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Abstract

Safe reinforcement learning (RL) is a popular and versatile
paradigm to learn reward-maximizing policies with safety
guarantees. Previous works tend to express the safety con-
straints in an expectation form due to the ease of implemen-
tation, but this turns out to be ineffective in maintaining safety
constraints with high probability. To this end, we move to
the quantile-constrained RL that enables a higher level of
safety without any expectation-form approximations. We di-
rectly estimate the quantile gradients through sampling and
provide the theoretical proofs of convergence. Then a tilted
update strategy for quantile gradients is implemented to com-
pensate the asymmetric distributional density, with a direct
benefit of return performance. Experiments demonstrate that
the proposed model fully meets safety requirements (quantile
constraints) while outperforming the state-of-the-art bench-
marks with higher return.

Introduction

There has been rising attention on Safe reinforcement learn-
ing (RL) which seeks to develop a policy that maximizes
the expected cumulative return while meeting all the safety
constraints. A common option is the Constrained Markov
Decision Process (CMDP) framework, in which the safety
constraints are established to bound the expected cumulative
cost C' =Y, y'eby:

E[C] < d (1)

Most previous works follow this framework to construct
constraints, because this form is consistent with the expected
cumulative return (objective function) such that the gradient
calculation would become the same for both the safety con-
straints and the objective function. As for the solution, the
Lagrange approach is common (Achiam et al. 2017; Liang,
Que, and Modiano 2018; Tessler, Mankowitz, and Mannor
2018; Liu, Ding, and Liu 2020), but there are other options
such as projection-based methods (Yang et al. 2020), shield-
ing methods (Alshiekh et al. 2018; Carr et al. 2023), and bar-
rier methods (Marvi and Kiumarsi 2021; Cheng et al. 2019).

Unfortunately, the above expectation setup does not apply
for many real-world safety-critical applications. Bounding
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expectations may still induce constraint violation in extreme
cases, and the potential risk cannot be strictly limited. A bet-
ter solution is to apply probability-related constraints, e.g.
95%-quantile, to impose a more accurate and robust require-
ment for safety. In this case, the probability Pr[C' < d] can
be more informative than the safety expectation E[C] < d.

A probabilistic constraint or a chance constraint is typi-
cally expressed as follows (Chow et al. 2018; Chen, Subra-
manian, and Paternain 2024):

PrlC<d|>1-¢ 2)

Eqn. (2) strictly limits the probability of constraint vio-
lation under a given level ¢, but this constraint is computa-
tionally intractable and suffers from low sample efficiency
and lack of distribution priors. A direct transformation of
(2) needs to apply the quantile, or value-at-risk (VaR) met-
ric. Mathematically, Eqn. (2) is equivalent to the following
quantile constraint:

Qe :=inf{z|Pr[C <z] >1-¢} <d 3)

An optimization model with quantile constraints inte-
grated is still computationally intensive for training. In the
literature, quantile optimization has been widely studied. Es-
timating the gradient of quantile is a challenge, and most
of the existing solutions such as the perturbation analy-
sis (Jiang and Fu 2015), the likelihood ratio method (Glynn
etal. 2021), and the kernel density estimation (Hong and Liu
2009) are heavily relied on the analytical model formulation.
Also, these models are focused on unconstrained optimiza-
tion problems with quantile-based objectives, but the focus
of this paper is on the quantile constrains for Safe RL.

Quantile-constrained RL was first studied in (Jung et al.
2022), and the idea was to supplement the expected cumu-
lative cost E[C] with an additive term to approximate the
quantile ¢;_.. Within this setting, the quantile constraint
could be converted into an expectation-type constraint at
last, aligning with the CMDP framework. Note that this
work required the cumulative cost distribution, and its em-
pirical performances might be over-conservative (with rel-
atively low return) because of the biased approximation of
quantiles.

Other related works have also been conducted to bound
the probability of constraint violation. Yang et al. (2023)
applied Conditional Value-at-Risk (CVaR) as an approx-
imation of the quantile. Chow et al. (2018) proposed



a trajectory-based method with chance constraints to
bound the probability of constraint violation. However, this
trajectory-based approach updates the policy only once
based on a batch of trajectories, resulting in low sample effi-
ciency, which is not suitable for practical application. Some
model-based methods have also been proposed to guaran-
tee the safety probability (Peng et al. 2022; Pfrommer et al.
2022), but these method requires prior knowledge of the en-
vironment, which is not practical in many real-world scenar-
ios.

