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Abstract

Developments in deep neural nets have trended towards in-
creasingly larger overparameterized architectures, resulting
in lengthy training sessions with ever more elusive training
dynamics. Thus, ensuring these models learn accurate gen-
eralizable representations of data efficiently is challenging.
Previous works have developed specialized techniques from
data-pruning, architecture selection, pseudo-label generation,
bias identification, or label refurbishment to improve down-
stream training. Problematically, most methods require pro-
hibitively expensive iterative model training. In this paper,
we demonstrate that we can exploit the recent neural tangent
kernel (NTK) theory for understanding and improving model
training behavior before ever training a model. First, we show
a powerful signal derived from the NTK theory can be com-
puted remarkably fast. We then leverage this signal for the
design of a unified suite of surprisingly effective tools for the
four important tasks of architecture selection, pseudo-label
verification, bias identification, and label refurbishment, all
requiring zero model training.

1 Introduction

Background. Deep neural nets are a powerful tool for
many data modalities, including tabular data (Gorishniy
et al. 2021), computer vision (Wang et al. 2017; Girdhar
et al. 2023), and natural language processing (Devlin 2018;
Brown et al. 2020). In response to the availability of massive
digital datasets and to aim to solve more complex learning
problems, deep neural nets have become increasingly larger
and heavily overparameterized. For example, models such
as ResNet (He et al. 2016) and its variants have seen param-
eter counts rise into the tens of millions, and large language
models (LLMs) such as Chat-GPT (Achiam et al. 2023) have
broken into the space of trillion-parameter models.

Problem. Given these overparameterized architectures,
training sessions can become remarkably expensive and
lengthy (Minaee et al. 2024). Practitioners cannot afford to
waste vast amounts of compute resources and risk produc-
tion delays due to failed or ineffective training. Common pit-
falls such as ill-suited architectures, the presence of noisy or
missing labels, or underlying biases in the data can all plague
model training. Thus, there is an urgent need for methods
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Figure 1: Training real overparameterized models is expen-
sive. Currently, improving training requires a suite of ex-
tremely expensive tailored methods that can only be con-
ducted during the expensive training process (top). By in-
vestigating models using their infinitely-wide analog instead
(bottom), we propose a single versatile signal derived before
real training is conducted that will improve model training.

that can reduce training costs in a reliable way that doesn’t
sacrifice downstream performance.

State-of-the-Art. Previous works improved training by de-
veloping a wide variety of specialized methods to combat
common areas of failure to make training either more ac-
curate or cheaper. These include AutoML and neural ar-
chitecture search (NAS) (Chitty-Venkata et al. 2023; Liu,
Simonyan, and Yang 2018), data-pruning (Nohyun, Choi,
and Chung 2022; Paul, Ganguli, and Dziugaite 2021; Feld-
man and Zhang 2020), pseudo-label generation (Rizve et al.
2021; Gilhuber et al. 2022; Kaul, Xie, and Zisserman 2022),
inherent bias identification (Nam et al. 2020), and label re-
furbishment (Patel and Sastry 2023).

While each of the above tasks serve an important step in
providing the best-suited scenario for model training, many
modern methods can only be performed during the actual
training process. This “piggybacking” exacerbates the com-
putational costs incurred from training, and risks requiring
repeated retraining upon attempted improvements.
Proposed Solution. In this paper, we demonstrate that the
recent infinite-width neural tangent kernel (NTK) theory,
characterizing theoretical behavior of neural nets that pos-
sess infinitely many neurons in their hidden layers (Jacot,
Gabriel, and Hongler 2018; Arora et al. 2019), is surpris-
ingly more applicable for improving training real models
and conducting data valuation tasks than previously thought.



By leveraging key relationships between real architec-
tures and their infinite-width analogs, we show that finite-
width training can be characterized and improved preemp-
tively before the training is even conducted, significantly
cutting down the computational expenses of model develop-
ment. We show that a single signal from the infinite-width
NTKSs can serve as a powerful unified solution tackling crit-
ical tasks from architecture selection, pseudo-label verifica-
tion, inherent bias identification, to label refurbishment, all
before model training (Figure 1).

