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Abstract

We study neural network training (NNT): optimizing a neu-
ral network’s parameters to minimize the training loss over a
given dataset. NNT has been studied extensively under the-
oretic lenses, mainly on two-layer networks with linear or
ReLU activation functions where the parameters can take any
real value (here referred to as continuous NNT (C-NNT)).
However, less is known about deeper neural networks, which
exhibit substantially stronger capabilities in practice. In ad-
dition, the complexity of the discrete variant of the problem
(D-NNT in short), in which the parameters are taken from a
given finite set of options, has remained less explored despite
its theoretical and practical significance.
In this work, we show that the hardness of NNT is dramat-
ically affected by the network depth. Specifically, we show
that, under standard complexity assumptions, D-NNT is not
in the complexity class NP even for instances with fixed di-
mensions and dataset size, having a deep architecture. This
separates D-NNT from any NP-complete problem. Further-
more, using a polynomial reduction we show that the above
result also holds for C-NNT, albeit with more structured in-
stances. We complement these results with a comprehensive
list of NP-hardness lower bounds for D-NNT on two-layer
networks, showing that fixing the number of dimensions, the
dataset size, or the number of neurons in the hidden layer
leaves the problem challenging. Finally, we obtain a pseudo-
polynomial algorithm for D-NNT on a two-layer network
with a fixed dataset size.

Extended version — http://arxiv.org/abs/2412.13057

1 Introduction
Deep neural networks are among the leading tools in ma-
chine learning today, with an astonishingly vast range of ap-
plications (Goodfellow, Bengio, and Courville 2016). Neu-
ral networks require training: optimizing the weights and bi-
ases on a given dataset. While minimizing the generalization
error is the primary goal, a fundamental algorithmic chal-
lenge is to minimize the training loss on the given dataset.

Neural network training has been studied extensively
from a theoretical perspective. NP-hardness proofs have
been known for over three decades (Judd 1988; Blum and
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Rivest 1988; Megiddo 1988) and recent developments ob-
tained strong hardness results for various special cases of the
training problem (e.g., (Goel et al. 2021; Boob, Dey, and Lan
2022; Bertschinger et al. 2023; Froese and Hertrich 2024)).
For the above results, it sufficed to consider two-layer net-
works which already capture the hardness of the problem.

On the other hand, less is known about deeper neural net-
works, which adhere to substantially stronger capabilities in
practice (Goodfellow, Bengio, and Courville 2016). Obtain-
ing lower bounds of training as a function of the network
depth is considered a prominent question in previous works
(e.g., (Goel et al. 2021; Froese and Hertrich 2024)). In addi-
tion, the complexity of the discrete variant of the problem, in
which the parameters are taken from a given finite set of op-
tions, has remained less explored despite its theoretical and
practical significance.

In this paper, we aim to narrow the gaps described above,
by theoretically studying the following questions. (i) In
polynomially solvable settings for shallow networks (e.g.,
fixed dimension and dataset size, etc.), how difficult is train-
ing on deeper networks? (ii) What are the complexity dif-
ferences between training on discrete versus continuous pa-
rameter spaces? (iii) In particular, can we obtain a hardness
results stronger than NP-completeness for training on a dis-
crete parameter space? such results exist for two-layer net-
works in the continuous parameter space (Bertschinger et al.
2023; Abrahamsen, Kleist, and Miltzow 2021). We start by
formally describing the problem.

Neural Network Training (NNT)
We define the decision problem of whether a given neural
network can be optimally trained. This problem is occasion-
ally referred to as empirical risk minimization (ERM) but
hereafter will be called neural network training (NNT). The
definition captures both discrete and continuous parameter
spaces with arbitrary activation and loss functions on an ar-
bitrary directed acyclic graph.

Input: We are given a directed acyclic graph N = (V =
{s} ∪H ∪ T,E) (i.e., the network), where s, H , T are the
input vertex (source), the hidden layers (neurons), and the
output vertices, respectively. The depth of the network is the
longest path from the input to an output and a layer is a
maximal subset of vertices with the same distance from the
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source; the width, denoted by k, is the maximum cardinality
of any layer. We also have a dataset D = {(xi, yi)}ni=1, with
input xi ∈ X ⊆ Rd and output yi ∈ Y ⊆ Rm·|T |.

We are also given an activation function σv : R → R for
each v ∈ H ∪ T and a loss function L : Y × Y → R sat-
isfying L(a, b) = 0 if and only if a = b. We assume that
the activation functions and the loss function are polynomi-
ally computable. Additionally, the input consists of weight
spaces We[i] ⊆ R and bias spaces Be ⊆ R, for all e ∈ E
and dimension i ∈ {1, . . . , d}.1 Let We = (We[i])i∈{1,...,d}
and let Θ = (We, Be)e∈E be the parameter space. Finally,
we are given an error margin parameter γ ∈ R.

The Model: Given parameters θ = (we, be)e∈E ∈ Θ,
that is, we[i] ∈ We[i] and be ∈ Be for all e ∈ E and
i ∈ {1, . . . , d}, the model fθ(x) is computed inductively
given an input x ∈ X . Define zs(x) = x. Moreover, for
each v ∈ H ∪ T , the output zv(x) of v is defined by
applying the activation function σv on the weighted sum
of outputs of all vertices with an edge directed towards v:
zv(x) = σv

(∑
e=(u,v)∈E we · zu(x) + be

)
. The output of

the network is fθ(x) = (zt(x))t∈T .

