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Abstract

Multi-view clustering (MVC) aims to integrate complemen-
tary information from multiple views to enhance clustering
performance. Late Fusion Multi-View Clustering (LFMVC)
has shown promise by synthesizing diverse clustering results
into a unified consensus. However, current LFMVC meth-
ods struggle with noisy and redundant partitions and often
fail to capture high-order correlations across views. To ad-
dress these limitations, we present a novel theoretical frame-
work for analyzing the generalization error bounds of multi-
ple kernel k-means, leveraging local Rademacher complex-
ity and principal eigenvalue proportions. Our analysis estab-
lishes a convergence rate of O(1/n), significantly improving
upon the existing rate in the order of O(

√
k/n) . Building

on this insight, we propose a low-pass graph filtering strategy
within a multiple linear K-means framework to mitigate noise
and redundancy, further refining the principal eigenvalue pro-
portion and enhancing clustering accuracy. Experimental re-
sults on benchmark datasets confirm that our approach out-
performs state-of-the-art methods in clustering performance
and robustness.

Introduction
Multi-view data is pervasive across numerous real-world
scenarios, including image processing, bioinformatics, and
social network analysis (Zhou, Du, and Li 2023a; Tang et al.
2022; Wang et al. 2021; Liu et al. 2022). By integrating com-
plementary information from multiple views, state-of-the-
art multi-view clustering (MVC) techniques have signifi-
cantly advanced clustering performance (Zhou and Du 2023;
Tang et al. 2020; Zhou et al. 2024; Li et al. 2021). Based on
their fusion strategies, MVC methods can be broadly catego-
rized into three paradigms: early fusion-based methods (Liu
et al. 2023; Nie, Tian, and Li 2018), kernel fusion-based ap-
proaches (Liu 2023; Liu et al. 2020), and late fusion-based
multi-view clustering (LFMVC) methods (Liu et al. 2021;
Wang et al. 2023; Zhou et al. 2023).

LFMVC follows a two-stage process: first, it indepen-
dently generates base clustering partitions for each view us-
ing methods such as kernel K-means; second, it synthesizes
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these base partitions into a unified consensus result (Wang
et al. 2019). This paradigm has gained considerable atten-
tion for its adaptability and effectiveness in handling di-
verse multi-view datasets. Over the years, several notable
LFMVC methods have advanced the state of the art. For
instance, OPLFMVC (Liu et al. 2021) integrates consen-
sus partition learning and label generation into a unified
optimization framework. ALMVC (Zhang et al. 2022) in-
troduces orthogonally learned view-specific anchors to en-
hance clustering performance. MMLMVC (Li et al. 2024a)
employs the min-max optimization framework from Sim-
pleMKKM (Liu 2023) to refine late fusion strategies. sLGm
(Wu et al. 2024) leverages a Grassmann manifold for par-
tition fusion, preserving the topological structure in high-
dimensional spaces. Lastly, RIWLF (Zhang et al. 2024) in-
corporates sample weights as prior knowledge to regularize
the late fusion process, improving robustness and adaptabil-
ity.

Despite their success, existing LFMVC approaches en-
counter persistent challenges. One major issue is the propa-
gation of noise and redundancy in base clustering partitions,
which compounds errors and affects the quality of the syn-
thesized consensus. Another limitation is their inability to
capture high-order correlations among samples and views,
which is critical for fully leveraging the complementary in-
formation in multi-view data. These shortcomings restrict
the effectiveness of LFMVC methods, particularly in com-
plex scenarios requiring robust performance.

To overcome these limitations, we propose a novel the-
oretical and algorithmic framework to enhance late fusion-
based multi-view clustering. Our contributions are twofold.
First, we provide a novel generalization error bound analy-
sis for multiple kernel K-means based on local Rademacher
complexity and the principal eigenvalue proportion of
the underlying data structure. Unlike previous works that
achieve a convergence rate of O(

√
k/n), our method

reaches O(1/n), representing a significant improvement.
Second, inspired by the theoretical analysis and recent ad-
vances in graph filtering, we develop a low-pass filtering
strategy to refine clustering, aiming to improve the principal
eigenvalue proportion, under the multiple linear K-means
for LFMVC. We validate the effectiveness of our approach
on benchmark datasets, demonstrating improvements over
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state-of-the-art LFMVC methods in terms of clustering re-
sults. The main contributions of this paper are summarized
as follows:
• We establish a novel generalization error bound for mul-

tiple kernel K-means based on local Rademacher com-
plexity and principal eigenvalue proportion, achieving an
unprecedented convergence rate of O(1/n) compared to
the conventional O(

√
k/n).

• Leveraging insights from our theoretical analysis, we
propose a low-pass graph filtering-enhanced strategy
within the multiple linear K-means framework, aiming
to sharpen the clustering error bound by improving the
principal eigenvalue proportion.

Related Work
In this section, we discuss two closely related works in
LFMVC that provides generalization error analysis.