In short, our contributions in this paper include:

We demonstrate computing the infinite-width NTK sig-
nal is remarkably fast and widely accessible.

For architecture selection, we show architectures better
support a learning task if eigenvectors corresponding to
low-magnitude eigenvalues of a Gram-Matrix formed by
infinite-width NTK can project clustered classes.

For pseudo-label verification, we show that the degree
to which the Gram-Matrix formed by an infinite-width
NTK is block diagonal determines the efficiency in
which a task is learned on an architecture of finite-width.

For inherent bias detection, we show that the magnitude
of off-diagonal elements of the Gram-Matrix formed by
an infinite-width NTK identifies the impact of inter-class
patterns that will continue to be present in training.

For label refurbishment, we show that accurate labels can
be recovered from mislabeled data by optimizing training
labels to increase the degree of block diagonalization of
the Gram-Matrix formed by the infinite-width NTK.

We conduct empirical studies on a variety of benchmark
datasets and neural net architectures that demonstrate our
proposed signal yields equal or better performance com-
pared to a suite of methods that require training — while
also being computationally cheaper.

2 Related Work

Investigations of the NTK. Previous works experimen-
tally explored the inductive bias of empirically computed
NTK of different finite-width neural net architectures (Bi-
etti and Mairal 2019; Chen, Gong, and Wang 2021). One
recent work looks into training-free data pruning (Nohyun,
Choi, and Chung 2022) using NTK specifically related to 2-
layer networks with ReLU activation functions (Arora et al.
2019). There has been research into empirically exploring
infinite-width NTKs for NLP-type networks, in particular
transformer-based networks with infinitely many attention
(Hron et al. 2020). In contrast, our work deals with concrete
applications of infinite-width NTKs for infinite analogs of
popular architectures containing linear layers, convolutional
layers, or some combination of the two in general.

Training-Free Analysis. Some works explore the analy-
sis of training regimes before training. For example, it has
been shown that training time can be predicted (Zancato
et al. 2020) using empirical finite-width NTKs computed af-
ter a finite model’s parameters have been initialized. Simi-
larly, work in neural architecture search (NAS) using non-
NTK kernel methods (Mellor et al. 2021; Park et al. 2020)
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has been investigated. Our paper demonstrates that infinite-
width NTKSs can surprisingly single-handedly perform many
such training-related tasks before training is conducted.

3 Neural Tangent Kernels

As our proposed data valuation methods all depend on a sig-
nal computed from NTKs, it is important to briefly introduce
NTKs. First studied by (Jacot, Gabriel, and Hongler 2018),
the NTK O is a bi-linear kernel function that explains the
similarity between the way any two instances 2’ and z” in
the training set would be learned by a neural network f pa-
rameterized by 6. Namely,

O(z',z";0) = (Vo f(2';0), Vo f(z";0)) (D

where (-,-) denotes the dot product, and f : R" — R™
is a neural network using the definition provided by (Jacot,
Gabriel, and Hongler 2018).

Equation 2, derived by (Jacot, Gabriel, and Hongler
2018), shows that © directly weights the rate at which f’s
inference would continuously change during training under
an infinitesimal learmng rate, where X = {z; € R}V,
and Y = {y; € R™}Y | are the training data and label sets,
respectively. Interestlngly, © is agnostic of the task being
learned and agnostic to the objective function C employed.
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As the number of neurons in the hidden layers, or the
number of filters in convolutional layers, of a given archi-
tecture f approaches infinitely many, (Jacot, Gabriel, and
Hongler 2018) showed theoretically that the infinitely-wide
NTK (©°°) remains constant during infinite-width training.
Empirically, it has been shown by (Jacot, Gabriel, and Hon-
gler 2018) and others (Seleznova and Kutyniok 2022) that
for a finite-width architecture, the © asymptotically con-
verges late into training, and as the finite-width increases,

O converges towards ©°° late into training.

4 Training-Free Signal: The Infinite-Width
Gram-Matrix

In this section, we propose our infinite-width signal and il-
lustrate that its computation is remarkably cheap and eas-
ily available to practitioners. In a nutshell, from the infinite-
width NTK theory, we leverage the Gram-Matrix formed by
©°°. This matrix H*°, as shown in Equation 3, is a positive-
definite symmetric matrix that encodes all pairs of instances
in X as input to ©°°. In other words, H* encodes similarity
in the context of infinite-width training.