Objective: Decide if there are parameters θ ∈ Θ that ad-
mit a training loss bounded by the error margin parameter:∑n

i=1 L (fθ(xi), yi) ≤ γ. We refer to the well-studied spe-
cial case of NNT, where We, Be = R for every edge e, as
continuous NNT (C-NNT); conversely, if the sets We, Be are
finite and are explicitly given as part of the input, the prob-
lem is called discrete NNT (D-NNT).

Motivation: As gradient decent techniques are a form of
C-NNT and ubiquitous in practice, the practical motiva-
tion for studying C-NNT is apparent. However, there are
also settings in which D-NNT possesses practical signifi-
cance. Quantization techniques, transforming C-NNT into
D-NNT, are very common in practice (Courbariaux, Bengio,
and David 2015; Rastegari et al. 2016; Zhu et al. 2016; Zhou
et al. 2018; Rokh, Azarpeyvand, and Khanteymoori 2023).
These techniques enable to reduce memory usage and en-
ergy consumption while increasing the speed of both train-
ing and deployment. In some cases, quantization even allows
better model generalization.

Other practical settings in which D-NNT is useful include
model deployment in low-memory devices (Li and Hao
2018), initial parameter values for gradient-based optimiza-
tion (Hu, Xiao, and Pennington 2020), or even long-term in-
formation storage in biological neural networks (Hayer and
Bhalla 2005; Miller et al. 2005) (see more details in (Bal-
dassi and Braunstein 2015)).

D-NNT versus C-NNT: One key difference between D-
NNT and C-NNT is the over-parametrized setting (where
k > n). While a C-NNT instance can always optimally fit
the dataset in the over-parametrized setting (Zhang et al.
2021), this does not always hold for D-NNT instances. As
a naive example, consider a two-layer D-NNT instance with

1Technically, for edges e = (u, v) ∈ E where u ̸= s, there is
only one dimension: We = We[i] ∀i ∈ {1, . . . , d}.

k = 2 neurons and one data point (x = 1, y = 2). If the
parameter space of the instance contains only zeros, it is im-
possible to construct a model that optimally fits the dataset.
This distinction enables lower bounds and non-trivial algo-
rithms for D-NNT in the over-parametrized setting.

Our Results
Hardness of NNT on Deep Networks In the following,
we partially answer questions (i)-(iii). As mentioned above,
there are lower bounds stronger than NP-completeness for
NNT on a two-layer network (Bertschinger et al. 2023;
Abrahamsen, Kleist, and Miltzow 2021). However, the in-
tricate part in these hard C-NNT instances is based on the
infinite parameter space and infinite precision of real num-
bers. In contrast, for analogous D-NNT instances on a two-
layer network, verifying the correctness of a solution can be
done in polynomial time since the entire parameter space is
given explicitly in the input. Therefore, D-NNT on shallow
networks belongs to NP and a strictly stronger lower bound
than NP-completeness for D-NNT would require deeper net-
works.

We obtain the following lower bound on the running time
of D-NNT in deep networks. Specifically, we show that D-
NNT is unlikely to be in the complexity class NP, making it
significantly more challenging than any NP-complete prob-
lem (such as, e.g., the closely related Circuit SAT (Lu et al.
2003; Amizadeh, Matusevych, and Weimer 2019)).
Theorem 1.1. Assume that the Constructive Univariate Rad-
ical Conjecture (Dutta, Saxena, and Sinhababu 2022) is true
and assume NP ̸⊆ BPP. Then, D-NNT /∈ NP, even for in-
stances with input and output dimension 1 and weights in
{0, 1,−1}.

Even though our result considers the discrete version of
NNT, we give an easy polynomial reduction from D-NNT
to C-NNT. This shows that our lower bound for the discrete
problem also applies to its continuous counterpart, albeit for
instances with a large output dimension.
Theorem 1.2. There is a polynomial time reduction from
D-NNT to C-NNT.

D-NNT on Two-Layer Networks Our above results shed
some light on questions (i) and (iii). In the remainder of this
section, we focus on question (ii), discussing D-NNT in-
stances on two-layer neural networks. Our first easy result
shows that even in a very restricted scenario, D-NNT is NP-
hard. This setting incorporates a dataset of size 1, a regime
that is easily solvable in the continuous setting. This gives a
another stark distinction between D-NNT and C-NNT.
Theorem 1.3. Unless P=NP, there is no polynomial algo-
rithm that solves D-NNT even if there is only one hidden
layer, the dataset is of size n = 1, the dimension is d = 1,
the activation functions are the identity function, and the loss
function is the sum of squares.

In the above result, the hardness of D-NNT follows di-
rectly from the maximum number allowed for a weight or
a bias. Therefore, henceforth the weights and biases are
given in unary; this allows assessing the complexity assum-
ing the parameters are relatively small (polynomial in the
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input size). In this setting, we obtain the following strong
lower bound on the running time even if the weights are en-
coded in unary.

