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Abstract

Influence maximization is a key topic in data mining, with
broad applications in social network analysis and viral mar-
keting. In recent years, researchers have increasingly turned
to machine learning techniques to address this problem.
By learning the underlying diffusion processes from data,
these methods improve the generalizability of solutions while
optimizing objectives to identify the optimal seed set for
maximizing influence. Nonetheless, two fundamental chal-
lenges remain unresolved: (1) While Graph Neural Networks
(GNN:s) are increasingly employed to learn diffusion models,
their traditional architectures often fail to capture the com-
plex dynamics of influence diffusion, (2) Designing optimiza-
tion objectives is inherently difficult due to the combinatorial
explosion associated with solving this problem. To address
these challenges, we propose a novel framework, DeepSN.
Our framework employs sheaf neural diffusion to learn di-
verse influence patterns in a data-driven, end-to-end manner,
providing enhanced separability in capturing diffusion char-
acteristics. We also propose an optimization technique that
accounts for overlapping influence between vertices, signif-
icantly reducing the search space and facilitating the identi-
fication of the optimal seed set efficiently. Finally, we con-
duct extensive experiments on both synthetic and real-world
datasets to demonstrate the effectiveness of our framework.

Code — https://github.com/Aselahp/DeepSN
Extended version — https://arxiv.org/abs/2412.12416

Introduction

Influence maximization (IM) is a challenging network sci-
ence problem that involves identifying a set of vertices
which, when activated, maximize the spread of influence
across the network. IM has significant real-world appli-
cations including viral marketing (Li, Lai, and Lin 2009;
Kempe, Kleinberg, and Tardos 2003), disease control (Mar-
quetoux et al. 2016), social media content management
(Hosseini-Pozveh, Zamanifar, and Naghsh-Nilchi 2017),
and crisis communication (Fan, Jiang, and Mostafavi 2021).
Despite decades of research, IM still remains challenging
primarily due its exponentially large search space and the
complex nature of the influence diffusion processes.
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A plethora of traditional methods have been proposed to
obtain optimal or near-optimal solutions for IM (Kempe,
Kleinberg, and Tardos 2003; Leskovec et al. 2007; Wang
et al. 2010; Tang, Shi, and Xiao 2015; Li et al. 2019). These
methods vary in strategy and effectiveness: some offer the-
oretical performance guarantees, while others use heuristics
to enhance scalability. A common trait among these tradi-
tional approaches is their reliance on the explicit specifi-
cation of the influence diffusion model as input. Recently,
researchers have turned to learning-based methods focus-
ing on their ability to automatically identify the diffusion
model from the ground truth and accommodate multiple dif-
fusion models, thereby achieving broader applicability (Li
et al. 2023).

Learning-based approaches for IM encounter two key
challenges. (1) Effectively modeling the underlying diffusion
model from ground truth: There is a growing interest in
leveraging Graph Neural Networks (GNNs) for modeling in-
fluence propagation, due to their ability to capture structural
insights in networks (Kumar et al. 2022; Ling et al. 2023;
Panagopoulos et al. 2023). However, existing work relies on
traditional GNN techniques like attention (Lee et al. 2019)
and convolution (Zhang et al. 2019). While these traditional
GNNss excel in tasks with a static nature such as vertex clas-
sification and graph regression, their inductive bias and in-
herent assumptions limit their ability to model the dynamic
behaviors of influence diffusion. They also suffer from is-
sues like over-smoothing (Chen et al. 2020) which ham-
pers their capacity to capture global information and long-
range dependencies crucial for influence diffusion (Xia et al.
2021). (2) Identifying the optimal subset of vertices with
maximal Influence: Designing an optimization objective to
select the optimal seed set is arduous due to the vast search
space, especially in large networks. Existing learning-based
approaches often use deep reinforcement learning (Li et al.
2022; Chen et al. 2023) and ranking-based methods (Ku-
mar et al. 2022; Panagopoulos, Malliaros, and Vazirgianis
2020) to approximate the optimal seed set. However, these
methods often incur significant computational costs and suf-
fer from a lack of interpretability.