O (z1,21) O (x1,22) O (z1,zN)
O (xg,21) O>(x2,22) 0> (x9,xN)
H*> = . )
O®(zn,z1) O®(xN,x2) O®(zN,TN)
3)



Through extensive theoretical analysis (Jacot, Gabriel,
and Hongler 2018; Arora et al. 2019; Sohl-Dickstein et al.
2020; Han et al. 2022), the infinite-width NTK (©%°) is
computable analytically and remarkably quickly with GPUs.
For example, the neural-tangents software library
(Novak et al. 2020) was developed to compute infinite-width
NTKs for infinite-width versions of architectures in the deep
learning framework JAX (Bradbury et al. 2018).

In Tables 1 and 2, we show that not only is ©>° cheap
to compute, but H* can be computed faster than training a
large, deep neural net. Table 1 shows the time in seconds for
us to compute the entire Gram-Matrix for common bench-
mark datasets (LeCun 1998; Xiao, Rasul, and Vollgraf 2017;
Krizhevsky, Hinton et al. 2009).

We perform this analysis on five different architectures,
all using ReLLU activation functions: a feed forward network
with 2 hidden layers (2-L), a feed forward network with 10
hidden layers (10-L), a CNN with 2 convolutional layers
each with 64 3x3 kernels and 2 hidden layers (CNN-1), a
CNN with 4 convolutional layers each with 256 3x3 kernels
and 4 hidden layers (CNN-2), and VGG-19 (Simonyan and
Zisserman 2023) (CNN-3).

In perspective, Table 2 gives the time to train the same
architectures but with a large overparameterized finite-width
architecture. All our results are run on a single A100 GPU.

We observe that not only is the infinite-with Gram-Matrix
nearly 100x faster than the training time of the same large-
but-finite version of the architecture, and nearly 400x faster
for larger CNNSs, but also the infinite-width Gram-Matrix
only needs to be computed a single time regardless of the
length of finite-width training. This shows infinite-width
NTKs are wildly efficient to use with common hardware,
providing a promising avenue for training-free “tricks”.

DataSet | 2-L 10-L  CNN-1 CNN-2 CNN-3

D-MNIST | 25 56 50 89 6,067
F-MNIST | 25 55 60 90 5,931
CIFARIO | 25 46 90 153 5,390
CIFAR100 | 25 46 86 152 5,407

Table 1: Time in seconds to compute the Gram-Matrix of
common benchmark image datasets using the infinite-width
NTK (©°°) across four architectures with infinite-widths.

DataSet | 2-L 10-L CNN-1 CNN-2 CNN-3

D-MNIST | 715 5,377 820 49,714 19,247
F-MNIST | 715 5,377 820 49,714 20,036
CIFARIO | 715 4,563 718 53,567 16,746
CIFARI100 | 731 4,617 764 54,740 17,169

Table 2: Time in seconds to compute 100 epochs for finite-
width architectures with hidden layers of 10,000 neurons.

5 Infinite-Width NTK for Data Valuation

In this section, we show how H* provides a rich widely-
applicable signal for improving downstream training before

ever training a model. Namely, we will demonstrate its abil-
ity to (¢) find well suited architectures for training, (i7) ver-
ify whether one set of pseudo-labels generated by one tech-
nique are better than those by other techniques, (7¢7) identify
inherent bias and entangle inter-class relationships, and (iv)
refurbish mislabeled instances to their correct class. In each
subsection, we propose how H* can be leveraged to con-
duct such a task, and then provide empirical results of its
ability compared to actual model training.

5.1 Solving the Architecture Selection Task

Methods for selecting the best suited architecture falls into
a category of AutoML methods called neural architecture
search (NAS) (Chitty-Venkata et al. 2023), which seek to
automate the selection of the neural nets for a given learn-
ing task. Extensive work has been conducted in this sub-
domain (Chitty-Venkata et al. 2023), where methods are ei-
ther naively training models to search (Li and Talwalkar
2020), or training models with iterative adjustments (Liu,
Simonyan, and Yang 2018).