In this paper, we establish a novel quantile-constrained
RL model, namely Tilted Quantile Policy Optimization
(TQPO) model, where the safety constraints are expressed
in a quantile form as Eqn. (3). For the estimation of quantile
gradients, we get rid of any expectation-form approxima-
tions and directly estimate the quantile gradient through a
sampling technique. To avoid over-conservatism of the pol-
icy and gain higher return, a tilted quantile gradient update is
designed to compensate the asymmetric distributional den-
sity of quantiles.

The rest of this paper is structured as follows. We first in-
troduce the background in the Preliminaries section. Then
we present the methodology of the TQPO model, followed
by a convergence analysis. In the Experiments section, sim-
ulation results demonstrate that the proposed model fully
guarantee safety while outperforming the state-of-the-art
benchmarks with higher returns.

Preliminaries
Constrained Markov Decision Process

A CMDP framework (Altman 2021) is characterized by a
tuple (S, A, P,r,c,d,~), where S denotes the state space,
A denotes the action space, P(+|s, a) is the state transition
probability function, (s, a) is the reward function, ¢(s, a)
is the cost function, d is a given threshold, and v € (0,1) is
the discount factor.

The agent interacts with the environment at each time step
t by observing the current state s; € S and selecting an ac-
tion a; € A, then receives a reward r(s;, a;) as well as a
cost ¢(s¢, at ). This agent focuses on learning a policy 74 (+|s)
parameterized by 6. The next states are generated by the
state transition probability function P(-|s,a) and the policy
mo(+|s). Given an initial state s, the cumulative return is de-
fined as R(so, m9) = D ;00 7'7(s¢, a¢), and the cumulative
cost is defined as C(sg, Tg) = Y00V c(51, az).

Based on the previous definitions, CMDP framework is
established to find a policy 7y that maximizes the expected
return while satisfying the expected cost under a given
threshold d:

meax V(s,m) := Er,[R(s,70)]

]Eﬂ'e [Z Vtr(st’ at)]

S By [C(5,m0)] = By [ Y 2'e(sr,a0)] < d

“

where V (s, ) denotes the state value function. The expec-
tation term of constraints matches the same term of the ob-
jective, therefore the gradient of the constraint can be cal-
culated in a similar way, resulting in easy implementation
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by the Lagrangian method. However, the expectation-based
formulation of the constraints cannot strictly limit the proba-
bility of constraint violation, which is not suitable for safety-
critical applications.

Quantile-constrained RL

For a sequence of samples {sg, $1,. .., Sx }, the camulative
cost C(s;, mp) of each state s; follows the empirical distri-
bution F'(-; 7). Given a probability level € € (0, 1), similar
to Eqn. (3) with the cumulative cost C(s, mg) following the
distribution F'(-;mp), the 1 — € quantile of C(s, mg) can be
rewritten as:

q1-<(mp) = inf{q| Pr(C(s,m) < q) = F(g;m9) > 1 —¢}

&)

When the quantile of the distribution of C' satisfies

q1—<(mg) < d, the probability of constraint violation is un-

der e. Therefore, the quantile-constrained RL problem can
be formulated as follows:

m(le V(S, 71—9) = Eﬂ'e [R(57 7T9)] - ]Eﬂ'e [; 'Ytr(stv at)]

s.tqr-c(mg) < d (6)

Since the quantile g; . (mp) is not of an expectation form,
the conventional expectation Bellman equation cannot solve
the gradient calculation of the quantile constraint. How to
estimate quantile gradients become a challenge in this prob-
lem setting.

Methodology

In this section, we use a sample-based approach to estimate
the gradient of the quantile constraint, and then construct a
tilted quantile gradient update to accelerate the training pro-
cess. Finally, we proposed a quantile-constrained RL algo-
rithm based on the tilted quantile gradient update.