Our work addresses the limitations of existing approaches
by leveraging sheaf theory (Tennison 1975; Bredon 2012),
an algebraic-topological framework that captures the topo-
logical and geometric properties of complex networks, es-



sential for understanding dynamic processes. Current sheaf
diffusion GNNs (Hansen and Gebhart 2020; Bodnar et al.
2022; Barbero et al. 2022) are limited by their homogeneous
diffusion behaviors and inability to handle the evolving dy-
namics crucial for influence propagation. To tackle this, we
propose DeepSN, a novel sheaf GNN framework designed
to address the influence maximization problem. Our archi-
tecture effectively estimates diverse influence propagation
processes by learning adaptive structural relationships be-
tween vertices, enabling effective identification of influence
patterns in the network. Building on this, we design a seed
set inference mechanism that uses subgraphs to efficiently
reduce the search space in influence maximization. Our con-
tributions are summarized as follows.

¢ Influence Diffusion: We redefine influence propagation
as a sheaf diffusion-reaction process, effectively captur-
ing the complex dynamics present in real-world informa-
tion diffusion models.

GNN Architecture: We propose a novel GNN architec-
ture rooted in sheaf theory, specifically designed to cap-
ture the unique nuances of influence propagation.

Seed Selection: We employ a subgraph-based strategy
that leverages structural insights from our sheaf GNN to
minimize overlapping influence among seed vertices, re-
ducing the search space for influence maximization.

Experiments: We conduct rigorous evaluations of our
framework on real-world and synthetic datasets, show-
casing its superior performance and generalizability
compared to state-of-the-art methods.

Related Work

Influence Maximization Methods IM methods gener-
ally fall into two main categories: traditional and learning-
based. Traditional approaches include simulation-based,
proxy-based, and sketch-based methods (Li et al. 2018).
Simulation-based methods rely on Monte Carlo simulations
for stochastic evaluation with theoretical guarantees, while
proxy-based methods use heuristics for efficient seed set ap-
proximation. Sketch-based methods combine both simula-
tion and proxy methods, balancing theoretical guarantees
and computational efficiency. For detailed discussions on
these traditional methods, see the surveys by Li et al. (2018)
and Banerjee, Jenamani, and Pratihar (2020).

Contrary to traditional methods that require a specific dif-
fusion model as input, learning-based models excel in gen-
eralizability, adapting to multiple diffusion models. Several
studies have leveraged deep reinforcement learning for this
problem (Li et al. 2022; Ma et al. 2022; Wang et al. 2021;
Chen et al. 2023), and some works explored the use of GNN's
in this context (Xia et al. 2021; Kumar et al. 2022; Ling
et al. 2023; Panagopoulos et al. 2023).However, reinforce-
ment learning methods often face scalability challenges due
to exploration complexity, limiting their application in large-
scale networks. Meanwhile, GNNs typically rely on tradi-
tional architectures that struggle to capture dynamic diffu-
sion phenomena and mainly focus on progressive models,
limiting their adaptability to non-progressive scenarios. Our
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work breaks from these limitations by incorporating an in-
ductive bias guided by diffusion-reaction processes, which is
capable of modeling both information diffusion and intrinsic
transformations that occur during the diffusion process. This
allows us to effectively model complex propagation patterns
in both progressive and non-progressive spread dynamics.

Diffusion GNNs A diffusion process typically refers to
the spread of information across a structure over time. In
graph representation learning, diffusion manifests in various
areas, including graph generation (Liu et al. 2023) and in-
formation propagation (Khoshraftar and An 2024). Genera-
tive diffusion GNNs (Niu et al. 2020; Bao et al. 2022) use
diffusion processes to learn graph distributions and gener-
ate new graphs through iterative, learned operations. On the
other hand, information propagation-based diffusion GNNs
(Gasteiger, WeiBenberger, and Giinnemann 2019; Chamber-
lain et al. 2021; Zhao et al. 2021) model the propagation
of information in graphs by discretizing an underlying par-
tial differential equation. Sheaf theory was integrated into
diffusion GNNs by Bodnar et al. (2022). Subsequently, sev-
eral studies have adopted sheaf-based GNNs for a variety
of downstream tasks (Duta et al. 2024; Caralt et al. 2024,
Nguyen et al. 2024). Reaction-diffusion models improve
diffusion by adding regularization. Several diffusion-based
GNNs (Wang et al. 2022; Choi et al. 2023; Eliasof, Haber,
and Treister 2024) incorporate reaction terms as constraints
to prevent oversmoothing and preserve the distinctiveness of
vertex features.