For a given neural net architecture f with a corresponding
infinite-width Gram-Matrix H}"f’, the eigenvectors V in its
eigen-decomposition (VAV ) explain the principal com-
ponents in which convergence occurs in the case of infinite-
width training, with data lying on eigenvectors correspond-
ing to high-magnitude eigenvalues being learned first, and
eigenvectors corresponding to low-magnitude eigenvalues
being learned last (Jacot, Gabriel, and Hongler 2018). We
propose that the degree in which low-magnitude eigenvec-
tors of H?O clusters data based on the learning task demon-
strates the ability for f to learn with greater generalization.

For example, the infinite-width NTK derived by (Arora
et al. 2019) for a 2-layer network with ReLU activation is
defined in Equation 4. Under the constraint! where ||x||= 1,
we can trivially see that the way this 2-layer network en-
codes learning similarity is directly proportional to the co-
sine similarity between instances, as seen in Equation 5.

x; x;(m — arccos(x; x;))
2m

4)

O3 Reru (Xis Xj) =

21037 Reru (Xis X5)
£ 5
p— (5)

This relationship, however, is not universally true for all
architectures of infinite width. Despite (Jacot, Gabriel, and
Hongler 2018) proving that all infinite-width neural nets can
perfectly learn any given training task on a dataset, we show
that the behavior in which that learning occurs, even in the
infinite-width, is not identical across architectures. This im-
plies that infinite-width architectures may provide different
NTK signals that are more closely related to their finite-
width analogs than to other infinite-width architectures.

To demonstrate this, we devise 2 synthetic 32x32 image
datasets: Corners and Shapes. The Corners dataset contains
4 classes where all images contain a single bright pixel. The

cos(f) =

"Enforcing ||x||= 1 projects all data onto a hypersphere, ensur-
ing H® is positive definite: a critical assumption in NTK theory.



Figure 2: Example instances of each class in the Shapes
dataset before augmenting with random pixel-level noise.

defining characteristic of each class is whether the single
bright pixel exists in the top-right, top-left, bottom-right,
or bottom-left of the image. The Shapes dataset also con-
tains 4 classes. Instead, the defining characteristic depends
on which of 4 shapes (circle, diamond, square, or triangle)
is randomly placed somewhere in the image. An example of
each class of Shapes is shown in Figure 2.

To add some additional variation, we add a small amount
of random pixel-level noise to the images in each dataset.
Since the classes of Corners are solely defined by pixel loca-
tions, it is purposefully designed for simple linear network to
perform equal-to or better than a CNN. However, in the case
of the Shapes where classes are pattern-based, the learning
task is designed such that a finite-width CNN will perform
better than a simple linear network at the task.

In Table 3, we show that by conducting Kernel PCA using
the low-magnitude eigenvectors of H>°, where H* we were
able to predict that both a simple 2-linear layer would be bet-
ter suited for learning Corners than a CNN, whereas a CNN
would be better suited for learning Shapes than a 2-linear
layer network without ever training a model. Moreover,
we show that using KPCA with an infinite-width NTK could
accurately predict that a finite-width CNN would be better
suited for learning a variety of benchmark image-based clas-
sification tasks than using a finite-width 2-linear layer with
the image’s flattened representations.

Furthermore, we demonstrate that using a suitable
infinite-width architecture boosts the quality of information
© provides for NTK-driven signals. For example, a prior
work (Nohyun, Choi, and Chung 2022) applied infinite-
width NTK theory of infinitely-wide 2-layer networks, and
developed a state-of-the-art signal, Complexity-Gap, for data
pruning and identifying mislabeled data without training a
model. By generalizing their method to work with ©> be-
yond infinitely-wide 2-layer networks, we show in Table 4
that their method sees a significant boost in performance.

We also show that utilizing Kernel PCA using the infinite-
width NTKSs is on par with state-of-the-art NAS methods.
We select 8 different neural net architectures, each with dif-
ferent numbers of hidden layers, convolutional layers, and
kernel sizes. For the models with convolutional layers, we
also have different architectures with different kernel sizes
and stride lengths. We then actually trained the finite-width
version of these models, and ranked their performances on
a protected test set at the end. We then use our training-free
method, to predict the ranking produced by actual training.

