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Abstract

We investigate the sample-memory-pass trade-offs for pure ex-
ploration in multi-pass streaming multi-armed bandits (MABs)
with the a priori knowledge of the optimality gap A[o). Here,
and throughout, the optimality gap Ay, is defined as the mean
reward gap between the best and the i-th best arms. A recent
line of results have shown that if there is no known A [}, a pass
complexity of ©(log(1/ Afg])) is necessary and sufficient to
obtain the worst-case optimal O(n/ A[22]) sample complexity
with a single-arm memory. However, our understanding of
multi-pass algorithms with known Ay is still limited. The
key open problem is how many passes are required to achieve
the complexity, i.e., O3, 1/ A[2¢] -log n) arm pulls, with
a sublinear memory size.

In this work, we show that the “right answer” for the question
is ©(log n) passes. We first present a lower bound, showing
that any algorithm that finds the best arm with slightly sub-
linear memory — a memory of o(n/polylog(n)) arms — and
o, 1/A[21-] - logn) arm pulls has to make Q(log’ign)
passes over the stream. We then show a nearly-matching al-
gorithm that assuming the knowledge of A5}, finds the best
arm with O(3°7, 1/A[2i] -logn) arm pulls and a single arm
memory.

1 Introduction

The pure exploration multi-armed bandits (MABs) is one
of the most well-studied problems in theoretical computer
science (TCS) and machine learning (ML). The problem
is formulated as follows: given n arms with unknown sub-
Gaussian reward distributions, find the best arm, defined as
the arm with the highest mean reward, with a sufficiently high
probability and a small number of arm pulls (sample complex-
ity). Here, and throughout, the parameter A, is defined as the
mean reward gap between the best and the :-th best arms. The
problem has been extensively studied in the literature (e.g.,
(Even-Dar, Mannor, and Mansour 2002; Mannor and Tsitsik-
lis 2004; Kalyanakrishnan and Stone 2010; Karnin, Koren,
and Somekh 2013; Jamieson et al. 2014; Kaufmann, Cappé,
and Garivier 2016; Carpentier and Locatelli 2016; Agarwal
et al. 2017; Chen, Li, and Qiao 2017a), see (Slivkins 2019)
for an excellent monograph), and its application has been
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found in numerous areas, e.g., experiment design (Robbins
1952; Villar, Bowden, and Wason 2015; Aziz, Kaufmann, and
Riviere 2021), recommendation systems (Silva et al. 2022),
search ranking (Agarwal et al. 2008; Radlinski, Kleinberg,
and Joachims 2008), robot control (Koval et al. 2015), to
name a few.

The optimal sample complexity bound under the classi-
cal RAM setting has been established through a series of
elegant works (Even-Dar, Mannor, and Mansour 2002; Man-
nor and Tsitsiklis 2004; Karnin, Koren, and Somekh 2013;
Jamieson et al. 2014). The pioneering work of (Even-Dar,
Mannor, and Mansour 2002) shows that if the value of A[g]
is known, there exists an algorithm that finds the best arm
with high (constant) probability and a worst-case optimal
O(n/ A[QQ]) arm pulls. Subsequently, the work of (Karnin,

Koren, and Somekh 2013; Jamieson et al. 2014) improved
the sample complexity to the nearly instance optimal bound
of O(X;_, 1/A%, - loglog(1/Ap;))", and their algorithms
do not require a known value of Appj. On the lower bound
side, (Mannor and Tsitsiklis 2004) showed that a sample
complexity of Q(3"7 , 1/A§]) is necessary to find the best
arm with high constant probability, which completes the pic-
ture for pure exploration under the RAM model up to the
doubly-logarithmic factor.?

Virtually all algorithms for pure exploration in the classical
setting require all arms available in the memory for repeated
visits. Aimed at modern large-scale applications, in which
storing everything becomes impossible, an important direc-
tion to explore is MABs in the memory-constrained setting.
To this end, (Assadi and Wang 2020) introduced the stream-
ing MABs model, where the arms arrive one by one in a
streaming manner, and the algorithm uses a limited memory
to store, discard, and replace arms. The target for streaming
MABs algorithms is to simultaneously minimize the sample
complexity and the space complexity — the maximum number
of arms stored at any point. (Assadi and Wang 2020) showed

'"We slightly overload the terms to call both O(}"7 , 1/ A[Qi] .
loglog(1/A)) and O( ?:2. l/A[QZ-] - polylog(n)) nearly in-
stance optimal sample complexity, and denote (any of) them with
o1/ A[Qi]) when the context is clear.