Theorem 1.4. Assuming the Exponential Time Hypothesis
(ETH), no algorithm solves D-NNT in time f(k) ·No( k

log k )

where N is the encoding size of the instance, k is the width
of the network, and f is any computable function. The result
holds even for instances with the identity activation function
and input dimension d = 1.

While there are ETH-based lower bounds for NNT, we
are only aware of such bounds for C-NNT instances with
Rectified Linear Unit (ReLU) activation functions in which
the parameter is d rather than k (Froese, Hertrich, and Nie-
dermeier 2022a). In contrast, in the above result (and also in
the next) the activation function used is the identity function.
Such a result is unlikely for C-NNT.

Finally, we obtain a hardness result for instances with a
single neuron in the hidden layer (width k = 1). This re-
sult is different from other hardness results with one neuron
(Dey, Wang, and Xie 2020; Goel et al. 2021; Froese, Her-
trich, and Niedermeier 2022b), since we consider D-NNT
rather than C-NNT and our result applies to the identity
function as the activation function.

Theorem 1.5. Assuming P ̸= NP, there is no polynomial
algorithm for D-NNT even with one input, one output, one
neuron in the hidden layer k = 1, and the identity activation
function.

We complement the above lower bounds with a pseudo-
polynomial algorithm for D-NNT on a two-layer network
with general activation functions (on the hidden layer only)
and a general loss function. This algorithm studies the over-
parametrized setting, in which k > n. That is, we assume
that the number of neurons in the hidden layer is unbounded,
the input dimension is unbounded, and the output dimen-
sion is one. On the other hand, we assume that the dataset
size is a fixed constant. Finally, the running time is pseudo-
polynomial in the maximum number that can be computed
via the network.

Theorem 1.6. There is an algorithm that decides D-NNT
on a two-layer network with output dimension 1 in time
poly(|I|) · MO(n0), where M is the maximum number that
can be computed via the network and n0 is the size of the
dataset.

By Theorem 1.4 and Theorem 1.5, obtaining qualitatively
better running time for the above regime is improbable. This
algorithm is intended as a theoretic proof-of-concept and is
unlikely to perform well in practice.

Discussion
This section describes the implications and limitations of our
results and lists some open questions.

Hardness of NNT on Deep Networks: Theorem 1.1 in-
dicates that even very simplified D-NNT instances on a
deep network architecture are strictly harder than any NP-
complete problem. This result implies that, unlike other

NNT lower bounds, the depth of the network can be iso-
lated as the sole factor contributing to the hardness of
training. This is in contrast to other stronger than NP-
completeness lower bounds that are applied to two-layer net-
works (Bertschinger et al. 2023; Abrahamsen, Kleist, and
Miltzow 2021).

Several questions remain open here. It would be interest-
ing to obtain even stronger hardness results for deep net-
works exploiting more general instances with larger dimen-
sions and unbounded dataset size. In addition, our reduction
to C-NNT (Theorem 1.2) augments the output dimension;
we would like to reproduce the lower bound of Theorem 1.1
for C-NNT with a smaller number of outputs, which would
require a larger dataset and potentially more expressive acti-
vation functions.

Discrete vs. Continuous NNT: One key distinction be-
tween D-NNT and C-NNT, exemplified in our results, is that
D-NNT is often intractable even for instances considered to
be naive in the continuous parameter space (e.g., as in the
over-parametrized setting (Zhang et al. 2021)). On the other
hand, D-NNT instances can be solved by exhaustive enu-
meration, unlike C-NNT. Despite the above distinctions, the
theoretical dynamics between the discrete and continuous
settings are not fully understood and should be a subject to
future works. This question is especially interesting due to
the large body of work on quantized models (Courbariaux,
Bengio, and David 2015; Rastegari et al. 2016; Zhu et al.
2016; Zhou et al. 2018; Rokh, Azarpeyvand, and Khantey-
moori 2023). Our results give indications for the hardness
of training quantized models in the worst case. However, in
practical settings the quantization is not adversarial and can
be chosen in various ways. Thus, the lower bounds in our pa-
per do not give a direct implication for practical quantization
schemes.

Handling Large Numbers: The crux in the hardness of
deep networks presented in Theorem 1.1 is based on rep-
resenting fast-increasing numbers in the network. Note that
this does not depend on the maximum absolute parameter
value, which is 1 in our reduction. Thus, our results pro-
vides additional theoretical angle on numerical instability
observed in the area of deep neural networks (e.g., (Hochre-
iter 1998; Zheng et al. 2016; Sun et al. 2022)). Nevertheless,
in practice, numbers used in deep networks do not usually
grow as fast as in our lower bound, designed solely to ex-
plore the limitations of deep learning in theory.

It is intriguing to study further the complexity of the prob-
lem allowing the running time to pseudo-polynomially de-
pend on the maximum number that can be computed via
the network. Indeed, in Theorem 1.6 we obtain an algorithm
with such a running time in the over-parametrized discrete
setting (on two-layer networks). Pseudo-polynomial lower
bounds, especially for deeper networks, would be interesting
here. In addition, Theorem 1.4 describes a scenario in which
the encoding size is determined by the maximum weight in
the instance. It would be interesting to improve the lower
bound to f(k) ·NΩ(k) under the same conditions.
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Number of Inputs: This paper studies NNT only on in-
stances with a single source (which can be multidimen-
sional though). Even with one input, NNT is computation-
ally challenging, with various lower bounds (see the previ-
ous work section). Nonetheless, it would be interesting to
explore NNT with multiple inputs in a simplified environ-
ment.

