The Thirty-Ninth AAAI Conference on Artificial Intelligence (AAAI-25)

Stochastic Online Instrumental Variable Regression:
Regrets for Endogeneity and Bandit Feedback

Riccardo Della Vecchia, Debabrota Basu

Univ. Lille, Inria, CNRS, Centrale Lille, UMR 9189 — CRIStAL, F-59000 Lille, France
ric.della-vecchia@gmail.com, debabrota.basu@inria.fr

Abstract

Endogeneity, i.e. the dependence of noise and covariates, is
a common phenomenon in real data due to omitted variables,
strategic behaviours, measurement errors etc. In contrast, the
existing analyses of stochastic online linear regression with
unbounded noise and linear bandits depend heavily on exo-
geneity, i.e. the independence of noise and covariates. Moti-
vated by this gap, we study the over- and just-identified Instru-
mental Variable (IV) regression, specifically Two-Stage Least
Squares, for stochastic online learning, and propose to use an
online variant of Two-Stage Least Squares, namely O2SLS.
We show that 02SLS achieves O(dxd. log2 T') identification
and O(~+/d.T) oracle regret after T interactions, where d
and d are the dimensions of covariates and IVs, and + is the
bias due to endogeneity. For v = 0, i.e. under exogeneity,
025LS exhibits O(d2 log? T') oracle regret, which is of the
same order as that of the stochastic online ridge. Then, we
leverage 02SLS as an oracle to design OFUL-IV, a stochastic
linear bandit algorithm to tackle endogeneity. OFUL-IV yields
O(v/dxd, T) regret that matches the regret lower bound un-
der exogeneity. For different datasets with endogeneity, we
experimentally show efficiencies of 02SLS and OFUL-IV.

1 Introduction

Online regression is a founding component of online learn-
ing (Kivinen, Smola, and Williamson 2004), sequential test-
ing (Kazerouni and Wein 2021), contextual bandits (Foster
and Rakhlin 2020), and reinforcement learning (Ouhamma,
Basu, and Maillard 2022). Especially, online linear regression
is widely used and analysed to design efficient algorithms
with theoretical guarantees (Greene 2003; Abbasi-Yadkori,
Pél, and Szepesvari 2011b; Hazan and Koren 2012). In linear
regression, the outcome (or output variable) Y € R, and the
input features (or covariates, or treatments) X € R? are re-
lated by a structural equation: Y = BTX + 7, where 3 is the
true parameter and 7 is the observational noise with variance
o?. The goal is to estimate (3 from an observational dataset.
Two common assumptions in the analysis of linear regres-
sion are (i) bounded observations and covariates (Vovk 1997,
Bartlett et al. 2015; Gaillard et al. 2019), and (ii) exogeneity,
i.e. conditional mean independence of the noise 7 and the
input features X (E[n|X] = 0) (Abbasi-Yadkori, Pal, and
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(a) Graphical Model of Example 1.1 (b) DAG of 2SLS at ¢
Figure 1: Relations of IVs (orange), Covariates (blue), and
Outcome (blue) in Online Two-stage Regression. Unobserved
and Observed variables are in dotted and solid circles.

Szepesvari 2011b; Ouhamma, Maillard, and Perchet 2021).
Under exogeneity, researchers have studied scenarios where
the observational noise is unbounded and has only bounded
variance o2. But this setting asks for a different technical
analysis than the bounded adversarial setting popular in on-
line regression literature. For example, (Ouhamma, Maillard,
and Perchet 2021) analyse online forward and online ridge
regressions in the unbounded stochastic setting.

