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Abstract

Fractional-order differential equations (FDEs) enhance tradi-
tional differential equations by extending the order of differen-
tial operators from integers to real numbers, offering greater
flexibility in modeling complex dynamic systems with non-
local characteristics. Recent progress at the intersection of
FDEs and deep learning has catalyzed a new wave of innova-
tive models, demonstrating the potential to address challenges
such as graph representation learning. However, training neu-
ral FDESs has primarily relied on direct differentiation through
forward-pass operations in FDE numerical solvers, leading
to increased memory usage and computational complexity,
particularly in large-scale applications. To address these chal-
lenges, we propose a scalable adjoint backpropagation method
for training neural FDEs by solving an augmented FDE back-
ward in time, which substantially reduces memory require-
ments. This approach provides a practical neural FDE toolbox
and holds considerable promise for diverse applications. We
demonstrate the effectiveness of our method in several tasks,
achieving performance comparable to baseline models while
significantly reducing computational overhead.

Code — https://github.com/kangqiyu/torchfde

1 Introduction

Fractional calculus is a mathematical generalization of
integer-order integration and differentiation, enabling the
modeling of complex processes in physical systems beyond
what traditional calculus can achieve. It finds applications
across multiple disciplines, illustrating its versatility. For ex-
ample, it characterizes viscoelastic materials (Coleman and
Noll 1961), models population dynamics (Almeida, Bastos,
and Monteiro 2016), enhances control systems (Podlubny
1994), improves signal processing (Machado, Kiryakova, and
Mainardi 2011), supports financial modeling (Scalas, Goren-
flo, and Mainardi 2000), and describes porous and fractal
structures (Nigmatullin 1986; Mandelbrot and Mandelbrot
1982; Ionescu et al. 2017). Within these varied contexts,
fractional-order differential equations (FDEs) serve as an
enriched extension of traditional integer-order differential
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equations, providing a way to incorporate a continuum of
past states into the present state. This generalization enables
the capture of memory and non-locality effects inherent in
various physical and engineering processes.

In the realm of deep learning, traditional neural Ordinary
Differential Equations (ODEs) predominantly rely on integer-
order differential equations, which can be conceptualized as
continuous residual layers. (Weinan 2017; Chen et al. 2018;
Kidger, Chen, and Lyons 2021). These models have been
widely applied in areas such as content generation (Yang et al.
2023; Song et al. 2020), adversarial robustness (Kang et al.
2021; Yan et al. 2018), and physics modeling (Ji et al. 2021;
Raissi, Perdikaris, and Karniadakis 2019; Lai et al. 2021).
Despite their widespread success, integer-order ODEs strug-
gle to effectively capture the complex memory-dependent
characteristics of systems due to the inherent limitations of
integer-order operators (Podlubny 1994). The integration of
fractional calculus with deep learning has recently garnered
interest from researchers in addressing the shortcomings of
integer-order models. Innovations in this area include the
application of fractional derivatives for optimizing parame-
ters in neural networks (Liu et al. 2022), moving away from
traditional gradient optimization methods like SGD or Adam
(Kingma and Ba 2014). Furthermore, (Antil et al. 2020) has
demonstrated that incorporating fractional calculus with its
L1 approximation can enable networks to handle non-smooth
data while addressing the vanishing gradient problem. No-
tably, in the field of physics-informed machine learning, the
development of fractional physics-informed neural networks
(fPINNs) (Pang, Lu, and Karniadakis 2019) highlights how
these networks incorporate FDEs to embed physics princi-
ples, setting a new direction in the literature (Guo et al. 2022;
Javadi et al. 2023; Wang, Zhang, and Jiang 2022). Addition-
ally, the application of neural FDEs for updating graph hidden
features has been shown to improve model performance, al-
leviate oversmoothing, and strengthen adversarial defense
(Kang et al. 2024a,b; Zhao et al. 2024; Cui et al. 2025).

In contemporary research, training integer-order neural
ODE:s leverages reverse-mode differentiation by solving an
augmented ODE backward in time, which is memory effi-
cient (Chen et al. 2018). In contrast, training neural FDEs still
relies on the basic automatic differentiation technique from
leading platforms such as TensorFlow (Abadi et al. 2016)



and PyTorch (Paszke et al. 2019). This approach involves
backpropagation through forward-pass operations in FDE
numerical solvers, requiring multiple iterations and are com-
putationally intensive, which poses significant challenges
for efficient training. To address this challenge, we intro-
duce a scalable method that facilitates backpropagation by
solving an augmented FDE backward in time. This method
enables seamless end-to-end training of FDE-based modules
within larger models and uses less memory. We validate our
approach in practical tasks, demonstrating that it achieves
performance on par with baseline models while significantly
reducing computational memory demands during training.