Activation Functions: In Theorem 1.1, we use as a proof-
of-concept activation functions that perform as division and
multiplication operators. Even though these activation func-
tions are non-standard, they can be efficiently encoded and
computed, consequently fitting to polynomial reductions. It
would be interesting to use standard activation functions
such as ReLU or linear activation functions for obtaining
lower bounds in deep networks.

Approximation Algorithms: This paper focuses on ob-
taining exact theoretical lower bounds for NNT. However,
in most practical settings approximate solutions may suffice.
We remark that for instances with parameter error γ = 0,
e.g., Theorem 1.3 and Theorem 1.5, there cannot be any mul-
tiplicative approximation ratio. Thus, the best we can expect
is an additive approximation (Goel et al. 2021). It remains an
open question whether Theorem 1.1 can be adapted to rule
out multiplicative or additive approximation for (relatively
easy) deep networks. We remark however that using simple
scaling, the lower bound described in Theorem 1.1 can be
applied for arbitrarily large values of γ.

Connection to Learning: In practice, the goal of train-
ing is to minimize the generalization loss on unseen data.
Conversely, this paper focuses on loss minimization on a
static dataset. While there are rooted connections between
training and learning (e.g., (Shalev-Shwartz and Ben-David
2014; Goel et al. 2017, 2021)), it would be interesting to
find non-trivial assumptions on the data distribution and de-
sign analogous lower bound to Theorem 1.1 in a learning
perspective.

Scaling of Hyper-Parameters The width plays a pivotal
role in Theorem 1.3 and cannot be reduced using our reduc-
tion. On the other hand, in Theorem 1.4, the width k roughly
expresses the number of constraints and the weight space n
describes the size of the alphabet of a 2-constraint satisfac-
tion problem (2-CSP) instance (Marx 2007). Observe that
Theorem 1.4 focuses on the parameterized regime where
n ≫ k; however, our reduction can also yield Ω

(
nk

)
ETH-

based lower bounds for the regime n = O(1). Finally, in
Theorem 1.5, the size of the dataset and the dimension can
scale up to a polynomial factor, based on the hardness of Set
Cover (Raz and Safra 1997; Dinur and Steurer 2014).

Previous Work
Due to the immense body of work on neural network train-
ing, we limit this section to purely theoretical results. There
has been a long line of work on training neural networks
with continuous weights (C-NNT), with NP-hardness proofs
for various special cases (Shalev-Shwartz and Ben-David
2014; Blum and Rivest 1988). As a fundamental special
case, most research focused on (fully connected) networks

with two layers leading to a comprehensive understanding
of such instances. The parameters n, k, d, and γ mentioned
in the following results are analogous to the parameters in
our definition of the NNT problem.

A significant portion of previous work studied NNT with
ReLU activation functions. Under the above restrictions, the
problem was proven to be NP-Hard (Dey, Wang, and Xie
2020; Goel et al. 2021) even for k = 1. For the same regime,
a stronger lower bound of nΩ(d) on the running time has
been given by (Froese, Hertrich, and Niedermeier 2022b) as-
suming ETH (see Conjecture 2.1). For the setting where the
dimension d is a fixed constant, (Froese and Hertrich 2024)
showed NP-hardness with input dimension d = 2. (Goel
et al. 2021) Showed that for error margin parameter γ = 0
the problem is NP-Hard if and only if k ≥ 2; also, in the
paper they give lower bounds for approximation algorithms.
For k = 2 and γ = 0 there is also an NP-Hardness result of
(Boob, Dey, and Lan 2022).

Interestingly, even for two-layer networks with ReLU ac-
tivation functions, the C-NNT problem is ∃R-Complete (the
existential theory of the reals) (Bertschinger et al. 2023;
Abrahamsen, Kleist, and Miltzow 2021). This complexity
class, originating in (Schaefer 2009), is conjectured to be
distinct from NP.

On the algorithmic front, (Pilanci and Ergen 2020)
showed a polynomial time algorithm for fixed dimensions
with a regularized objective. There are also algorithms with
exponential running time (as a function of the number
of neurons and the output dimension) (Arora et al. 2018;
Froese, Hertrich, and Niedermeier 2022a). These results in-
terestingly show that under restrictions on the output dimen-
sion and depth of the network, the problem is in NP. For
the study of linear activation functions, (Khalife, Cheng, and
Basu 2024) give an algorithm polynomial in the dataset size,
but exponential in the network size and the dimension.

Organization: In Section 2 we give some preliminary def-
initions and notations. In Section 3 we give our lower bounds
for deep networks and in Section 4 our lower bounds for
two-layer networks. Finally, Section 5 presents the pseudo-
polynomial algorithm. Due to space constraints, some of the
proofs are delegated to the full version of the paper.

