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Abstract

Using offline observational data for policy evaluation and
learning allows decision-makers to evaluate and learn a policy
that connects characteristics and interventions. Most exist-
ing literature has focused on either discrete treatment spaces
or assumed no difference in the distributions between the
policy-learning and policy-deployed environments. These re-
strict applications in many real-world scenarios where distri-
bution shifts are present with continuous treatment. To over-
come these challenges, this paper focuses on developing a
distributionally robust policy under a continuous treatment
setting. The proposed distributionally robust estimators are
established using the Inverse Probability Weighting (IPW)
method extended from the discrete one for policy evaluation
and learning under continuous treatments. Specifically, we in-
troduce a kernel function into the proposed IPW estimator to
mitigate the exclusion of observations that can occur in the
standard IPW method to continuous treatments. We then pro-
vide finite-sample analysis that guarantees the convergence
of the proposed distributionally robust policy evaluation and
learning estimators. The comprehensive experiments further
verify the effectiveness of our approach when distribution
shifts are present.

Introduction

Most decision-making problems necessitate learning an ef-
fective personalized policy based on individual features
from observational data. This process, commonly referred
to as offline policy evaluation/learning, has diverse appli-
cations across various domains, including healthcare (Tang
and Wiens 2021), recommendation (Li et al. 2010), and fi-
nance (Qin et al. 2022). Many studies have investigated of-
fline policy evaluation/learning in discrete treatment settings
which assume that the deployment environment is identi-
cal to the environment generating the training data, i.e., that
there are no distributional shifts. This assumption, however,
is often unrealistic in many real-world applications (Huang
et al. 2023). For instance, an investment firm has developed
an automated investment strategy for the US stock market
based on extensive historical trading data. When attempt-
ing to apply this strategy directly to the UK stock market,
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it may lose the predictive power due to the substantial dif-
ference between financial market environments. Similarly,
a pharmaceutical company has developed a strategy for in-
dividualized Warfarin dosage adjustment according to their
recent research on older adults. This strategy may perform
well in the original clinical trial population, yet it may falter
when applied to a new population, such as young adults, due
to significant differences in physical conditions.

To address the challenge of distribution shifts in policy
evaluation and learning, the problem can be formulated as a
Distributionally Robust Optimization (DRO) problem. In the
DRO framework, the goal is to find the worst-case solution
within a set of distributions under certain degrees of model
uncertainties. The uncertainty set is assumed to contain the
distributions due to potential distribution shifts, and it can
be characterized by constraining certain moments of order
(Delage and Ye 2010; Zymler, Kuhn, and Rustem 2013) or
by using divergence measures (Hu and Hong 2013; Kuhn
et al. 2019; Chen, Sim, and Xu 2019; Gao, Chen, and Kley-
wegt 2022) to define appropriate deviations from a nominal
distribution. The resulting solution provides robust, reliable,
and conservative guarantees which can cope with the most
adverse situations.

Furthermore, the objective function of the formulated
DRO utilizes an inverse probability weighting (IPW) esti-
mator (Wooldridge 2007) to estimate the expected poten-
tial reward under continuous treatment. Specifically, we ex-
tend the existing IPW estimator designed for discrete treat-
ment settings to accommodate continuous treatments. Gen-
erally, the discrete-based IPW approach cannot be directly
applied in continuous treatment settings, as it would reject
most observed data. Moreover, although discretizing con-
tinuous treatments into categories is an intuitive and sim-
ple solution, it can lead to information loss and may fail
to produce inferences that vary continuously with the treat-
ment. We introduce a modified IPW approach incorporating
a scaled kernel function with a bandwidth parameter, serv-
ing as a smooth nonparametric extension for computing his-
togram “buckets”. The proposed IPW estimator enables the
distributionally robust policy evaluation and learning using
observational datasets.

In summary, our framework addresses the challenges of
policy evaluation and learning in continuous treatment set-
tings in the presence of distribution shifts. The key contribu-



tions of our paper are threefold:

1. We formulate the DRO problem with an IPW approach
for policy evaluation/learning under the continuous treat-
ment setting, and convert it to its equivalent dual form.
As the standard IPW approach is not directly applicable
in this context, we develop a tractable kernel-based form
to approximate the dual problem.

. We establish estimators for policy evaluation/learning
and investigate their asymptotic properties. Specifically,
the established estimators of distributionally robust val-
ues exhibit asymptotic normality, and the finite-sample
regret decays to zero asymptotically.

. Through simulated and empirical studies, we demon-
strate that the policy learned using our method provides
robustness to distribution shifts compared to standard
nonrobust policy learning methods.

