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Abstract

Distributionally robust optimization tackles out-of-sample is-
sues like overfitting and distribution shifts by adopting an
adversarial approach over a range of possible data distribu-
tions, known as the ambiguity set. To balance conservatism
and accuracy, these sets must include realistic probability dis-
tributions by leveraging information from the nominal dis-
tribution. Assuming that nominal distributions arise from a
structural causal model with a directed acyclic graph G and
structural equations, previous methods such as adapted and
G-causal optimal transport have only utilized causal graph in-
formation in designing ambiguity sets. In this work, we pro-
pose incorporating structural equations, which include causal
graph information, to enhance ambiguity sets, resulting in
more realistic distributions. We introduce structural causal
optimal transport and its associated ambiguity set, demon-
strating their advantages and connections to previous meth-
ods. A key benefit of our approach is a relaxed version, where
a regularization term replaces the complex causal constraints,
enabling an efficient algorithm via difference-of-convex pro-
gramming to solve structural causal optimal transport. We
also show that when structural information is absent and must
be estimated, our approach remains effective and provides fi-
nite sample guarantees. Lastly, we address the radius of am-
biguity sets, illustrating how our method overcomes the curse
of dimensionality in optimal transport problems, achieving
faster shrinkage with dimension-free order.

Introduction

Distributionally Robust Optimization (DRO) is a data-driven
framework designed to address out-of-sample challenges,
such as distribution overfitting and distributional shifts, by
minimizing potential discrepancies between in-sample ex-
pected loss and out-of-sample expected loss. DRO achieves
this by defining a distributional ambiguity set (DAS) that
encompasses a range of possible data distributions around
the estimated true probability, ensuring that the DAS con-
tains the unknown true underlying distribution with certainty
or at least with high confidence. To guarantee the model’s
performance over out-of-sample distributions, DRO em-
ploys an adversarial approach that minimizes the worst-case
loss to identify the optimal model (Blanchet et al. 2024).
Ambiguity sets are typically categorized into two groups:
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Figure 1: The underlying distribution P* originates from a
causal structure. The dark blue region represents B(IP, §) the
ambiguity set for the classical OT. The light blue region cor-
responds to B4 (P, ¢) the DAS for adapted optimal transport.
The light yellow region denotes B9(IP,§) the DAS for G-
causal OT, and the dark yellow region represents 57 (I, §)
the DAS for our structural causal OT with diameter J.

discrepancy-based and moment-based. Discrepancy-based
sets include distributions close to a nominal distribution ac-
cording to a discrepancy measure, while moment-based sets
include distributions whose moments satisfy certain prop-
erties (Rahimian and Mehrotra 2022). Among discrepancy-
based sets, the Wasserstein distance is often preferred, as
it quantifies the discrepancy by the minimal transporta-
tion cost, ensuring computational tractability through strong
dual formulations and convergence guarantees. Addition-
ally, Wasserstein ambiguity sets are robust against outliers
and can handle both continuous and discrete distributions,
unlike the KL divergence ball, which is limited to discrete
distributions (Guo, Hong, and Yang 2017).

In designing the DAS two points need to be consid-
ered (Rahimian and Mehrotra 2022):

P1. What distributional information should the DAS include?
P2. How large should the radius of the DAS?

To understand the significance of P1, consider the corre-
sponding DAS of classical Wasserstein DRO. It includes
all probability distributions within a specified Wasserstein
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Optimal Transport Variant Information Utilization Wasserstein Distance Ambiguity Set
Classical (Villani et al. 2009; )

Peyré, Cuturi et al. 2017; Am- No Constraints W(P,Q) B(P,9)

brosio et al. 2021)

Adopted (Backhoff et al. 2017; " "

Lassalle 2018: Xu et al, 2020) Preserves Causal Order WA(P,Q) BA(P, 0)

G-Causal (Cheridito and Eck- G G

stein 2023) Preserves Causal Graph W9 (P,Q) B9 (P, 6)
Structural Causal Preserves Structural Equations W7 (P,Q) B (P,0)

Relaxed Structural Causal Partially - Preserves  Structural w7 (P,Q) B7=(P, )

Equations with Penalty Term

Table 1: Comparison of optimal transport variants using nominal distribution information to design ambiguity sets, with corre-
sponding notations for Wasserstein distance and ambiguity set diameter § For two probability distributions P, Q € P(X).

distance from the empirical distribution, usually based on
a metric like the £, norm. While this approach works well
for unstructured data, it fails for data with special structures,
such as temporal patterns or causal relationships. In such
cases, the Wasserstein DAS should be refined to exclude un-
realistic scenarios. Without this refinement, models become
overly conservative, reducing accuracy.