*It turns out the seemingly artificial log log(1/A};) factor em-
bodies some fundamental properties of the problem. See (Chen and
Li 2016; Chen, Li, and Qiao 2017b) for more discussions.



that if the value of A|y) is provided, there exists a single-pass
algorithm that finds the best arm with high constant proba-
bility, the worst-case optimal O (n/ A[22]) sample complexity,
and a single-arm memory. The key conceptual message of
(Assadi and Wang 2020) is that in the regime where A3
is known and the target is the worst-case optimal sample
complexity, there is no sample-space trade-off in this setting.

The results of (Assadi and Wang 2020) have led to consid-
erable interest in understanding the power and limitations of
the streaming MABs model (Maiti, Patil, and Khan 2021; Jin
et al. 2021; Assadi and Wang 2022; Agarwal, Khanna, and
Patil 2022; Wang 2023; Li et al. 2023). In particular, since
(Assadi and Wang 2020) only deals with the setting when
Al is given and the worst-case optimal bound, a natural
question is to ask what happens if A[y) is unknown, or if the
target becomes the (nearly) instance optimal bound instead.
Unfortunately, in these settings, the optimistic message in
(Assadi and Wang 2020) no longer holds: (Assadi and Wang
2022) showed that in the single-pass setting, if the value
of Ay is not given a priori, then the sample complexity is
unbounded unless the algorithm has Q(n)-arm memory. Fur-
thermore, even if the value of A[Q] is known, there is a sample
complexity lower bound of Q(n/ Aé] ) for any algorithm with

o(n)-arm memory in the single-pass streaming setting. These
results assert that multiple passes over the stream are nec-
essary if we want any streaming algorithms with sublinear
memory under the new settings.

It turns out that allowing multiple passes does lead to
improved bounds. Concretely, (Jin et al. 2021) shows that
in O(log(1/A9))) passes, it is possible to find the best arm
with a single-arm memory and the near-instance optimal
O(X 75 1/A?, - loglog(1/Ay;)) arm pulls. Furthermore,
the algorithm does not require a known quantity of Apg). Very
recently, (Assadi and Wang 2024) proved that for a streaming
algorithm with o(n)-arm memory to achieve even the worst-
case optimal bound O(n/ A[QQ]) bound with the stream alone,

log(1/A
a number of (%
we already established a good understanding of the pass-
sample-space trade-off for multi-pass algorithms without
A[g) value.

The final missing piece to complete the theoretical picture
of multi-pass streaming MABS is to understand the case
when Ay is provided and the target is the instance-optimal
sample complexity. We remark this question is not trivial:
in the adversarial instance distribution of (Assadi and Wang
2024), if A[g) is provided, we can uniquely determine the
realization of instances in their distribution. As such, it is
possible that if A ) is known, there are algorithms with better
efficiency. This open question can be formally presented as
follows.

) passes is necessary. As such,

If the value of Ay) is known a priori, what is the
optimal number of passes for a streaming algorithm
with o(n) arm memory to find the best arm with the

(nearly) instance optimal sample complexity?

We now provide some additional discussions to better mo-
tivate the investigation. The importance of the open question
could be summarized as follows.
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* The question is important for the theoretical foundations
of online learning. The streaming MABs model has been
widely regarded as an important models for modern large-
scale online learning (Maiti, Patil, and Khan 2021; Jin
et al. 2021; Assadi and Wang 2022; Agarwal, Khanna,
and Patil 2022; Wang 2023; Li et al. 2023; Assadi and
Wang 2024). Since the knowledge of Ay is frequently
assumed in the literature, as evidenced by works such as
(Even-Dar, Mannor, and Mansour 2002; Assadi and Wang
2020), the motivating question is an important missing
piece to be answered for multi-pass pure exploration. As
such, the primary motivation for the investigation is to
complete the theoretical picture for the streaming MABs
model.