Literature Review

Considerable research has focused on causality in discrete
treatment settings. However, exploring causality under con-
tinuous treatment remains limited in many real-world ap-
plications. Existing research on continuous treatment set-
tings primarily focuses on directly modeling the relationship
among response, treatment, and covariates. Notable contri-
butions include (Schwab et al. 2020), who construct a multi-
head neural network for this purpose; (Bica, Jordon, and
van der Schaar 2020), who propose an end-to-end neural
network based on generative adversarial networks (GANs);
and (Bahadori, Tchetgen, and Heckerman 2022), who intro-
duce a novel algorithm within the entropy balancing frame-
work to optimize accuracy through end-to-end optimization.
Another approach modifies IPW-based and Doubly Robust-
based estimators (e.g., (Chernozhukov et al. 2018; Huang
et al. 2022)) from discrete treatment settings by incorporat-
ing kernel functions to mitigate the direct rejection of ob-
served data, as demonstrated by (Su, Ura, and Zhang 2019)
and (Colangelo and Lee 2019).

Recent studies have focused on offline policy evaluation
and learning. (Kitagawa and Tetenov 2018) establish finite

sample regret bounds with a rate of Op (1 / VN ) for pol-

icy learning over a policy class with finite VC dimension.
(Athey and Wager 2021) extend this analysis to examine
regret bounds from an asymptotic perspective. (Zhao et al.
2012) and (Zhou et al. 2017) propose algorithms for policy
learning and explore the statistical properties of learned poli-
cies and associated regret bounds. (Dudik, Langford, and Li
2011) utilize classic estimators for policy evaluation. (Kallus
2018) proposes a balance-based approach to reweight his-
torical data and mimic datasets generated by evaluated or
learned policies. (Zhou, Athey, and Wager 2023) exploit
a cross-fitted approach for policy learning. The aforemen-
tioned studies primarily assume discrete treatment and do
not account for distributional shifts. Nevertheless, distribu-
tional shifts are common since the studies are often con-
ducted in different environments, highlighting the signifi-
cance of studying distributionally robust policies. For in-
stance, (Yang et al. 2023), (Shen, Xu, and Zavlanos 2024),
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(Mo, Qi, and Liu 2021), and (Faury et al. 2020) primarily
focus on shifts in covariates, whereas (Si et al. 2023) and
(Kallus et al. 2022) address shifts in the joint distribution
of responses, features, and treatments. Notably, to the best
of our knowledge, studying policy evaluation and learning
in the presence of distribution shifts under continuous treat-
ment settings is still an open problem.

Background
Notations and Assumptions

Throughout the paper, we denote A € A C R, X € X C
R and Y € )Y C R as the continuous treatment (also
known as action or intervention), the covariates, and the con-
tinuous response (also known as outcome), respectively. We
write Y (A) to mean the potential response variable under
the treatment A. We also assume that Y and Y (A) are non-
negative bounded variables, i.e., there exists M > 0 such
that 0 < Y(a), Y < M. Finally, we let (X;, A;,Y;)¥,
be N independent and identically distributed (i.i.d.) triples
from a fixed underlying distribution, and the probability
measure of the underlying distribution is denoted as Py.

Further, we adopt the Rubin potential outcome framework
(e.g., (Rubin 1974; Imbens 2004; Imbens and Rubin 2015;
Huang et al. 2021, 2024; Li et al. 2024)). Throughout the
paper, we impose the following (causal) assumptions that
are standard in the causal inference literature:

Assumption 1 (Consistency). If A = a, we have Y =Y (a).
Assumption 2 (Unconfoundedness). Y (a) 1L A|X, Va.

Assumption 3 (Positivity). There exists a positive constant
€ > 0 such that inf essinf fo(alz) > € > 0.
acA zeX

Additionally, we follow (Kallus and Zhou 2018; Colan-
gelo and Lee 2019) and impose differentiability assumptions
on the probability density functions fo(y|a, z) and fo(a|x):
fo(yla, z) and fo(a|z) are three-times differentiable w.r.t. a
and bounded uniformly on (y,a, z) € (), A, X). All proofs
of the theorems are in the Appendix!.

Problem Setup

Our objective is to find a policy 7* that maps X to A within
a policy class II that maximizes the expected outcomes , i.e.,

= arg max Ep [V (7(X))]. (1)
mell

The learned policy obtained in Eqn. (1) may not generalize
well to a new environment with a distribution that differs
from Py. As such, we can consider distributionally robust
formulation of Eqn. (1):

7" = arg max Q(m)
mell

THhro = argmax Qpro(w), where
mell
Q@pro(m) = inf Ep[Y(7(X))], (2)
Pelts, (n)

Up, (1) = {P: D(P[|Po) < n}.