2 Preliminaries
Notations Given a number n ∈ N, let poly(n) be a poly-
nomially bounded expression of n. Given a vector x ∈ Rd,
for all i ∈ {1, . . . , d} we use x[i] to denote the i-th entry of
x. Given an instance I of an optimization/decision problem,
we use |I| to denote the encoding size of I . As the notations
of NNT are quite cumbersome, we use the notations I =
(N = (V,E),D, (σv)v∈V \{s},L,Θ = (We, Be)e∈E , γ)
given in the formal definition in the introduction as the
canonical notation for an NNT instance. We sometimes omit
the specific declaration of some objects when clear from the
context.

Complexity The complexity class NP consists of all de-
cision problems for which a given solution (certificate) can
be verified in polynomial time by a deterministic Turing ma-
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chine. In addition, the complexity class P consists of all de-
cision problems that can be decided by a deterministic Tur-
ing machine in polynomial time. Bounded-error probabilis-
tic polynomial time (BPP) is the complexity class consisting
of all decision problems decidable by a probabilistic Turing
machine with success probability at least 2

3 in polynomial
time. It is known that P ⊆ BPP and P ⊆ NP; it is often con-
jectured that P = BPP and P ̸= NP .

A complexity conjecture used in Theorem 1.4 is the
Exponential-Time Hypothesis (ETH) (Impagliazzo and Pa-
turi 2001). This conjecture claims that there is no sub-
exponential algorithm for the 3-SAT problem. Formally,

Conjecture 2.1. Exponential-Time Hypothesis (ETH)
There is a constant β > 0 such that there is no algo-
rithm that given a 3-SAT formula Φ with n variables and m
clauses can decide whether Φ is satisfiable in time O

(
2β·n

)
.

3 Proof of Theorem 1.1
In this section, we give the proof of Theorem 1.1. The proof
is based on a reduction from a decision problem involving
straight-line programs (SLP).

Definition 3.1. A straight-line program (SLP) P is a se-
quence of univariate integer polynomials (a0, a1, . . . , aℓ)
such that a0 = 1, a1 = x and ai = aj⊕ak for all 2 ≤ i ≤ ℓ,
where ⊕ ∈ {+,−, ∗} and j, k < i. We use τ(f) to denote
the minimum length of an SLP that computes a univariate
polynomial f .

We use a conjecture proposed in (Dutta, Saxena, and Sin-
hababu 2022). A radical rad(f) of a non-zero integer poly-
nomial f ∈ Z[x1, . . . , xn] is the product of the irreducible
integer polynomials dividing f .

Conjecture 3.2. Constructive univariate radical conjec-
ture: For any polynomial f ∈ Z[x], we have τ(rad(f)) ≤
poly(rad(f)). Moreover, there is a randomized polynomial
time algorithm which, given an SLP of size ℓ computing a
polynomial f , constructs an SLP for rad(f) of size poly(s)
with success probability at least 1− 1

Ω(s1+ε) for some ε > 0.

Note that integers are a special case of univariate poly-
nomials. Hence, integers can be computed via SLPs. This
leads to the following problem originating in (Allender et al.
2009).

Problem 3.3. PosSLP: Given an SLP P computing an in-
teger nP , decide if nP > 0.

In a PosSLP instance, we are given only the compact rep-
resentation of the SLP. Thus, the variables are not explic-
itly computed but are defined inductively over the definition
of previously defined variables. We will use a strong lower
bound on PosSLP obtained by (Bürgisser and Jindal 2024).

Theorem 3.4. (Bürgisser and Jindal 2024): If Conjec-
ture 3.2 is true and PosSLP ∈ BPP, then NP ⊆ BPP.

We can now prove Theorem 1.1. The crux is to use a neu-
ral network to efficiently compute the SLP variables, even
though the weight space has to be calculated a priori. In the
proof, we create 2 neurons for computing each operation of
the SLP. The depth of the neural network will be Θ(ℓ). The

parameter space and activation function are efficiently en-
coded such that the output of each layer is the i-th compo-
nent of the given PosSLP instance. Importantly, the reduced
D-NNT instance is restricted: there is exactly one option for
each parameter.

Lemma 3.5. There is a polynomial time reduction that given
a PosSLP P computes a restricted D-NNT instance I such
that P is a YES instance if and only if I is a YES instance.

Proof. Let P = (a1, . . . , aℓ) be a PosSLP instance. Since in
PosSLP we compute an integer, only a special case of a uni-
variate polynomial, we may assume without the loss of gen-
erality that we are given an SLP formula P such that a0 = 1
and ai = aj ⊕ ak for all 1 ≤ i ≤ ℓ, where ⊕ ∈ {+,−, ∗}
and j, k < i. Based on P , define a D-NNT instance I as fol-
lows. Define two neurons hi, h

′
i for each 0 ≤ i ≤ ℓ, where

s = h0 is the input vertex. Also, define the output vertex as
t = hℓ and let V be the set of vertices of the network. For
the following, fix some 1 ≤ i ≤ ℓ and j, k < i such that
ai = aj ⊕ ak.