Our work fundamentally differs from existing diffusion
models. While generative diffusion models focus on global
graph generation, we model influence propagation as a dy-
namic process within graphs. Traditional diffusion GNNs
often treat propagation as a uniform process, focused on in-
fluence spread, overlooking individual vertex dynamics and
neighboring transitions. In contrast, we incorporate reaction
terms into sheaf structures to capture evolving dynamics and
vertex transitions, setting our method apart from models that
primarily target static tasks.

Problem Formulation

Let G = (V, E) be a graph with the vertex set 1/, the edge set
E,|V] = nand |E| = m. We denote A € {0,1}"*™ to be
the adjacency matrix of G. The set of neighboring vertices
for vertex v is denoted as N(v) = {u € V' | (u,v) € E}.

Influence Maximization Influence maximization is a
graph optimization problem that aims to identify a subset of
vertices, known as the seed set (i.e., initially activated ver-
tices), in a graph to maximize influence spread according to
a specified diffusion function. We formally define it below.
Definition 1 (Influence Maximization Problem). Given a
graph G = (V, E), the influence maximization (IM) prob-
lem is to find a subset S* C 'V of up to k vertices that max-
imizes an expected influence diffusion function . More pre-
cisely,
S* = argmaxo(S, G;0).
|S|<k

Here, S* is referred to as the optimal seed set and o (S, G; 0)
represents the expected influence diffusion of the seed set S



in the graph G (that is, the expected final number of activa-
tions) with model parameters 6.

The influence diffusion function o(+;0) can be instan-
tiated with various models to capture different dynamics
of influence spread. In the Linear Threshold (LT) model
(Granovetter 1978), 6 denotes vertex thresholds and edge
weights, with vertices becoming active when the weighted
sum of neighbors’ influences exceeds their thresholds. In
the Independent Cascade (IC) model (Goldenberg, Libai,
and Muller 2001), 6 represents edge activation probabilities,
where active vertices have a single chance to activate each
neighbor. The Susceptible-Infected-Susceptible (SIS) model
(d’Onofrio 2008) extends this by incorporating infection and
recovery rates in 6, allowing vertices to transition between
susceptible and infected states over time.

Our Work In this paper, we introduce a deep learning
framework called DeepSN to address the influence maxi-
mization problem. Our framework comprises two phases:
learning to estimate influence and optimizing seed selection.
In the influence estimation phase, our goal is to measure the
total influence exerted by a set of initially activated vertices
in a learnable way. This estimated influence is then used in
the seed selection optimization phase to identify the optimal
seed set that maximizes overall influence. Fig. 1 provides an
overview of our framework. Note that all eliminated proofs
from the main content, due to space constraints, are provided
in the appendix.

Learning to Estimate Influence

We introduce a novel sheaf GNN model based on sheaf the-
ory, specifically designed to adapt to the complex diffusion
patterns inherent in influence propagation.

Topological Sheaf Diffusion

We begin by introducing the concept of cellular sheaf, the
foundational building block of our GNN.

Definition 2 (Cellular Sheaf). A (cellular) sheaf (G, F') on
a graph G = (V, E) consists of a vector space F,, for each
vertex v € V , a vector space F, for each edge e € F, a
linear map Fy<e : Fy — Fe for each incident vertex-edge
pairv Je.

Fy and F,. are the vertex sheaf and edge sheaf, re-
spectively, while F,<. is the transformation map. Let @
denote the direct sum of vector spaces. The space of 0-
cochains is the direct sum of vector spaces over the vertices:
C°(G,F) = @,y Fo. and the space of I-cochains is the

direct sum of vector spaces over the edges: C1(G, F)
@eeE Fe'

We formulate influence propagation in a network as
an opinion propagation process, where each vertex corre-
sponds to a vertex sheaf, representing a private opinion.
Edge sheaves represent public opinions related to influence
propagation, while transformation maps translate informa-
tion from vertex sheaves to edge sheaves, extracting pub-
lic opinions from private opinions. Let z, € F, be a d-
dimensional feature vector for each v € V. The coboundary
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map § : C°(G, F) — CY(G, F) is a linear transformation,
defined for an edge (v, u) as

(5(.77)8 = ]:vge.l'y (1)

where F, <. - £, and F, <. - T, represent the public opinions
associated with e, originating from vertices v and u, respec-
tively.

The sheaf Laplacian of a vertex measures the disparity be-
tween its public opinion and that of its neighbors. To capture
the fine-grained nuances of trust, a crucial factor in modeling
influence propagation, we incorporate learnable sheaf coef-
ficients to model each vertex’s confidence in the opinions
received from its neighbors.