Here, D(+||-) denotes the distribution discrepancy. Through-
out the paper, we choose it as the Kullback-Leibler (KL)

! Available in the “proof” file of the Supplementary Material.



divergence (Kullback 1959; Kullback and Leibler 1951).
Up, (1) is the ambiguity set (also known as the uncertainty
set) with an ambiguity radius 1. The ambiguity set contains
all the possible distributions P such that the discrepancy of
P relative to Py is at most 7.

Distributionally Robust Policy Evaluation

The Estimation of Qpro ()

As proven in (Hu and Hong 2013), Eqn. (2) is equivalent to
solving its Lagrangian dual, which is given as follows:

) log | [, =0
- Ianzlg aloglkie +an
o log E —Y (7 (X)) .
= maxq —alogl e — o ¢ = max o(m, ).

Since Y(w(X )) in Eqn. (3) is inaccessible, we reformu-
n(X

late Efe ] to an IPW form similar to that in (Horvitz
and Thompson 1952). The result is given in Lemma 1.

3

Lemma 1. Under Assumptions 1 - 3, we have

o] aftion.

for any a > 0, where §(-) is the Dirac Delta function®.
Using Lemma 1, the expectation in Eqn. (3) can be replaced
according to Eqn. (4). Note that the Dirac function 4(+) is
a theoretical generalized function and is often approximated
by the scaled kernel function K (-)*. As a result, we can
consider the following approximated form:

— cm}.

&)

The above two quantities, Qpro () and QB (1), bring two
1mportant insights: (1) The optimal solutions of Qpro ()
and Qpro(m) are obtained by solving Eqns. (3) and (5)
which are attainable for positive o due to the causal assump-
tion. Further, the optimal solutions are finite for any 7 (see
Auxiliary Result 2 in Appendix for details); (2) QB (m) —
Qpro(m) as h — 0. These two insights, consequently, guar-
antee that the optimal solutions of QR () also converge

“

a>0

Qo (r) = sup{ - alOgE[e

2Other measures such as the Wasserstein metric or other ¢-
divergence measures can be utilized (e.g., see (Kuhn et al. 2019)
and (Husain, Nguyen, and van den Hengel 2023)). However, these
approaches typically involve solving multi-level optimization prob-
lems which can be challenging to analyze.

35(z) = SO zﬂ; ige Such that ) [, 8(z)de = 1 and ii)
Jz 0(x) f(x)dx = f(0) for any arbitrary f defined on R.

‘A bounded differentiable function K (-) (i.e., |K(-)| < Mk)
is said to be a second-order kernel function if it satisfies z) K (-)isa
symmetric function; i) [*° wK (u)du = 0;iii) [ K(u)du =
1. The scaled kernel function K} (+) is defined such that Kp(x) =
%K (%), where £ is termed as the bandwidth parameter. Note that

Kp(x) % 6(x) when h — 0. Examples of kernels include Gaus-
sian kernels or the Epanechnikov kernel.
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to the optimal solutions of Qpro (7). Therefore, we can con-
struct an estimator of the [PW-based distributionally robust
value QW () to study the original distributionally robust
value Qpro () in Eqn. (2). We define

N
- 1 Kp(n(X;)—4;) -w
i=1
- Wk, Whin,
Wy (m,a) = Ns(h o mel g
N LZKﬁ(ﬂX)A)
N 2T (A

It is known that the IPW-based estimator W2 (7, «) in Eqn.
(6a) suffers from high-variance (Swaminathan and Joachims
2015; Khan and Ugander 2023). To address this challenge,

we can use a normalized estimator W;&, (7, ) with a normal-
ization factor S% in Eqn. (6b) to approximate W2 (r, ).
Note that E[S%] = 1 and S% — 1 almost surely (see Auxil-
iary Result 1 in Appedix). Thus, W (m, a) is asymptotically
equivalent to W (7, ). Consequently, we use the following
QP ro () as the estimator of QP () in Eqn. (5):

Q}IL)RO(W) = Iggéi (%LV(”Ta @)

. (1
-—_ —_ h —
= 1;123({ alog Wi (m, ) — an}.

Q%Ro(ﬂ') can be used to evaluate distributional robustness
of a policy 7. To summarize, we present the specific steps of

obtaining Q%RQ (7) in the following Algorithm 1.

Algorithm 1: Distributionally robust policy evaluation

Input observed dataset (X;, A;, ;)N ,, h, policy 7 € IL
Initialize: o € RT U 0.