Define the edge ei,j = (hj , hi). Moreover, define the edge
ei,k as follows. If ⊕ ∈ {+,−}, define ei,k = (hk, hi); oth-
erwise (if ⊕ = ∗), define ei,k = (h′

k, hi). Finally, define
the edge e′r,r = (hr, h

′
r) for all 0 ≤ r ≤ ℓ. Let E be

the entire set of edges; so far we have defined the network
N = (V,E). Define the parameter space Θ = (We, Be)e∈E

as follows. Let Be = {0} for all edges e ∈ E (i.e., the bias
of any edge must be zero) and define the weights as follows.
Define Wei,j = {1}, set Wei,k = {1} if ⊕ ∈ {+, ∗}, and
Wei,k = {−1} if ⊕ = −. Finally, let We′r,r = {1} for all
0 ≤ r ≤ ℓ. Note that the above weights induce a restricted
D-NNT instance.

The activation function σhi : R → R is defined by the
following cases. If ⊕ ∈ {+,−}, define σhi(α) = α for all
α ∈ R . If ⊕ = ∗, then consider the following construction
before the definition of σhi . For any α ∈ R, let β, λ be
the unique decomposition of α into an integer β ∈ Z and
λ ∈ [0, 1) such that α = β + λ; then, define σhi(α) =
β·λ·10len(λ), where len(λ) is the number of decimal digits in
λ after the decimal point. This function will be applied only
to numbers for which λ can be represented using a finite
number of decimal digits. For example, if α = 2.55 then
β = 2, λ = 0.55, and len(λ) = 2; therefore, σhi(α) =
2 · 0.55 · 102 = 110.

Define σh′
i : R → R such that σh′

i(α) = α · 10−num(α),
where num(α) is the total number of digits in α before the
decimal point. This function will be applied only to inte-
gers. Note that σh′

i converts an integer to a number between
0 and 1, for example, σh′

i(138) = 0.138. Note that all activa-
tion functions can be computed in polynomial time. Define a
simple dataset containing merely a single pair D = {(x, y)},
where x, y = 1, i.e., both the input and output are one-
dimensional. Let L : Y ×Y → R be the loss function where
L(α, y) = 0 if α = 1 = y, else L(α, y) = 1 if α > 0, and
otherwise L(α, y) = 2. We finally set γ = 1 as the error
margin parameter. The reduction can be computed in time
poly(ℓ): there are O(ℓ) vertices and edges, the weights are
bounded, while the activation function, dataset, as well the
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loss function, can be computed and encoded in polynomial
time and space, respectively. Therefore, the correctness of
the lemma follows by showing that for each 0 ≤ i ≤ ℓ it
holds that

zhi(x) = σhi

 ∑
e=(u,hi)∈E

we · zu(x) + be

 = ai. (1)

We prove (1) by induction on i. For the base case, let i = 0.
Then, by definition zhi(x) = zs(x) = x = 1 = a0 = ai.
Now, let 1 ≤ i ≤ ℓ and assume that for all 0 ≤ r ≤ i − 1
it holds that zhr (x) = ar. By the definition of ai, there are
0 ≤ j, k ≤ i− 1 such that ai = aj ⊕ ak for ⊕ ∈ {+,−, ∗}.
Then, by the induction hypothesis, it holds that zhj (x) = aj
and zhk(x) = ak. We consider three cases depending on ⊕.

• ⊕ = +. Then, it holds that zhi(x) = 1 · zhj (x) + 1 ·
zhk(x) = aj ⊕ ak = ai.

• ⊕ = −. Then, we have zhi(x) = 1·zhj (x)−1·zhk(x) =
aj ⊕ ak = ai.

• ⊕ = ∗. Then, recall that zhk(x) = ak; thus, zh
′
k(x) =

σh′
k(zhk(x)) = ak · 10−num(ak). Note that ak is an

integer (this can be easily proven by induction); thus,
zh

′
k(x) ∈ [0, 1) and zh

′
k(x) can be represented using

a finite number of decimal digits. Therefore, it holds
that σhi

(
zhj (x) + zh

′
k(x)

)
= aj · ak · 10−num(ak) ·

10len(ak·10−num(ak)) = aj · ak = ai. The second equal-
ity holds by the following. If ak = 0, the equality is im-
mediate; otherwise, since ak is an integer, the number of
digits after the decimal point of ak · 10−num(ak), that is
len

(
ak · 10−num(ak)

)
, is exactly num(ak).

By the above, the network output is aℓ. By the definition of
the loss function, there are θ = (we, be)e∈E ∈ Θ such that
L(fθ(x), y) ≤ γ if and only if aℓ = nP > 0. This gives the
statement of the lemma.

Using the above lemma, we state and prove a lower bound
for restricted D-NNT.
Lemma 3.6. Assume that Conjecture 3.2 is true and assume
that NP ̸⊆ BPP. Then, restricted D-NNT is not in BPP.

Proof. Assume that Conjecture 3.2 is true and assume that
NP ̸⊆ BPP. Using Lemma 3.5, a BPP algorithm for restricted
D-NNT implies a BPP algorithm for PosSLP. Hence, re-
stricted D-NNT is not in BPP, or we would reach a con-
tradiction to Theorem 3.4.