Example 1.1 (Learning Price-Sales Dynamics). A market
analyst wants to learn how price of a food item at a given
day t affects the sales of the item, given a daily stream of
data of food prices and sales. The analyst decides to run
online linear regression to learn the relation Price — Sales
(Fig. la). The analyst finds the [ to be positive. But now
if a big festival happens in a city, a restaurant owner can
increase price of the food knowing still the sales will increase.
This event contradicts the analyst’s learnt parameter. Thus,
as she incorporates the price-sales data of this city, the esti-
mated [3 changes to negative. Because her algorithm assumes
exogeneity of noise and covariates, while in reality the omit-
ted variable Event; affects both price and sales (Fig. 1a).
Hence, the covariate Price;, gets correlated with the noise,
n = psEvent, + ng . Price; is an endogeneous variable.

Similar to this example, in real-life, endogeneity, i.e. de-
pendence between noise and covariates (E[nX] # 0) (Greene
2003; Angrist, Imbens, and Rubin 1996) is often observed
due to omitted explanatory variables, strategic behaviours
during data generation, measurement errors, the dependence
of the output and the covariates on unobserved confounding
variables etc. (Wald 1940; Mogstad, Torgovitsky, and Wal-



ters 2021; Zhu et al. 2022). Motivated by such scenarios, we
analyse online linear regression aiming to estimate (3 accu-
rately from endogenous observational data, where noise is
stochastic and unbounded.

Instrumental Variable (IV) Regression. Historically, IVs
were introduced to identify and quantify the causal effects
of endogenous covariates (Newey and Powell 2003). IVs
are widely used in economics (Wright 1928; Mogstad, Tor-
govitsky, and Walters 2021), causal inference (Rubin 1974;
Hernan and Robins 2020; Harris et al. 2022), bio-statistics
and epidemiology (Burgess, Small, and Thompson 2017).
One popular framework is to choose IVs which heavily in-
fluence the covariates but are independent of the exogenous
noise. For example, MaterialPrice is an instrumental vari-
able in Example 1.1 as per the DAG in Figure 1b. Given such
an IV(s), one aims to learn the relations between IVs and
covariates in one stage, and then uses the predicted values of
covariates to learn the relation between covariates and the out-
come variables in the next stage. This approach of conducting
two stages of linear regression using I'Vs is called Tivo Stage
Least Squares Regression (25LS) (Angrist and Imbens 1995;
Angrist, Imbens, and Rubin 1996). 2SLS has become the stan-
dard tool in economics, social sciences, and statistics to study
the effect of treatments on outcomes involving endogeneity.
Recently, in machine learning, researchers extended classi-
cal 2SLS to nonlinear structures, non-compliant instruments,
corrupted observations with deep learning (Liu, Shang, and
Cheng 2020; Xu et al. 2020; Xu, Kanagawa, and Gretton
2021), graphical models (Stirn and Jebara 2018), and kernel
regression (Zhu et al. 2022).

Thus, we are interested in studying the 2SLS approach
for online learning. But the existing analyses of 2SLS are
asymptotic, i.e. what can be learned if we have access to
an infinite number of samples in an offline setting (Singh,
Hosanagar, and Gandhi 2020; Liu, Shang, and Cheng 2020;
Nareklishvili, Polson, and Sokolov 2022). In applications,
this analysis is vacuous as one has access to only finite sam-
ples. Additionally, in practice, it is natural to acquire the data
sequentially as treatments are chosen on-the-go and then to
learn the structural equation from the sequential data (Venka-
traman et al. 2016). This motivates us to analyse the online
extension of 2SLS, named 02SLS.

Instrumental Variable Bandits. As stated in Example 1.1,
the goal of the analyst might be to aid a restaurant owner or
food supplier to strategically decide on a price of the food
item from a price range and also corresponding raw material
cost among multiple suppliers to improve the sales as much as
possible. At this point, the estimation of the first- and second-
stage parameters aid in sequential decision making, leading to
the maximisation of accumulated outcomes over time. This is
exactly a linear bandit problem. In this case, the analyst only
observes the outcome corresponding to the choice of price
and material cost. This is referred to as bandit feedback in
online learning literature and studied under the linear bandit
formulation (Abbasi-Yadkori, Pél, and Szepesvari 2011a).
This motivates us to extend O2SLS to linear bandits, where
both bandit feedback and endogeneity occur. In this paper,
we investigate two questions:

1. What is the upper bound on the loss in performance for
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deploying parameters estimated by 02 SLS instead of the true

parameters (37 How does estimating the true parameters (3

influence different performance metrics under endogeneity?
2. Can we design efficient algorithms for linear bandits

with endogeneity by using O2SLS?

