇f(θ(1)k )−∇f(θ(2)k )∥ ≥ µ∥θ(1)k − θ
(2)
k ∥.

It follows that
E∥θ(1)k+1 − θ

(2)
k+1∥

2 ≥ (1− 2γL+ γ2µ2)E∥θ(1)k − θ
(2)
k ∥

2.

Therefore, by induction on k, we obtain the lower bound:

E∥θ(1)k − θ
(2)
k ∥

2 ≥ ϱkE∥θ(1)0 − θ
(2)
0 ∥2, (7)

where ϱ := 1− 2γL+ γ2µ2. Applying Lemma 1 from Ap-
pendix A.1 yields:

E∥Dk∥2/E∥D0∥2 ≥ ϱk ≥ (1− γµ)k·k0 ≥ (1− γµ)k·τ ,

where the last inequality follows from the fact that τ ≥
k0 := 4L/µ. Combining with Proposition 1, we obtain

W 2
2

(
P k
γ (θ0, ·), πγ

)
≤ ρkEθ∼πγ

[
∥θ0 − θ∥2

]
≤ (1− γµ)kEθ∼πγ

[
∥θ0 − θ∥2

]
≤

(
E∥Dk∥2/E∥D0∥2

)1/τ · Eθ∼πγ

[
∥θ0 − θ∥2

]
.

Built on Proposition 3 and Theorem 1, we conclude that
the ratio of distances, ∥Dk∥2/∥D0∥2 naturally serves as an
efficient statistic that detects the transition of the Markov
chain from transience to stationarity. In particular, when the
statistic falls below a predefined threshold, it indicates that
θ
(1)
k approximately saturates. Then the algorithm triggers a

stepsize decay and repeats.
We formally describe our method in Algorithm 1, named

Coupling-based SGD. Our diagnostic algorithm aims to
detect the saturation of constant stepsize SGD (θ

(1)
k )k≥0

by tracking its distance to an auxiliary SGD sequence
(θ

(2)
k )k≥0. Given two initial points, two SGD iterates

progress simultaneously using the same stepsize γ and mini-
batch of data. At each iteration k, we calculate the ratio
of distances, ∥θ(1)k − θ

(2)
k ∥2/∥θ

(1)
0 − θ

(2)
0 ∥2. If the ratio falls

below a certain threshold β, the stepsize is decreased by a
factor r, and the auxiliary iterate θ(2)k is re-initialized. Setting
an arbitrary re-initialization might take the auxiliary iterate
far away from the vicinity of the optimum solution θ⋆. Con-
sequently, it would take the auxiliary iterates θ(2)k long time
to re-entering the vicinity and sync with the primary iterates
θ
(1)
k . To address this issue, we propose to set the new initial

point using the b-step backward iterate θ
(2)
k−b, which stays

close to the stationary neighborhood with an appropriate b.
Our experiment in Section 4.3 demonstrates the robustness
of our approach to the parameter b.
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Algorithm 1: Coupling-based SGD

Input: θ(1)0 , θ(2)0
Parameters: initial stepsize γ, stepsize decay factor r, back-
ward steps b, threshold β

1: while k ∈ {1, 2, 3, . . . , n} do
2: θ

(1)
k ← θ

(1)
k−1 − γ∇fk−1(θ

(1)
k−1)

3: θ
(2)
k ← θ

(2)
k−1 − γ∇fk−1(θ

(2)
k−1)

4: S ← ∥θ(1)k − θ
(2)
k ∥2/∥θ

(1)
0 − θ

(2)
0 ∥2 {distance be-

tween two SGD sequences ≈ ρk}
5: if S < β then
6: γ ← r · γ {reduce the stepsize}
7: θ

(2)
k ← θ

(2)
k−b {update the new initial point}

8: end if
9: end while

Algorithm 2: Adaptive Coupling-based SGD

Input: θ(1)0 , θ(2)0
Parameter: initial stepsize γ, stepsize decay factor r, back-
ward steps b, initial threshold β, threshold decay factor
η.

1: while k ∈ {1, 2, 3, . . . , n} do
2: θ

(1)
k ← θ

(1)
k−1 − γ∇fk−1(θ

(1)
k−1)

3: θ
(2)
k ← θ

(2)
k−1 − γ∇fk−1(θ

(2)
k−1)

4: S ← ∥θ(1)k − θ
(2)
k ∥2/∥θ

(1)
0 − θ

(2)
0 ∥2 {distance be-

tween two SGD sequences ≈ ρk}
5: if S < β then
6: γ ← r · γ {reduce the stepsize}
7: β ← η · β {reduce the threshold}
8: θ