In Table 5, we see that our proposed method yielded sim-
ilar rankings, and predicted the best model to choose cor-
rectly. To quantify this similarity, we use Ranked Biased
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Overlap (RBO) (Webber, Moffat, and Zobel 2010), a sim-
ilarity measure between rankings ranging between 0 (worst)
and 1 (best). Our method had an RBO score of 0.829 with
respect to the ground-truth labels found via brute force.
Thus, we showed the powerful capabilities of the infinite-
width Gram-Matrix for selecting well-suited architectures
using principled theory related to the behavior of infinite-

Data Set | 2-L CNN-2

Digit MNIST | 2.728 (25.274)  3.785 (33.755)
Fashion MNIST | 3.488 (23.475) 5.022 (31.799)
CIFAR10 1.179 (2.234)  1.186 (2.097)
CIFAR100 1.893 (13.058) 2.550 (19.421)
Shapes 1.022 (1.400) 1.057 (1.921)
Corners 1.051 (1.259) 1.015 (1.132)

Table 3: Ratio of mean (standard deviation) between inter-
class distances and intra-class distances when projecting
datasets into the last 4 principal components of ©°°-KPCA
using different infinite-wide architectures. Larger values
correspond to classes being strongly clustered by KPCA.

Data Set Noise Found After Checking 20% of Data
2-L 10-L CNN-1 CNN-2
D-MNIST | 93.70% 94.88% 94.710%  95.50%
F-MNIST | 87.23% 91.35% 89.23%  91.25%
CIFARI0 | 54.05% 58.28% 58.85% 59.80%
CIFAR100 | 53.20% 57.60% 57.86%  59.35%
AUC After Checking 100% of Data
2-L 10-L CNN-1 CNN-2
D-MNIST 9955 9973 9970 9978
F-MNIST .9823 9902 .9865 .9899
CIFAR10 .8397 .8663 .8695 8765
CIFAR100 | .8387 .8636 .8663 8760

Table 4: After infecting datasets with 20% random label
noise, the percentage of noise found (top) and AUC (bottom)
according to Complexity GAP: a signal designed specifi-
cally for 2-layer infinite-width NTKs (2-L). When modify-
ing their method to use ©>° from architectures predicted by
O©>°-KPCA to generalize better, the signal always improved.

Architecture | ©°°-KPCA Exhaustive
(Ours) Training
Arch 6. €)) €))]
Arch 2. 3) 2)
Arch 1. (@] 3)
Arch 4. 2) “4)
Arch 5. (6) (@)
Arch 7. @) 6)
Arch 3. ®) 7)

Table 5: Predicted rankings of how well each finite-width ar-
chitecture learns compared to the true ranking (brute force)
found by training each model for 100 epochs on CIFAR-10.



width training. Additionally, the infinite-width Gram-Matrix
yielded from an infinite-width architecture is more simi-
larly related to its finite-width analogs than they are to other
infinite-width architectures. This allows for future practi-
tioners to be better equipped to quickly and cheaply conduct
architecture selection with deeper insights.

5.2 Solving the Pseudo-Label Verification Task

Pseudo-label generation is a widely utilized field of meth-
ods for conducting semi-supervised learning by automati-
cally generating labels for a given learning task. When em-
ploying an ensemble of pseudo-label techniques to generate
labels (Rizve et al. 2021; Gilhuber et al. 2022; Kaul, Xie,
and Zisserman 2022), practitioners want to identify the best
labeling scheme generated. We show that such a need can be
fulfilled by the infinite-width NTK.

Prior work studying the effects of finite-width NTKs (Se-
leznova and Kutyniok 2022) empirically showed that late
into learning — specifically under multi-class classification —
the finite-width NTKSs consistently evolved towards produc-
ing a block-diagonal Gram-Matrix concerning class labels.
Namely, they showed for a dataset A" broken into K classes,

K
X = U X,
k=1

that Equation 6, a measure of how block diagonal the Gram-
Matrix is, increased during finite-width training.