1: repeat
2:  Compute W2 (7, ) given in Eqn. (6b).
m
3:  Update a: o +— o — W’ where
da?
2 oWl
% s a—gdt
= —n—logWh — 222
5o — 1 losWN - =
N
1 Kp(n(X;)—Ai)y2 —-F
P P iy e v
da? a3ShWh
oWk
a( 8aN)
(Wh)?
LS Ky (n(X0) = Ay yr - 2
. 1 Miye_?
SWJ}\L] _ Nl; fo(A;1X5)
o a?Sh

4: until o converges
5: Return QB .o () « 7 (7, )




The Statistical Property of Qf . (7)

As QP ro(m) is an estimator established using observed
empirical samples, it is important to delve into the finite-
sample statistical performance guarantee for the estimator

QP ro (). To achieve this, we first discuss the theoretical
property of WJ}{, in Theorem 2.

Theorem 2. Suppose that N — oo, h — 0 such that Nh —
oo and Nh® — C € [0,00). Then we have

m(m —Efe ") - Bﬂ(oz)h2> 4 N0,V (a)),

2
% 83af0(Y|W(X)7 X)
fO(Y|7T(X)a X)

X

where Br(a) =

E[E|c

P_ﬂXpﬂ}
®)

C)]

e

‘A: n(X),X”E[e””ix”]}.

The estimator W2 is the key component of Qf o (),
as shown in Eqn. (7). Consequently, based on the statistical

property of W}{,, we can derive the asymptotic normality of
Qo () in Theorem 3.

Theorem 3. Suppose that N — oo, h — 0 such that Nh —
oo and Nh® — C € [0,00). Further; denote a.(m) s.t.
o(m, () > ¢(m, ) V > 0. Then we have

. (1) Br(a. () ; 5

e[l ]h>

”E{E{W

_ Y (r(X))
ax ()

m(@gm(w) — Qpro(T) +

a2 (m)Vr(n(m))

(el])

A good choice of bandwidth is essential for effective pol-
icy learning and evaluation. We can use a rule-of-thumb
bandwidth (see e.g., (Su, Ura, and Zhang 2019)), or select h*
by minimizing the asymptotic mean squared error (AMSE)

(e.g., (Kallus and Zhou 2018)) of Q%RO (m):

AN

)
_Y (X))
ax ()

h* = arg min [Bﬂ (a* (ﬂ))2h4 + W
Ve(au(m) \° (10)
éw(méimﬂg SO

Empirically, we would follow the notions presented in
(Kallus and Zhou 2018), of which we choose the optimal
bandwidth via a plug-in estimator.
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Distributionally Robust Policy Learning
The Estimation of 7,
In the preceding section, we have established Q} o () as

an estimator for Qpro (7). Next, we aim to construct an es-
timator for the optimal policy mfy . Specifically, we derive

7P ro from Q%Ro(ﬂ') such that
~h ~ h
Tpro — arg HéaX Qbro(T)
e

= — alogWh(r, o) —anl.
argerrﬁax rgéa%({ alog Wi (m, o) — an}
7%]}51{0 is the distributionally robust policy learned from
QN ro(m). To summarize, we present the specific steps of
obtaining 74 5 in Algorithm 2.

Algorithm 2: Distributionally robust policy learning

Input observed dataset (X;, A;, Y;)N ,, h. Initialize: 7 € II
and @ € RT U0.

1: repeat

2 Compute W} (m, @) given in Eqn. (6b).
3:  Solve Hlill_ll W (7, «) using any numerical methods.
IS
Update 7: 7 — arg min W} (7, a).
mell
4.

Solve max ¢" (m, ) using any numerical methods
where ¢!, (m, ) is given in Eqn. (7). Update ov: ov <
arg max ¢ (7, ).

a>0

5: until « converges
. ~h
6: Return gy < 7

The Statistical Property of frgRO

An essential aspect of our study is examining the statis-
tical performance guarantee of ﬁ—gRO’ which enables re-
searchers to assess the gap between the learned policy frgRO
and the optimal distributionally robust policy nfpo =
max Qpro (7). To achieve this, we use the distributionally

robust regret defined in Definition 4 as the evaluation metric.

Definition 4. Let the optimal distributionally robust policy
be 5o = arg max Qpro (7). The distributionally robust
7ell

regret of a policy m € 11, denoted by Rpro (), is then de-
fined as

Rpro(7)

=max inf Ep[V(7(X))] -

inf Ep|Y(m(X
#ell PeUp, (n) 78 PV ()]

Peltp, (n)

H#é"r’fQDRO(ﬁ) — @pro(7) = Qpro(THro) — @DRO(T)-

Before studying Rpro (7o ), we will now introduce the
required notions of the Rademacher complexity and the cov-
ering number of a functional class (Shalev-Shwartz and Ben-
David 2014; Mohri, Rostamizadeh, and Talwalkar 2018;
Wainwright 2019), which are stated in Definition 5.