Estimating Quantile Gradients Through Sampling

Consider a quantile constraint as Eqn. (5). When F'(-; )
is continuous and differentiable (a minor assumption), the
quantile ¢; _. (7p) is mathematically the inverse of F'(-; mp).
According to the inverse function theorem, the gradient of
this quantile constraint can be calculated as follows:

_ Vol'(g;m9)
f(g;m0)

where f(-;7g) is the probability density function (PDF) of
the cumulative cost C. Eqn. (7) implies that the quantile gra-
dient can be estimated by figuring out the above numerator
and denominator.

Voqi—e(mg) = VoF ' (1—¢;mp) =
q:‘hfa(ﬂ'%)

The numerator V¢ F'(q; mg) can be estimated by the like-
lihood ratio method in policy gradient algorithms. Given a
batch of samples {so, s1,...sn5}, the gradient of the CDF



can be estimated as follows:
Vo F(q;m9) =VoE[I(C(s,m9) > q)] = =VgE[I(C(s,mg) < q)]
N—-1
—E[I(C(s,m0) < q) > Vologm(ai|st)]

t=i

N-1

Z Vg logwe(at\st)

t=1
()]
where ¢ = ¢1_.(mg) denotes the 1 — & quantile, which is
unknown in practice. We adopt a iterative method to estimate
the quantile ¢; . (mp) with g, from every batch of samples
as follows:

N
1
Ny E I(C(si,m9) < q)
=1

Q1 = qr +a(Gr—c — qr) ©)
where §;_. is the empirical quantile of the cumulative cost
C from the batch of samples, and o € (0,1) is the update
rate for smoothness.

The denominator f(g;mg) in Eqn. (7) is the PDF of the
cumulative cost C', which is difficult to estimate without the
priori of the environment (Jiang, Peng, and Hu 2022). Since
PDF is always positive, the gradient of quantile in Eqn. (7)
is in the same direction as —V¢F (q; 70)|g=q,_ (=y)> Which
can be adopted as an approximation of the gradient of the
quantile constraint.

Collectively, the quantile gradient Vgq;_. () can be es-
timated by applying Eqn. (7)—(9). Therefore, policy gradi-
ent method is applicable solve the quantile-constrained RL
problem in Eqn. (6). Applying the Lagrangian method, the
dual objective of the quantile-constrained RL problem is de-
fined as follows:

Iglir&mgxﬁ(@, X q) =V (s,mg) — Mqr—c(m9) —d) (10)
Given a batch of samples {sq, s1, ..., sy}, the gradient of
the dual objective in Eqn. (10) w.r.t. policy parameter 6 can
be calculated as follows. This gradient can then be used to
update the policy parameter 6:

VoL(0,\,q) = VoV (s,m9) — AVgq1—c(mg)
| X N-1
M > [V(Szﬂfe) — M(C(si, o) < Qk)] > Vglogmg(ai|st)

1
an
For the Lagrangian multiplier J, it can be updated by the
gradient of the dual objective w.r.t. A as follows:

V)\‘C(Ha Aa Q) = —(91—5(779) - d)
Then the Lagrangian multiplier A can be updated as follows:

A+ max{\ + n(q1_c(mg) — d),0} (13)

i= t=1

12)

where 7 is the update rate of \.

Tilted Quantile Gradient Update

However, a direct use of Eqn. (13) with a fixed 7 to update
A can be inefficient due to the overshooting of )\ at the early
stage of training. The reason is that the quantile ¢;_.(mg)
may have an asymmetric distributional density around the
threshold d. We illustrate this issue as follows.

Assuming a given violation probability level ¢, at the early
stage of training, the initial policy may behave unsafe with
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violation probability much larger than ¢, as well as g, . (7p)
several times larger than the threshold d, resulting in a large
increase of A. This large increase makes A overshoot to a
large value at the early training, which may result in over-
conservatism of the policy (Peng et al. 2022).

Later when the policy satisfies the constraint with 0 <
q1—c(mp) < d, X starts to decrease with a slower rate. Even
for an absolute safe policy with ¢;_(mg) = 0 where A
decreases fastest, the decrease of A is still slow as A\ =
n(q1—c(mg) — d) = —nd, rather than the rapid increase ear-
lier with ;. () several times larger than d. The slow de-
crease of A from a large value may result in a slow recov-
ery of the policy from over-conservatism. In general, this
asymmetric distributional density of the quantile indicates
that ¢1_.(mg) — d is relatively large in the early stage of
training, but not small enough at the later stage. This issue
makes A overshoot rapidly at the early unsafe training, while
decrease slowly at the later over-conservatism stage, which
may eventually result in slow convergence of the algorithm.