Main contributions. Our key contributions are summa-
rized as follows:

* We propose a novel and efficient method for training
neural FDEs by solving an augmented FDE backward
in time. This approach not only reduces computational
training memory usage but also facilitates the efficient
training of FDE components within larger models.

* We develop a practical neural FDE toolbox that has the po-
tential for diverse applications. Our method has been suc-
cessfully applied to practical graph representation learn-
ing tasks, achieving performance comparable to estab-
lished baseline models while requiring less computational
memory for training.

The rest of the paper is organized as follows: Section 2
offers a review of the literature related to the use of differen-
tial equations in machine learning. Section 3 briefly covers
the mathematical foundations of fractional calculus to assist
readers who are unfamiliar with it. Section 4 outlines our
proposed neural FDE parameter backpropagation, detailing
the rationale behind its design. Section 5 describes the exper-
imental procedures and presents the results. We summarize
and conclude the paper in Section 6.

2 Related Work

In this section, we provide a literature review of neural differ-
ential equations, fractional calculus, and their applications in
machine learning.

2.1 Differential Equations and Machine Learning

The combination of differential equations with machine learn-
ing represents a significant leap forward in tackling complex
problems across various domains (Raissi, Perdikaris, and
Karniadakis 2019; Weinan 2017; Chen et al. 2018). This
innovative approach fuses the accurate dynamic system mod-
eling via differential equations with the high expressivity of
neural networks. Among its many applications, particularly
notable is its use in predictive modeling and simulation of
physical systems. For instance, neural ODE (Chen et al. 2018)
represents a significant advancement where the traditional
layers of a neural network are replaced with continuous-depth
models, enabling the network to learn complex dynamics
with potentially fewer parameters and enhanced interpretabil-
ity compared to standard deep learning models. Addition-
ally, this integration may enhance neural network perfor-
mance (Dupont, Doucet, and Teh 2019), stabilize gradients
(Haber and Ruthotto 2017; Gravina, Bacciu, and Gallicchio
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2022), and increase neural network robustness (Yan et al.
2018; Kang et al. 2021; Wang et al. 2023b). In computa-
tional fluid dynamics, machine learning models integrated
with differential equations help in accelerating simulations
without compromising on accuracy (Miyanawala and Jaiman
2017). Moreover, the integration of these disciplines also
facilitates the development of data-driven discovery of dif-
ferential equations. Techniques such as sparse identification
of nonlinear dynamical systems (Brunton, Proctor, and Kutz
2016; Wang et al. 2023a) allow scientists to discover the
underlying differential equations from experimental data, es-
sentially learning the laws of physics governing a particular
system. Overall, the synergy between differential equations
and machine learning not only enhances computational effi-
ciency and model accuracy but also opens up new research
questions and methodologies. It promotes an active exchange
of ideas and leads to innovations that could be beneficial
across various domains.

2.2 Fractional Calculus and Its Applications

The field of fractional calculus, extending the traditional
definitions of calculus to non-integer orders, has evolved sig-
nificantly, offering new perspectives and tools for solving
various scientific and engineering problems. This approach
is pivotal for processes exhibiting anomalous or non-local
properties that classical integer-order methods fail to capture.
In engineering, fractional calculus enhances system control,
achieving greater stability and performance with fractional-
order controllers (Podlubny 1994). It also aids in modeling
electrical circuits and materials more accurately (Kaczorek
and Rogowski 2015). In physics, it provides a framework
for describing anomalous diffusion in media like geologi-
cal formations, capturing dynamics unexplained by classical
theories (Diaz-Diaz and Estrada 2022; Sornette 2006). In
finance, fractional derivatives model the heavy tails and mem-
ory effects of financial time series, leading to more precise
risk management tools (Scalas, Gorenflo, and Mainardi 2000).
Meanwhile, in medicine and biology, it models phenomena
such as blood flow in aneurysms and epidemic dynamics,
offering more accurate descriptions than traditional models
(Krapf 2015; Chen et al. 2021; Yu, Perdikaris, and Karni-
adakis 2016). Recent studies combine FDEs with shadow
neural networks, primarily applied in computational neuro-
science (Anastasio 1994) and models like Hopfield networks
(Kaslik and Sivasundaram 2012). These studies primarily
engage with numerical simulations and delve into the bifur-
cation and stability dynamics within such networks. In recent
advancements within deep learning research, (Liu et al. 2022)
have pioneered the application of fractional derivatives for
optimizing neural network parameters, offering an alternative
to conventional methods such as SGD and Adam (Kingma
and Ba 2014). Building on the theoretical underpinnings of
fractional calculus, (Antil et al. 2020) utilize an L1 approxi-
mation of fractional derivatives to enhance the architecture
of densely connected neural networks, addressing challenges
associated with the vanishing gradient problem. Addition-
ally, studies on FDE-based Graph Neural Networks (GNNs)
(Kang et al. 2024a) have employed fractional diffusion and os-
cillator mechanisms to enhance graph representation learning,