One Pass Late Fusion
Recognizing that the learning of the consensus partition
matrix and the assignment of cluster labels are typically
conducted as separate processes, which do not adequately
inform each other, thus potentially undermining cluster-
ing performance, (Liu et al. 2021) addresses this issue by
proposing an approach that seamlessly integrates both tasks
into a unified optimization framework. The resulting opti-
mization problem can be formulated as follows:

max tr

(
CTYT

m∑
p=1

γpHpWp

)
(1)

s.t. CTC = Ic,W
T
p Wp = Ic, ∀p,

Y ∈ {0, 1}n×k,

m∑
p=1

γ2
p = 1, γp ≥ 0,

where the objective denotes the alignment between the con-
sensus partition matrix Y and a group of pre-calculated base
partition matrices {Hp}mp=1, and Wp is the p-th transforma-
tion matrix. It has been pointed out that the clustering gen-
eralization error bound based on the Rademacher complexit
is of order O(k/

√
n) on unseen samples.

Max-Min-Max Late Fusion
Motivated by the superior performance of kernel fusion-
based methods, such as SimpleMKKM (Liu 2023), and
the low computational complexity of late fusion-based ap-
proaches, (Li et al. 2024a) propose integrating the kernel
fusion-based min-max learning paradigm into late fusion
MVC, which can be achieved through a max-min-max opti-
mization framework as follows,

max
{Wp}m

p=1

min
γ

max
H

tr

(
HT

(
m∑

p=1

γ2
pHpWp

))
(2)

s.t. HTH = Ic,

m∑
p=1

γp = 1, γp ≥ 0,WT
p Wp = Ic, ∀p,

which maximizes the perturbation matrices {Wp}mp=1, min-
imizes view coefficients γ and maximizes the clustering par-
tition matrix H. The generalization clustering performance
is upper bounded with the order O(

√
k/n).

Notations and Preliminaries
Let P be an unknown distribution on X , and let S =
{xi}ni=1 ⊆ X be a set of n i.i.d. samples drawn from P.
The empirical distribution Pn is defined as Pn({xi}) = 1

n
for each xi ∈ S, and Pn(x) = 0 for x /∈ S. Given a kernel
function K : X × X → R, the corresponding kernel matrix
is defined as K = [K(xi,xj)]

n
i,j=1. Let λ1(K) ≥ λ2(K) ≥

· · · ≥ λn(K) ≥ 0 denote its eigenvalues. The Reproducing
Kernel Hilbert Space (RKHS) H is defined as the comple-
tion of the span of {K(x, ·) : x ∈ X}.

In multiple kernel K-means, a common choice is the con-
vex combination of m basic kernels:

Kmultiple =

{
m∑

p=1

γ2
pKp

∣∣∣∣∣
m∑

p=1

γp = 1, γp ≥ 0

}
, (3)

where Kp are the basic kernels.

Multiple Kernel K-Means for Late Fusion
In this section, we present to derive consensus clustering by
integrating multiple embeddings {Hp}mp=1 within a simpli-
fied linear case of the Multiple Kernel KMeans framework.
The K-means clustering algorithm applied to the p-th parti-
tion Hp ∈ Rn×rp can be formulated as follows:

min
Y∈Ind

tr(HpH
T
p )− tr(Y(HpH

T
p )Y(YTY)−1). (4)

It is well established that K-means can be more effectively
conducted in a kernel space, where data points are more
easily separable. Given a set of orthogonal embeddings
{Hp}mp=1, we can construct a corresponding set of linear
kernels {Kp = HpH

T
p }mp=1. For the LFMVC task, we pro-

pose to learn the consensus clustering using a consensus ker-
nel Kγ , which is obtained through a weighted aggregation
of the individual kernels: Kγ =

∑m
p=1 γ

2
pKp. The MKKM-

based LFMVC can then be formulated as follows:

min
Y,γ

tr

(
m∑

p=1

γ2
pHpH

T
p

)

− tr

(
Y

(
m∑

p=1

γ2
pHpH

T
p

)
Y(YTY)−1

)
(5)

s.t. Y ∈ Ind,
m∑

p=1

γp = 1, γp ≥ 0, ∀i.

Although applying the MKKM framework from Eq. (5)
to the task of LFMVC may seem straightforward, several
key insights deserve emphasis. First, MKKM demonstrates
significant efficiency by operating in linear time when us-
ing linear kernels derived from candidate embeddings. This
characteristic aligns with the inherent advantages of late

16382



fusion-based approaches, making MKKM particularly suit-
able for large-scale datasets. Second, by employing the lo-
cal Rademacher complexity technique, we establish that the
generalization error for MKKM is of order O(1/n), which
provides a much sharper bound than those achieved by pre-
viously discussed LFMVC methods. Furthermore, the gen-
eralization error bound can be further improved by enhanc-
ing the proportion of the principal eigenvalue.