Definition 3 (Non-linear Sheaf Laplacian). Lef 1), € [0,1].
The sheaf Laplacian Ly : C°(G;F) — C°(G;F) on a
sheaf (G, F') is defined vertex-wise as

Z v<1€ ¢U’U«

v,ulde

- ]:ugleu'ru

L]: l‘v - ]:ugle-xu)- 2

'u<1€ Ty

Here, 1), is the sheaf coefficient which is learnable. Note
that the sheaf Laplacian employed by Bodnar et al. (2022) is
a specific instance of our Laplacian, where v, ,, = 1 for all
(u,v) € E.

To ensure that the Laplacian matrix L7 remains positive
definite, a necessary condition for the convergence of the
diffusion process, we apply the following modification:

Lr=Lr+e-I (3)
where € is a scalar, I is the identity matrix, and - denotes
element-wise multiplication. The following lemma estab-
lishes the necessary and sufficient conditions for L £.

Lemma 1. Let \,;, denote the smallest eigenvalue of L r.
I:; is positive definite if and only if € > — \pip.

The sheaf diffusion operator (i.e., normalized sheaf Lapla-
cian) models opinion diffusion by capturing discrepancies
between vertex opinions and enabling smooth information
propagation across the network, defined as

Ar =D *LzD"7,

where D is the block-diagonal of Lx.
Let z € C°(G, F) denote an nd-dimensional vector con-
structed by column-stacking the individual vectors x,,. This
vector x is then transformed into a vertex feature matrix
X € R("Dxf where each column corresponds to a vector
in C°(G; F) and f is the number of feature channels. The

sheaf standard diffusion process is defined by the following
Partial Differential Equation (PDE),

DX (t)
at ©)

Given a diffusion coefficient a € [0, 1], the discrete-time
update rule for diffusion is defined as

OX(1)

“4)

X(0) = X, = —AFX(t).

X(t+1)= ja> 0. (6)

When vertex features do not change between time steps,
(i.e., X(t4+1) = X(t)), a fixed point X () is reached, which
is also referred to as a steady state.
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Figure 1: The DeepSN framework consists of two phases: (a) learning to estimate influence with sheaf GNN; b) optimizing
seed selection using the subgraphs, IM model, and trained sheaf GNN.

Sheaf Reaction Diffusion

Traditional diffusion GNNs including sheaf diffusion in
Eq. (5) (Bodnar et al. 2022; Hansen and Gebhart 2020) use
a uniform diffusion process that primarily focuses on influ-
ence spreading but overlooks how individual vertex charac-
teristics and neighboring state transitions shape the process,
which is essential for modeling influence diffusion. To ad-
dress this issue, we model influence dynamics as a diffusion-
reaction process (Turing 1990; Choi et al. 2023). In this pro-
cess, diffusion refers to the spread of information across the
network, governed by its connectivity structure, and reaction
involves altering this information based on interactions and
inherent characteristics of vertices within the network.

Reaction Operators To capture complex dynamics re-
lated to influence diffusion, we introduce the sheaf reaction
diffusion which extends the sheaf standard diffusion with
two reaction operators for pointwise dynamics and coupled
dynamics. That is,

0X,(t)

5 =~ CARX(0)+ BAX()

Diffusion
+R, (X(t),A, S

Coupled Dynamics

Pointwise Dynamics

(N

Here, X, (t) represents the feature vector of vertex v at
time ¢. «, 3, and «y control the contribution of each term, and
St €10, 1]™ is a vector representing the activation probabil-
ities of vertices at time step t.

Pointwise Dynamics Pointwise dynamics refers to in-
herent characteristics that govern its activation or suscepti-
bility. For instance, in models of opinion dynamics or epi-
demic propagation, a vertex may alter its activation state due
to internal factors such as personal reassessment or sponta-
neous recovery, independent of its interactions with other
vertices. Thus, we design a reaction operator to capture such
vertex evolution as

X, (t)
Fy + [ Xo (2)]

where @1, k1 € R/ are coefficient vectors with &
0,k # —|X,(t)|, and ® is the Hadamard product.