achieving superior performance over traditional integer-order
models. This approach demonstrates that neural FDEs with
fractional derivatives can effectively model the updating and
propagation of hidden features over a graph, offering both
theoretical and practical advantages.

3 Preliminaries

Fractional calculus excels in modeling systems characterized
by non-local interactions, where the system’s future state
is determined by its extensive historical context. Here, we
provide a succinct introduction to the fundamental concepts
of fractional calculus. Throughout this paper, we adhere to
standard assumptions that ensure the well-posedness of our
formulations, e.g., the validity of integrals and the existence
and uniqueness of solutions to differential equations, as de-
tailed in foundational texts (Diethelm and Ford 2009, 2002).

3.1 Fractional Calculus

Traditional Calculus: In traditional calculus, the first-order
derivative of a scalar function f(¢) quantifies the local rate
of change, defined as:

df(t) _ ;.. ft+ At) = f(t)
B TEAC AR e

We denote by J the operator that maps a function f, assumed
to be (Riemann) integrable over the compact interval [0, T,
to its primitive centered at 0, i.e.,

lim
At—0

ey

:/ f@)dt for0<az<T. (2)
0

For any integer n € N, the notation J™ represents the n-fold
iteration of J, defined such that J! := J and J" := JJ" !
for n > 2. Equivalently, by using integration by parts, we
have (Diethelm 2010)[Lemma 1.1.]:

ﬁ /l(x t)’ﬂ—lf( ) . n .

Fractional Integrals: The concept of a fractional inte-
gral generalizes the classical integral operator. Two com-
monly used definitions are the left- and right-sided Riemann-
Liouville fractional integrals (Tarasov 2011)[page 4], denoted
by szft and nght respectively, with 5 € R*. These opera-
tors are defined as:

J"f(x) =

B — 1 ' — P20 du
Jleft ( ) '* F(ﬁ) /0 (t ) ( )d s (4)
Jﬁght (t) = ﬁ/t (u— t)ﬁ_lz(u) du,

where I'(§) is the gamma function, which extends the facto-
rial function to complex and real number arguments. Unlike
the integer-order n in traditional integrals (3), the order 3 in
(4) can take any positive real value.

Fractional Derivatives: The fractional derivative extends
the concept of differentiation to non-integer orders. The
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left- and right-sided Riemann-Liouville fractional deriva-

tives jeft DgL and right DgL are formally defined as (Tarasov
2011)[page 385]:

m—_3
Jleft

z(t)
d'ln

a1

d Bt

dgm Uright
()™ dm /T z(7)dr
T(m—B) dim J; (7 —)F—mi1”

where m is an integer such that m — 1 < 8 < m. Simi-

larly, the expressions jeft Dg and right Dg represent the left-
and right-sided Caputo fractional derivatives, respectively, as
detailed in (Tarasov 2011)[page 386]. They are defined as
follows:

leftDlgLZ(t) = g

_ 1
- T(m—

(=™

z(T)dT
t —7)f-mtl

®)

vight Doy 2 (t) =

m

lefthZ() lelftﬁdtm 2(t),
_ 1 /t ddT”' ( )dT
_ _ A\B8—m+1’
M= o 0=
righth’Z(t): (— )erTghtB dtmz(t)
_ (=ym /T dpwz(r) dr
L(m—B) J, (r—t)f—m+L

From the definitions, it becomes clear that fractional deriva-
tives integrate the historical states of the function through
the integral term, emphasizing their non-local, memory-
dependent characteristics. Unlike integer-order derivatives
that solely represent the local rate of change of the func-
tion at a specific point, fractional derivatives encapsulate a
broader spectrum of the function’s past behavior, providing a
richer analysis tool in dynamic systems where history plays
a crucial role. As the fractional order 3 approaches an in-
teger, these fractional operators naturally converge to their
classical counterparts (Diethelm 2010), ensuring a smooth
transition from fractional to traditional calculus. For vector-
valued functions, fractional derivatives and integrals are de-
fined component-wise across each dimension, similar to the
treatment in integer-order calculus.