Previous works address this issue by introducing optimal
transport (OT) with additional constraints using partial dis-
tribution information. Adapted OT emphasizes the temporal
structure of features (Backhoff et al. 2017). In causal struc-
tures, features are arranged according to a directed acyclic
graph (DAG) G. While adapted OT preserves the feature hi-
erarchy, it fails to capture causal models. To improve this,
(Cheridito and Eckstein 2023) introduce Wasserstein dis-
tances for causal models that respect the DAG G. The result-
ing G-causal OT’s DAS is a subset of the adapted DAS, con-
sidering all structural causal models with graph G as candi-
dates. Although this set is narrower than the classical DAS, it
still includes unrealistic scenarios by overlooking functional
relationships between features. For instance, if a variable X;
weakly affects its descendant X, this weak relationship is
not considered in the G-causal OT.

Our Contribution. To tackle this challenge, we propose
a novel variant of OT that takes into account the structural
equations of causal models. This approach enables us to re-
fine the DAS by limiting it to probability distributions de-
rived from structural causal models with identical structural
equations but potentially varying noise variables. This con-
cept facilitates the connection between endogenous and ex-
ogenous spaces in constructing the DAS. The resulting dual-
ity allows us to define the DAS within the exogenous space,
where variable independence can be assumed, simplifying
the design process. We can subsequently map back to the
feature space to craft our preferred DAS.

Another advantage of our approach is the flexibility to de-
fine a relaxed version by replacing causal constraints with an
entropy regularization term. This allows the implementation
of an efficient algorithm combining difference-of-convex
(DC) programming and Sinkhorn’s method to solve struc-
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tural causal OT, a capability not available in G-causal OT.

Since the design of the ambiguity set relies on structural
equations, we demonstrate that, in real-world applications
where the structural equations are estimated, the solution of
the structural causal OT converges to the true solution. This
offers a convergence guarantee for finite sample scenarios.

Moreover, we address P2 by determining the optimal ra-
dius necessary to ensure that the true probability distribu-
tion is included within the DAS. Our approach mitigates
the curse of dimensionality commonly encountered in data-
driven ambiguity set design for many OT problems. In the
numerical study, we demonstrate the impact of our method
and its properties. Additional theoretical results, algorithm
descriptions, and numerical outcomes are provided in the
appendix, while proofs of our assertions are included in the
supplementary material.

Related Work

There are various methods that address how to design DAS,
how to add constraints to achieve desirable OT, and discuss
the magnitude of DAS. In Tab. 1 and Fig. 1, the main meth-
ods, along with the information used in designing DAS and
their relationships, are summarized. These methods include:
Discrepancy-based OT. Various discrepancy-based meth-
ods exist, such as ¢-divergences (Love and Bayraksan 2015;
Lam 2016; Duchi and Namkoong 2021) and goodness-of-
fit tests (Bertsimas, Gupta, and Kallus 2018). However, we
focus on the Wasserstein OT due to its advantages over
other discrepancies (Gao, Chen, and Kleywegt 2017; Moha-
jerin Esfahani and Kuhn 2018; Blanchet, Kang, and Murthy
2019).

Temporal OT. Temporal OT (Backhoff et al. 2017; Lassalle
2018; Xu et al. 2020; Bartl, Beiglbock, and Pammer 2021;
Backhoff-Veraguas and Pammer 2022) mainly addresses OT
for stochastic processes by preserving temporal structure.
However, this approach does not encompass all informa-
tion about the distribution derived from the causal structure.
In (Eckstein and Pammer 2024), Sinkhorn’s algorithms for
adapted OT are proposed by introducing a relaxed version.
G-Causal OT. In (Cheridito and Eckstein 2023), the authors
propose G-causal OT to preserve the causal graph G in the



OT. However, this work does not provide a computational
method for estimating G-causal solutions.

Structured ambiguity Set. In the case where all features
are independent, our work relates to factored multi-marginal
OT (Tran et al. 2021) and CO-OT (Titouan et al. 2020). In
this scenario, the ambiguity set also connects to the ambigu-
ity hyperrectangle (Chaouach, Boskos, and Oomen 2022).

Diameter of Ambiguity Set. For the estimation of
W(P,PV) for finite samples, various works exist (Bol-
ley, Guillin, and Villani 2007; Fournier and Guillin 2015;
Dedecker and Merlevede 2019). The work (Weed and Bach
2019a) provides the sharp order. Additionally, (Chaouach,
Boskos, and Oomen 2022; Chaouach, Oomen, and Boskos
2023) discuss the diameter of the ambiguity set under the
independent condition of features.

Preliminary Knowledge

Data Model. Let X = (X4,...,X,) € X1 x---x X, =X
denote the n-dimensional features, the set of N observations
{x*} Y| used to construct the empirical distribution PV, de-

fined as PV = % Zf;l 6., where ¢, is the Dirac delta
function.