Definition 5. Let F be a family of real-valued functions
f where f : Z — R. Given Z1,--- ,Zn € Z, the
Rademacher complexity of F is defined as R n (F) such that

N
R 1
'R.FZE'R.FZEGSUfGiZi,
9(F) = BaRn(F) = B sup| 52|
. 1 X
Ry(F) =Eq [?:g szf(zi) Zy, - ,ZN}-
=1
Here, o1, -+ ,0n are ii.d. with the distribution P{c; =
1} = P{o; = -1} = 1. Additionally, con-
sider a set {X1,---, XN} in a metric space with met-
ric || - |l A set Agx,..xyy C F is said to be

a t-covering of F if, for any f € F, there exists
[ € Aix,,.. xyy such that ||(f(X1),---, f(Xn)) —
(f(X1), -, f(Xn)|| < t. The size of the smallest t-
covering, denoted by N(t, F({X1, -+, Xn1}), || - ||). is the
t-covering number.

With Definition 5, the regret Rpro () can be generally up-
per bounded as the following Theorem 6.

Theorem 6. Suppose that the kernel function K(x) is
bounded where |K (z)| < Mg. Given 6 > 0, h > 0, and
a policy class 11, denote

Kn(m(X) —

Fr = A)'7T
Hv{ Fo(AIX) : EH},
JH,(E:_{

Kn(m(X) — ALy (rx))<ay
Then, with probability 1 — 6, we have

fo(A]1X)

N 4 4
Rpro(fhro) SERN(}-H,:E) + ERN(]:H)

4v2M \/In (%)
+—4+0
he2/N
The Rademacher complexities in Eqn. (11) can be further
bounded using covering numbers (see, for instance, (Shalev-
Shwartz and Ben-David 2014)). Under certain conditions,
such as when the square root of the metric entropy (i.e.,
the logarithm of the covering number) is summable, we can
bound Ry (Fr1,,) and Ry (Fr1) by the covering number of
II. This result is presented in detail in Corollary 7.
Corollary 7. If the kernel function K (x) is Lipschitz con-
tinuous with constant Lx > 0 (ie., |[K(z) — K(y)| <
L |z — y|) and there exists a finite value k which equals

2|

Then, for some constant KC, Eqn. (11) becomes

(1D
(h?).

2Mpch

L
" \/log N, TI{ X1, XN}, - leaen))dt |-

Rpro(fhro)
< 288LK,‘£
~ V/Nh2e2

AMg /2 log (%)

VN he?

192Mk (v/Iog K + 2v/2)
V' Nhe?

(12)

+ +O(h?).

cmell, x € [(LM}}.
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Note that the distributionally robust regret is indepen-
dent of n, as it is unaffected by the expectation term in
the dual problem. In conjunction with Eqn. (10), selecting

h=0O(N _%) in Corollary 7 ensures consistent learning of
the optimal linear policy, as the distributionally robust regret
Rpro(#Bro) converges to zero when N tends to infinity.
To conclude this section, we discuss the covering num-
bers of various policy classes. A common policy class is the
linear policy class, defined as IT = {7 : X — Alr(X)
w' X, ||lwl|, <a, | X|l; <b, w, X €R4}. For instance,
when p = oo and ¢ = 1, we can demonstrate that
d
v 2> |

Consequently, x in Eqn. (12) is bounded above by
\/3{ Nﬁ;}‘f” +24/2EhE [1rgniag§v||Xi||1] } as per its def-
inition. (Zhang 2002) provide the covering number of linear
policy class for 2 < p < o0.

We can extend the study from linear policy classes to
classes containing non-linear policies such as neural net-
works or support vector machines (SVMs). For example,
shallow neural networks can be represented as linear func-
tions composed with Lipschitz activations. The covering
number for the class can be bounded by the Lipschitz con-
stant and the linear class (Zhang 2002; Anthony et al. 1999).
Covering numbers for other classes can be found in sources
such as (Bartlett, Foster, and Telgarsky 2017).

max ||X1||1
1<i<N

N TL(X1, o XN, [ [lewen) < <

Experiments

In this section, we mainly investigate the robustness of the
proposed policy WBRO against distribution shift. Our anal-
ysis includes two parts: simulation and empirical studies.
First, in the “Simulation Experiment” subsection, we com-
pare results under continuous treatments with those under
discretized treatments, as well as outcomes with and with-
out robustness. We evaluate these results in a distribution-
ally robust manner to assess the policy’s performance under
varying conditions. Following this, in the “Empirical Experi-
ment” subsection, the experiments on Warfarin dataset com-
pare the robustness performance of the robust and nonrobust
policies. All experiments are run on a Dell 3640 with an Intel
Xeon W-1290P 3.60GHz CPU°.