A (Xv(t)) = (1)11; ©

1
v >
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Coupled Dynamics Coupled dynamics describe how
neighboring interactions of vertices influence the activation
or susceptibility of a vertex, creating a dynamic interplay be-
tween individual behaviors and network-wide interactions.
We define a reaction operator for vertex v € V' as

ST xu®) - Y (1= 8h) - Xu());

u€N (v) u€eN (v)

Xi(t)
K2+ X (1))

where ®2 and 2 are coefficient vectors with k2 > 0, k2 #
—|XI(t)| for any t > 0, and S’ denotes the activation prob-
ability of vertex w at time ¢. This reaction operator accounts
for the combined impact of both activated and susceptible
neighbors by producing either positive or negative effects:
a high activation level in the neighborhood yields a posi-
tive impact, whereas a high susceptibility leads to a negative
impact. Thus, it can enhance the model’s ability to capture
complex dynamics in a network.

R, (X(t),A,S) =220

Remark 1. Recent research has largely focused on progres-
sive models (Chen, Castillo, and Lakshmanan 2022; Chen
et al. 2022), where vertices remain indefinitely active once
activated. However, this is often unrealistic, as many real-
world propagation models involve vertices transitioning be-
tween active and inactive states (Lou et al. 2014). While dif-
fusion terms typically follow fixed-point dynamics, our sheaf
diffusion model uses reaction operators to introduce non-
monotonic, adaptive, and oscillatory behaviors, capturing
dynamic vertex state transitions.

Stability of Reaction Diffusion Stability in a diffusion
process refers to its ability to maintain a controlled and pre-
dictable behavior over time (Wang et al. 2022). A stable pro-
cess maintains vertex features within a bounded region over
time. This bounded behavior allows the diffusion process to
converge to or remain near a fixed point. If vertex features
become unbounded, it signals instability, indicating that the
diffusion process can deviate significantly from a fixed point
or expected behavior (Bellman 1947; Sastry 2013). Such in-
stability can lead to unpredictable outcomes and make it dif-
ficult to control or interpret diffusion dynamics effectively.



In the following, we explain the bounded behavior of the
reaction operators.

Lemma 2. The reaction operators in Eq. (7) are bounded
forallt > 0 and v € V in terms of norms || - ||. We have
[AX (O < @yl and [| R, (X (t), A, S*)|| < [|[@7]].

The boundedness of the reaction operators ensures that
the fixed-point of Eq. (7) is also bounded, as demonstrated
in the lemma below.

Lemma 3. Let X* denote the fixed point of Eq. (7). Given
that A r is well-defined (i.e., positive definite) and operates
on a finite-dimensional space, X* is bounded.

Sheaf GNN Training

Building on the sheaf Laplacian and reaction operators, our
GNN applies the following diffusion propagation rule to up-
date vertex features:

X, (t+1) = X,(t) — a(A; (I, @ WY) Xv(t)WQt)
Xo(t)
o(mo i

)
+ 'y(fbf, © X0 )

K2+ X (1))

Notably, W{ € R¥*4, Wi € R/*f and L, @2 kb, k2 €
RI*f are learnable weight matrices, ® denotes the Kro-
necker product, and I,, € R™*™ represents an identity ma-
trix. Moreover, X (0) is obtained by transforming the ver-
tex features of the network through a multi-layer perceptron
(MLP), followed by reshaping, resulting in a matrix of di-
mensions (nd) X f.

After obtaining the updated vertex embeddings in each
iteration, we utilize a non-linear neural function f;(-), pa-
rameterized by 7, to determine the activation state of each
vertex v € V at the time step ¢ 4 1 as

®)

Sett =1y (Xv<t+ 1>);Sz“ €[0,1]. ®)

We use the Mean Square Error (MSE) loss to measure the
difference between the predicted activation probabilities .S

and the ground truth probabilities Y € [0, 1]™ as:

Etrain = Hg - Y||% (10)

Optimizing Seed Selection

In this section, we present a learning-based approach to opti-
mally select a seed set that maximizes influence spread. Se-
lecting an optimal seed set for influence maximization faces
a combinatorial explosion, with vertex combinations grow-
ing exponentially as the graph size increases.