Generalization Error Analysis of MKKM
The generalization error of the K-means algorithm is defined
as the expected distance between unseen data and their cor-
responding cluster centers. To formalize this, we consider a
class of functions to construct our hypothesis space:

L =

{
ℓ : x 7→ min

y∈{e1,...,ek}
∥Φγ(x)−Cy∥2H

∣∣∣∣∣
|Φγ(xi)

TΦγ(xj)∥ ≤ b, ∀xi,xj ∈ X , C ∈ Hk

}
, (6)

where Φγ(x) = [γ1Φ1(x)
T , . . . , γmΦm(x)T ]T : Rd 7→

H. Suppose cj is the j-th clustering centroid and fc =
(fc1 , . . . , fck), where j ∈ {1, . . . , k}. It follows that the
mapping function fj is bounded within [0, 4b].

fcj (x) = ∥Φγ(x)− cj∥2H =

∥∥∥∥∥∥Φγ(x)−
1

|cj |
∑
i∈cj

Φγ(xi)

∥∥∥∥∥∥
2

H

≤ 2∥Φγ(x)∥2 +
2

|cj |2
∑

i1,i2∈cj

⟨Φγ(xi1),Φγ(xi2)⟩

≤ 4b. (7)

The generalization error R(f) is defined as

R(f) := Ex∼P[ℓf (x)], (8)

where ℓf is the loss function. Since P is unknown, we esti-
mate the empirical error using the observed data:

R̂(f) :=
1

n

n∑
i=1

ℓf (xi). (9)

Lemma 1. The loss function ℓ(fc(x)) = min fc(x) is 1-
Lipschitz with respect to the L∞ norm, satisfying:

ℓ2 = min(f1, f2, . . . , fk)
2

≤ max(f1, f2, . . . , fk)min(f1, f2, . . . , fk)

≤ 4bmin(f1, f2, . . . , fk) = 4bℓ. (10)

Proof 1. Assuming that ∀f, g ∈ H, ℓ(fc(x)) ≥ ℓ(gc(x))
and ℓ(g(x)) = gci , we have

|ℓ(fc(x))− ℓ(gc(x))| = min fc(x)− gci(x)

≤ fci(x)− gci(x)

≤ ∥fc(x)− gc(x)∥∞, (11)

which shows that ℓf(x) is a 1-Lipschitz continuous func-
tion.

Since the underlying probability distribution P of the data
is unknown, it is not possible to directly estimate the gener-
alization error. To address this issue, a widely adopted strat-
egy is to combine the empirical risk with a measure of model
complexity, as shown in Eq. (12). For a hypothesis f , the
generalization error is bounded as:

R(f) ≤ Remp(f) + sup
f∈H

[R(f)−Remp(f)] , (12)

where the second term, supf∈H [R(f)−Remp(f)], can be
controlled using the Rademacher complexity ℜ(H):

sup
f∈H

[R(f)−Remp(f)] ≤ ℜ(H). (13)

Compared to the global Rademacher complexity, the local
Rademacher complexity (Bartlett, Bousquet, and Mendelson
2005) provides more refined bounds on the generalization
error, avoiding the overly conservative estimates from global
metrics. Its specific definition is given by:

ℜn(H, r) := ℜn

({
f ∈ H : E[f2] ≤ r

})
, (14)

where r represents a tolerance for the complexity or error of
the functions, and must satisfy r > 0.

Given the significant challenges in directly assessing local
Rademacher complexity, an approximate estimation method
based on the ratio of the eigenvalues to the secondary eigen-
values of the integral operator can be adopted (Mendelson
2003). Building on the concept of Principal Eigenvalue Pro-
portion (PEP) introduced in (Liu et al. 2017), specifically
Definitions 1 and 2, we utilize these to estimate the local
Rademacher complexity of our model presented in Eq. (5).

Definition 1. (Liu et al. 2017) Assume K is a Mercer ker-
nel with its eigenvalue decomposition given by K (x,x′) =∑∞

j=1 λj(K)ϕj(x)ϕj (x
′), where the sequence (λj(K))

∞
j=1

represents the eigenvalues of the kernel function arranged in
decreasing order. The t-Principal Eigenvalue Proportion (t-
PEP) of K, for t ∈ N+, is defined as follows:

β(K, t) =

∑t
i=1 λi(K)∑∞
i=1 λi(K)

. (15)

Definition 2. (Liu et al. 2017) Assume K is a kernel func-
tion and let K =

[
1
nK(xi, xj)

]n
i,j=1

denote its correspond-
ing kernel matrix. The t-empirical principal eigenvalue pro-
portion of K, for t ∈ {1, . . . , n− 1}, is given by

β̂(K, t) =

∑t
i=1 λi(K)

tr(K)
, (16)

where λi(K) represents the i-th largest eigenvalue of K, and
tr(K) denotes the trace of the matrix K.

Lemma 2. Assume κ = supp∈{1,2,...,m}tr(Kp) < ∞, the
Theorem 6 of (Kloft and Blanchard 2012) and the Corollary
1 of (Liu et al. 2017) show that for ∀K ∈ Kmultiple , D > 0,
denote

Hmultiple
K = {fw : x 7→ ⟨w,ΦK(x)⟩ : ∥w∥ ≤ D} ,
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where Kmultiple =
∑m

p=1 γ
2
pKp. The local Rademacher com-

plexity of the hypothesis space Hmultiple
K is bounded by:

Rn(Hmultiple
K , r) ≤

√√√√√ 2

n
min
θ≥0

θr +D2m
2
z−1

∑
j>θ

λj(K)


≤

√√√√ 2

n

(
θr +D2m

2
z−1κ

m∑
p=1

1

β(Kp, t)

)
,

Where z is the optimal norm value corresponding to the
proof of Proposition 2 in (Kloft and Blanchard 2012).