To address this issue, we propose a tilted quantile gradient
update to compensate the asymmetric distributional density
of q1—c(mp). Since we expect the distribution of ¢, . (7p) to
be symmetric around d, a tilted factor is designed to compen-
sate the asymmetric distribution. Similar to the pinball loss
in quantile regression (Steinwart and Christmann 2011), we
revise the update rate 1 in Eqn. (13) with a tilted term de-
fined as follows:

oy =B g (me) > d ”
n= _ 1=Fy(d)+s (14)
n-=—T5 — ifq_-(m) <d

where F;(d) denotes the CDF of the distribution of quantile
q1—<(mg) at d, which is estimated by sampling per epoch.
74 and n_ are the update rates for the positive and negative
tilted terms respectively, § € (0, 1) a small smoothing factor.

The tilted term in Eqn. (14) is utilized to update the La-
grangian multiplier A in Eqn. (13). For example, in the
early stage of training, the policy is always unsafe with
q1—<(mg) > d, resulting in a small positive update rate
n = 14+ ~ J. With the increase of A, the policy gradually
satisfies the constraint with g;_.(mg) < d, then \ switches
to decrease with a negative update rate n = n_ ~ 1 — 4. As-
suming § = 0.1, the decrease update rate n7— ~ 0.9 will be
about 9 times larger than the increase rate 77 ~ 0.1. There-
fore, the decrease of \ from a large value can be accelerated,
with the tilted term compensating the asymmetric distribu-
tional density of ¢;_.(7g), which facilitates the recovery of
the policy from over-conservatism.

The tilted term in Eqn. (14) is performed each epoch to
update A adaptively, boosts the decrease of \ from overshoot
and tunes it to a more appropriate value range eventually,
which can prevent the policy from over-conservatism and
facilitate it to achieve higher return.

Tilted Quantile Policy Optimization

Based on the quantile gradient estimation with sampling and
the tilted quantile gradient update, we propose an algorithm
named Tilted Quantile Policy Optimization (TQPO) to solve
the quantile-constrained RL problem in Eqn. (6). The algo-
rithm is based on the classic RL algorithm Proximal Policy



Optimization (PPO) (Schulman et al. 2017) with the quan-
tile constraint. We use a policy network parameterized by 6
to represent the policy 7y(+|s), and a value network parame-
terized by ¢ to obtain the estimated value function Vj(s).

The loss function of € is defined as follows to train the
policy network:

Ly = —Ex | min (WZEC(‘;LTZ)A clip(m, s
1 —7reip, 1+ rclip)A)}
where
A =1(si,a;) +YVe(Siv1,mo) — Vi (si, o) (16)

—M(C(s4,m0) < q)

Eqn. (16) is the reward advantage function in PPO style,
with the addition of the quantile constraint gradient. Addi-
tionally, we adopt the importance sampling technique and
clipped surrogate objective in PPO, shown in Eqn. (15), to
stabilize the training and improve sample efficiency.

Overall, the training process of TQPO iterates as follows:
* Generate a batch of samples {sg, s1,...,Sn} ~ 7o
» Update the value network parameter ¢

¢ Update three main parameters ¢, 6 and A as follows:

rt1 = qk + ok (G1—c — Q) (17a)
Orr1 =0 + BrVoLg (17b)
M1 = Ak + k(g — d) (17¢)

where oy, Bk, and 7, are the update rates of the three pa-
rameters respectively. Implementation details of TQPO can
be found in Appendix B.

Convergence Analysis

In this section, we provide the theoretical proofs of the con-
vergence of the TQPO algorithm. First, let’s reconsider the
update of the three main parameters in the TQPO algorithm,
i.e., the estimated quantile ¢, the policy parameter 6 and
the Lagrange multiplier A in Eqn. (17). For the convenience
of theoretical analysis, We modify Eqn. (17b) by replacing
the implemented loss Ly to the Lagrange objective function
L(0, A, q) in Eqn. (10). In order to prove the convergence,
we first adopt the following assumptions:

Assumption 1. For any probability level ¢ € (0, 1), the ob-
Jective function L(0, ), q) is continuous and differentiable
with respect to 0.