Algorithms with better sample and pass efficiency could
lead to direct application in various tasks. For instance,
if we want to find the best seller in large-scale online
retailers, we could query the data from data centers in a
streaming fashion, and run the algorithm using the local
RAM. Here, we could estimate the value of A[Q] from
historical data. And since the products often have very
different scales of transactions, which implies that 75— >

2

n A
Zi:Q A2
[i

algorithm of (Assadi and Wang 2020; Jin et al. 2021).

our algorithm is much more efficient than the

Our Contributions

Our main contribution is the answer to open question: we
provide nearly-matching (up to exponentially smaller terms)
upper and lower bounds for streaming algorithms with o(n)-
arm memory to find the best arm with a (nearly) instance
optimal sample complexity. We first present our lower bound
result as follows.

Result 1 (Lower bound, informal of Theorem 1). Any
streaming algorithm that given n arms in a stream and
a known value of Ay, finds the best arm with high

constant probability, O(>_", <& - log(n)) arm pulls,
[i
)

log(n)
log log(n)

and o(m) arm memory has to use (

passes over the stream.

Result 1 shares a similar form of the (Assadi and Wang
2024), albeit we are able to substitute log(1/A[;) terms with
log n terms. Before our results, the only known result for
streaming MABs lower bounds with instance-optimal sample
complexity is th result of (Assadi and Wang 2022), which
only works for a single pass. Therefore, Result 1 marks a sig-
nificant improvement in the pass complexity of the problem.

A natural question to follow up Result 1 is to answer
whether the lower is optimal, i.e., is it possible to design
an algorithm with a sample and pass complexity that matches
the lower bound in Result 1. We answer this question in the
affirmative by showing an algorithm as in Result 2.

Result 2 (Upper bound, informal of Theorem 2). There
exists a streaming algorithm that given n arms in a
stream and the value of A[Q], finds the best arm with high



constant probability with O(>_", A2 - log(n)) arm

pulls, O(log(n)) passes over the stream and a memory
of a single arm.

In fact, the guarantee of our algorithm extends beyond just
O(log(n)) passes. We can always keep using only a single
1

arm memory, and set P passes to achieve O(Zz 9 AT
[]

n?/T . log (nP)) sample complexity. The sample-pass trade-

off is optimized by taking P = O(log(n)). The sample com-

plexity bound of O(>"", A2 - log(n)) we obtain here is
[i]

slightly different from the classical near-instance optimal
bound of O} -loglog (1/A};))). We remark that

the log(n) multlphcatlve factor does not render the bound
trivial.

Result 2 suggests that algorithms with known Ao values
could have much better pass efficiency. Note that the lower
bound in (Assadi and Wang 2024) holds with A[g] values

as small as 2”om, which means we may be forced to take
poly(n) passes if A[y) is unknown. In contrast, in the case
when A is known, it becomes possible to find the best arm
in log(n) passes, which is much smaller and reasonable in
practice.

To make it easier for the readers to understand the context
and contributions of our results, we provide Table 1 that
illustrates the comparison between the existing results and
ours.

Result 1 and Result 2 demonstrate a sharp memory-pass
trade-off for streaming algorithms to find the best arm with
a near instance optimal sample complexity: with O(log(n))
passes, we can obtain an algorithm with a memory of a single
arm. However, if we decrease the number of passes slightly to
o(log(n)/loglog(n)), no streaming algorithm will be able
to achieve the sample complexity and success probability
guarantee unless it uses almost n-arm memory. We note that
this kind of dichotomy frequently arises in the streaming
MABsS literature ((Assadi and Wang 2020, 2022; Agarwal,
Khanna, and Patil 2022; Assadi and Wang 2024)), and we
obtain a similar phenomenon in the multi-pass setting with a
known A\ as well (see Table 1 for some examples).