From Lemma 3.6 and the definition of the complexity
class NP, we can finally prove Theorem 1.1. The proof is
given in the full version of the paper.

4 Lower Bounds for Two-Layer Networks
In this section, we give the high level ideas in the proofs of
our lower bounds for D-NNT on two-layer networks. The
full proofs are given in the full version of the paper.

We start by explaining the proof idea of Theorem 1.3. The
proof is based on a simple reduction from the subset sum

problem, known to be NP-Hard (e.g., (Kleinberg and Tardos
2006)). In the subset sum problem, we are given a collec-
tion A = {a1, . . . , an ∈ N} and a target number T ∈ N.
The goal is to decide if there is a subset S ⊆ A such that∑

a∈S a = T .
In the proof, we give a reduction from subset sum to D-

NNT on a network with one hidden layer where each edge
corresponds to a single item ai from a subset sum instance.
The weights correspond to either taking the item or discard-
ing it. Finally, the loss function guarantees that the overall
sum at the output of the network reaches exactly to the tar-
get value. The complete proof is given in the full version of
the paper.

We now give the proof of Theorem 1.4. The proof is
based on a reduction from binary constraint satisfaction
problem (2-CSP). The input to a 2-CSP instance is a tuple
Γ = (G,Σ, C) such that G = (V,E) is a constraint graph,
Σ is an alphabet, and C = {C(u,v)}(u,v)∈E are constraints
such that for all (u, v) ∈ E it holds that C(u,v) ⊆ Σ×Σ and
C(u,v) ̸= ∅. An assignment to Γ is a function ϕ : V → Σ. An
assignment ϕ is called feasible if for all (u, v) ∈ E it holds
that (ϕ(u), ϕ(v)) ∈ C(u,v). The goal is to decide if there is
a feasible assignment. We will use the following result of
(Marx 2007).

Theorem 4.1. (Marx 2007) Assuming ETH, for any com-
putable function f there is no algorithm that decides 2-CSP
in time f(k) ·No( k

log k ), where k is the number of constraints
and N is the size of the alphabet.

Using the above, we can now prove the theorem. In the
proof, we reduce 2-CSP instance Γ to a D-NNT instance
with a neuron for each variable and an output vertex for each
constraint of Γ; thus, the width is in the worst case the num-
ber of constraints. We encode weights in the network such
that a constraint e is satisfied if and only if the output corre-
sponding to e is within a restricted range of values.

To prove Theorem 1.5, we use the classic exact set cover
problem. In the exact set cover problem, we are given a uni-
verse U = {u1, . . . , un} of elements, a collection of sets
S ⊆ 2U , and a cardinality bound K ∈ N. The goal is
to decide if there are K sets S1, . . . , SK ∈ S such that
for all u ∈ U there is exactly one set Si, 1 ≤ i ≤ K,
such that u ∈ Si. In our reduction, we create a simple D-
NNT instance with a single input, output, and neuron. Each
data point (xi, yi) corresponds to an element in the exact set
cover instance. In addition, we have an extra data point used
to guarantee a selection of at most K sets. The dimensions
correspond to sets, so the j-th entry in xi is 1 if and only
if element i is in dimension j. The weights of the edges are
also binary and correspond to a selection of sets. The com-
plete proof is given in the full version of the paper.

5 A Pseudo-Polynomial Algorithm
In this section, we describe a pseudo-polynomial algorithm
for D-NNT on a two-layer network as described in Theo-
rem 1.6. The proofs from this section are deferred to the
full version of the paper. For the remainder of this sec-
tion, fix a D-NNT instance I = (N = (V = {s} ∪
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H ∪ {t}, E),D, (σh)h∈H ,L,Θ = (We, Be)e∈E , γ) with
one hidden layer H , one input vertex s, one output t, with
activation functions only on the hidden layer.

Let d be the input dimension (with output dimension be-
ing one), let H = {h1, . . . , hk} be the neurons in the hid-
den layer, and let n0 = |D| be the size of the dataset.
Let e1, . . . , ek be the edges connecting the input vertex s
to the k neurons. With a slight abuse of notation, for all
a ∈ {1, . . . , k} let Wea [d + 1] = Bea ; in addition, for all
i ∈ {1, . . . , n0} let xi[d + 1] = 1 (these notations slightly
simplify our claims). We remark that the network is not
necessarily fully-connected and that the activation and loss
functions can be arbitrary.

As we consider a pseudo-polynomial time algorithm, we
may assume without the loss of generality that We, Be ⊂ N
for every e ∈ E (otherwise, simply scale all numbers in the
input). Let Wmax be the largest number that can be com-
puted via the network with or without applying the activa-
tion and loss functions. Moreover, let M = d · Wmax · k.
Observe that M is pseudo-polynomial in the input size |I|.

We define a dynamic program DimDP with an entry for
each number 1, . . . ,M , representing the value obtained at
the input to the activation function on each neuron q ∈
{1, . . . , k}, for each data point (x, y) ∈ D, and dimensions
1, . . . , j in the q-th neuron. The entries describe selections
of prefixes of the parameters that compute a specific vector
of outputs, one output for each data point. For simplicity,
we first describe a simplified version of the dynamic pro-
gram, and of a second dynamic program that will be intro-
duced later, returning only boolean values; we later expand
these programs to return selected parameters themselves us-
ing simple backtracking.