(2)
k ← θ

(2)
k−b {update the new initial point}

9: end if
10: end while

Adaptive Coupling-based SGD As illustrated in Figure
1, as the stepsize γ gets smaller, the iterates in stationarity
incur smaller approximation error and variance. Indeed, the
stationary distribution πγ is shown to satisfy Eπγ [θ]− θ⋆ =

Aγ+O(γ2) and Eπγ [∥θ−θ⋆∥2] = A′γ+O(γ2) (Dieuleveut,
Durmus, and Bach 2020, Theorem 4). With a smaller γ,
the stationary distribution πγ lives in a smaller vicinity of
θ⋆. Consequently, to accurately detect distributional conver-
gence of the iterates, it makes sense to employ a more strin-
gent criterion with smaller stepsize γ. To this end, we pro-
pose using an adaptive threshold β for the diagnostic statis-
tic, as presented in Algorithm 2. In particular, as γ decreases,
we also reduce the threshold β by a factor η ∈ (0, 1).

4 Empirical Study

In this section, we present an empirical study of our pro-
posed diagnostic method on various tasks.

4.1 Setup
Algorithms. Our main baselines include the Pflug’s
diagnostic-based approach ISGD1/2 (Chee and Toulis
2018), and the distance-based algorithm (Pesme,
Dieuleveut, and Flammarion 2020). For these baseline
methods, we carefully tune their parameters to achieve their
best performance.

To demonstrate the effectiveness and robustness of our
proposed diagnostic method, we conduct extensive experi-
ments on a diverse set of problems, including (1) Logistic
regression, (2) Least squares regression, (3) The 18-layer
ResNet model (He et al. 2016), (4) Linear stochastic approx-
imation with Markovian data, (5) SVM, (6) Uniformly con-
vex functions, (7) Lasso. Due to space constraint, here we
focus on the experiment setup and results of the first three
tasks and defer details of other settings to Appendix B.2

Logistic Regression. The objective function f is defined
as f(θ) = E[log(1 + e−yi⟨xi,θ⟩)]. The inputs xi are i.i.d.
drawn from a multivariate normal distribution N (0, H),
where H is a diagonal matrix with dimension d. The out-
puts yi ∈ {−1, 1} are generated according to the logistic
probabilistic model. We include averaged-SGD with step-
sizes γk = 1/

√
k as a baseline, which achieves the opti-

mal rate of O (1/n) (Bach 2014). In addition, we evaluate
averaged-SGD with stepsizes γk = C/

√
k, tuning the pa-

rameter C to achieve the best performance.
Least Squares Regression. The objective function f is
given by f(θ) = 1

2E[(yi − ⟨xi, θ⟩)2]. The inputs xi are the
same as in the logistic regression model. The outputs yi are
generated according to: yi = ⟨xi, θ

⋆⟩+εi, where εi are i.i.d.
noise following a normal distribution N (0, σ2). We include
averaged-SGD with a constant stepsize γ = 1/2R2, where
R2 = TrH , due to its optimal convergence rate O

(
σ2d/n

)
(Bach and Moulines 2013). We also evaluate SGD with step-
size γk = 1/µk, which achieves a rate of 1/µk.
ResNet on CIFAR-10. We consider an 18-layer ResNet
model (He et al. 2016) and train it on the CIFAR-10 dataset
(Krizhevsky 2009). The training is conducted using an ini-
tial stepsize of 0.01, and a batch size of 128. To employ our
coupling-based algorithm, we use PyTorch’s CustomSched-
uler() scheduler, with a stepsize decay factor of 0.1, a pa-
tience parameter of 10, and a threshold of 0.95. Specifically,
we initialize two different ResNet models, and monitor the
distance between their parameters. When the distance falls
below the threshold for a specific number of epochs, we re-
duce the stepsize by the decay factor.

4.2 Main Results
Our first set of experiments aim to demonstrate the efficiency
of our coupling-based diagnostic for detecting stationarity of
the iterates. We compare our algorithms against SGD with
different constant stepsizes γ for the least squares regres-
sion setting. The results are presented in Figure 2. Note that
a larger constant stepsize leads to a faster convergence, but

2The code is available at https://github.com/XianggLi/
coupling-based-sgd
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Figure 2: Effectiveness of our coupling-based statistic for stationarity diagnostic. Left: Algorithm 1 with static threshold; Right:
Algorithm 2 with adaptive threshold. The vertical lines correspond to restarts of our coupling-based algorithms.

Figure 3: Logistic regression (left) and Least squares regression (right). The initial stepsize of coupling/distance-based and
ISGD1/2 is γ0 = 4/R2 for logistic regression, and γ0 = 1/2R2 for least squares. The errors are averaged over 10 replications.

inducing a larger error when reaching saturation. We ob-
serve that, for both the static (Algorithm 1) and adaptive
coupling-based methods (Algorithm 2), the restarts (solid
vertical line) mostly happen when the constant stepsize it-
erates start reaching saturation. That is, our coupling-based
diagnostic statistic almost perfectly detects the stationarity
of the iterates, without early on restart nor delay. Compared
with the static variant (Figure 2 left), the adaptive version
(Figure 2 right) becomes more conservative with the de-
creasing of threshold β, leading to more accurate detection
of stationarity; see, for example, the 5th restart.