3.2 First-Order Neural ODEs

In a neural ODE layer, the transformation from the initial
feature z(0) = zy € R* to the output z(T') € R is governed
by the differential equation:

dz(t) _

“ [t 2(0):0)
where the function f, mapping from [0, 00) x R¥ to R¥, en-
capsulates the layer’s trainable dynamics for updating hidden
features, parameterized by 6. The trajectory z(t) represents
the continuous evolution of the system’s hidden state. A no-
table technical challenge in training neural ODEs involves
performing backpropagation. Direct differentiation using au-
tomatic differentiation techniques (Paszke et al. 2017) is

)



feasible but can incur significant memory costs and intro-
duce numerical inaccuracies. To address this issue, (Chen
et al. 2018) introduced the adjoint sensitivity method, origi-
nally proposed by Pontryagin (Pontryagin et al. 1962). This
method efficiently computes the gradients of parameters 0
by constructing an augmented ODE that operates backward
in time.

4 Neural FDE and Adjoint Backpropagation

In this section, we introduce the neural FDE framework,
which utilizes a neural network to parameterize the frac-
tional derivative of the hidden feature state. This approach
integrates a continuum of past states into the current state,
allowing for rich and flexible modeling of hidden features.
We then propose an effective strategy for training the neural
FDE by utilizing an augmented FDE in the reverse direction.
Additionally, we describe the method for efficiently solving
this augmented FDE.

4.1 Neural FDE

In our study, we adopt the Caputo fractional derivative in
a manner akin to the approach described by (Kang et al.
2024a). The dynamics of the hidden units are modeled by the
following neural FDE:

et D2z(t) = f(t,2(t);0), 0<B<L (8

In this formulation, f, parameterized by 0, is a function
that maps [0, 00) x R¥ to R¥ and represents the trainable
fractional derivatives of the hidden state. The system state
z(t), starting from the initial condition z(0) = z, evolves
up to a predetermined terminal time 7'. This terminal state
z(T') is then used for downstream tasks such as classification
or regression. For simplicity, we consider only 0 < 5 <1
without loss of generality, as higher orders can be converted
to this range (Diethelm 2010), akin to how higher integer-
order ODEs can be transformed into first-order systems with
augmented states.

The computation of z(7T') is achieved using a forward

FDE solver. Classic solvers such as the fractional explicit
Adams—Bashforth—-Moulton (Diethelm, Ford, and Freed
2004) and the implicit L1 solver (Gao and Sun 2011; Sun and
Wu 2006) can be employed. These methods demonstrate how
time can serve as a continuous analog to discrete layer indices
in traditional neural networks, similar to integer-order ODEs
(Chen et al. 2018). To illustrate, we introduce the following
iterative method from (Diethelm, Ford, and Freed 2004) to
solve (8).
Predictor: Let h be a small positive discretization param-
eter. Consider a uniform grid spanning [0, 7] defined by
{te = kh : k =0,1,...,N}, where h = %. Let z;, be
the numerical approximation of z(¢;). The basic predictor
approximation is given by:

1 k—1
7y =2+ m;uj,kf(tj,zj;e), )

where (15 = % ((k—j)? = (k—1—4)"), and k denotes
the discrete time index (iteration).

Corrector: The Predictor only provides a rough approxima-
tion of the true solution. To refine this approximation, the
corrector formula from (Diethelm, Ford, and Freed 2004), a
fractional variant of the one-step Adams-Moulton method,
can be implemented using z} as follows:

k—1
1
Zi = Zo + —— § nj,kf(tjazﬁe)
I'(B) = (10)