Assume the feature space is modeled by a structural
causal model (SCM) M = (G, X, F, U, Py) (Pearl 2009).
This includes structural equations F = {f1, fo,..., fn}
where {X; := fi(Xpy), Us)}j;. which describe the
causal relationships between an endogenous variable X;,
its causal predecessors Xp,(;), and an exogenous variable
U; representing unobservable factors in space U;, and U =
(Uy,...,U,) lives on the whole exogenous space is U =
Uy x -+ X Uy,. The causal relations are represented by a
directed acyclic causal graph G.

A DAG imposes a causal order (topological order), refers
to the sequence in which variables can be arranged such that
each variable is only affected by the variables preceding it in
the order (Pearl 2009; Peters, Janzing, and Scholkopf 2017).
Causal order Only specifies the sequence of variables, indi-
cating which variables can potentially affect others, but not
the detailed nature of those effects.

By causal sufficiency and no hidden confounders, we can
suppose exogenous variables to be mutually independent, al-
lowing Py to be written as [ [, Py, (Peters, Janzing, and
Scholkopf 2017).

Since perturbations in SCMs are utilized by counter-
factuals, it is necessary for SCMs to be counterfactually
identifiable to ensure that counterfactuals can be learned
from sample data. One prominent family of counterfactu-
ally identifiable models is the Bijective Generation Mech-
anism (BGM) (Nasr-Esfahany, Alizadeh, and Shah 2023).
In BGM, the structural equations F have a reduced-form
mapping g : Y — V, where X can be expressed as a bijec-
tive function of the exogenous space, i.e., X = g(U). This
bijective ensures no information is lost from exogenous to
endogenous variables.

An important example of BGM is the Additive Noise
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Models (ANM), where structural equations are given as:
{Xi =fi(Xpa)) + Uitie, =
U=(I-HX) = X=(I-f)""(U)

As seen in the above equation, the reduced-form mapping
isg = (I — f)7!, where I(z) = z is the identity func-
tion. ANM is often preferred over general SCMs due to its
simplicity, interpretability, and effective handling of noise,
making it ideal for fields such as statistics, causal inference,
signal processing, image processing, economics, and social
sciences, where additive noise is prevalent. In this work, we
focus on the ANM, but our results are extendable to BGMs.

Structured Ambiguity Set. In the variants of Wasserstein
OT, the ambiguity set is typically defined through coupling.
Let P,Q € P(X) be probability distributions; the distribu-
tion 7 € P(X x X) is called a coupling or plan if for all
measurable subsets A,B C X, m(A x X) = P(A) and
(X x B) = Q(B). Let II(IP, Q) represent the set of all
couplings between P, and Q. Each = € II(P, Q) shows how
P transforms into Q. All plans starting from P are denoted
by II(P, *) := UQGP(X) (P, Q).

The structured DAS for IP is a subset of plans II(P, «) that
meet specific constraints C = {c¢y }, typically defined by pa-
rameters & = {d }:

I¢(P, ) == {r € II(P, %) : c(m, ), Ver, € C}

The desirable property of IT¢ (P, Q) is its closeness under the
weak topology in probability space, which guarantees the
existence of solutions in OT theorems. The corresponding
ambiguity set for IT¢ (P, §) is derived by finding the marginal
distribution of each plan on the second coordinate (Margs):

BE(P, 8) = {Marg,(n) : € TI°(P, §)}. (1)

In DRO, the worst-case loss is obtained by taking the expec-
tation of a given function ¢ : X — R over the ambiguity
set. The following alternative formulation, by definition, of-
ten facilitates computations.

{

L5

Similar to constrained plans, if there are constraints on
the space of probability measures, the corresponding subset
is denoted by P¢(X). Let ¢(+,-) : X x X — [0,00] be a
transportation cost function that is non-negative and upper-
semi-continuous. For each p € [1, oo], the set of p-integrable
distributions PP (X’) with respect to c is defined as:

E
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Sy~

QeBC(P,5)

E [¥(y)]
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y~Q b

well€(P,8)

[w(y)]} @

{]P’ € P(X) ’ / c(x,x0)PP(dx) < oo for some zg € X}
X
The C-Wasserstein distance between P € P¢(X)NPP(X)

and Q € P(X) N PP(X) is defined by finding the lowest-
cost constrained transport plan:
e el})

weeQ) = (ot |
In cases where I1¢(P, Q) = 0, the W° (P, Q) is set to co.

p

E

z,y)~T

inf
m€II¢(P,Q)
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Wasserstein Ambiguity Set. In classical OT (Villani et al.
2009; Peyré, Cuturi et al. 2017), transport plans and distri-
butions are unconstrained, except for the transportation cost.
For two probability measures P, Q € P(X), the Wasserstein
distance W (P, Q) represents the optimal cost of transporting
one distribution to the other. The corresponding ambiguity
set, defined by a perturbation radius § € R*, is given by:
NP5 = (r €NP.): E_[e(r.y)] <)

By computing the second marginal distribution on II(PP, §),
the ambiguity set can be expressed as:

B(P,6) = {Q € P(X) : W(P,Q) < 5}.