Finally, we observe that by simply running our streaming
algorithm in the offline setting, we obtain an offline algorithm
that finds the best arm with high constant probability and

oX ., AZ - log(n)) arm pulls. This observation, while
[

stralghtforward has the following implication on the role
of Ay in the pure exploration MABs problem. The clas-
sical nearly instance optimal sample complexity bound by
(Karnin, Koren and Somekh 2013; Jamieson et al. 2014)
is O(> 1, Ag - loglog (£ )) In the two-arm scenario,

(Jamieson et al 2014) also proved that Q( 55— -log log( 5= ))

arm pulls are necessary (when the value of A is unknown)
(Chen and L1 2015) further nnproved the upper bound to
oX ., A2 -log log(min{n, +* a5 } + AQ » -log log(Alm ))s
and the dlscusswn went deeper w1th later results by (Chen
and Li 2016; Chen, Li, and Qiao 2017b), in which they pro-

posed the ‘gap-entropy conjecture’ for the optimal sample

12A2
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complexity bound (also for the case of unknown Ay, see
(Chen and Li 2016) for details). In contrast, our observation
shows that if A is provided, we can instead get a multi-
plicative term that is independent of all Af; values in the
logarithmic term. This observation might be of independent
interests in the broader MABs community.

Experiments. To validate the performance of our algo-
rithm, we conduct experiments on multiple types of streaming
MABS instances. We compare our algorithm with two bench-
marks: 7). the single-pass algorithm by (Assadi and Wang
2020), which enjoys the ultimate pass efficiency of a sin-
gle pass, but only guarantees the worst-case optimal ©( A’%Q] )

sample complexity; and 4i). the O(log(1/A[y)))-pass algo-
rithm by (Jin et al. 2021), which has the advantage of not
requiring the knowledge of Ay}, but has to use more passes.
Our result shows that in multiple setting, our algorithm con-
sistently enjoys the best sample efficiency. Furthermore, com-
paring ot the algorithm of (Jin et al. 2021), our algorithm
uses significantly less passes over the stream. The results of
our experiments are presented in Section 5.

Our Techniques

Lower Bound. Proving lower bounds for multi-pass
streaming MABs typically involves intricate techniques to
carefully manage memory, samples, and the information re-
vealed over time. To navigate these technical challenges, we
draw inspiration from recent work by (Assadi and Wang
2024), which established lower bounds for multi-pass MABs
without prior knowledge of A ). The lower bound construc-
tion devised by (Assadi and Wang 2024) employs a ’batched’
approach to distributing instances. Roughly, it divides the
arms into B + 1 batches for a P-pass algorithm, where
P < B. Within each batch b, all but one arm consistently
yield a mean reward of 1, while the remaining *special arm’

offers stochastic mean rewards —either % or % + ay, for some
ayp > 0- placed uniformly at random among the arms within
batch b. Importantly, the later-arriving batches might have
higher mean rewards. This construction allows us to argue
that to maintain optimal sample complexity, the algorithm
must always check whether a batch contains an arm with a
reward exceeding 1/2 from the latest batch that has not been
checked, which forms a lower bound.

The above sketches the intuition of (Assadi and Wang
2024), and the actual proof is considerably more involved.
Despite the very technical analysis, we observe that we could
actually extract a framework from (Assadi and Wang 2024)
to capture the memory-sample trade-off for algorithms on
batched instances. In particular, to establish such trade-offs,
we only need 7). a sample complexity lower bound for the
streaming algorithm to ‘trap’ the special arm from a batch;
i1). a sample lower bound for the streaming algorithm to
‘learn’ the distribution for each batch; and 7). a sufficiently
high gap between the sample complexity for different batches.
We remark that these aspects are not explicitly written in
(Assadi and Wang 2024), and forming the framework from
key observations is one of our technical contributions.

With this novel technical framework, a natural
idea to prove lower bounds for the instance-sensitive



Pass | Apg is given | Sample Complexity | Memory ‘ Remark and Reference
1 Yes O(xz) 1 Upper bound, (Assadi and Wang 2020)
2
1 No O(32 ) Q(n) Lower bound, (Assadi and Wang 2022)
N 2
1 Yes Oy x2) Q(n) Lower bound, (Assadi and Wang 2022)
- (i
O(log( Alm )) No o, Al[zﬂ ) 1 Upper bound, (Jin et al. 2021)
log( 1)
O(%) No O(x%) Q(n/polylog(x=)) | Lower bound, (Assadi and Wang 2024)
g log( X3 ) 2] [2]
O(log)i(g()n)) Yes o, Al[gi]) Q(n/polylog(n)) Lower bound, Result 1
O(logn) Yes o, Al'[%,] ) 1 Upper bound, Result 2

Table 1: Summary of the previous results and our new results. To present the sample-memory-pass trade-offs, we set upper
bounds on the number of passes and sample complexity, and show the memory in terms of the number of arms with both upper

and lower bounds.