Generalization Bounds with PEP
Within the purview of this section, an estimation of the gen-
eralization error margin is conducted by leveraging the ratio
of the dominant eigenvalues.

Theorem 1. Let ℓ defined in Eq. (6) be the multiple kernel
k-means loss function associated with the score function f
defined in Eq (7). Then, ∀δ > 0, with probability at least
1 − δ over the choice of a sample S = {xi}ni=1 drawn i.i.d
according to P, the following inequality holds: ∀θ > 1 and
∀f ∈ Hmultiple

K ,

R(f) ≤ θ

θ − 1
R̂(f) +

c1√
nz

+
c2 + c3

n
,

where z =
∑m

p=1 β(Kp, t), c1 = 6θbD
√
2κm

2
z−1, c2 =

48θbt, c3 = (44b+ 20bθ) log 1
δ .

Proof 2. It follows from Lemma 1 that ℓf (x)2 ≤ 4bℓf (x),
we get Eℓ2f (x) ≤ 4bEℓf (x). According to Theorem 3.3
of (Bartlett, Bousquet, and Mendelson 2005), we can know
with at least 1− δ probability that:

∀θ > 1, R(f) ≤ θ

θ − 1
Remp(f) +

6θr∗

4b
+

e

n
,

where e = log 1
δ (44b + 20bθ) and r∗ is the fixed point

of 4bRn(L, r). According to Lemma 1, we get ℓf is a
1-Lipschitz with respect to the L∞ norm. According to
Lemma 5 of (Cortes et al. 2016), we get Rn(L, r) ≤
Rn(Hmultiple

K , r). According to Lemma 2, we know

Rn(Hmultiple
K , r) ≤

√√√√ 2

n

(
θr +D2m

2
z−1κ

m∑
p=1

1

β(Kp, t)

)
.

Then we have

4bRn(L, r) ≤4bRn(Hmultiple
K , r)

≤4b

√√√√ 2

n

(
t · r +D2m

2
z−1κ

m∑
p=1

1

β(Kp, t)

)
.

Let a = 32b2t
n , c = 32κb2D2m

2
z
−1

n

∑m
p=1

1
β(Kp,t)

, and by

solving r2 − ar − c = 0, we can obtain:

r∗ =
a+

√
a2 + 4c

2
≤ a+

√
a2 +

√
4c

2
= a+

√
c

=
32b2t

n
+

√√√√32κb2D2m
2
z−1

n

m∑
p=1

1

β(Kp, t)

then bring r∗ back to Eq. (17) and complete this proof.
Assumption 1. Assume that the kernel function spectrum
satisfies the polynomial spectrum decay rate, that is

∃γ > 1 : λi(K) = O(i−γ).

The polynomial spectral decay rate is a common assump-
tion, which is satisfied by both finite-rank kernels and con-
volution kernels. Assuming that the kernel function K sat-
isfies the polynomial spectral decay and we assume that the
t-PEP value corresponding to the v-th kernel is the smallest,
we can get

∞∑
i=t+1

λv
i (K) =

∞∑
i=t+1

O(i−γ) ≤
∫ ∞

t

O(x−γ) dx

= O

(
x1−γ

1− γ

∣∣∣∞
t

)
= O

(
t1−γ

γ − 1

)
. (17)

Therefore, there is
t∑

i=1

λv
i (K) = tr(Kv)−

∞∑
i=t+1

λv
i (K)

≥tr(Kv)−O

(
t1−γ

γ − 1

)
,∑t

i=1 λ
v
i (K)∑∞

i=1 λ
v
i (K)

≥Ω(

(
t1−γ

γ − 1

)
).

In this case, the generalization error bound converges to

O

 1√
n
∑m

p=1 β(Kp, t)
+

1

n

 .

If tγ−1 (γ − 1) ≥
√
n

m means t ≥
( √

n
m(γ−1)

) 1
γ−1

, the con-

vergence rate can reach O
(
1
n

)
.

Remark 1. γp represents the weight for each kernel func-
tion Kp, while PEP measures the complexity of the kernel
functions. When the proportion of the principal eigenvalue
is low, β(Kp, t) is also low, indicating a higher complexity
of the kernel function. This conclusion further supports the
strategy in multiple kernel learning of assigning appropri-
ate weights to kernel functions of varying complexities to
achieve models with better generalization performance.

Generalization Bounds with Empirical PEP
Since it is not easy to compute the value of PEP, we have to
use the empirical PEP for practical kernel learning. Fortu-
nately, we can also use it to derive sharp bound.
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Theorem 2. Let ℓ defined in Eq. (6) be the multiple kernel
k-means loss function associated with the score function f

defined in Eq. (7). Then, with 1 − δ, ∀θ ≥ 1, f ∈ Hmultiple
K ,

we have

R(f) ≤ θ

θ − 1
R̂(f) +

c3√
nẑ

+
c4 + c5

n
(18)

where ẑ =
∑m

p=1 β̂(Kp, t), c3 = 12θD
√

2κm
2
z−1, c4 =

384θbt, c5 = (11 + 20bθ + 39θ
b ) log( 3δ ).