Our Contributions. Our investigation has led to

1. A Non-asymptotic Analysis of 02 SLS: First, we identify
three notions of regret: identification regret, oracle regret, and
population regret. Though all of them are of same order un-
der exogeneity, we show that the relations are more nuanced
under endogeneity and unbounded noise (see Appendix B.9).
We focus specifically on the identification regret, i.e. the sum
of differences between the estimated parameters {3,}7_;,
and the true parameter 3, and oracle regret, i.e. the sum of
differences between the losses incurred by the estimated pa-
rameters {3,}71_,, and the true parameter (3. In Section 3,
we theoretically show that 02SLS achieve O(dyd,, log® T
identification regret and O(dgd,, log® T +~v+/d, T log T) or-
acle regret after receiving 7" samples from the observational
data. Identification regret of 02SLS is d, multiplicative fac-
tor higher than regret of online linear regression under exo-
geneity, and oracle regret is O(y+/d,T log T') additive factor
higher. These are the costs that 02SLS pay for tackling en-
dogeneity in two stages. In our knowledge, we are the first
to propose a non-asymptotic regret analysis of 02SLS with
stochastic and unbounded noise. Due to two-stages and en-
dogeneity, we cannot rely on standard techniques and need to
prove concentration bounds for dependent r.v. (Appendix B.6)
leading to a novel analysis for Thm. 3.5. We also experi-
mentally demonstrate efficiency of 02SLS on synthetic and
real-data with endoegeneity (Section 5, Appendix D).

2. OFUL-IV for Linear Bandits with Endogeneity: In Sec-
tion 4, we study the linear bandit problem with endogeneity.
We design an extension of OFUL (Optimism in Face of Un-
certainty for Linear) algorithm used for linear bandit with ex-
ogeneity, namely OFUL-1V, to tackle this problem. OFUL-IV
uses O2SLS to estimate the parameters, and corresponding
confidence bounds on 3 to balance exploration—exploitation.
Lemma 3.3 derives a new confidence ellipsoid around O2SLS

estimator 3, with a new design matrix H,. Following exist-
ing derivations for ridge would ask algorithm to know tight
upper bounds on the hidden paramenter unlike us. We show
that OFUL-IV achieve O(\/dgd,T log T') regret after T in-
teractions. We further experimentally validate that OFUL-IV
incurs lower regret under endeogeneity than OFUL (Abbasi-
Yadkori, Pal, and Szepesvari 2011a) (Section 5, AppendixD).

Related Works: Online Regression without Endogene-
ity. Our analysis of 02SLS extends the tools and techniques
of online linear regression without endogeneity. Analysis of
online linear regression began with (Foster 1991; Littlestone,
Long, and Warmuth 1991). (Vovk 1997, 2001) show that
forward and ridge regressions achieve O(d,Y,2,, log T') for
outcomes with bound Y, .. (Bartlett et al. 2015) generalise
the analysis further by considering the features known in
hindsight. (Gaillard et al. 2019) improve the analysis further
to propose an optimal algorithm and a lower bound. These
works perform an adversarial analysis with bounded out-
comes, covariates, and observational noise, while we focus



on the stochastic setting. (Ouhamma, Maillard, and Perchet
2021) study the stochastic setting with bounded input features
and unbounded noise. But they need to assume independence
of noise and input features. In this paper, we analyse online
2SLS under endogeneity and unbounded (stochastic) noise.
We do not know the bound on the outcome and derive high
probability bounds for any bounded sequence of features.
Previously, (Venkatraman et al. 2016) studied 02SLS for
system identification but provided only asymptotic analysis.