1
+ mnk,kf(tka Zl;z; 9)~

The coefficients 7); ;, (Diethelm, Ford, and Freed 2004) are

defined as follows: 70 1 (3) = B(Ziil) (k—1)P—(k—1-

B)kP):forl < j < k—1,n;1(B) = @(Ziil)((k—frl)ﬁ*%

. . B
(k—1— j)FH —2(k — 5)5+1); and my 4 (8) = %,

4.2 Adjoint Parameter Backpropagation

From the fractional explicit Adams—Bashforth—Moulton for-
mulations (9) and (10), it is evident that solving the neural
FDE during the forward pass involves numerous iterations.
The works (Kang et al. 2024a,b) train neural FDEs using
the basic automatic differentiation techniques from PyTorch
(Paszke et al. 2019). This method is computationally de-
manding, involving backpropagation through the numerous
forward-pass iterations in FDE solvers. To address this chal-
lenge, we derive an adjoint method to compute gradients of
the parameters 6. Echoing the methodology used in integer-
order neural ODEs (Chen et al. 2018), this technique entails
solving a secondary, augmented FDE in reverse time. While
the complete derivation is detailed in the Appendix due to
space constraints, we outline the critical steps here.

Consider a scalar-valued loss function L(-) that depends
on the terminal state z(7"). Our primary goal is to minimize
L(z(T)) with respect to 6. We aim to compute the gradient
% for gradient descent. The strategy is to find a La-
grangian function \(¢) to circumvent the direct computation
of challenging derivatives such as dzd(g ) or dzg) . To this end,
we consider the following optimization problem:

mein L(z(T))

subjectto  F <1Cfthz(t), z(t), G,t)

=1 D0a(t) — f(t,2(t);0) =0
forall ¢ € [0, 7],
z (0) = zo.

(1)

We define the augmented objective function 1) as

T
0= L)~ [ MOF (unDealt).ale).0.1) at.
(12)

Since F (lefthZ(t)7Z(t)7 O,t) = Oforall t € [0,T], the

derivative % is the same as %. For the second term



on the right-hand side of (12), we can get that

/T A F dt = N(T) 5 2(T) — 2(0)J. 20
0

right

0)
T T
+ [ anDiAOa) i~ [ A6 .

The detailed intermediate steps to achieve this are provided
in the Appendix due to space constraints. Take the derivative
with respect to 8, we have

T
d / AFdt
0

1
T
+ [ (ringéAu) A >> Sa- [
0 0
(13)
dz(0)

where we have used =35~ = 0 since 2z is the initial input
hidden feature and it is not dependent on 8. It follows that

1-8 T
dL dﬂ dL dJ) g z(T) _ d / \F dt
0
00

a0~ a0 dJlle;tBZ(T) de 46
dJ P a(T
) 6+
0
(14)

dL
left ( )
’ B
— right D A () — A(t
/0 (e DEAD - A0) 2L
To avoid the direct computation of challenging derivatives
dz(T) dz(t)

dJiy2(T)

=MD

T
/\g dt

T
)\af

such as =55~ or ==, we let A(t) satisfy the following FDE:
of
rigne DEA(D) = A(H) 5

dr (15)

dJjer 2(T)

Consequently, as the first two terms in (14) vanish, we obtain
dL 0 f

— == A(t 16

= / (ol d (16)

To facilitate computation, we approximate the constraint on

the last time point as S df(LT) in (15). This ap-

proximation represents the gradient of the loss with respect
to the final state of the system. Efficient evaluation of the
vector-Jacobian products, A(t )af and A(t) 2L 59 specified in
(15) and (16), is achieved using automatic differentiation,
offering a computational cost on par with that of evaluating
f directly.

In the reverse model, the systems described in (15) and (16)
are computed simultaneously. Echoing the methodologies
employed in (9) and (10), we utilize standard quadrature
techniques to solve these equations. Our numerical iterations
confirm that the coefficients are consistent with those reported
in (9). Additionally, the trajectory z(t) generated during the
forward pass can be efficiently reused. The complete numeri-
cal scheme is detailed in Section 4.3. Algorithm 1 outlines
the procedure for constructing the required dynamics and ap-
plying the solver described in Section 4.3 to simultaneously
compute all gradients.
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Algorithm 1: Reverse-mode Differentiation for a Neural FDE
I:

Input: Dynamics parameters 6, initial time 0, final time
T, trajectory z(t), loss gradient dL/dz(T)

Objective: Compute the gradients % using reverse-time
integration.

Initialize: Set \(T') = 57 and 45 (1) = Ojg).
Solve the reverse-time FDE for A(¢ )

of
right DEA(E) = /\(t)£7

Simultaneously compute the gradient with respect to

parameters 0:

dL/ dé
dt

w

(Adjoint equation)

=09,

Output: Return the computed gradient g3 4L ypon comple-
tion of the integration from 7" to 0.