Proof 3. To prove the theorem, we introduce the empirical
localized Rademacher complexity of H, which is defined as:

R̂n(H, r) := Rn

({
f ∈ H :

1

n

n∑
i=1

(f(xi))
2 ≤ r

})
.

From (Bartlett, Bousquet, and Mendelson 2005), it is known
that with at least probability 1− δ, for all θ > 1, the follow-
ing formula holds:

R(f) ≤ θ

θ − 1
Remp(f) +

6θr̂∗

4b
+

log
(
3
δ

)
(44b+ 20bθ)

n
,

(19)

where r̂∗ is the fixed point of 8bR̂n(L, 2r) + 13 log(3/δ)
n and

the empirical localized Rademacher complexity of H is de-
fined as:

R̂n(H, r) := Rn

({
f ∈ H :

1

n

n∑
i=1

(f(xi))
2 ≤ r

})
.

According to the Lemma 2, we have

8bR̂n(L, 2r) +
13 log(3/δ)

n

≤8bR̂n(Hmultiple
K , 2r) +

13 log(3/δ)

n

≤8b

√√√√ 2

n

(
t · 2r +D2m

2
z−1κ

m∑
p=1

1

β̂(Kp, t)

)

+
13 log(3/δ)

n
.

Similar to the proof of the Theorem 1, we need to solve for

r =8b

√√√√ 2

n

(
t · 2r +D2m

2
z−1κ

m∑
p=1

1

β̂(Kp, t)

)

+
13 log

(
3
δ

)
n

Defining a = 256tb2

n , c = 128b2D2m
2
z
−1κ

n

∑m
p=1

1
β̂(Kp,t)

and

d =
13 log( 3

δ )
n . The above is equivalent to solving

r2 − (2d+ a)r − (c− d2) = 0

for a positive root. It is easy to verify that

r̂∗ ≤2d+ a+
√
a2 + 4da+ 4c

2

≤2d+ a+ (a+ 2d+ 2
√
c)

2

=a+ 2d+
√
c =

256tb2

n
+

26 log
(

3
D

)
n

+ 8bD

√
2κm

2
z−1

∑m
p=1

1
β̂(Kp,t)

n

Then we bring r̂∗ back to Eq. (19) and complete this proof.
Same as the assumption 1, when tγ−1 (γ − 1) ≥

√
n

m means

t ≥
( √

n
m(γ−1)

) 1
γ−1

, the convergence rate can reach O
(
1
n

)
.

Graph Filter Enhanced Multiple Linear
K-means

In this section, we introduce a strategy within the linear
case of the MKKM framework to denoise base partitions by
leveraging smooth representations obtained through an opti-
mal graph filter, which aims to enhance the principal eigen-
value proportions.

In graph signal processing, natural signals are expected to
be smooth across adjacent nodes, aligning with the underly-
ing graph structure. Smoother signals often lead to clearer
clustering, consistent with the cluster and manifold assump-
tion (Zhou, Du, and Li 2023b). To achieve this, it is crucial
to smooth raw features, reducing high-frequency noise while
preserving key graph-based properties.

We start by constructing a set of affinity graphs {Ap}mp=1,
with each Ap ∈ Rn×n. For the p-th data view, the normal-

ized adjacency matrix is D− 1
2

p ApD
− 1

2
p , where Dp is the di-

agonal degree matrix. The corresponding normalized graph
Laplacian is:

Lp = I−D
− 1

2
p ApD

− 1
2

p . (20)

A common technique is to apply a low-pass graph filter, typ-
ically expressed as:

x̂ =
ō∑

o=1

(
I+D

− 1
2

p ApD
− 1

2
p

2

)o

x = Gpx, (21)

where o represents the o-hop neighborhood.
Traditional methods, such as those in (Lin et al. 2023),

typically use fixed pre-defined graph filters, which may not
adapt well to complex multi-view data. To address this limi-
tation, we propose learning an optimal low-pass graph filter
to enhance smoothness across embeddings. This is achieved
by expressing the smoother embedding Ĥp as:

Ĥp =

(
m∑
i=1

µiGi

)
Hp, (22)

where {µi}mi=1 are learnable combination coefficients, and
{Gi} are graph-based filters associated with different views.
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Algorithm 1: Algorithm for the problem in Eq. (23).

Require: Base partitions {Hp}mp=1, the cluster number k,
the neighborhood size is set to 5.

1: Compute the probabilistic affinity graph {Sr}mr=1 ac-
cording to (Nie, Wang, and Huang 2014);

2: Initialize γ,µ,Y;
3: repeat
4: Update Y by CD algorithm (Nie et al. 2022);
5: Update γ according to Eq. (26);
6: Update µ according to Eq. (27);
7: until Converges

Ensure: The discrete clustering result Y.