Simulation Experiment

Continuous v.s. Discrete. We begin by comparing our
distributionally robust policy 7}, under continuous treat-
ment with the distributionally robust policy #&i5%, where the
continuous treatment is discretized using the method pro-
posed in (Si et al. 2023) into k£ bins (k € 2,3,4) based
on the discretized strategy in (Zhou et al. 2017). To enable
a fair comparison between these two forms, we consider
a simple data generating process with known optimal val-
ues. Specifically, we assume: X ~ Uniform(0,1), A|X ~
Uniform(X, X +1),Y =5+ X/A+¢, € ~ Uniform(0, 1).
We define the policy class T as {8X : 1 < 8 < 3}, and

3 Available in the “code” file of the Supplementary Material.



set the ambiguity radius n = 0.05. With these specifica-
tions, we compute the optimal distributionally robust value

QF = max i{nf( : Ep[Y (m(X))], which evaluates to 6.41

using numerical approaches. For the bandwidth parameter h,
we follow the approach of selecting the bandwidth as given
by (Kallus and Zhou 2018) using a plug-in estimator based
on Eqn. (10). We generate 100 different datasets, each con-
sisting of 2500 training samples and 2500 test samples.

For policy learning on the training data, both 7z

and W%Z§0k are learned using n'"*" = (.05. We then
compute QUno(Thno) and QEs (7 %’ﬁg) on Ehet test
€s

data and compare the results. For various 7 €
{0.05,0.1,0.2,0.3,0.4}, Q%Ro(ﬁ'gRo) is estimated ac-

cording to Algorithm 1, while QS (7&sk) is esti-
mated by solving m%({fa log W (7disk o) — an}. Here

Lrxp=a;y
po(A;1X;5)

W ol 1{w<X,;>=A,-,}€7% N

N(W,Oé) ;:1 Do (A X1) / ng
and po(A|X) is the estimated probability of receiving treat-
ment A conditioning on X. The results given in Table 1 in-

dicate that the learned policy 7}, achieves the best robust
performance when evaluated using the Q} ; , metric (see the
first row of Table 1). Further, the mean value 6.24 exhibits
a significantly smaller gap with the optimal distributionally
robust value of 6.41 compared to the discrete-treatment poli-

cies evaluated using QdDiﬁo-

test
n

0.05 0.1 0.2 0.3 0.4

6.24+0.32 6.19£0.33 6.11£0.36 6.04+0.38 5.994+0.40
5.88+0.15 5.81£0.15 5.71£0.15 5.64£0.15 5.58+0.15
5.85+0.12 5.79£0.12 5.70£0.12 5.63+0.12 5.58+0.12
5.83+0.12 5.77£0.12 5.68£0.12 5.61£0.12 5.56+0.12

Table 1: Comparison of robustness performance (con-
tinuous v.s. discrete) with 77" = 0.05 for policy
learning and various n**** for policy evaluation. When
pirain = ptest — (.05, the optimal distributionally robust
value is @* = 6.41. The reported Mean + Standard Error
(the Standard Error is in %) is computed over 100 runs.

The first/second/third/fourth row records values produced by

Qbro (Thro QB0 (TH3)/ Qo (FHREVQBio (FHRS

Robust v.s. Nonrobust. We then compare our distribu-
tionally robust policy Tpro with the non-robust policy
Wi (m)

ST and

#nro € argmax W[ (r), where Wl(r) =
7T€H

Wh(m) = % 27%;;%; =
Zhou 2018), with IT = {¢TX : |[¢|lec < 2}. We fol-
low (Kallus and Zhou 2018) to simulate i.i.d. data as fol-
lows: X}, ~ Uniform(—0.2,0.2) for k = 1 to 10, A|X ~
N(OTX,01)+X1+2Xs—3X3,and Y = 5+ 6] X+, XA+
BsA. Here, 0, (1, B2 € R suchthat 87 = 3] = 8] =
110 [1,---,1]T, B3 = 1. To induce sparsity, we ran-