(Parameter sensitivity)

4.3 Solving the Reverse-Mode FDE

To solve the equations described in (15) and (16), we first
convert (15) into the corresponding Volterra integral equa-
tion:

T
A1) = \(T) + %B)/t (s —t)[”l)\(s)%

Consider a small positive discretization parameter h, and a
uniform grid over the interval [0, T, defined by {t;, = kh |
k=0,1,...,N}, where h = L Let A denote the numeri-
cal approximation of A(t;). Using the product rectangle rule
and initializing with Ay = A(T), we derive the following
basic predictor to iteratively compute \j:

ds. (17)

1 6f
AN—i—1=NT) + == Z bk Njz—r  (18)
@), 4=, 92,
where the coefficients b; ;41 are given by:
b.j,k+1=g((3—(N—k—1)) — (i = (N=k)").

Note that the full discretized trajectory {z; }, obtained from
the forward pass in (9) and (10), can be reused during the
backward computation.

For the integration in (16), we employ a basic Euler scheme
using the same umform time grld Let us denote the numeri-
cal approximation of 4L (tk) as gk, initialized as g% ~ = Ojgs
where 09| denotes a Vector of zeros with the same dimen-
sionality as 8. We then compute:

af
0 0

— v~
IN—k—1 = 9IN—k N k80’

(19)
Finally, we obtain 4 d0 ~ g8 and will be used as the gradi-
ent for backpropagation. While advanced corrector formulas
could potentially offer more accurate integration to compute
the gradient, this work only considers the basic predictor
to solve the reverse-mode FDE (15) and (16). The adjoint
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Table 1: Node classification results(%) for random train-val-test splits. The best and the second-best results for each criterion are

highlighted in bold and underlined, respectively.

backpropagation method is illustrated in Fig. 1, offering a
visual depiction of the gradient computation process within
the reverse-mode framework.

feature trajectory

0 f] tz T
At N
¢t adjoint trajectory
0 tl tz T
< ’
iy . . parameter gradient
Nd/-\trajectory
0 tl tz T

Figure 1: The visualization of the adjoint backpropagation
method for training neural FDEs by solving an augmented
FDE backward in time.

4.4 Model Complexity

During the forward pass, as described in (9), the process
necessitates repeated computation of f (¢, zj; ) at each it-
eration. The total computational time complexity over the
entire process can be expressed as ZQLO (C 4+ O(k)), where
O(k) represents the computational overhead of summing and
weighting the k terms at each step. Here, N = % denotes
the number of discretization (iteration) steps necessary for
the integration process, and C indicates the computational
complexity of the function f. This leads to a total cost of
O(NC + N?). If there is a fast algorithm for the convolu-
tion computations, we typically require O (N log(NN)) for the
convolution (Mathieu, Henaff, and LeCun 2013), resulting in

O(NC + Nlog(N)). The computational memory complex-
ity is represented by O(N M), with M denoting the memory
requirement for the hidden state zy. During the backward
phase, as indicated by computations in (18) and (19), a se-
quence of vector-Jacobian products is required. According to
(Griewank 2003), computing these products demands approx-
imately at most 2 to 3 times the computational time complex-
ity compared to evaluating the original function f. The time
complexity is again O(NC + N?). And the computational
memory complexity remains at O(N M). Overall, solving
the reverse-mode FDE is nearly equivalent in complexity to
the forward pass.

Direct differentiation through the forward pass (9) requires
storing both intermediate states and their gradients with re-
spect to all model parameters. This is crucial for calculating
gradients of the loss function using backpropagation from the
output back to the inputs, by applying the chain rule through-
out the intermediate computations. The memory requirement
increases to O(N (M + P)), where P is the parameter dimen-
sionality necessary at each step, thereby exceeding O(N M),
particularly for large-dimensional . In contrast, the adjoint
method is more memory-efficient.