> Ozizg) Y O(wi, )
1 K 931'@;'&6/'\% ngé/\\ik

T FT ;¢ Xy,
= - (6)
K 2 K| (| X[ —1) | X (1X]—[ X )

k=1

We propose utilizing the inverse of the infinite-width
Gram matrix, (Hoo)fl, which encodes at each element
(HOO);jl the degree of orthogonality between H?; and HY;
conditioned on the subspace formed by the remaining col-
umn vectors of H*. By constructing an N x K matrix
Y where the i-th row is the 1-hot vector representation of
the label assigned to the instance in the ¢-th row of H™
as described in Equations 7 and 8, the resulting product
YT (H*) 'Y = Z € RE*K provides a valuable signal.

y=1[n v YK @)
Y1
Y2

Y=|". 8)
vy

Recalling Equation 2, we see that to increase the rate of
change of the inference of an architecture f for all training
instances of class & converge towards a desired label vector
Yk, that Equation 9 summarizes the cumulative correlations
of the rates of change at a class-level resolution.
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Z=Y' H®)'Y )
By modifying Equation 6 based off this insight under

infinite-width regime, in Equation 10 we define a novel met-
ric called Infinite-Width Block Diagonalization Error.

Lz - Ly Zi
K & Ty e~ 1 o
AR St I VR
s Mo e

Infinite-Width Block Diagonalization Error describes how
lacking a labeling scheme is from exhibiting block diago-
nalization before training. In ideal training, (Hoo)f1 is truly
block-diagonal, resulting in Z be a diagonalized matrix with
strictly positive diagonal elements, as shown in Equation 11.

o0 0
0 G 0

zi=|. . (11)
0 0 Cx

Thus, assuming a suitable architecture is previously
known for a given learning task, we can assert that noisier
labeling schemes are labelings that alter Y such that £(Z)
yields greater error. Table 6 shows 4 benchmark datasets,
where a deep CNN network is trained from scratch, each
time under 1 of 5 possible labeling schemes: (1) 1 Class

Dataset | Label Scheme L(Z) Trained Rank
70% Noise 29662.4 5V
Digit 30% Noise 20401.4 4 v
10% Noise 11784.6 3V
MNIST Clean 6702.7 27
1 Class 1.3 1V
70% Noise 30889.0 5V
. 30% Noise 21433.0 4 v
Fashion 10% Noise 132483 0%
MNIST Clean 8558.3 27
1 Class 1.8 1V
70% Noise 1387.0 5V
30% Noise 1269.4 4 v
CIFAR-10 10% Noise 1159.7 3V
Clean 1109.8 2V
1 Class 0.2 1v
70% Noise 19907.0 5V
30% Noise 19166.1 4 v
CIFAR-100 | 10% Noise 18732.8 3V
Clean 18456.4 2V
1 Class 0.2 1v

Table 6: The infinite-width block-diagonalization error
L(Z) computed without training, and the ranking of low-
est training loss after a large but finite-width deep CNN
trained for 250 epochs (Trained Rank) using different label-
ing schemes. £(Z) perfectly predicts the real ranking.



— all training data is assigned to a single class, (2) Clean
— all training data is assigned to its ground-truth labeling,
(3-5) Noise — a percentage of instances are selected to be
purposely mislabeled to a different class than its ground-
truth labeling. When training under each labeling scheme,
we track the loss throughout the 250 epochs of training.

Without knowing about the real training results nor
knowing explicitly knowledge about ground truth labels or
ground-truth class ratios, Infinite-Width Block Diagonaliza-
tion Error correctly predicted the order of training losses
during actual training. Moreover, Infinite-Width Block Diag-
onalization Error shows that learning under the “1 Class”
labeling scheme is not only a trivial task, but orders of mag-
nitude simpler than even learning the cleanly labeled task, a
phenomenon that is simply explained by a model soley op-
timizing its bias terms to achieve perfect performance.

Therefore, for non-trivial pseudo-labels, Infinite-Width
Block Diagonalization Error provides a meaningful signal
in a simple-to-compute loss function for ranking the label-
ing quality produced by different labeling schemes.