We address this challenge leveraging two observations.
First, instead of relying on the adjacency matrix for graph
connectivity, which fails to capture network dynamics in
diffusion models, we learn the connectivity through sheaf
coefficients, enhancing model flexibility. This leads to a
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weighted graph G* that is constructed from sheaf coeffi-
cients and the adjacency matrix of the input graph. Then,
we employ a partitioning mechanism to identify subgraphs,
which reduces the search space in the process of determining
the optimal seed set. We apply the Louvain algorithm (Blon-
del et al. 2008; Dugué and Perez 2015; Traag, Waltman,
and Van Eck 2019) to divide the graph G" into r subgraphs
{G;};_, , minimizing the overlap of influence between ver-
tices in different subgraphs. Then, allocating seed vertices
across subgraphs can significantly reduce the search space
by limiting the number of vertex combinations within each
smaller subgraph, rather than across the entire graph.

We train a neural network 73, parameterized by ¢, to se-
lect seed vertices within subgraphs in a learnable manner.
More specifically, 7, learns to select S; C V; seed vertices
from each subgraph G; = (V;, E;) such that S = Ule S;
can maximize the overall influence spread

* I w 1 k
S* =T, ({Gz}l_l, G ) subjectto  /\ [S;] < ~|Vil.

i€[1,r]

The condition in the above equation ensures that the num-
ber of seeds is chosen proportionally to the size of each
subgraph. 7, is trained using a loss function based on the
difference between the maximal influence and the predicted
influence

e).

Note that we use the sheaf GNN with trained parameters
6 to approximate the influence diffusion function o (-).

(1)

LTJ Si, G

i=1

Etrain =n—- U(

Complexity Analysis

We first analyze the layer-wise complexity of our GNN
component. The diffusion operation within our GNN has
a complexity of O (n (de2 + d3) +m (fd + d‘s)) where
m is the number of edges. The complexity of this oper-
ation is similar to that reported in Bodnar et al. (2022).
Each reaction operator introduces an additional complexity
of O(ndf). Consequently, the total complexity of our GNN
is O (n(f2d?+d®) +m (fd+d*)). Given that we em-
ploy d = {1,2} in our experiments, our GNN incurs only
a constant overhead compared to traditional GNNs, such as
GCN (Kipf and Welling 2016).

The Louvain algorithm, used as a preprocessing step, has
a time complexity of O(Im), where [ is the number of
iterations, and a space complexity of O(n + m) (Lanci-
chinetti and Fortunato 2009). In our experiments, we employ
DeepSNgp with a sparsified graph structure, resulting in a
time complexity of O(l x nlogn) and a space complexity
of O(n). We implement 7, using a multi-layer perceptron
(MLP) with a time complexity of O(ndh), where h repre-
sents the number of hidden neurons in the MLP.

Vertex Feature Separability

We investigate the separation power of our sheaf GNN for
vertex features, which plays a crucial role in mitigating over-
smoothing (Bodnar et al. 2022). The following proposition



Cora-ML (IC) Network Science (IC) Power Grid (IC) Cora-ML (LT) Network Science (LT) Power Grid (LT)
Methods 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10% 20% ‘ 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10% 20%
IMM 81 262 373 502 52 168 270 457 56 174 315 51.1 | 1.7 348 522 664 25 11.8 181 336 46 199 317 569
OPIM 134 269 374 509 64 194 289 486 57 177 297 50.1 | 23 369 512 715 1.6 120 181 341 44 21.6 294 555
SubSIM 10.1 257 36.8 51.1 48 154 279 448 46 192 317 502 | 1.7 336 547 701 18 104 192 341 45 21.1 312 574
IMINfECTOR 9.6 268 37.7 50.6 54 179 278 476 54 182 316 509 | 21 339 513 706 21 11.8 187 345 42 213 31.6 562
PIANO 9.8 252 374 511 53 181 27.1 472 53 181 317 502 | 21 335 533 698 21 113 191 339 43 213 314 571
ToupleGDD 106 275 385 515 63 178 283 505 54 193 316 513 | 23 362 545 709 28 124 198 346 48 219 326 581
DeepIM 141 281 396 524 78 209 315 512 63 21.0 325 524|134 692 835 941 41 166 267 415 63 244 468 717
DeepSN 1.5 256 409 528 62 220 320 524 64 240 369 610 | 74 407 682 953 29 144 253 520 63 246 472 732
DeepSNgsp 142 301 423 584 79 186 300 512 71 224 374 574 | 79 464 728 938 3.6 155 27.8 518 52 238 403 68.1
Cora-ML (SIS) Network Science (SIS) Power Grid (SIS) Jazz (SIS) Random (SIS) Digg (SIS)
Methods 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10% 20%
IMM 20 95 154 276 13 56 122 221 11 56 110 229 76 378 556 671 27 126 209 377 25 94 163 326
OPIM 23 93 162 272 14 59 130 221 12 59 11.1 224 82 351 568 683 28 125 202 361 23 93 165 323
SubSIM 23 92 169 288 15 56 122 233 12 56 114 219 29 301 538 670 32 144 245 391 25 95 1611 323
IMINfECTOR 2.1 94 161 279 1.7 58 124 223 13 55 102 231 88 354 548 662 25 124 205 366 23 91 164 324
DeepIM 7.1 161 219 308 27 87 151 251 19 76 133 238 27.1 571 68.1 741 32 144 245 391 56 114 188 363
DeepSN 128 247 342 465 20 96 161 281 24 98 157 253 343 649 756 858 52 242 376 541 161 202 247 332
DeepSNsp 16.8 299 379 469 27 99 174 290 2.1 82 149 263 352 583 734 824 41 187 328 526 161 203 236 331