O(X75 1/AF - log(n)) sample complexity is to construct
a batched instance distribution that «). satisfies the properties
as required by the framework, and b). varies the quantity of
O(X75 1/A?, - log(n)) with different realizations. To this
end, we note that we could not directly use the construction
of (Assadi and Wang 2024) in our setting. An obvious
problem here is that since the values of «; change across
batches, the information of Ay alone can help uniquely
identify the realization of the distribution, which renders the
distribution not hard. The idea to resolve this issue is to have
two special arms, whose mean rewards are with % ~+ xp and

% + x» + 7. Moreover, we make Yy to be much larger than
~ for any b, but progressively smaller by 1/poly(B) factor
across the batches. As such, we always have Ay =+, which
means the value of Ay no longer reveals any information
about the instance realization.

The final missing piece is to show how ‘hard’ the new con-
struction is for streaming algorithms. Unfortunately, due to
the introduction of an extra special arm, the standard techni-
cal tools developed from (Agarwal, Khanna, and Patil 2022;
Assadi and Wang 2022, 2024) no longer work. To overcome
the issue, we use the information-theoretic tools to develop
several new results for double-armed bandits, and apply the
‘direct-sum’ idea in (Assadi and Wang 2022, 2024) to ob-
tain new sample complexity bounds for batches with two
special arms. To the best of our knowledge, this is the first
lower bound that studies the sample complexity in the double-
armed setting, which could be of independent interest. Fi-
nally, by taking B = O(log(n)/loglog(n)), we can simul-
taneously ensure the value gap between x; and ~ and the
sample complexity gap between batches, which gives the
desired result.

Upper Bound. Our algorithms work with the elimination-
based approach extensively studied in the MABs litera-
ture (Hillel et al. 2013; Karpov, Zhang, and Zhou 2020). The
state-of-the-art multi-pass streaming algorithm by (Jin et al.
2021) is a streaming adaptation of the classical elimination
algorithm (Karnin, Koren, and Somekh 2013). The algorithm

17791

by (Jin et al. 2021) requires O (1og (ﬁ)) passes, and the

main idea is to “binary search” the “correct” gap parameters.
Concretely, at the beginning of the p-th pass, the algorithm
fixes an elimination gap ¢, = O(27P), the goal of the al-
gorithm at the end of the p-pass is to eliminate all arms ¢
such that A; > €,? with roughly O(1/€2) arm pulls on arm

i. After O (log (ﬁ)) passes, the value of the elimination

gap becomes smaller than Ay, and all arms except the best
arm can be safely eliminated.

To make the number of passes independent of Ay, our
key observation is that the “binary search” in the elimina-
tion procedure can be made more efficient with geometric
series from nA [ to Afy). Concretely, instead of initiating
the elimination process of arms with constant reward gap,
we choose the sequence of elimination gaps in the form of
€p = Apg - n'=P/P for the p-th pass. Here, P is the total
number of passes for the algorithm. On a very high level, it is
easy to observe that after P passes, the elimination gaps be-
come smaller than A[Q], and all arms except the best arm can
be safely eliminated (with high probability). The observation
generalizes to any arm; with gap parameter A;: when ¢, be-
come smaller than A;, a sup-optimal arm arm; is eliminated
with high probability. The correctness of the algorithm thus
follows from the high probability event that only the best arm
will remain after P passes.

For the analysis of sample complexity, we proceed by
categorizing the set of arms into two parts with large gaps
A; > nA and small gaps A; < nAjy. The analysis for a

small gaps group controls that the number of pulls assigned
to each arm is at most O(”i—/;). Similar to the analysis of
(Karnin, Koren, and Somekh L2013; Jin et al. 2021), the key
observation here is that after the number of pulls used on arm
1 becomes larger than é, we can eliminate such a suboptimal
' /

nz;

arm, which implies that we spend at most pulls for arm

3We use the notation A; (without the brackets on %) to denote
the gap between the best arm and arm;. See Section 2 for more
clarifications.