This formulation ensures that the derived embedding is not
only smoother but also incorporates complementary infor-
mation from multiple views, optimizing the clustering pro-
cess. Based on this, we propose the Graph filter-enhanced
Multiple Linear K-Means (GMLKM):

min tr

(
m∑

p=1

γ2
pG̃HpH

T
p G̃

)
(23)

−tr

(
YT (

m∑
p=1

γ2
pG̃HpH

T
p G̃)Y(YTY)−1

)

s.t. G̃ =

m∑
i=1

µiGi,Y ∈ Ind,

m∑
p=1

γp = 1,
m∑
i=1

µi = 1, γp ≥ 0, µi ≥ 0, ∀p, i.

This filtering approach is preferred as it captures high-order
relationships while maintaining linear computational com-
plexity through sparse matrix multiplication.
Remark 2. PEP quantifies the proportion of variance cap-
tured by the leading eigenvalues of the kernel matrix. Higher
PEP values suggest that most of the variance is explained
by the dominant eigenvalues,enabling effective clustering
as the data can be well-represented in a lower-dimensional
space.The adaptive graph filter enhances PEP by increas-
ing the smoothness and relevance of the data representa-
tion,resulting in a more concentrated and informative eigen-
value distribution.

Alternate Optimization
The objective in Eq. (23) involves optimizing four variables.
We propose a three-step alternating optimization procedure
by optimizing one variable while keeping the others fixed.

Optimization Y: With γ and µ fixed, the optimization
problem in Eq. (23) with respect to Y reduces to:

max
Y∈Ind

tr
(
YT (H̃H̃T )Y(YTY)−1

)
, (24)

where H̃ = G̃[γ1H1, γ2H2, . . . , γmHm]. This formulation
resembles the K-means algorithm applied to H̃. Hence, the
optimal Y can be efficiently obtained using the Coordinate
Descent (CD) method (Nie et al. 2022).

Optimization γ: With Y and µ fixed, the optimization
problem in Eq. (23) with respect to γ simplifies to:

min
m∑

p=1

γ2
pαp, s.t.

m∑
p=1

γp = 1, γp ≥ 0, ∀p, (25)

where αp = −tr(YT G̃HpH
T
p G̃Y(YTY)−1) +

tr(G̃HpH
T
p G̃). The optimal solution (Du, Zhou et al.

2015) for γp is given by:

γp =

1
αp∑m

p′=1
1

αp′

. (26)

Optimization µ: With Y and γ fixed, the optimization
problem in Eq. (23) with respect to µ is reformulated as:

min µTMµ, s.t.
m∑
i=1

µi = 1, µi ≥ 0, ∀i, (27)

where the matrix M ∈ Rm×m is defined as
Mij = −tr(YTGi(

∑m
p=1 γpHpH

T
p )GjY(YTY)−1) +

tr(Gi(
∑m

p=1 γpHpH
T
p )Gj). This is a standard quadratic

programming problem. The whole optimization procedure
in solving Eq. (23) is outlined in Algorithm 1.

Convergence Analysis
The optimization problem in Eq. (23) is evidently lower-
bounded, and the variable updates for updating Y, γ, and
µ monotonically decrease the objective function. Thus, con-
vergence of Algorithm 1 is guaranteed.

Experiments
Datasets
In Table 1, we evaluate our method on ten benchmark
datasets: Lung (D1), JAFFE (D2), CSTR (D3), ISO-
LET(D4), WAP (D5), Mfeat (D6), K1b (D7), MouseBlad-
der (D8), PBMC (D9), and CBMC (D10). These datasets
cover a range of domains, including image datasets (JAFFE,
ISOLET, Mfeat), biological datasets (Lung, MouseBladder,
PBMC, CBMC), and text corpora (CSTR, WAP, K1b).

ID Dataset Samples Features Classes
D1 Lung 203 3312 5
D2 JAFFE 213 676 10
D3 CSTR 476 1000 4
D4 ISOLET 1560 617 26
D5 WAP 1560 8460 20
D6 Mfeat 2000 240 10
D7 K1b 2340 21839 6
D8 MouseBladder 2746 11829 16
D9 PBMC 4271 12206 8
D10 CBMC 8617 1703 15

Table 1: Summary of ten datasets
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D1 D2 D3 D4 D5 D6 D7 D8 D9 D10

ACC(%)

avgH 79.5 ± 7.3 87.4 ± 7.9 76.5 ± 14.9 55.4 ± 2.9 40.3 ± 6.2 85.0 ± 5.6 81.2 ± 15.8 53.7 ± 3.7 58.8 ± 2.1 62.1 ± 3.1
AWP 64.0 ± 0.0 62.0 ± 0.0 66.7 ± 0.0 45.2 ± 0.0 33.7 ± 0.0 64.2 ± 0.0 85.4 ± 0.0 53.4 ± 0.0 53.7 ± 0.0 59.7 ± 0.0