Assumption 2. VyL(0, ), q) is Lipschitz continuous w.r.t.
0, X and q, i.e., V(01,)2,q2), (02, 2,q2) € © x Ry x R,
there exists a constant r such that ||VoL(61, 1,q1) —
VoL(02, A2, 2)|| < K[[(01,A1,q1) — (02, A2, g2)]|, where
O is the parameter space of the policy network.

Assumption 3. The update rates oy, B, and ny, are all pos-
itive, nonsummable, and square summable. In specific, this
indicates that oy, > 0, po g = 00,2 ey i < 00

Moreover, the update rates satisfy: i, = o(By), br = o(ag).
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Assumption 1 is a common condition in continuous opti-
mization, which ensures the continuity of the objective func-
tion w.r.t the policy parameter 6. Assumption 2 and 3 are
standard conditions for stochastic approximation analysis
(Borkar 2008; Gattami, Bai, and Aggarwal 2021).

Assumption 3 indicates the update timescales of the quan-
tile ¢, the policy parameter 6, and the Lagrange multiplier
A, respectively, where ¢ is updated fastest, followed by 6,
and ) is the slowest. The three parameters affect each other
in the updating but with different timescales. Therefore, we
can utilize the timescale separation to conduct the proof by
two steps, first proving the convergence of (6, ¢), and then
proving the convergence of (6, g, \).

Convergence of (6, q)

First, we consider the convergence of the quantile ¢ and the
policy parameter € in the TQPO algorithm. Since A updates
slower than ¢ and 6, we can regard A as an arbitrary constant
in the timescale of ¢ and 6.

Considering the updates of ¢ and 6 in Eqn. (17a) and
Eqn. (17b), the two recursions are expected to track two cou-
pled odinary differential equations (ODEs) with respect to ¢

and 0:
q(t) = g1(0,q) :== G1-<(0) —q
0(t) = g2(0,q) == VoL(0,q)

Since the update rate of 6 is slower than ¢, we can regard
6 as a constant when updating g.

Lemma 1. Forany 6 € ©, the ODE {(t) = g1(0, q) has the
unique global asymptotically stable equilibrium gg.

(18)

With the support of Lemma 1, {gx } converges to the equi-
librium of the ODE ¢(t) = g1(0, ¢) for any 0 € ©. Then we
focus on the convergence of 6. The gradient update of # in
Eqn. (17b) can be considered as tracking the right-hand side
of the ODE in Eqn. (18). Therefore, we adopt the following
theorem to prove {6, } converge to the unique global asymp-
totically stable equilibrium.

Theorem 1. For the two coupled iterations:(Borkar 1997)

Qe+1 = qr + ax(91(Ok, qr) + mi)
Ort1 = 0+ Br(92(0k, qr) + nx)

for k > 0, where,

* (i): g1(0,q) and g2(0, q) are Lipschitz continuous

* (ii): ay, and By satisfy Assumption 3

* (iii): my and ny are noise sequences and satisfy
D o kMU Y pg By < 00

IfV0 € ©, ODE (t) = ¢1(0,q) has a unique global
asymptotically stable equilibrium point qy, the iterations 19
converge to the unique global asymptotically stable equilib-
rium of the ODE 0(t) = g2(0, q) a.s. on the set supy, |qx| <
00.

19)

Theorem 1 requires {qy } and the log gradient of 7y to be
bounded, which can be guaranteed by the following lemma
and assumption respectively.

Lemma 2. If Assumptions 1, 3 hold, the sequence {qy,} sat-
isfies supy, |qx| < oo.



Assumption 4. The log gradient of the policy network
Vologm(als,0) is bounded on the state space S w.r.t. the
policy parameter 6 € ©, i.e., sup,cg ||Vologm(als,0)| <
0.