1 with high probability. On the other hand, for the arms with
large gaps, we observe that the sample complexity of all arms
with gaps more than nA ) is dominated by a single largest

term which leads to the desired sample complexity

_1
2

A

bound.

2 Preliminary

We introduce the notation and formal description of the
streaming MABs model in this section. We provide more
technical preliminaries in the appendix.

Notation

Throughout, we use n to denote the number of arms. We use
7 to denote the indices of the arms, and we have the set of
indices as I (which is a permutation of [n]). We let u; be
the mean of the i-th arm; furthermore, we denote the index
of the best arm as x := arg max;cs t;. As such, the best
arm is denoted as arm*, and the mean of the best arm is ji.
The reward gap between the best and the ¢-th arm is equal
to A; := ux — ;. We also use the ordered sequence of
gaps Ay < Ay < ... < Ay, ie., Ay is the reward gap
between the best and the i-th best arm.

We frequently deal with Bernoulli random variables. For
convenience, we use Bern(u) to denote a Bernoulli distri-
bution with mean p (i.e., the probability to sample 1 is w).
When random variables and their realizations are presented
side by side, as a convention, we use upper cases (e.g., IT)
to denote the random variables and lower cases (e.g., ) to
denote the realizations.

The Streaming Multi-armed Bandits Model

We now formally introduce the streaming MABs model
as follows. There is a collection of n arms, denoted as
{arm;}?_,, and their reward distributions are characterized
by {Bern(y;)}"_,*. As the name suggested, the arms arrive
one after another in an arbitrary and fixed order (a permu-
tation over [n]). Here, an arbitrary order means the arrival
order of the arms is selected by an adversary and can be in the
worst case, and a fixed order means that the order of arrival
for the arms is the same across different passes.

A multi-pass streaming algorithm in the streaming MABs
setting is defined as an algorithm that maintains a memory
M, which is a set of arms, and a transcript 7, which encodes
the statistics of all past arm pulls. Each record in 7 is a tuple
that specifies the identity of the pulled arm, the result, and
the pass index when the sample happened.

At any point, the streaming algorithm is allowed to make
an arbitrary number of arm pulls on the arriving arm and the
arms stored in the memory. The algorithm is allowed to make
the following updates to the memory M:

1.
2.

Adding the arriving arm to M.

Discard the arriving arm, and continue to the next arriving
arm.

. Discard arm(s) from the memory M.

*Our upper and lower bounds apply to all sub-gaussian distribu-
tions
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We define the sample complexity as the number of arm pulls
the streaming algorithm ever uses, and the space complexity
(memory complexity) as the maximum number of arms stored
at any point (the maximum size of M). The common assump-
tion in the literature (Assadi and Wang 2020; Maiti, Patil,
and Khan 2021; Jin et al. 2021; Agarwal, Khanna, and Patil
2022; Assadi and Wang 2022) allows the algorithm to write
an arbitrary number of statistics for free, i.e., do not charge
costs for the size of 7 and any other stored information.

3 Lower Bound: A Sharp Memory-pass
Trade-off for Algorithms with Known Ay

We now introduce the construction and analysis of our main
lower bound. In our lower bound proof, we will crucially use
a recent multi-pass lower bound tool developed by (Assadi
and Wang 2024). The original lower bound construction of
(Assadi and Wang 2024) is on batched instances distribu-
tions. On a high level, these distributions divide the arm into
multiple batches with a fixed order. Inside each batch, most
of the arms are “flat”, i.e., with mean reward % and one (or a
few) special arm(s) are planted uniformly at random among
the indices. The reward distribution of the special arms is
chosen randomly and independently by a random vriable
©y: if ©, = 1, which happens with probability f,(B), then
the mean rewards of the special arms are > %; otherwise, if