LFMVC 81.5 ± 7.1 89.7 ± 7.2 80.8 ± 7.0 55.7 ± 2.7 42.2 ± 3.2 84.6 ± 9.0 83.4 ± 8.5 54.4 ± 2.2 59.4 ± 2.3 62.2 ± 2.9
OPLF 86.7 ± 0.0 97.3 ± 2.7 90.3 ± 0.0 59.3 ± 1.1 47.2 ± 1.4 94.9 ± 2.8 92.0 ± 0.3 61.6 ± 0.5 64.1 ± 0.7 66.0 ± 0.2

LFLKA 81.8 ± 9.1 89.5 ± 7.2 80.8 ± 7.1 55.7 ± 2.7 42.9 ± 3.4 85.8 ± 5.2 86.0 ± 8.0 54.8 ± 2.4 59.1 ± 2.0 62.9 ± 2.6
ALMVC 79.0 ± 12.1 83.5 ± 9.9 80.6 ± 7.0 56.8 ± 3.4 41.9 ± 3.6 84.6 ± 9.0 83.1 ± 8.5 54.1 ± 2.3 58.9 ± 1.8 62.2 ± 3.0

M3LF 79.7 ± 7.1 84.2 ± 7.9 76.1 ± 12.6 56.3 ± 2.7 42.0 ± 3.1 82.7 ± 8.3 82.1 ± 4.5 53.8 ± 2.7 60.0 ± 2.6 62.2 ± 2.6
sLGm 79.6 ± 7.3 84.2 ± 7.4 80.7 ± 7.1 55.8 ± 2.7 41.6 ± 2.7 84.6 ± 9.0 84.0 ± 8.5 54.6 ± 2.0 59.0 ± 2.1 62.2 ± 2.9

RIWLF 79.5 ± 8.0 86.6 ± 8.2 80.6 ± 7.0 57.1 ± 2.6 42.2 ± 2.7 84.6 ± 9.0 84.0 ± 8.5 54.5 ± 2.4 59.0 ± 2.1 62.2 ± 3.0
GMLKM 87.2 ± 0.0 97.3 ± 2.7 91.8 ± 0.0 60.4 ± 0.6 47.7 ± 0.5 94.7 ± 2.7 93.0 ± 0.0 62.3 ± 0.5 66.6 ± 0.6 68.5 ± 0.3

NMI(%)

avgH 56.3 ± 6.8 91.8 ± 4.1 64.8 ± 18.6 73.9 ± 1.6 48.2 ± 6.6 86.4 ± 2.9 68.4 ± 18.7 61.7 ± 1.8 59.1 ± 1.5 67.5 ± 0.9
AWP 42.3 ± 0.0 69.8 ± 0.0 47.4 ± 0.0 65.0 ± 0.0 42.6 ± 0.0 68.7 ± 0.0 66.9 ± 0.0 61.6 ± 0.0 53.1 ± 0.0 65.8 ± 0.0

LFMVC 59.5 ± 7.4 92.7 ± 3.8 69.5 ± 4.0 74.2 ± 1.3 50.3 ± 1.3 86.3 ± 4.2 70.8 ± 7.8 61.6 ± 1.7 60.5 ± 1.3 67.8 ± 0.5
OPLF 66.6 ± 0.0 96.8 ± 1.7 75.3 ± 0.0 77.0 ± 0.5 52.0 ± 0.2 90.7 ± 1.8 80.7 ± 1.2 68.6 ± 0.1 61.7 ± 0.6 68.2 ± 0.3

LFLKA 60.5 ± 9.3 92.7 ± 3.8 69.6 ± 3.9 74.2 ± 1.3 50.5 ± 1.0 86.6 ± 2.8 73.9 ± 7.2 61.9 ± 1.9 60.5 ± 1.4 67.5 ± 0.6
ALMVC 59.4 ± 9.1 88.4 ± 5.1 69.2 ± 3.8 74.5 ± 1.3 50.0 ± 1.2 86.3 ± 4.2 70.9 ± 7.5 61.3 ± 1.9 60.1 ± 1.6 67.6 ± 0.7

M3LF 56.3 ± 6.8 89.7 ± 4.5 66.5 ± 8.2 74.6 ± 1.4 50.0 ± 1.0 85.1 ± 3.9 65.4 ± 4.1 61.4 ± 2.1 59.5 ± 1.7 67.0 ± 0.7
sLGm 56.6 ± 7.2 90.2 ± 3.8 69.4 ± 4.2 74.2 ± 1.3 50.2 ± 0.9 86.3 ± 4.2 72.6 ± 8.1 61.8 ± 1.8 59.4 ± 1.3 67.9 ± 0.3

RIWLF 56.6 ± 7.4 91.0 ± 4.5 69.2 ± 3.8 74.7 ± 1.3 50.7 ± 1.0 86.3 ± 4.2 72.6 ± 8.0 61.3 ± 2.1 59.4 ± 1.3 67.6 ± 0.6
GMLKM 66.7 ± 0.0 96.9 ± 1.3 79.4 ± 0.0 77.0 ± 0.4 47.9 ± 0.8 90.7 ± 1.8 82.7 ± 0.0 68.9 ± 0.5 60.1 ± 0.6 67.7 ± 0.3