Table 1: Performance of DeepSN variants for influence maximization, compared to baseline methods, under IC, LT, and SIS
models. The best results are highlighted in bold. Baseline results are sourced from Ling et al. (2023).
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Figure 2: Performance of DeepSN for influence estimation in terms of MAE (Mean Absolute Error), compared to baseline
methods. Results under IC model are provided in the appendix.

shows the existence of the fixed point in the sheaf diffusion
process under Eq. (5) and the corresponding properties of
transformation maps.

Proposition 1. For any graph G = (V, E) with sheaf Lapla-
cian Lr and initial vertex features X (0), there exists a
unique fixed-point X (t) in the sheaf diffusion process such
that for any (v,u) € E, FyqeTy = Fyxely, holds.

Due to the condition F,<cZ, Fu<eTy, at the fixed
point, the sheaf diffusion process has limited capacity to
separate distinct vertex features between a vertex v and its
neighbors u, as shown in Proposition 2.

Proposition 2. There exists a graph G = (V, E) with the
fixed point X (t) in the sheaf diffusion process which satisfies
Ty = Ty, for at least one (u,v) € E.

Unlike traditional sheaf diffusion, the sheaf reaction dif-
fusion (Eq. (7)) does not require the condition F, <,
Fu<eTy to be satisfied upon convergence. The following
proposition demonstrates this.

Proposition 3. For any graph G = (V, E) with sheaf Lapla-
cian Lr and initial vertex features X (0), there exists a
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unique fixed-point X (t) in the sheaf reaction diffusion pro-
cess; however, Fy<qcTy = Fydely does not necessarily

hold for each (v,u) € E.

Remark 2. Relaxation of condition Fyqe®y, = Fu<eZy in
Proposition 3 significantly improves the separability of dis-
tinct vertex features. This allows sheaf GNN to learn vertex
features distinguishable from their neighbors through more
powerful transformation maps, offering an advantage over
existing sheaf diffusion networks (Bodnar et al. 2022).

Experiments

A set of experiments was conducted to evaluate the per-
formance of DeepSN, considering two variants: DeepSN
and DeepSNgs p, a computationally efficient variant that uses
sheaf coefficients to sparsify the graph structure. We focus
on three diffusion models: IC, LT, and SIS (Li et al. 2018).
IC and LT are progressive, while SIS is non-progressive.

Datasets We evaluate DeepSN against other methods us-
ing a diverse set of datasets, including five real-world
datasets (Jazz (Rossi and Ahmed 2015), Network Science



(Rossi and Ahmed 2015), Cora-ML (McCallum et al. 2000),
Power Grid (Rossi and Ahmed 2015), and Digg (Lerman and
Galstyan 2008)) and one synthetic dataset (Random (Ling
et al. 2023)), which range from small graphs to those with
over 250,000 vertices.

Experimental Setups and Baselines We follow the ex-
perimental setup of Ling et al. (2023) for our influence max-
imization task, comparing DeepSN with traditional base-
lines: IMM (Tang, Shi, and Xiao 2015), OPIM (Tang et al.
2018), SubSIM (Guo et al. 2020) and learning-based meth-
ods: IMINFECTOR (Panagopoulos, Malliaros, and Vazir-
giannis 2020), ToupleGDD (Chen et al. 2023), PIANO (Li
et al. 2022), DeepIM (Ling et al. 2023).

Additional details on dataset statistics, experimental se-
tups, and model hyperparameters are in the appendix.