Related Works: Linear Bandits without Endogeneity.
Linear bandits generalise the setting of online linear re-
gression under bandit feedback (Abbasi-Yadkori, Pél, and
Szepesvari 201 1a; Abbasi-Yadkori, Pal, and Szepesvari 2012;
Foster and Rakhlin 2020). To be specific, in bandit feed-
back, the algorithm observes only the outcomes for the in-
put features that it has chosen during an interaction. Pop-
ular algorithm design techniques, such as optimism-in-the-
face-of-uncertainty and Thompson sampling, are extended
to propose OFUL (Abbasi-Yadkori, Pal, and Szepesvari
2012) and LinTS (Abeille and Lazaric 2017), respectively.
OFUL and LinTS algorithms demonstrate O(dv/T logT)

and O(d"-°+/T log T') regret under exogeneity. Here, we use
02SLS as a regression oracle to develop OFUL-V for linear
bandits with endogeneity. We prove that OFUL-IV achieves
O(dv/TlogT) regret.

Related Works: Instrument-Armed Bandits. (Kallus
2018) is the first to study endogeneity and instrumental vari-
ables in a stochastic bandit setting. (Stirn and Jebara 2018)
propose a Thompson sampling-type algorithm for stochas-
tic bandits, where endogeneity arises due to non-compliant
actions. But both (Kallus 2018) and (Stirn and Jebara 2018)
study only the finite-armed bandit setting where arms are in-
dependent of each other. In this paper, we study the stochastic
linear bandits with endogeneity requiring different techniques
of analysis and algorithm design. (Krishnamurthy, Wu, and
Syrgkanis 2018) studies a linear contextual bandit setup close
to ours, but they assume arm-independent and bounded noise,
and thus, yielding significantly different analysis.

Notations. Matrices and vectors are denoted by bold cap-
ital and bold small letters (e.g. A and a). ||-||,, is {, norm
of a vector. oy, (+) is minimum singular value and ||-||2 is
operator norm of a matrix. For any vector y € R™ and a
positive definite matrix A € R™*", let us define the norm

lylla 2 VyTAy = /{y, Ay).

2 Background

We are given an observational dataset {x;, y; }""_; consist-
ing of n pairs of input features and outcomes. Inputs and
outcomes are stochastically generated using a linear model

yi =Bz +n;,
where y; € R, &; € R%, 3 € R% is the unknown true
parameter vector of the linear model, and 1; ~ N(0, 0727)
is the unobserved error representing all causes of y; other
than ;. It is assumed that the error terms 7); are independent
and identically distributed with bounded variance 2. The
parameter vector 3 quantifies the causal effect on y; due to
a unit change in a component of x;, while retaining other

(Second Stage)

16192

causes of y; constant. The goal of regression is to estimate
B by minimising the square loss over dataset (Brier 1950):
B £ argming Y7 (yi — B a2

The obtained solution is called the Ordinary Least Square
(OLS) estimate of 3 (Wasserman 2004), and is a corner stone
of online regression (Gaillard et al. 2019) and linear bandit al-
gorithms (Foster and Rakhlin 2020). Specifically, if we define
the input feature matrix to be X,, £ [z1,Ta,...,T,] €
R™* 4= the outcome vector to be y,, = [y1,...,yn] ', and
the noise vector is 17,, = [11, ..., 7,] T, OLS estimator is