Adopted Ambiguity Set. Adapted OT (Backhoff et al.
2017) was introduced to address the limitations of classi-
cal OT in preserving temporal constraints for two stochastic
processes. Given two discrete-time stochastic processes P
and Q with indices 7 € [n], the coupling 7 must respect the
temporal structure. Consequently, the plans should satisfy
the temporal conditional distribution constraints as follows:

II*(P,Q) = {7 € I(P,Q) : 7 — almost sure Vz,y € X,
m(dy; | dzq, ..., dzn) = 7(dy; | day, ..., dz;),Vi € [n]}

The adapted ambiguity set and Wasserstein distance are de-
noted by B4(P, ) and W+ (P, Q), respectively, similar to
Eq. 1 and Eq. 3.

G-Compatible Ambiguity Set. Since adapted OT cannot
preserve complex structures like causal graph dependen-
cies, (Cheridito and Eckstein 2023) proposed the G-causal
OT framework. A probability P € P(X) is called com-
patible with a sorted causal graph G if there exists a ran-
dom variable X ~ [P, along with measurable functions
fi + Xpagy X R — X fori = 1,...,n, and independent
random variables Uj; for all ¢ € [n] such that:

Xi = fi(Xpa(i)7Ui) forall i = 1,...,77,.

The set of G-compatible measures is denoted by P9(X). A
G-compatible plans, which capture G graph, is defined as:

(P, Q) = {m € I(P,Q) : Vi€ [n], m-almostall (z,y),

n

) dm’m dyn> = ® 7T<dxi7 dyz | Tpa(i)s ypa(i))

i=1

m(dxzy, dy, ..

and  m(dx; | Tpagi)s Ypa(s)) = P(da; | 9Upa(i))}' “)

The corresponding DAS and Wasserstein metric are denoted
by BY(P,d) and W9 (P,Q). Since preserving the causal
graph inherently includes preserving the causal order of fea-
tures, G-compatible plans are a subset of adapted plans.

By reviewing the main definitions and notations, we are
prepared to present our method, which addresses the limita-
tions of previous methods in fully capturing the information
of causal models.

Structural Causal Ambiguity Sets

The adopted G-causal ambiguity set retains only the causal
graph structure without requiring the full details of the

causal model. For example, if the nominal distribution indi-
cates a weak relationship between a parent X; and its child
X; (e.g., X; = aX; with o = 0), the G-causal set neglects
this weak dependency. To address this limitation, we pro-
pose a new OT variant that incorporates structural equations
from the SCM, thereby capturing these dependencies and
utilizing more information than the causal graph G alone.

Before presenting our method, we highlight a natural as-
sumption. Let ¢ be the cost function on the feature space.
Given an invertible SCM, there exists a bijective map g such
that z = g(u). We define the push-forward cost ¢ = c o
(g % g) on the exogenous space as &(u, u') = c(g(u), g(u')).
Since the variables in the exogenous space are mutually in-
dependent, each Uf; X U; can have its own cost function ¢;,
allowing ¢ to be decomposed into components. As a result,
¢ is expected to have a simpler form. In summary, we make
the following assumptions.

Assumption 1. (i) M is a ANM, with structural equations
F ={f:} and g is bijective reduced-form mapping.

(ii) The random variables U; are independent and take val-
ues in the U; C R% that is equipped by the norm ¢;.

(iii) The push-forward of the cost function c to the exogenous

space has the form:

n v
é(u,u') = <Z Ei(ui,u;)p> ,Vui,ul € Uy and p > 1.
i=1

Now, we are prepared to present our constraints in both
probability space and plans.

Definition 1 (F-Compatible Measures). A measure is
compatible with the structural equations F if its g~ push-
forward distribution over the exogenous space is factored,

P7(X) = {]P EP(X): g, P=Q)P:;, Pic P(Ui)} :
i=1
where Q) means the product of measures.
Another useful definition of P7(X’) is that it includes all
g-pushforward distributions of @)"_, P; where P; € P(U;).
This duality facilitates conversion between spaces, simplify-

ing our results. The following lemma outlines the properties
of F-compatible measures.

Proposition 1. Let P € P7(X), then:

(i) There exists a random variable X ~ P along with inde-
pendent random variables U1, ..., U, in the space U;
such that,

Xi = [i(Xpagi), Ui) foralli=1,...,n.