5.3 Solving the Bias Identification Task

When conducting training based on a specific learning task,
there may be latent patterns patterns of biases present that
unsuspectingly impacts training. Tools to identify such bi-
ases and inter-class relationships concerning a learning task
lets practitioners identify potential problems that may have
occurred during data acquisition, as well as as what sub-
populations may be underrepresented.

We show that inspecting the diagonal and non-diagonal
elements of Y (H*®) ™'Y from Equation 9 provides deeper
insight into the intra-class and inter-class relationships
present during finite-width learning.

We show that the absolute magnitude of off-diagonal
elements in the k-th column of Y (H®)"'Y well ap-
proximate the inter-class training dynamics with respect to
the k-th class’s dynamics. Similarly, the kth diagonal el-
ements approximates the intra-class training dynamics of
class k. More specifically, let f be a given architecture, and

-1

Z =Y (cho) Y be the Gram-Label matrix product,
then |Z;;| demonstrates the non-orthogonal correlation be-
tween elements of class X; and elements of class &X; when
conditioned on the remaining training elements from other
classes. When |Z;,| is large, the column vectors of H?° that
represent instances that are members of different classes are
strongly correlated. When positive, this correlation means
the column vectors are nearly parallel, whereas negative val-
ues correspond to anti-parallel column vectors.

We train a deep CNN model on a variety of benchmark
datasets using their correct, ground-truth labeling, and track
the average class accuracy per class during the course of
training. We consider the model to infer the correct class
during a given epoch if the class with the maximum inferred
probability is the assigned class to learn. Additionally, for
each class, we track the average probabilities yielded from
the K-hot vector produced by the network. Thus, for each
dataset with K classes, we gather 1 “intra-class learning

Dataset | Ranking RBO Score
Digit Intra-Class 0.962
MNIST Inter-Class 0.904
Fashion Intra-Class 0.963
MNIST Inter-Class 0915
Intra-Class 0.734
CIFAR-10 | [ ier-Class 0,916
Intra-Class 0.557
CIFAR-100 | 1 ier-Class  0.688

Table 7: The predicted rankings computed without train-
ing using the magnitudes of off-diagonal elements of the
infinite-width Gram-Label product, and the rankings pro-
duced after training a large but finite-width deep CNN
trained for 250 epochs. Our proposed technique strongly
predicts the ranking.

speed” ranking, and K “inter-class” entanglement rankings
at different checkpoints during training.

Without knowledge of training, we then predict these
ground-truth orderings solely by inspecting the elements
of Z. Table 7 shows the similarity between the actual and
predicted orderings by the Ranked Biased Overlap (RBO)
(Webber, Moffat, and Zobel 2010), a measure for quanti-
fying the similarity between rankings by taking in account
both concordant pairs and relative ordering. RBO produces
a similarity score ranging between 0 and 1, where 1 is com-
pletely identical. Our proposed method yields strong pre-
dictions of the rankings produced from actually training the
finite-width version of model.

Predicting the ranking in which classes are entangled al-
lows for investigations into the underlying biases present.
For example, these rankings give us insights into what
classes a model is biased towards learning confidently earlier
in training. Conversely, for applications in critical domains
such as in healthcare, these rankings can inform practition-
ers of what classes or subgroups may be subjected unfairly
to poorer downstream inference if training is ended too soon.

5.4 Solving the Label Refurbishment Task

Methods to refurbish mislabeled data are vital when datasets
may be corrupted by incorrect labelings, whether as a prod-
uct of erroneous pseudo-labels automatically generated or
inaccuracies by human labelers.

By treating Y as a matrix containing continuous values
representing the probability of class membership, we can
treat relabeling as a continuous optimization problem.

e <Y(H?O>_1Y>kk

K 2 (YT1), [(YT1)) — 1]

- (Y (H;O) - Y) y

(YT1)(YT1),

LIY) =

(13)

3 K
e DD
k=1 kd

The gradient —Vy £(Y) computes the local changes in
class membership for each label vector y; that minimizes
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(2 017), . or) (070" - 6T0) - (v (7))

N (e; [(YTl)k - 1] +e§(YT1)k)

1 K
L=

(YT [(YT1), - 1])*

((H;O)fl Yel + (H;O)ﬂ YekT> ((YTl)k(YTl)d) - (Y (H?")71 Y)

12)

(ef (Y10 +ef (YT1)1)
k,d

B K
7K2—KZ

k=1

>
k#d

block-diagonalization error of Y (H*) ™' Y. Equation 12
describes the gradient Vv £(Y) explicitly, where ey, is the
k-th basis vector of R, such that the k-th element of e isa
1, and all other elements are 0.