EOLS £ (X,IX,,J_lXIyn = IB + (XT—Lan)_ler—Lrnn
If Eln;|x;] = 0, i.e. under exogeneity, the OLS estimator
is unbiased: E[B,s] = 3. Furthermore, it is also asymp-
totically consistent since X! 7, 2 0 implies ﬁOLS LS
B (Greene 2003). In practice, the input features x and the
noise 7 are often correlated (Greene 2003, Chapter 8). This
dependence, called endogeneity, is modelled with a confound-
ing unobserved random variable €. In Figure 1b, we draw the
DAG between the variables under endogeneity, where each ar-
row implies conditional dependence of the child on the parent.
To allow consistent estimation of 3 under endogeneity, the In-
strumental Variables (IVs) z are introduced (Angrist, Imbens,
and Rubin 1996; Newey and Powell 2003). I'Vs are chosen
such that they are highly correlated with endogenous com-
ponents of x (relevance condition) but are uncorrelated with
the noise 1. This leads to Two-stage Least Squares (25LS)
approach to IV regression (Angrist and Imbens 1995; An-
grist, Imbens, and Rubin 1996). We further assume that I'Vs,
Z., £ [z1,.-., zn]T € R"*4= cause linear effects on the
endogenous covariates

X, =7Z,0+E,.

® € R%*d jg the unknown first-stage parameter matrix
and E, £ [e1,...,€,]" € R"*= is the unobserved noise
matrix leading to confounding in the second stage. First-
stage is a “classic” multiple regression with E[e|z] = 0 and
€ ~ N(0,021,,) (Wasserman 2004, Ch. 13). Thus, OLS
in first-stage yields an estimate ©, £ (Z]Z,)"'Z]X,,
leading to the 2SLS estimator:

—~ o~ o~ -1
Basrs = (XZXn) lew

(First Stage)

(2SLS)

~ ~T
Here, X,, = ©,, Z,, is the predicted covariate from first-
stage. Given E[z;7;] = 0 in the true model, we observe that

~ e N1 e\ L

Basis = (X0X,) XiXu8+ (X]Xa) Xin,
3, as n — oo. Since x and 7 are correlated, 2SLS estimator
is not unbiased in finite-time. When d, = d., we call z

Jjust-identified IVs. When d, < d, we call z over-identified
1Vs. In this paper, we analyse both of the conditions.

A

Assumption 2.1. The assumptions for conducting 2SLS

are (Greene 2003; Hernan and Robins 2020):

1. Endogeneity of X. The second stage input features X
and noise 7 are correlated: E[nX] # 0.

2. Exogeneity of Z. IV random variables and the noise in
the second stage are uncorrelated: E[nZ] = 0.



3. Relevance Condition. The variables Z and X are cor-
related: E[ZX ] = Xzx. ¥zx € R¥%*d with rank
d. For non-asymptotic analysis, we further use an em-
pirical version of relevance condition. Specifically, we
assume , the empirical cross-covariance to have max-
imum rank at any ¢ > 0, i.e. omin (Cov(Z, Xy)) =

t
Omin (% Z ;r) >t >0.

s=1 ZsT
3 02sLsS: Online Two-Stage Least Squares
In this section, we describe the problem setting and schematic
of Online Two-Stage Least Squares Regression, in brief
02SLS. Following that, we first define two notions of regret:
identification and oracle, measuring accuracy of estimating
the true parameter and the predicted outcomes, respectively.
We provide a theoretical analysis of 02SLS and upper bound
the two types of regret (Section 3.2).
02SLsS. In the online setting of IV regression, the data
(x1,21,Y1),---,(®t, 2¢,Yt), - - - arrives in a stream. Follow-
ing 2SLS model (Fig. 1b), data is generated endogeneously

Y = 5th + e, (D

such that «; and n; are correlated while z; and n; are not, for
allt e N.

At each step ¢, the online IV regression algorithm is served
with a new input feature x; and an IV z;. At time ¢ + 1,
the algorithm aims to yield an estimate of the parameter 3,
and predict an outcome 741 = ﬁ;r Tiy1 € R using the data
{(zs, z5,ys) },_, observed so far. Following the prediction,
Nature reveals the true outcome y;1.