(ii) The measure P can be decomposed as
P(day,...,dz,) = ®IF’ (dzi | Zpai)) »
i=1

which means variables are conditionally independent of
their non-descendants given their parents.

We are now ready to address P1 in our method, which de-
termines the specific information that should be considered
in the design of the ambiguity set.
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Definition 2 (F-Compatible Plans). The plan m is called

F-compatible if its pushforward map 7@ = (g7 x g~ 1) um
1 1

under g~ X g~ is factored in the exogenous space as fol-
lows:
" (P,Q) = {

m € II(P,Q) : for w-almost sure,¥(u,w) € U x U,
® i (dug, dw;),

such that 7; € I (Margi (g;lp), Marg; (9;1(@)) }

-1

(g7 x g7 H)pm(du, dw)

where Marg; is the marginal distribution over the coordi-
nate X;.

The intuition behind this definition is straightforward: we
consider the plans 7 whose push-forward in the exogenous
space decomposes onto U; X U;, as we have mutually in-
dependent noise by the assumption. Now we investigate
the distributional properties implied by the definition of F-
compatible plans.

Proposition 2. LetP,Q € P7(X) and 7w € II7 (P, Q), then
we have:
(i) if (X,Y') ~ 7 then there exists measurable functions

hi: X; x Xpa(i) X Xpa(i) x R% — &, i€ [’fl],

and R-valued random variables Vi,...,V, such that
X,Vi,...,V, are mutually independent and
Y, = hz(Xu Xpa(i), Ypa(i)a Vl) foralli e [n]

(ii) foralli = 1,... ,n and w-almost all (x,y) € X x Y

n

ydxy, dyn) = ® W(dxh dy; | Tpa(i)s ypa(i))
i=1
and m(dx;, dy; | Tpag), Ypaciy) € s,

m(dxy,dyy, ...

Vi € [n],

where I1; = 11 (}P’(dxi | zpa(i)), Q(dy; | ypa(i))).
Proposition 2 ensures that F-compatible plans preserve

the causal graph structure in conditional distributions. Here,
we present the main properties of IT17 (P, Q).

Proposition 3. [fP,Q € P7(X), then II7 (P, Q) are non-
empty and weakly closed.
By demonstrating the properties of definitions, we present

our new OT problem, which minimizes transport costs over
plans that preserve the structural equations F.

Definition 3 (Structural Causal OT). For p € [1,00) and
P,Q € P7(X) N PP(X), the structural causal Wasserstein
distance is finding the minimum-cost F-compatible plans

between P and Q:

F — : D %
W (P,Q) = (ﬂenl;lfw) {@,}EW[C wm}) )

The result below outlines the fundamental properties of
the structural causal Wasserstein distance.
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Proposition 4. W7 is a semi-metric on P”(X) and attains
its minimum.

Now we are ready to introduce structural causal ambi-
guity set W7 (P, Q) which is defined as

B*(P,5) = {Q € PF(X) : W"(P,Q) <6}  (6)

Since our constraints involve the G-causal information,
which encompasses causal order, we intuitively expect the
corresponding DAS to be nested sets. This intuition is con-
firmed in the following proposition.

Proposition 5. Let P,Q € P7(X), then for different defini-
tions of the ambiguity set, we have:
() W7(P,Q) > W9(P,Q) = W4(P,Q) > W(P,Q),
(ii) B* (P, ) C BY(P,0) C BA(P,4) C B(P,0).

Let FO represent the zero structural equations, i.e., f; =
0, V%, implying no causal structure in the SCM. We finish
this section by explaining the duality that demonstrates the
correspondence between the DAS in the feature space with
causal structure F and the DAS in the exogenous space with
structural equations F°. In the proposition below, to high-
light that the cost functions differ in the two spaces, we em-
bed the cost function in the notation of the ambiguity set.

Proposition 6. Let F be structural equations with bijective
reduced-form mapping g and P € P*(X), then

0 _
BZ:(]P)’ Q) = g#Bi(gxg)(g#lpv 5).

This property plays a crucial role in designing the relaxed
OT problem.

Relaxed Structural Causal Optimal Transport

One challenge in defining new variants of OT is developing
efficient algorithms to compute the Wasserstein distance. In
both classical and adapted OT, entropic regularization pro-
vides an efficient solution by adding an entropy penalty term
to the original problem (Cuturi 2013; Eckstein and Pam-
mer 2024). To provide a fast computation method, we in-
troduce a relaxed version of structural causal OT. This mod-
ification transforms the original problem into a difference-
of-convex optimization problem, making it more computa-
tionally feasible. As a result, iterative algorithms like the
Sinkhorn-Knopp (Benamou et al. 2015) can solve the prob-
lem efficiently, significantly reducing computation time and
enabling the handling of large-scale problems.