5 Experiments

To evaluate the efficiency of our neural FDE solvers, ex-
periments were conducted on three tasks: biological system
FDE discovery, image classification, and graph node clas-
sification. The experiments in this section are designed to
achieve two main objectives: 1) To verify that our adjoint
FDE training accurately computes gradients and supports
backpropagation. This is demonstrated in the small-scale
problem described in Section 5.1, where the estimated pa-
rameters are shown to converge to the ground-truth values
following the adjoint gradients. 2) To show that our adjoint
FDE training is memory-efficient for large-scale problems.
Experiments in Sections 5.2 and 5.3, particularly with the
large-scale Ogbn-Products dataset, support this claim. It is
important to note that our primary goal is to showcase the ef-
ficiency of the proposed adjoint backpropagation method for
training neural FDEs by solving the augmented FDE back-
ward in time, rather than achieving state-of-the-art results.
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Model | MLP Node2vec

GCN  GraphSAGE GRAND-1 F-GRAND-1 F-GRAND-nl Adj-F-GRAND-I Adj-F-GRAND-nl

Accuracy|61.0610.08 72.49+0.10 75.64+0.21 78.2940.16 75.56+0.67 77.25+0.62 77.0140.22

78.36+0.32 78.33£0.20

Table 2: Node classification accuracy(%) on Ogbn-products dataset. The best and the second-best results for each criterion are

highlighted in bold and underlined, respectively.

Train. GPU | Training| Inf. GPU |Inference
Model | Test Error | \yo ' (MB) | Time (s)| Mem (MB)| Time (s)
Direct | 0.39% 3612 1.46 1628 0.54
Adjoint| 0.36% 2432 1.41 1628 0.54

Table 3: Comparative performance of direct differentiation vs.
adjoint backpropagation on the MNIST dataset with T" = 20.

Our empirical tests demonstrate that this approximation not
only reduces the computational memory required for training
but also maintains reasonable performance across various
experimental setups. The experiments were conducted on a
workstation running Ubuntu 20.04.1, equipped with an AMD
Ryzen Threadripper PRO 3975WX with 32 cores and an
NVIDIA RTX A5000 GPU with 24GB of memory.

5.1 Fractional Lotka-Volterra Model

We consider a nonlinear fractional Lotka-Volterra system,
comprising two differential equations that describe the dy-
namics of biological systems where two species interact, one
as a predator and the other as a prey:

et D2 = x(a — cy)
lefthy = —y(b—dx)

where x and y represent prey and predator populations, re-
spectively, and a, b, ¢, d are constants indicating interaction
dynamics. We set the ground truth parameters as [a, b, ¢, d] =
[1.0,0.5,1.0,0.3]. Using synthetic data generated with these
parameters and initial conditions randomly selected from
[0.5,5], we train a model to estimate the parameters. The
model uses the Adam optimizer (Kingma and Ba 2014) with
a learning rate of 0.01. After 30 epochs, the estimated param-
eters, [0.99,0.48, 1.05, 0.33], closely match the true values,
demonstrating the efficiency of our adjoint backpropagation.
We do not validate the gradient in high-dimensional cases
because these scenarios have many local minima, and there
is no guarantee of achieving the global minimum.

5.2 Image Classification

This experiment evaluates the performance of neural FDEs
on the MNIST dataset (LeCun et al. 1998), with a focus on
comparing adjoint backpropagation to direct differentiation
through forward-pass operations. The aim is to assess these
models in terms of both accuracy and computational cost.
Following the model architecture from (Chen et al. 2018),
the input is downsampled twice. The model’s hidden features
are then updated following a neural FDE. Here, f(t,z(t); 0)
is configured as a convolution module. The step size h is set
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T | 1] 5[10]20]30]40]50]60]|70|100]200
Mai | 1.8 [ 2.2 27 [36 | 46 |55 | 65| 7.4 [ 84 [11.2(20.7
M| 1.8 | 1.9 [ 2.1 24 [25(29|32(3.5/39(50]|84

Nadi 11.00/0.88]0.79/0.67|0.55[0.51|0.49(0.48|0.46|0.44|0.40

Mgir

Table 4: GPU memory usage (GB) during training on the
MNIST dataset across different integral times 7". Notations
Mag;, and M,q; represent the memory usage using direct dif-

ferentiation and adjoint backpropagation. The ration %

quantifies the relative memory consumption between the two
methods.

to 0.1, and the fractional order S is set to 0.5. This configura-
tion implies a continuous analog to discrete layer indices in
traditional neural networks, corresponding to approximately
N = T/h layers. Subsequently, a fully connected layer is
applied to the extracted features for classification. In both the
training and testing phases, the batch size is set to 128. In the
first setting, gradients are backpropagated directly through
forward-pass operations (9), while in the second setting, we
solve the proposed reverse-mode FDE in Section 4.3 to obtain
the gradients.