We next compare our method to other algorithms under
logistic regression and least squares regression. For both set-
tings, we consider synthetic dataset with size n = 1e6 and
dimension d = (5, 20, 50, 100). The results of d = 5 are pre-
sented in Figure 3, and results of other dimensions are pro-
vided in Appendix B. We observe that both static and adap-
tive variant of our algorithms consistently achieve superior
performance across all settings, with more prominent advan-
tages in higher-dimensional cases. In particular, for logistic
regression, our methods achieve comparable performance as
the averaged-SGD with the best tuned diminishing stepsizes
γk = C/

√
k. Under the least squares regression, the perfor-

mance of our methods is close to that with stepsizes 1/µk,
but without knowing the problem parameter µ. We note that
the Pflug’s diagnostic-based method ISGD1/2 (blue lines)
prematurely detects convergence and restarts too often. Con-

sequently, it results in small stepsizes quickly and thus stop-
ping further progress towards the optimal point early on.
ResNet. To demonstrate the general applicability of our
coupling-based algorithm, we applied it to deep learning
tasks. As shown in Figure 5, our method (blue line) achieved
a 94% test accuracy, comparable to state-of-the-art results
for ResNet18 on this benchmark. Although the test accuracy
with constant stepsize (red line) appears to plateau around
epoch 75, manually adjusting the learning rate at this point
(green line) resulted in trivial improvements. This suggests
that the adjustment was likely made too early. In contrast,
our algorithm effectively identifies the optimal adjustment
point at epoch 145, ensuring meaningful improvements.

4.3 Robustness Study
Our last set of experiments aim to study the sensitivity of
our methods to algorithm parameters, including the stepsize
decay factor r, the threshold β and backward steps b for re-
initialization of auxiliary sequence. Here we focus on our
static coupling-based algorithm for logistic regression and
least squares regression with dimension d = 100. Additional
robustness results for adaptive variant and other settings are
provided in Appendix B.

The results are presented in Figure 4, where each row cor-
responds to different data models, and each column corre-
sponds to variations of different hyper-parameters. Specifi-
cally, we first perform the experiments with different step-
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(a) Logistic regression: different stepsize decay factor r (b) Logistic regression: different initial threshold β

(c) LSR: different stepsize decay factor r (d) LSR: different initial threshold β

Figure 4: Robustness results under logistic regression and least squares regression (LSR) with d = 100.

Figure 5: ResNet-18 Test Accuracy on CIFAR-10 dataset.
The initial stepsizes are 0.01.

size decay factor r, while keeping other parameters fixed.
As illustrated in Figure 4(a) and 4(c), our algorithm is in-
sensitive to the stepsize decay factor r, and consistently
achieves the best performance for both logistic regression
and least squares regression. In contrast, the performance
of the distance-based algorithm and the ISGD1/2 algorithm
varies significantly with r. We also test the sensitivity of our
method and the distance-based algorithm w.r.t. the thresh-
old parameter for convergence diagnostic, and the ISGD1/2

algorithm w.r.t. the burn-in parameter. Figure 4(b) and 4(d)
show that our coupling-based method achieves similar supe-
rior performance with different β across various settings.

5 Conclusion and Future Work
In this paper, we study the convergence diagnostic of
stochastic gradient descent with constant stepsize. We pro-
pose a novel diagnostic statistic based on the distance be-
tween two coupled SGD sequences. The distance is easy
to compute and is shown to track the distributional con-
vergence of SGD iterates under constant stepsize theoreti-
cally. A key advantage of our method is that the two cou-
pled iterates can be run in parallel with the same data, which
avoids an increase in the wall-clock time despite the addi-
tional computational cost.

We conduct an extensive range of experiments to numeri-
cally examine the properties of our proposed coupling-based
methods. Our algorithms consistently outperform existing
approaches. Moreover, our method can be applied to other
stochastic optimization frameworks beyond SGD. For ap-
plications like reinforcement learning, where data is often
limited, our adaptive stepsize approach can make more effi-
cient use of data and accelerate convergence.

There are several research directions one can take to ex-
tend our work. While our empirical results demonstrate ro-
bustness of our approach to the threshold for convergence
diagnostic, it would be valuable to develop a principled
rule for choosing this parameter. Another future direction
worth pursuing is to extend our analysis for other prob-
lem classes, particularly non-convex settings that satisfy
structural conditions such as dissipativity or the general-
ized Polyak-Lojasiewicz condition, and general stochastic
approximation frameworks.
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