Definition 4 (Relaxed Structural Causal OT). Given ¢ >
0 and probability measures P,Q € P(X), we define the
relaxed structural causal OT by solving the following op-
timization problem:

W*(P,Q)P := inf E

c” T, +ED T 7T,
eT1(P.0) (z’y)wﬂ[ (z,y)] ke (7]|7s)

where wg, € II(IP, Q) is obtained by the following mapping:

To = (9 X 9)4 <®Margz “ixy )w)) ()



The intuition behind the definition of 7 is straightfor-
ward: it acts as a projection 7 onto the space 117 (P, Q).
Thus, if 7 € II7 (P, Q), then 7y, = 7. A small penalty value
Dy, (7||mg) indicates that 7 is close to the set IT17 (P, Q).

The relaxed version simplifies the problem by shifting the
search for an optimal solution from the constrained plans
I17 (P, Q) to the simpler space II(IP, Q), while preserving
the F structure via a regularizer. The following proposition
shows that the relaxed version converges to the structural
causal OT as e approaches infinity. This result guarantees the
effectiveness of the relaxed solution in finding the structural
causal OT.

Proposition 7. Let 7. be the minimizer of W7 (P, Q) then:

(i) when € — oo then W7=(P,Q) — W7 (P,Q) and ev-
ery cluster point in the set {n.} is the optimal solution of
W*(P,Q).

(ii) when € — 0 then W7 (P,Q) — W(P,Q) and ev-
ery cluster point of the set {n.} is the optimal solution of
W(P, Q).

Hopefully, not only does B57=(IP, §) converge to B (P, d)
ase — oo, but B7 (PP, §) is also always a subset of B7< (P, ¢),
aiding in efficiently estimating this set from above. The
proposition below formalizes this result.

Proposition 8. For relaxed structural causal OT and P, Q €
P7(X) we have:

(i) W7= (P, Q) attains its minimum.

(ii) W (P,Q) > W (P,Q) > W(P,Q),

(iii) B* (P, 6) € B”= (P, ) € B(P, ).

The duality between the relaxed Wasserstein distance in
feature space with structural equations F and in exoge-
nous space with structural equations 7V is key to designing
efficient computational methods for determining structural
causal distance.

Proposition 9. For P,Q € P7(X) we have:

F?2 _ -
WZe = Wi (95 P.05'Q) ®)
_ Now we are ready to design our algorithm. If we consider
P, Q, ¢, 7 as the push-forwards of P, Q, ¢, and 7 by g1, then

by Prop. 9, we can express I/Vg:ED (P, Q) as:

inf { E [e(uv)] + HF) =Y m(fr)} Lo
#el(P,Q) | (ww)~7 =1

Here, H (7) is the entropy of the plan 7, and H;(7) is the
entropy of the i-th marginal distribution 7; over the coordi-
nate (i,7 + n). For example, if (w1, ..., U, v1,...,0y) ~
7, then 71 represents the marginal distribution on the
coordinates (uj,v;). Thus, H;(#) can be written as
Ez[log(Marg, (7)(u;, v;))]. Since H(7) and H;(7) are con-
vex functions, the optimization problem in Eq. 9 is a dif-
ference of convex functions. Therefore, by applying the DC
algorithm, we can estimate the value of 7. In the DC al-
gorithm, the convex term ) . H;(7) is iteratively replaced
by its linear approximation, converting Eq. 9 into a convex
problem. DC algorithm implies if we define:

G(7) € 00> Hi)(7),
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we can reformulate the problem as a convex optimization:

inf {(¢—eG(x),7)+ H(7)}. (10)
#el(B,Q)
Eq. 10 can be solved using the Sinkhorn method for multi-
marginal OT (Benamou et al. 2015) to find the minimum
cost plan, since for 7 € II(P, Q), we have:

Marg, (7) = {Margi(]P’) ~ Z =
Marg, ,(Q) i>n.
In the case where P = (p)r € RY corresponds to feature
values (")), and @ = (¢,), € RM corresponds to feature
values (y"), instead of P and Q, we first estimate the struc-
tural equations using sample data points. After estimating
the reduced-form mapping g, we map the sample data to the
exogenous space to obtain u = g~ !(z) and v = g~ 1(y).
Hence, we can express
pe =Pk, ... ub), ¢ =PQl,... ")

» Y'n ren

By summing over the other coordinates, we can calculate the
marginal distribution P; as:

P;(uf) = Z Pl ... uf, . udm).
ult it i in

Similarly, we can compute the marginal @Q;. Since we

know the cost function in the exogenous space by assump-

tion 1, we can calculate the cost tensor. Then, we apply the

Sinkhorn algorithm to find the tensor 7. The above steps are

summarized in Alg. 1.