O3 = 0, the mean rewards of the special arms are % If there
are S special arms in batch B and O, = 1, the mean rewards

would be % + ngl), % + 7}§2), U 77,55). A more formal
definition and the detailed description of batched instances
and the lower bound results can be found in the appendix.
Our adversarial instance follows a special structure of
batched instances. On a high level, our instances keep two

special arms in each batch b with stochastic mean rewards

of either (1, 1) or (%+m§” G

which happens with probability roughly O(1/B), we in-
sist on invariate nél) - 77152)’ which limits the utility for the
knowledge of A[y). Furthermore, we carefully pick the pa-

rameters such that the gap between C' - —2

). In the latter case,

—"— becomes
)

polylog(n). Since we only work with a number of passes of
O (log(n)/loglog(n)), the construction allows us to “reduce”

n

(1) 2
(")
bound, which in turn allows us to use the technical lemma in
(Assadi and Wang 2024) to establish the lower bound.

We now give the formal construction of the instance family.

the O (Z?_z Alz) sample complexity to the C' -
o

P(B,C,~): A hard instance distribution for multi-pass
MABs algorithms with known A|y).

1

. 1,1 1
1. Parameters: Ensure that 55+ —75 <7 < 5 —73,

and let y; = n'/? - ~; furthermore, for any b € [B],
let -
B 1 15
Xb+1 = 12C log(n) Xb-




2. Division of arms: Divide the n arms into (B + 1)
batches of equal sizes, and put them in the reverse
order of the stream, i.e. Bp41 arrives first, and B,
arrives the last.

3. Sampling special arms: For each batch b € [B +
1], sample two arms uniformly at random (without
replacement), and call them special arms. Set all the
arms except the special arms with reward distribution
Bern(1/2).

4. Batches b € [B]: Foreach b € [B], sample O}, from
distribution Bern(1/2B):

(a) If ©, = 0, set both special arms with reward dis-
tributions Bern(1/2).
(b) Otherwise, if O, =1
* Set the first special arm with reward distribution
Bern(1/2 + xs).
* Set the second special arm with reward distribu-
tion Bern(1/2 + xp + 7).
5. The batch B + 1: Always set the reward distri-

butions of the special arms as follows (Op11 = 1
deterministically)

* Set the first special arm with reward distribution
Bern(1/2 + xp+1)-

* Set the second special arm with reward distribution
Bern(1/2 + xp41 + 7).

An illustration of the distribution P(B, C, ) can be shown
in the appendix. It is straightforward to observe that the
P(B,C,~) family follows the (B + 1)-batched instance.
Furthermore, we make the crucial observation that Ay is
invariant across different settings.

, the value
7), for all

Observation 3.1. For any instance in P( ,Cy
of Apg is equal to . In other words, in P (B,
b € [B + 1], there is

(Ag O =0,0,=1) =17.

We now use P (B, C, ) to state our main multi-pass lower
bound.

Theorem 1 (Formalization of Result 1). There exists a family
of streaming MABs instances P, such that any streaming algo-
rithm (deterministic or randomized) that given the quantity of
A[g), finds the best arm from an instance sampled from P with

an expected sample complexity of O (ZZ 5 N -log(n )>
a success probability of at least 1999 /2000, and a memory

of o (n/log® n) arms has to make (10??0(5()70) passes over

the stream.

Limited by space, we defer the formal proof of Theorem 1
to the appendix.
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4 Upper Bound: A Multi-pass Streaming
MABSs Algorithm with Known Ay,

A natural question to follow from our lower bound in Sec-
tion 3 is whether this bound is tight. In this section, we show
our main upper bound result that nearly matches our lower
bound in Section 3. In particular, we prove the following
theorem.

Theorem 2 (Formalization of Result 2). For any P > 1,
there exists a (P + 1)-pass streaming algorithm that given a
streaming MABs instance and a known value of A[g), finds
the best arm with probability at least 1 — § with a single-arm
memory and at most

o(ee(7) 355

Note that by plugging in P = O(log(n)), Theorem 2
gives an O(log(n))-pass algorithm with O(>_"_, <& -logn)
[il

arm pulls.

sample complexity, as we have stated in Result 2. The psuedo-
codes for the algorithm is as in Algorithm 1.