The model’s test accuracy, along with training and testing
memory and time, are presented in Table 3 when T = 20.
Both training methods achieve an accuracy of over 99.5%.
Comparing the training memory, we find that training neu-
ral FDEs by solving the augmented FDE backward reduces
memory usage by nearly 33% in this setting. Furthermore,
we set integral times 7" ranging from 1 to 200 and record the
GPU memory usage in Table 4. We observe that with suffi-
ciently large T', adjoint backpropagation consumes only 40%
of the training memory compared to direct differentiation.

Adj-F- Adj-F-

Model GRAND-1 F-GRAND-I GRAND-nl F-GRAND-nl
Inference 0.102 0.102 0.185 0.185
Time (s)

Inf. GPU

Mem. (MB) 3982 3982 14 B
Tyalmng 0.319 0.352 0.785 0.806
Time (s)

Train. GPU

Mem. (MB) 3370 8527 9086 18180

Table 5: Computation cost of models on the Ogbn-arxiv
dataset: integral time 7" = 10 and step size of 1.



5.3 Node Classification on Graph Dataset

In this section, we validate the efficiency of our neural FDE
solvers through experiments conducted across a range of
graph node classification tasks, as outlined in (Kang et al.
2024a). These experiments utilize the neural FDE model
F-GRAND, detailed in (Kang et al. 2024a)[Sec. 3.1.1]. It in-
cludes two variants, F-GRAND-nl and F-GRAND-1, denoting
nonlinear and linear graph feature dynamics f, respectively.
Utilizing our neural FDE toolbox, we aim to demonstrate that
our solver can match the performance of traditional solvers
(Kang et al. 2024a) that rely on standard automatic differenti-
ation techniques from PyTorch without using adjoint back-
propagation techniques. Models trained using our adjoint
backpropagation techniques are prefixed with Adjoint- or
Adj-. Moreover, we show that our neural FDE toolbox sig-
nificantly reduces computational memory demand during
training.

We follow the experimental setup from GRAND (Cham-
berlain et al. 2021), conducting experiments on homophilic
datasets. We adopt the same dataset splitting method as in
(Chamberlain et al. 2021), using the Largest Connected Com-
ponent (LCC) and performing random splits. For the Ogbn-
products dataset, we employ a mini-batch training approach
as outlined in the paper (Zeng et al. 2020). For detailed infor-
mation on the dataset and implementation specifics, please
refer to the Appendix.

From Table 1, we observe that our adjoint backpropagation
delivers comparable performance across all datasets on node
classification tasks. This demonstrates the effectiveness of our
proposed gradient computation using the proposed reverse-
mode FDE. Furthermore, Table 2 includes the large-scale
Ogbn-Products dataset, with 2449029 nodes and 61859140
edges. The memory efficiency of adj-F-GRAND enables
the use of larger batch sizes, which contributes to improved
classification outcomes. In our experiments, the batch size
for adj-F-GRAND is set to 20,000 compared to 10,000 for
F-GRAND when executed on the same GPU. Setting the
F-GRAND batch size to 20000, however, leads to Out-Of-
Memory (OOM) errors.

We also investigate the computational memory costs as-
sociated with these training methods with the other settings
all the same. From Table 5 and Table 6, it is evident that our

Adj-F- Adj-F-
Model | p W | [F-GRAND-| (o b 0 [F-GRAND-nl
Inference |, 49 34.39 36.11 36.11
Time (s)

Inf. GPU

Mem. (MB)| 2678 2678 4468 4468
Training 34 4 35.15 43.24 44.41
Time (s)

Train. GPU

Mem, (MB)| 6602 7950 11238 17210

Table 6: Computation cost of models on the Ogbn-products
dataset: integral time 7" = 10 and step size of 1.
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adjoint solvers significantly reduce computational memory
costs during the training phase for the same model. Especially
for the GRAND-nl model, which recomputes the attention
score at each integration step, our adjoint solvers require
only half the memory compared to traditional solvers. This
highlights the remarkable efficiency of our adjoint method.

6 Conclusion

In this paper, we propose an efficient neural FDE training
strategy by solving an augmented FDE backward in time,
which substantially reduces memory requirements. Our ap-
proach provides a practical neural FDE toolbox and holds
considerable promise for diverse applications. We demon-
strate the effectiveness of our solver in image classification,
biological system FDE discovery, and graph node classifica-
tion. Our training using adjoint backpropagation can perform
comparably to baseline models while significantly reducing
computational overhead. The new neural FDE training tech-
nique will benefit the community by enabling more efficient
use of computational resources and has the potential to scale
to large FDE systems.
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