Since designing the relaxed structural causal OT requires
estimating structural equations, we need assurance that us-
ing sample data to estimate these equations will converge to
the optimal plan. The next theorem confirms this property.

Theorem 1 (Finite Sample Guarantee). Let assumption 1
hold and let F = {f;} represent the continuous structural

equations, with F = { fl} denoting the estimated structural
equations. Suppose P,Q € P (X) have compact support.
Then, for every € > 0, there exists a § > 0 such that if

I fi = fillso <0, then
W}-E (]P)a Q) - ‘/V]:—5 (]P), Q) < €,
where || - || oo denotes the supremum norm.

Concentration Inequality In Presence of SCM

Determining the ambiguity set radius (P2) in DRO is crucial
for balancing robustness and sample sensitivity. A smaller
radius increases sensitivity to noise and reduces robustness,
while a larger one enhances robustness but may overlook
the true distribution’s behavior. The optimal choice involves
estimating the magnitude of W (PV  P).

Numerous studies explore the concentration of
W (PN, P). For example, (Fournier and Guillin 2015)
provides convergence bounds, (Dedecker and Merlevede
2019) examines dependence conditions, and (Weed and
Bach 2019b) offers sharp inequalities. Below, we adapt
(Fournier and Guillin 2015, Theorem 1) and tailor the
results to our non-metric cost function.
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Figure 2: (a) Empirical estimation of true probability distribution for the model E = A + Ug (Age and Education is nor-
malized). (b) Ambiguity set obtained via classical OT with radius 0.5. (c) Structural causal ambiguity set with radius 0.5. (d)

Comparing Worst-case losses for the structural causal and G-causal DAS with radius 6 = 0.5 and function ¢ (z,y) = (x — y)°.

Algorithm 1: Relaxed Structural Causal Optimal Plan

Input: Probability measures P = (pi)r € RY for fea-
ture values (z%); and Q = (q,.),, € RM for feature values
(y™), ¢ cost function over exogenous space and regular-
ization parameter .

Output: Tensor 7 € II(P, Q).

1. Estimate structural equations F and obtain reduced-
form mappings ¢, G~ .
2. Calculate exogenous values (u*); and (v"), with
ub = g7t ah), v = g7 y").
3. Compute marginal distributions P; and Q; for i € [n].
4. Calculate the cost tensor on the exogenous space
C = {&(u,w)} where u = (ul',...,ulr), v =
(vi',...,vJr) and i), € [N], jy € [M].
5. While not converged:
* Gradient step: compute the gradient of the convex
term G = 3.V, H; (™).
* Sinkhorn step: Estimate 7(**+1)
7Y —arg min  (C —eGW, P) +H(P),
w€ell(P,Q)
by the Sinkhorn Algorithm.
6. Output the tensor 7 corresponding to the probability

values of (§(u), g(w)) € X x X.

Proposition 10 (Concentration Inequality). Let P® = P®
P ® --- for the product measure on XN, the space of all
sequences of observations and Let P € P(X) compactly
support and satisfy Assumption 1. Then for every N > 1
and any confidence level 1 — e with e € (0, 1), there exists §
that holds.

PE(P € B,(PY,8)) > 1 —¢,
where the radius 6(N, €) satisfies:
5(N,e) S (Nn(Cety)~/mateanh -y

where C' is constant depends only to P and d dimension of
feature space. Moreover, if d > 2p and P have a density
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2

function such that its support is compact convex, then for
everyt < d,
§(N,e) Z N7, (12)

Prop. 10 shows that in high-dimensional spaces, the ra-
dius decreases slowly at a rate of N =1/d which is non-
improvable. Thus, merely increasing the sample size offers
limited improvement in approximating the true distribution
or shrinking the ambiguity ball. To overcome this, we exploit
the independence of components in the exogenous space, en-
abling a more refined ambiguity set than traditional Wasser-
stein sets. This approach mitigates the curse of dimensional-
ity and ensures performance regardless of dimension d.

The key idea of the theorem is to leverage the causal struc-
ture to construct the empirical distribution instead of directly
constructing PV, Given samples (z?);, we first derive the
corresponding exogenous samples (u); and then construct

the empirical distribution ng : % Zil 5% for each ex-
ogenous component. By independence assumption, ]}A"ﬁ is
obtained as P{j = P{j, ® --- @ Py . Finally, by mapping

back to the feature space, we construct ]P’g = g#]f”ﬁ.
Proposition 11. Let P € P(X) compactly support and sat-

isfy the assumption 1. Then for every N > 1 and any confi-
dence level 1 — e with ¢ € (0,1), there exists 0 that holds.