However, this optimization is rather delicate with the ex-
istence of spurious stationary points in the vector space of
RN XK 'nor is the argument of the local minimum Y * guar-
anteed to produce rows of Y * that are discrete 1-hot vectors.
Instead of allowing the optimization of Y to evolve com-
pletely continuously, we instead propose that the gradient
information informs how to discretely modify Y such that
each row maintains a 1-hot vector. Our proposed algorithm
(Algorithm 1) takes a conservative approach in only relabel-
ing 1 instance at a time. For each iteration, we select the in-
stance whose maximum gradient has the greatest difference
from the gradient corresponding to the element in the 1-hot
vector containing the 1 (its current label).

To demonstrate the performance of our proposed algo-
rithm, we test its ability to conduct label refurbishment on
benchmark datasets with varying degrees of synthetically
added random label noise: 10%, 20%, 30%, and 70% noise.
Table 8 shows the percentage of mislabeled data that was
correctly relabeled to the correct class. Thus, for 10-class
datasets like Digit-MNIST, Fashion-MNIST, and CIFAR-
10, a method that randomly re-assigns labels would perform
at a 10%. This expectation would drop down to 1% for 100-
class CIFAR-100. Additionally, we compare Algorithm 1’s
training-free relabeling capabilities against a recent noisy la-
beling learning method BARE (Patel and Sastry 2023). By
allowing BARE to learn the robust intra-class patterns, we

Algorithm 1: Label Refurbishment Using (H>)~!

Require: Total iterations Lj; initial one-hot label matrix Y;
vector initial positions of 1’s in each row of Y: a
1: for L Iterations do

2:  Compute —Vy L(Y) according to Eq. 12
33 b+ -VyL(Y)a,
i€{l,...,N}

4: C < max —Vyﬁ(Y)iJ

Je{l,... K} ic{l,...N}
5 d<+c—b
6. I =argmaxd
7. J=argmax—VvL(Y)r.
8: YI# —ey
9: end for
10: return Y
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(YT1)r(YT1)q)?

can ascertain the new relabeling by the final inference on
each training instance at the end of training. Without requir-
ing any model training, our proposed algorithm not only
yields an equivalent performance, but also has an embar-
rassingly simple implementation and is relatively cheaper to
compute. Thus, we have shown that by utilizing the label-
gradients that minimize Infinite-Width Block Diagonaliza-
tion Error, true labels can be recovered.

Dataset | Noise Added  Ours BARE
70% 2521% 79.61%
Digit 30% 85.66% 95.73%
MNIST 20% 85.00% 93.65%
10% 83.50% 87.50%
70% 13.36% -
Fashion 30% 65.67% -
MNIST 20% 64.25% -
10% 57.00% -
70% 11.50% -
30% 16.16% -
CIFAR-10 20% 13.00% -
10% 9.00% -

Table 8: After infecting datasets with different amounts of
random label noise, the percentage of noise correctly refur-
bished (top) according to our method (Algorithm 1), com-
pared to BARE, a noisy label learning algorithm, after 200
epochs of model learning. Entries with “-” indicate that af-
ter 400 epochs, BARE’s model performance still did not
achieve better training than naively training with label noise.

6 Conclusion

We showed that infinite-width NTKs provide a rich signal
that expands the predictability of model training behavior for
a given neural net architecture. Specifically, infinite-width
NTK theory allows for investigating a given real neural net
architecture by analyzing properties of an identical archi-
tecture in the infinite-width limit: a theoretical variant of
the real architecture with hidden layers each containing in-
finitely many neurons. We have demonstrated the applica-
bility of infinite-width NTKs as a low-cost powerful sig-
nal that can single-handedly realize various data valuation
tasks such as architecture selection, pseudo-label verifica-
tion, bias identification, and label refurbishment, before any
real model has been trained.
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