With the support of Lemma 2, Theorem 1 indicates the se-
quence {0} converges to the unique global asymptotically
stable equilibrium of the ODE 6(t) = g2(0, q). So far, we
have proved (6, ¢) converge to their unique global asymp-
totically stable equilibriums. We then prove this converged
6 is the optimal policy parameter with following lemma:

Lemma 3. If £(0,q) is strictly concave on O, the ODE
0(t) = ¢2(0,q) has a unique global asymptotically stable
equilibrium point 6* = argmaxy L(0, q).

Lemma 3 indicate that the optimal policy parameter 6* is
the unique global asymptotically stable equilibrium point of
the ODE 6(t) = g2(0, q).

Above all, we first utilize Lemma 1 and Theorem 1 to
prove the convergence of (6, ¢) to the unique global asymp-
totically stable equilibriums of ODEs(18). Then we use
Lemma 3 to prove the optimality of the converged . There-
fore, (6,¢q) in TQPO algorithm converges to the optimal
(6, ¢*) for a fixed A. Next we provide the convergence anal-
ysis of the Lagrange multiplier \.

Convergence of \

Numerous works have proved the convergence of the La-
grange multiplier in two timescales constrained MDPs,
where (0, \) converges to the optimal solution under cer-
tain conditions (Paternain et al. 2019; Gattami, Bai, and Ag-
garwal 2021). As mentioned before, the update rate of X is
slower than both ¢ and 6, it is reasonable to merge the two
faster parameters 6 and ¢ into a new parameter 6’ = (6, q).
In the update process of A\, we can regard 6’ converged to
0" = (6*(\), ¢*(\)). Therefore, the three timescales update
of (g,0, \) can be considered as a two timescales update of
(0’, 1), and the standard analysis for constrained MDPs can
be applied to the TQPO algorithm.

Theorem 2. Under Assumptions 1, 2, 3, 4, if Slater’s con-
dition holds, the iterates (0),, \i,) = (qi, 0k, \i,) converge to
the optimal solution a.s. (Borkar 2008)

Theorem 2 is a standard analysis for the convergence of
the dual problem in constrained MDPs in the RL literature.
By Theorem 2, we can conclude that the TQPO algorithm
converges to the optimal solution of the quantile-constrained
RL problem. Detailed proofs for the lemmas and theorems
can be found in the Appendix A.

Experiments
Simulation Setup

We evaluate the proposed TQPO on three classic safe RL
tasks: SimpleEnv, DynamicEnv and GremlinEnv from Mu-
joco and Safety Gym (Todorov, Erez, and Tassa 2012; Ray,
Achiam, and Amodei 2019).

In these tasks, a robot (red) is required to reach a goal
while avoiding collisions with obstacles. The complexity of
the three tasks gradually increases due to the addition of
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Figure 1: Safety Gym simulation environments

randomness. In SimpleEnv (Fig. 1a), the obstacles include
fixed hazards (blue) and none-goal buttons (orange). When
the robot reach the goal (orange covered by grey shadow),
the environment swaps the goal and the none-goal button,
therefore the new goal is generated deterministically. In Dy-
namicEnv (Fig. 1b), when the robot reaches the goal (green),
a new goal is generated randomly. In GremlinEnv (Fig. 1c),
the obstacles include moving gremlins (pink) and the goal is
generated randomly.

The reward is defined as the distance reduction from the
robot to the goal over two time steps. When the robot reaches
the goal, the environment provide an additional reward +1
and moves the goal to a fixed (Fig. 1a) or random position
(Fig. 1b, 1c). When the robot collides with other objects, it
receives a cost +1 at this time step, otherwise the cost is 0.
This reward and cost shaping encourages the robot to reach
the goal as many times as possible while avoiding collisions
in an episode of 1000 steps.

Baseline Methods and Evaluation

We compare the proposed TQPO with the state-of-the-art
quantile-constrained RL algorithm QCPO in (Jung et al.
2022) and a classic expectation-constrained RL method
PPO-Lag in (Stooke and Abbeel 2019). Four metrics are
used to evaluate the performance of the algorithms: Aver-
age episode return, safety probability, average episode cost
and 1—e quantile of cost. The cost threshold is set to d = 15.
Since many safety-critical applications require a high safety
probability above 90%, 1—e = 90%, 95% are used in the ex-
periments. All the experiments are conducted with five ran-
dom seeds, with the solid line representing the mean and
shaded area indicating the standard deviation. Implementa-
tion details can be found in Appendix B'.