Formally, define DimDP : {0, . . . ,M}n0 × {1, . . . , d +
1}×{1, . . . , k} → {true, false} inductively as follows. Fix
some q ∈ {1, . . . , k}; the definition of the dynamic pro-
gram is analogous to all such values of q. For each m ∈
{0, . . . ,M}n0 , define DimDP[m, q, 1] = true if and only if
there is w ∈ Weq [1] such that w · xi[1] = m[i] for all i ∈
{1, . . . , n0}; otherwise, set DimDP[m, q, 1] = false. Then,
for all j ∈ {2, . . . , d + 1} and m ∈ {0, . . . ,M}n0 define
DimDP[m, q, j] = true if and only if there are w ∈ Weq [j]
and m1,m2 ∈ {0, . . . ,M}n0 such that DimDP[m1, q, j −
1] = true, m1 + m2 = m, and for all i ∈ {1, . . . , n0} it
holds that w · xi[j] = m2[i]. The following result summa-
rizes the correctness of DimDP.
Lemma 5.1. For all m ∈ {0, . . . ,M}n0 , q ∈ {1, . . . , k},
and j ∈ {1 . . . , d+1} it holds that DimDP[m, q, j] = true if
and only if there are

(
w[r] ∈ Weq [r]

)
r∈{1,...,j} such that for

all i ∈ {1, . . . , n0} it holds that
∑j

r=1 xi[r] · w[r] = m[i].
Once we have computed the above dynamic program

DimDP, we compute a second dynamic program FinalDP :
{0, . . . ,M}n0 × {0, . . . , k} → {true, false}, where entry
FinalDP[m, q] describes whether the total weight arriving
to the output on input xi only from neurons h1, . . . , hq is
precisely m[i]. Formally, for all m ∈ {0, . . . ,M}n0 define
FinalDP[m, 0] = true if and only if m = (0)i∈{1,...,n0}.
For all q ∈ {1, . . . , k} and m ∈ {0, . . . ,M}n0 define
FinalDP[m, q] = true if and only if there are m1,m2,m3 ∈

Algorithm 1: Dynamic Programming Algorithm
Input: a D-NNT instance I
Output: true if I is a Yes-instance

1: Compute the dynamic program DimDP.
2: Compute the dynamic program FinalDP.
3: Compute the model fθ based on DimDP and FinalDP.
4: return true if and only if

∑n0

i=1 L (fθ(xi), yi) ≤ γ.

{0, . . . ,M}n0 such that FinalDP[m1, q − 1] = true, m1 +
m3 = m, DimDP[m2, q, d + 1] = true, and m3 =
σhq (m2). The following result summarizes the correctness
of FinalDP.

Lemma 5.2. For all m ∈ {0, . . . ,M}n0 and q ∈
{0, . . . , k} it holds that FinalDP[m, q] = true if and
only if there are (wea [r] ∈ Wea [r])r∈{1,...,d},a∈{1,...,q} and
(bea ∈ Bea)a∈{1,...,q} such that for all i ∈ {1, . . . , n0} it

holds that
∑q

a=1 σ
ha

(∑d
r=1 xi[r] · wea [r] + bea

)
= m[i].

We slightly alter the above dynamic programs so that in-
stead of only returning true or false, they also retrieve an
actual set of parameters corresponding to the entry. Namely,
for all m ∈ {0, . . . ,M}n0 , q ∈ {1, . . . , k}, and j ∈
{1, . . . , d+1} the dynamic program DimDP[m, q, j] keeps a
set of parameters

(
w[r] ∈ Weq [r]

)
r∈{1,...,j} such that for all

i ∈ {1, . . . , n0} it holds that
∑j

r=1 xi[r]·w[r] = m[i] (recall
that xi[d+1] = 1). Similarly, for all m ∈ {0, . . . ,M}n0 and
q ∈ {0, . . . , k} the dynamic program FinalDP[m, q] keeps a
set of parameters (wea [r] ∈ Wea [r])r∈{1,...,d},a∈{1,...,q} and
(bea ∈ Bea)a∈{1,...,q} such that for all i ∈ {1, . . . , n0} it

holds that
∑q

a=1 σ
ha

(∑d
r=1 xi[r] · wea [r] + bea

)
= m[i].

The parameters can be selected efficiently using standard
backtracking.

We now define a model based on the above dynamic
programs. Select a set of parameters θ ∈ Θ such that∑n

i=1 L (fθ(xi), yi) is minimized over all possible param-
eter sets corresponding to FinalDP[m, k], for all m ∈
{0, . . . ,M}n0 such that FinalDP[m, k] = true. Using
the above, we obtain an algorithm deciding I by checking
whether the training loss over the selected model surpasses
the threshold. The pseudocode of the algorithm is given in
Algorithm 1. The next lemma analyzes the running time and
correctness of the algorithm.

Lemma 5.3. Algorithm 1 correctly decides the D-NNT in-
stance and can be computed in time MO(n0) · d · k.

The above directly implies the proof of the theorem.

Proof of Theorem 1: Follows from Lemma 5.3.
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