Y;, as given in (Kallus and

).
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test

n
0.05 0.1 0.2 0.3 0.4

5.66+12.06 5.60+£11.97 5.52+11.85 5.45+11.77 5.40£11.70
5.05+8.68 4.99+8.60 4.91£8.50 4.85+8.44 4.80+8.39
5.48+15.46 5.471+15.46 5.46£15.46 5.45+15.47 5.44+15.47
5.02+10.37 5.01+10.36 5.00£10.34 4.99+10.33 4.98+10.32

Table 2: Comparison of robustness performance (robust
v.s. nonrobust) with 1'% = 0.2 and Ny = 2000
for policy learning and various n*** for policy evalu-
ation. The reported Mean =+ Standard Error (the Stan-
dard Error is in %) is computed over 100 runs. The
first/second/third/fourth row records values produced by

Qbro (Ao ) Qbro (AINRO M Qpert (oo ") Qpert (FxRO).

domly set three dimensions of the coefficients 3 and 3
and two dimensions of @' to zero. For the bandwidth pa-
rameter h, we follow the approach of selecting the band-
width as given by (Kallus and Zhou 2018) using a plug-in
estimator based on Eqn. (10). We repeat the data generat-
ing process to create 100 different datasets, each consisting
of Nirain (Ntrain, € 500, 1000, 1500, 2000, 2500) training
samples and Nz, = 2000 test samples.

For policy learning on the training data, both A} and
7nro are learned within a linear policy class, and pro iS
learned with n'"@" = (.2, denoted by frgﬁgo'Q. For pol-
icy evaluation on the test data, in addition to the evalua-

tion metric Q%Ro(w) (Eqn. (7)), we also introduce another

metric Qpert(w) based on a data perturbation strategy. For
each of the total 100 original datasets, we perturb each orig-
inal test dataset (X, Ai,Y;)fV:’fi“ to obtain a new dataset
(f(i, A;, Yi)l{v:‘i“ such that the new dataset lies within a KL-
ball centred at the original test dataset with a radius n®*?,
introducing a distribution shift in the new dataset relative to
the original test dataset. Then we can evaluate each policy

: A _ : Niest v-(5) ( j)
using Qpere(m) = | min {7 3 Vi (r(XG7))}-
The results presented in Table 2 and Table 3 demon-

strate that ﬁ'g’goo % exhibits superior robustness compared
~ h,n=0.2

to the non-robust policy Tnro. Specifically, Tyro ~ show-
cases significantly lower sensitivity to data perturbations
than TNgRo, consistently achieving higher reward in most
cases. Moreover, in Table 2, as the level of data perturbation

n*est increases from 0.05 to 0.4, ﬁg,ggo.z shows more stable
performance than Tnygo. Notably, in Table 3, even with an
increase in training sample size, ANgro shows no improve-

ment when faced with a distribution shift n**s*. In contrast,

# h,n=0.2 .. .
Tpro - demonstrates significant improvement as the num-

ber of training samples increases.

1
Niest

Empirical Experiment - The Warfarin Case Study

Description. We follow (Kallus and Zhou 2018) to con-
duct a semi-synthetic study using the Warfarin dataset (Con-
sortium 2009). The dataset contains 5528 patients’ medical
records, including personal information (e.g., age, gender,



Ntrain
500 1000 1500 2000 2500

5.19+£11.45 5.324+11.55 5.43+£14.31 5.48+12.04 5.52+11.85
4.85£8.19 4.79+8.10 4.83£7.95 4.84+7.86 4.91+£8.50
4.94£15.64 5.12+16.70 5.194+15.82 5.21£16.05 5.46+15.46
4.95£10.46 4.99+10.16 5.02+10.34 5.00£10.35 5.00+10.34

Table 3: Comparison of robustness performance (robust vs.
nonrobust) for various Ny,qin. 1) i8S chosen as 0.2 for both
policy learning and evaluation. The reported Mean + Stan-
dard Error (the Standard Error is in %) is computed over 100
runs. The first/second/third/fourth row records values due to

Q%RO(WI};QOO )/Q%Ro(ﬁNRO)/QpeM (nggoo 2)/Qpert(erRO)~

race, height, weight), medical problems (e.g., comorbidities
and diabetes), medical medication history (e.g., aspirin, ator-
vastatin, etc.), and their genotypes. The dataset also provides
the suggested treatment dose (therapeutic dose).