Results

First, we prove that compared to the quantile constraint, the
expectation constraint is not suitable for safety-critical
scenarios. Fig. 2 shows the average cost (Row 1) and 1 — ¢
quantile of cost (Row 2). From Row 1, we can observe that
PPO-Lag (green) satisfies its expectation constraint E[C] <
d, with the average cost around the threshold (black line).
However, as shown in Row 2, the 90% cost quantile of PPO-
Lag significantly exceeds the threshold. In contrast, both
QCPO (blue and purple) and TQPO (red and orange) sat-
isfy their quantile constraints g1 _.(mg) < d, with their cost

!Code is available at https://github.com/CharlieLeeeee/TQPO
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Figure 2: Average Cost (Row 1) and Cost Quantile (Row 2) of three algorithms on SimpleEnv (Column 1), DynamicEnv
(Column 2) and GremlinEnv (Column 3). The cost quantile of PPO-Lag is calculated with 1 — & = 90%
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Figure 3: Return (Row 1) and Safety Probability (Row 2) of three algorithms on SimpleEnv (Column 1), DynamicEnv (Column

2) and GremlinEnv (Column 3).

quantiles around the threshold (black line) in Row 2, and
their average cost is below that of PPO-Lag in Row 1. This
difference in cost between the expectation-based method
and the quantile-constrained methods results in the differ-
ence in safety probability. Fig. 3 Row 2 demonstrates that
the safety probability of PPO-Lag is below 70%, which is
significantly lower than that of QCPO and TQPO. As dis-
cussed in the introduction, the expectation constraint fails
to bound the safety probability, resulting in the low safety
probability of PPO-Lag. In comparison, QCPO and TQPO
achieve higher safety probabilities closer to the given level
(black line) in Fig. 3 Row 2. Therefore, in safety-critical sce-
narios with high safety probability requirements, the quan-
tile constraint can achieve better safety performance and is
more suitable than the expectation-based constraint.

Next, we compare the two quantile-constrained methods.
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For a more intuitive comparison, we evaluate the average
performance of trained QCPO and TQPO algorithms, as
shown in Table 1. Higher return and closer safety probability
to the given level are preferred, as highlighted by the bolded
values.

First consider the safety probability of QCPO and
TQPO. Fig. 3 Row 2 shows that both QCPO (blue for
1 — ¢ = 90%, purple for 1 — e = 95%) and TQPO (red
for 1 — & = 90%, orange for 1 — & = 95%) achieve safety
probability close to the given level 1 — ¢ (black line). How-
ever, the curves of QCPO are more likely to be above 1 — ¢
rather than around the given probability level like TQPO.
Table 1 (Pr Columns) also demonstrates that the safety prob-
ability of TQPO is closer to the given level. As mentioned
before, QCPO assumes the cumulative cost follows a cer-
tain distribution and uses an additive form on E[C] to ap-



Tasks Metrics QCPO TQPO

R 8.6+0.4 16.1+0.2

SimpleEnv 90% Pr 92%+1%  89%+*1%
T(h) 3.0+0.1 2.7+0.1

R 2.1+0.2 14.2+0.3

SimpleEnv 95% Pr 97%+1%  95%=+1%
T(h) 3.240.2 2.6+0.1

R 10.0+0.3 14.4+0.4

DynamicEnv 90% Pr 9N%+1%  90%=+1%
T(h) 2.6+0.2 2.6+0.1

R 3.5+0.1 12.5+0.2

DynamicEnv 95% Pr 97%+0%  94%+1%
T(h) 2.7£0.1 3.0+0.2

R 0.3320.1 0.77£0.1

GremlinEnv 90% Pr 92%+1%  90%=+1%
T(h) 4.4+0.3 3.4+0.1

R -1.43+0.2  -0.66%0.1

GremlinEnv 95% Pr 94%+1%  93%+1%
T(h) 4.0+£0.2 3.6+0.2

Table 1: Empirical results of QCPO and TQPO on three
tasks with safety probability 1 —e = 90%, 95%. R: Average
episode return, Pr: Safety probability, T: Training time.

proximate the quantile, which may lead to biased quantile
estimation, resulting in higher safety probability. In contrast,
TQPO avoids any distribution assumption and expectation-
form approximation, directly estimates the quantile through
a sampling technique. Results in Fig. 3 Row 2 and Table 1
demonstrate the safety probability of TQPO is closer to the
given level, indicating the accuracy of our quantile gradient
estimation method.