Exp-1. Performance of DeepSN We evaluate DeepSN’s
performance in selecting an optimal seed set for the IM task
across various budget constraints {1%, 5%, 10%, 20%} (i.e.
seed set size as a percentage of total number of vertices). The
results are demonstrated in Table 1. We observe that both
DeepSN and DeepSNgp outperform or deliver comparable
performance across all diffusion models. Notably, DeepSN
achieves a substantial improvement over all baseline meth-
ods for the SIS diffusion model. This enhanced performance
is attributed to DeepSN’s capability to effectively capture
complex diffusion dynamics inherent to non-progressive dif-
fusion models. The experimental results for more datasets
are provided in the appendix.

Exp-2. Ablation Study: Sheaf GNN In Figure 2, we
compare the influence estimation performance of DeepSN
with several widely used GNNs. The results show that
DeepSN significantly outperforms traditional GNNs, such
as GCN (Kipf and Welling 2016), GAT (Velickovi¢ et al.
2018), and GraphSAGE (Hamilton, Ying, and Leskovec
2017), across all diffusion models and datasets, highlight-
ing its superiority in influence estimation. These tradi-
tional GNNs often struggle to capture long-range depen-
dencies due to oversmoothing, leading to lower perfor-
mance. Furthermore, while existing sheaf neural networks
like DSN (Bodnar et al. 2022) address some issues, they still
struggle to capture the intricate dynamics needed for influ-
ence estimation, leading to suboptimal performance.

Exp-3. Ablation Study: IM Model We evaluate the ef-
fectiveness of our IM model 74 by replacing it with dif-
ferent IM variants. These variants include: DeepSN-CELF,
which incorporates the CELF algorithm (Leskovec et al.
2007) as the IM component; DeepSN-WC, where seed ver-
tices are optimized across the entire network as a single
subgraph; and DeepSN-WSA, which uses the adjacency
matrix for dividing the graph into subgraphs, instead of
sheaf coefficients. The results in Table 2 show that our IM
model outperforms other algorithms. Particularly, DeepSN
and DeepSNgp consistently exceed the performance of
DeepSN-WC and DeepSN-WSA. This is largely due to
subgraph-based seed optimization and sheaf coefficients.
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IC LT SIS
Methods 10% 20% 10% 20% 10% 20%
DeepSN-CELF 372 528 76.0 88.6 306 38.7
DeepSN-WC 392 504 463 886 253 359
DeepSN-WSA  40.0 506 480 89.6 26.0 36.0
DeepSN 40.9 528 682 953 342 465
DeepSNsp 423 584 728 938 379 469

Table 2: Comparison of DeepSN with various influence
maximization approaches for Cora-ML dataset.

Exp—4. Impact of Layer Depth and Feature Dimension
We explore the effect of layer depth and feature dimension
on the performance of DeepSN. Figure 3 illustrates how
these factors influence the performance of DeepSN in se-
lecting optimal seed vertices for Cora ML dataset, evaluated
under the IC diffusion model with a 10% seed set.

45

45
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Total Influence (%)

-=-DeepSN —=DeepSN

-~ DeepSNsp -+~ DeepSNgp
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Feature Dimension

0 Py

‘ ‘
T 2 1 6 3 n
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Figure 3: Impact of layer depth and feature dimension on
DeepSN’s performance

As expected, DeepSN’s performance improves with
greater layer depth, effectively capturing long-range interac-
tions and demonstrating robustness against oversmoothing.
However, performance only improves with increasing fea-
ture dimension up to a certain point. Beyond this, the added
complexity, such as more learnable parameters, begins to
outweigh the benefits of enhanced representational power,
leading to a decline in performance.

Conclusion, Limitations and Future Work

In this work, we proposed a novel learning framework for
the IM problem. Our approach integrates a GNN that har-
nesses sheaf theory to learn the underlying influence diffu-
sion model in a data-driven manner, while effectively ad-
dressing the topological and dynamic complexities of prop-
agation phenomena. Additionally, we proposed a subgraph-
based maximization objective to identify the optimal seed
set, thereby reducing the combinatorial search space inher-
ent to the IM problem. The empirical results demonstrated
the effectiveness of the proposed framework.

Currently, our framework only supports diffusion models
with two states. A potential avenue for future work is to ex-
tend the framework to handle more complex diffusion mod-
els with more than two states, including multi-state threshold
models and epidemic models with multiple stages.
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