Setting. We employ a random forest regressor on the ther-
apeutic dose and select 41-dimensional covariates based on
the feature importance ranking. There are 3306 samples af-
ter dropping those with missing values. The observed dataset
is generated as follows: A|X ~ AN(0TX + 1,0.1) and
Y =5+ 6] X + By XA + ¢, where 1, B2, 0 € R?
(with p = 41 in our setting), ﬁlT =0.2-1P, ﬁ; =0.1-1P,
67 =0.1-17. Wealso assume IT = {{T X : [|(]l~ < 2}.
We again follow the approach of selecting the bandwidth as
given by (Kallus and Zhou 2018) using a plug-in estimator
based on Eqn. (10). To create distribution shifts, we split the
training and test data based on patients’ age information. We
select 1983 patients aged 10-69 as the training set and 1323
patients older than 70 as the test set. We repeat this process
1000 times to create a total of 1000 semi-synthetic Warfarin
datasets.

Results. We 1earn a non-robust policy 7xro and ro-

bust policies 7rD for n € {0.3,0.4,0.5,0.6,0.7} on
the training set, and we evaluate the six policies on
test set based on the sample averaged potential outcome:
Qumean (1) + 3N Yi(n(X;)). Consequently, we ob-
tain 1000 values of Q () w.rt. each of the six poli-
cies. We then report the mean, standard error, and the
5th /10th /1580 /20th /25t /30th percentile of the total 1000
values in Table 4.

Table 4 demonstrates four important insights: (1)
Qumean (7135=03) exhibits a comparable mean value to
Qmean(fnro). (2) The expected reward initially increases,
reaching the optimal (e.g., when 774" € {0.4,0.5}), and
then decreases with larger 7. This trend is reasonable, as a
very small 77 neglects the robustness effect and results in a
relatively aggressive policy, while a very large 7 results in
an overly conservative policy®. (3) The standard error of all
robust policies is smaller than that of the non-robust policy.

Determining the optimal 7 is beyond the scope of this study
and is left for future work. Some useful guidances are provided.
For example, (Pardo 2018) show that the distance D(-|-) is asymp-
totically x? distributed which enables us to select proper 1.
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percentile
10t 15tk

4.525 4.887
4.648 5.020
4.653 5.086
4.552 4.884
4.536 4.774
4.613 4.908

30th

5.605
5.703
5.737
5.671
5.548
5.620

25th

5.350
5.533
5.523
5.449
5.344
5.434

2Oth

5.114
5.298
5.306
5212
5.106
5.240

SE 5t

4.5 4.058
4.3 4.054
4.244
4.112
4.085
4.092

Mean

6.377
6.372
6.454
6.409
6.355
6.350

Table 4: Comparison of the rewards of robust and nonrobust
policies in Warfarin study. The reported result are computed
over 1000 runs. Note that the SE in the table represents
the Standard Error which is reported in %. The first/sec-
ond/third/fourth/fifth/sixth row records values produced

by Q?;ncan ('fTNRO)/QAmeL;n (’/T]}SPZOO 3)/Qme¢;n (71—]]31200 4)/
A ) 0.5\;A 1,n=0.6 ,n=0.7
Qmean (WDgo )/Qmean( DP{O )/Qmecm( DRIO )

(4) From the percentile results, most robust policies outper-
form the non-robust policy in “bad” scenarios, underscoring
the robustness of the proposed 7.

Conclusion, Limitation and Future Work

Conclusion. We investigate offline policy evaluation and
learning under continuous treatment in the distributionally
robust optimization (DRO) setting. We propose an estimator,

QP o (), for offline policy evaluation and obtain a distribu-

tionally robust policy, 72, based on Q. (7). We study
the asymptotic distribution and the statistical guarantee of

QP o (m) and . Experimental results demonstrate the
superior performance of our approach.

Future Work and Limitations. The proposed framework
can be applied in various fields where distribution shifts
occur in the context of continuous-valued treatments. For
instance, doctors may seek to determine a robust dosage
that minimizes potential disease risks for target patients,
while policymakers might aim to establish a robust credit-
increasing strategy that maximizes potential consumption
for target customers. Thus, applying our framework to real-
world scenarios represents a significant next step. Addition-
ally, several potential technical investigations can be further
explored. First, selecting the divergence measures and deter-
mining the ambiguity radius for the distributional ambiguity
set pose significant challenges in both the Operations Re-
search and Machine Learning communities. Future research
would benefit from establishing statistical guarantees for
other metrics (e.g., Wasserstein metric) and offering guid-
ance on setting the radius for policy evaluation and learning.
Second, exploring methods for the generalized propensity
score when it is unknown would be interesting. Third, ex-
panding our framework to include the doubly robust estima-
tor might improve the convergence rate of policy learning.
Lastly, strictly limiting the policy class to linear functions
may fail to capture complex relationships between covari-
ates and treatment, leading to suboptimal results. Consid-
ering broader policy classes (e.g., nonlinear policy classes
with infinite VC dimensions) is therefore essential.
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