Next we compare the return of QCPO and TQPO.
Fig. 3 Row 1 shows that TQPO achieves higher return than
QCPO in all tasks, with the return curves of TQPO above
those of QCPO, especially in the case of high safety proba-
bility 1 — ¢ = 95% (orange for TQPO, purple for QCPO).
Table 1 (R Columns) also demonstrates that TQPO outper-
forms QCPO with higher return. Notably, in SimpleEnv and
DynamicEnv (Fig. 3 Row 1, Column 1&2), TQPO with a
higher safety level 1 — ¢ = 95% (orange) may even outper-
form QCPO with a lower safety level 1 —e = 90% (purple).
The higher return of TQPO not only proves the effectiveness
of the quantile estimation method but also demonstrates the
advantage of the tilted quantile gradient update. Fig. 4 indi-
cates that the tilted term compensates the asymmetric distri-
butional density of the quantile, ensuring the tilted quantile
symmetrically distributed around the threshold. Therefore
the decrease of \ is boosted, facilitating its recovery from
overshooting and avoiding the over-conservatism of the pol-
icy, which leads to higher return for TQPO within the same
number of training epochs compared to QCPO.

Furthermore, Directly estimating the quantile through
sampling benefits TQPO with greater time efficiency com-
pared to QCPO, which necessitates additional time for distri-
bution fitting and quantile approximation. As shown in Ta-
ble 1 (T Columns), the average training time for TQPO is
approximately 10% shorter than that of QCPO. This indi-
cates that TQPO not only surpasses QCPO in performance
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Figure 4: Distributions of quantile ¢;_. w.o. (top) and w.
(bottom) tilted term. The black vertical dashed line is the
threshold d, AT is the increase of A when g;_. > d, A\~
represent the decrease of A when ¢;_. < d.

. SimpleEnv 95% DynamicEnv 95%
Algorithms R Pr R Pr
QCPO 2.1£0.2 97%+1% 3.5+0.1 97%+0%

QCPO (tilt) 47402 95%=1%
TQPO (w/o tilt) 10.3£0.3 96%=1%
TQPO (fixed tilt) 13.9+40.8 92%+2%
TQPO 14.220.3 95%=+1%

8.0£0.3 95%+*1%
5.26+0.2 95%=+1%
11.9£0.2 92%*1%
12.5£0.2 94%=+1%

Table 2: Ablation study on SimpleEnv 95% and Dynami-
cEnv 95%. R: Average episode return, Pr: Safety probability

but also requires less time for training.

Ablation Study

Ablation studies are conducted on two tasks with three vari-
ants: QCPO with tilted update, TQPO w/o tilted update and
TQPO with fixed tilted rates . = 0.2,7_ = 0.8, as shown
in Table 2. First, TQPO(w/o tilt) have higher return than
QCPO, validating the effectiveness of the quantile gradient
estimation. Second, QCPO(tilt) outperforms QCPO, while
TQPO outperforms TQPO(w/o tilt) and TQPO(fixed tilt),
indicating the benefit of proposed tilted update. The naive
tilted method TQPO(fixed tilt) alleviates early overshooting
of )\, but leads to its undershooting later and a biased safety
probability 92% eventually. Our tilted update calculates 7
each epoch to update A\ adaptively, results in better safety
probability 95%.

Conclusion

In this paper, we have developed a novel quantile-
constrained RL model named Tilted Quantile Policy Opti-
mization. This model applies sampling-based quantile gra-
dient estimation for quantile constraints, and a tilted quantile
gradient update strategy for higher return. We provide theo-
retical proofs of the convergence of this TQPO model, which
converges to the optimal solution under certain conditions.
Experiments on three classic safe RL tasks demonstrate the
effectiveness of the proposed TQPO model, which satisfies
all the quantile constraints and achieves higher return than
the state-of-the-art benchmarks. Our future work will focus
on extending this model to multi-agent RL applications and
considering the application in real-world systems.
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