Algorithm 1: The Main Multi-pass Streaming Algo-
rithm
Input: Stream I, parameter P, gap parameter Ay,
and confidence parameter ¢
Output: Best arm
1 Setn < |I|and Iy + {1,...,n};
2 Lete, = n'"P/PAp /dforp=0,...,P
3forp=0,...,Pdo

4 foreach i € I in the arrival order do
5 if i & I, then
6 | Skip arm;

7 Pull arm ¢ until the number of pulls reach
8log(2n(P+1)/5
T, = %ge)/) times;
8 Compute estimated mean /¥’ after 7}, pulls;
o | Pick i, = max{?};
iel,
10 Create a new set
Tpp1 i€ 1y | 1 2 o — €}

11 if Ipq contains one element then
L return single index of arm from Ipq;

Limited by space, we defer the proof of the algorithm to
the appendix.

5 Experiments

We present the empirical results in this section. For multi-
pass streaming MABs algorithms, there are two objectives
we want to optimize: the sample complexity and the pass
efficiency. Our main experimental result is that compared
to existing algorithms for streaming MABs, our algorithm
exhibits significant advantages on both fronts.
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Figure 1: The comparison between algorithms on the sample complexity and the number of passes in the uniform setting. AW
stands for the single-pass algorithm of (Assadi and Wang 2020), and JHTX stands for the single-pass algorithm of (Jin et al.

2021).

Experiment settings. We compare our algorithm with two
benchmark algorithms: ). the AW algorithm: the single-
pass algorithm by (Assadi and Wang 2020), which only uses
a single pass over the stream, requires the knowledge of
A[3), and uses the worst-case optimal sample complexity of
@(ﬁ); and ii). the JHTX algorithm: the O(log(1/A[g)))-

pass algorithm by (Jin et al. 2021), which does not require the
knowledge of Ay} and achieves the instance-sensitive near-
instance optimal O}, 1/A[21,] -loglog(1/Ap;)) sample
complexity, but uses more passes than ours. We consider
instances of 2000 arms in 3 settings, and in each setting, we
take 30 independent runs, and we report the error bars to
avoid statistical influx. We conduct the expriments on the
standard colab CPU runtime (Intel Xeon CPU with 2 vCPUs
with 13GB of RAM).

Due to space limit, in this section, we only show the figures
for the uniform setting, in which the mean rewards of the
arms are from a uniform distribution supported on [0, 1].
Additional experiments can be found in the appendix.

Experimental results for the uniform setting. The com-
parison between the sample complexity and the number of
passes can be found in Figure 1. Note that since the algo-
rithm of (Assadi and Wang 2020) always uses a single pass,
we do not report it in Figure 1b. It can be found that the
our algorithm has the best sample complexity among the 3
algorithms. The sample complexity of the AW algorithm is
considerably higher than the two others, which is understand-
able since in the instance with arithmetic progression means,
we have A%] >, 1/A[2i] -loglog(1/Af;). comparing

to the JHTX algorithm, our algorithm achieves lower mean
sample complexity, and it is more stable. Finally, as we can
see from Figure 1b, our algorithm uses a much smaller passes
than JHTX.

6 Conclusion and Open Problems

In this paper, we established the nearly optimal bounds for
multi-pass streaming MABs algorithms with a given quantity
of the sub-optimality gap A[y). We proved that to achieve the
1
e 5)
with o(n)-arm memory, ©(log n) passes are necessary and
sufficient. Our results complete a major missing piece in
the pure exploration of streaming MABs, and our algorithm

demonstrates strong empirical performance.

nearly instance-optimal sample complexity of O(Z

As a final remark, we note that although we worked with
arms of Bernoulli distribution for both our upper and lower
bounds for the convenience of presentation, our results apply
to MABs with general (discrete) sub-Gaussian distributions.
We can assume w.log. that the supports are on [0, 1] by rescal-
ing. For our upper bound result, we only need the Chernoff-
Hoeffding inequality, which holds for all sub-Gaussian distri-
butions. For the lower bound, since the Bernoulli distribution
belongs to the sub-Gaussian family, proving lower bounds
on Bernoulli arms automatically implies lower bounds for
sub-Gaussian arms.

A natural open problem that follows is whether we can
shave off the loglog (n) term on the number of passes on
the lower bound or design an algorithm. Another interesting
open problem is whether we can get a sample lower bound
as a function of P in the same manner as our upper bound.
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