PE(P € B (PY,8)) > 1 ¢,
where the radius 6(N, €) satisfies:
—1/ max{d"*,2p}

)

§(N,e) S (NIn(Cne™)) (13)

where d* = max}_, d; and C is constant depends only to P
and d;.

We conclude this section with the following corollary,
which demonstrates that the convergence rate in structural
causal models does not depend on the dimension of the
space.

Corollary 1. Ifd; = 1 and d > 2p + 1, then W (PN, P) <
N—4 however W}—(]@g, P) < N~Y/2P, This implies that
the dependence is only on P, allowing us to break the curse
of dimensionality.



Y(z,y) 0=01 0=02 6=03 6=04
[z — ] 2.70 6.35 9.95 3.6
(x—y)? 5.54 12.9 22.0 29.6
|z + | 0722  0.730  0.830 1.05
(x+y)? 110 1.32 1.68 1.86
22 + y? 2.46 5.15 7.53 11.2

Table 2: Shows the additional percentage of worst-case loss
SUpgegs (p,s) E[Y] relative to supgepr p s E[¢] for differ-
ent ambiguity radius § values and functions. A positive value
indicates the fact B7 (P, ) C B9 (P, d).

Experimental Evaluation

As our method is a novel variant of OT, it is applicable in any
scenario where OT or Wasserstein distance has been previ-
ously employed, particularly when the data model is derived
from causal structures. Fields such as transfer learning, rein-
forcement learning, algorithmic fairness, generative adver-
sarial networks, and clustering (see additional applications
in (Montesuma, Mboula, and Souloumiac 2023; Khamis
et al. 2024)) could benefit from our approach. Therefore, a
comprehensive numerical demonstration of its applications
requires further independent and follow-up work.

In this section, we demonstrate that even with the sim-
plest causal structures in data, different OT variants can pro-
duce varying results. Consider a super simple model involv-
ing two demographic variables, Age (A) and Education (E),
which are common features in real datasets with a known
causal relationship. We model this using the simple linear
SCM: A := Up;E := aA + Ug, where Ug and Uy
are standard normal distributions (as we normalize age and
education in our data). We simulate this model for varying
a € [—1, 1] and compute the classical, structural causal and
G-causal DAS for different radii § € {0.1,0.2,0.3,0.4} to
illustrate the differences between OT variants. To quantify
the difference of ambiguity sets, we compute the worst-case
loss (Eq. 2) for the functions ¢ (z,y) = |z —y|, (x — y)?,
|z +yl, (x + y)% and 2% + .

To compute structural causal OT, we use Prop. 6, which
reformulates the model into a CO-OT (Tran et al. 2021)
problem. The structural causal distance is then calculated
using the COOT Python package available on (Flamary and
contributors 2023). We generated 10,000 distributions to ex-
plore the structural causal ambiguity set.

We have a challenge in computing the G-causal distance
due to the lack of direct computational methods. To over-
come this, we randomly generated 4-dimensional Gaussian
plans that preserve the G-causal structure, producing 10,000
distributions as samples for the G-causal DAS. For generat-
ing the classical OT DAS, tools like (Lab 2024) are useful in
computing the Wasserstein distance.

In Fig. 2(a), the empirical density is displayed. We com-
pare our DAS with classical OT ambiguity sets by generat-
ing 1000 points from each probability measure within the
DAS, aggregating the points, and plotting a heatmap. In part
(b), the classical OT ambiguity set is depicted, which is
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larger than the structural causal DAS. Unlike classical OT,
which expands in all directions disregarding causal struc-
ture, the structural causal DAS maintains causal relations.

As shown in Table 2, the worst-case loss is consistently
lower for the structural causal DAS compared to the G-
causal DAS (supports Prop.5). Notably, in scenarios like
(x— y)Q, as illustrated in Fig. 2(d), the loss difference is sig-
nificant because the G-causal DAS does not maintain causal
links as effectively as the structural causal DAS. This align-
ment in structural causal DAS reduces loss when designing
the ambiguity set around causal structural equations.

Discussion and Limitations

The main focus of this work is to establish a theoretical
framework for a new variant of OT that incorporates not only
the causal graph but also the magnitude of relationships be-
tween features. We address key aspects (P1 and P1) of de-
signing the new DAS and demonstrate its advantages com-
pared to previous definitions. In the numerical section, we
illustrate the impact of our method, even with the simplest
causal structure.

To demonstrate the advantages of our method, further in-
dependent work focusing on real-world applications, includ-
ing transfer learning, algorithmic fairness, GANS, etc., is es-
sential to complete the theoretical aspects of our research.

To enhance our method for real-world problems, it is es-
sential to establish a strong duality theorem to convert the
DRO problem into a more computationally tractable form,
which is a focus of our future work. We also aim to extend
these results to general SCM models and relax our assump-
tions.
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