ARI(%)

avgH 59.9 ± 10.8 85.0 ± 8.4 64.2 ± 20.8 50.4 ± 2.6 31.8 ± 10.6 81.5 ± 5.4 71.1 ± 21.3 40.9 ± 3.3 45.8 ± 1.8 51.0 ± 2.7
AWP 31.9 ± 0.0 54.1 ± 0.0 35.5 ± 0.0 38.5 ± 0.0 21.3 ± 0.0 58.0 ± 0.0 70.9 ± 0.0 41.0 ± 0.0 35.7 ± 0.0 51.8 ± 0.0

LFMVC 65.4 ± 11.9 87.0 ± 8.0 69.0 ± 6.7 52.3 ± 2.6 33.7 ± 3.9 81.6 ± 7.3 71.7 ± 13.2 41.2 ± 2.3 46.8 ± 2.3 51.2 ± 2.5
OPLF 73.6 ± 0.0 95.0 ± 2.9 80.2 ± 0.0 55.3 ± 0.6 40.2 ± 1.7 90.1 ± 2.7 86.5 ± 0.6 44.1 ± 0.3 50.4 ± 0.1 54.8 ± 0.1

LFLKA 67.4 ± 14.5 87.0 ± 8.0 69.0 ± 6.7 52.3 ± 2.6 34.9 ± 4.5 82.3 ± 4.8 76.2 ± 12.6 41.4 ± 2.6 46.5 ± 2.4 51.7 ± 2.5
ALMVC 63.3 ± 16.2 78.9 ± 9.4 68.6 ± 6.6 51.2 ± 2.3 33.4 ± 4.5 81.6 ± 7.3 71.3 ± 12.8 40.9 ± 2.5 46.2 ± 2.3 51.1 ± 2.6

M3LF 61.7 ± 11.2 81.3 ± 9.1 64.2 ± 14.0 51.6 ± 1.8 34.8 ± 4.3 79.8 ± 6.7 69.3 ± 8.1 41.0 ± 2.8 47.3 ± 1.9 51.3 ± 2.4
sLGm 60.1 ± 11.6 81.6 ± 8.2 68.9 ± 6.9 52.3 ± 2.6 33.4 ± 4.0 81.6 ± 7.3 73.6 ± 13.4 41.3 ± 2.5 46.2 ± 1.8 51.2 ± 2.5

RIWLF 60.5 ± 11.7 83.8 ± 9.3 68.6 ± 6.6 51.5 ± 2.0 34.3 ± 3.7 81.6 ± 7.3 73.7 ± 13.5 40.8 ± 2.7 46.2 ± 1.8 51.1 ± 2.6
GMLKM 74.7 ± 0.0 95.2 ± 2.4 84.2 ± 0.0 54.5 ± 0.7 35.2 ± 0.7 89.7 ± 2.8 89.4 ± 0.0 43.8 ± 0.1 48.2 ± 0.1 56.0 ± 0.1

Table 2: Clustering results in terms of ACC/NMI/ARI

Experimental Setup and Results

We evaluated the proposed GMLKM method against re-
cently developed LFMVC approaches, including AWP (Nie,
Tian, and Li 2018), LFMVC (Wang et al. 2019), OPLF (Liu
et al. 2021), LFLKA (Zhang et al. 2023), ALMVC (Zhang
et al. 2022), M3LF (Li et al. 2024b), sLGm (Wu et al. 2024),
and RIWLF (Zhang et al. 2024). Additionally, the aver-
age performance of a single embedding, denoted as AvgH,
was reported as a baseline. The related codes is available at
https://github.com/csliangdu/GMLKM.

Experimental settings followed those in (Wu et al. 2024),
where 12 shifted Laplacian kernels were generated us-
ing kernel parameters specified in (Du, Zhou et al. 2015).
Kernel K-means was employed to derive base partitions,
and the dimensionality for all methods was selected from
{c, 2c, 3c, 4c}, as recommended in (Wang et al. 2019; Zhang
et al. 2022). Baseline algorithms were executed using their
recommended parameter settings. To mitigate the influence
of randomness, each method was executed 10 times, and the
average performance was reported.

For the proposed GMLKM method, the neighborhood
size in Eq. (23) was fixed at 5 across all datasets without pa-
rameter tuning, while the order ō was chosen from {1, 2, 3}.
The evaluation metrics included Accuracy (ACC), Normal-

ized Mutual Information (NMI), and Adjusted Rand Index
(ARI), and the results are summarized in Table 2.

The results demonstrate that the proposed method consis-
tently outperforms other approaches in terms of ACC, NMI,
and ARI across a variety of datasets.

Conclusion
This work presents a novel analysis using the principal
eigenvalue proportion for Multiple Kernel K-means achiev-
ing a generalization error bound of O(1/n). By incorporat-
ing low pass graph filtering techniques it is expected that the
principal eigenvalue proportion could be improved during
for multiple kernel clustering task. We take the graph filter
enhanced multiple linear K-means on base partitions in the
late fusion scenarios to demonstrate the improved results. In
future, we plan to conduct a thorough investigation into the
theoretical and practical implications of enhancing the prin-
cipal eigenvalue proportion using graph filters.
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