To address endogeneity in this problem, we propose an
online form of the 2SLS estimator. Modifying Eq. (2SLS),
we obtain the O2SLS estimator that is computed for the
prediction at time ¢ 4 1, using information up to time ¢:

) >z
s=1

1~ ~T 1~
= (I — Gﬁiaztwt )ﬂt71 + Gﬁ,1t$tyt'

Ty = @th + €

~ ~T
T,

PPN Y ¢
8,2 (X/X) XM—(
s=1

(02SLS)

t ~ AT

A ~ AT
Here, Gz, = > ., Z:Z, = Ggz,_1 + Z;:T, . We need

the predicted value of covariate z; £ (:)t_lzt and output y;

for the iterative update of 3, given the estimates at previous
time 3, and Gz ;. To predict the covariate Z;, we leverage

an iterative update rule of (:)t from (:)t_l by using z;, x;
(Appendix B). In brief, for A > 0,

t—1 1y
0, = (Z Zsz) + AIdz> EEN
s=1 s=1

_ -1 IRY= -1 T
=(I-G; 122, )01 + G,z

@)

Finally, we use the 02SLS estimator at step ¢t + 1 for the
prediction yy1 = ﬂtT x;11, as in Algorithm 1.
Computational Complexity. For second-stage, we com-
pute G, from G | in O(d2) time using the Sher-
man-Morrison formula. We store G% 1t after each step, which
requires O(d2) memory. However, the first-stage update has
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Algorithm 1: 02SLS

1: Input: Initialisation parameters 3, @0, A
2: fort=1,...,7T do

3: Observe z; generated i.i.d. by Nature, and x; sam-
pled from Eq. (1) given 2z,

4: Compute first-stage and second-stage estimates
B;_, and ®;_; as per Equation (2) and Equa-
tion (O2SLS)

5: Predict j, = B, x,

6:  Observe y, generated by Nature

O(d?% + d.d) time complexity and requires O(d2) memory.
Thus, 02SLS exhibits quadratic space and time complexity.
Remark 3.1 (Proper Online Learning). As in improper online
learning algorithms, we could use x; and z, that we observe
before committing to the estimate 3,, and use it to predict
¥ (Vovk 2001). Since we cannot use y; for this estimate, we
have to modify 2SLS to incorporate this additional knowl-
edge. We avoid this modification, and follow a proper online
learning approach to use 3,_; to predict.

3.1 Two Regrets for Estimation & Prediction

To analyse the online regression algorithms, it is essential
to define proper performance metrics, specifically regrets.
Regret quantifies what an online (or sequential) algorithm
cannot achieve as it does not have access to the whole dataset
rather observes it step by step. Here, we discuss and define
different regrets that we leverage in our analysis of 02SLS.

In econometrics and bio-statistics, where 2SLS is popularly
used the focus is the accurate identification of the underlying
structural model 3. Identifying 3 leads to understanding of
the underlying economic or biological causal relations and
their dynamics. In ML, (Venkatraman et al. 2016) applied
02SLs for online linear system identification. Thus, given
sequences of estimators {3, }7_, and covariates {x;}_;, the
cost of identifying the true parameter 3 can be quantified by

Rr(g) 2y

BNCOV ) N ©
We refer to Rr(3) as identification regret over horizon T'. In
the just identified setting that we are considering, the iden-
tification regret is equivalent to the regret of counterfactual
prediction (Eqn. 5, (Hartford et al. 2016)). Counterfactual
predictions are important to study the causal questions: what
would have changed in the outcome if Treatment a had been
used instead of treatment b? A modern application of IVs is
to facilitate such counterfactual predictions (Hartford et al.
2016; Bennett, Kallus, and Schnabel 2019; Zhu et al. 2022).

Alternatively, one might be interested in evaluating and
improving the quality of prediction obtained using an estima-
tor {3, }1_, with respect to an underlying oracle (or expert),
which is typically the case in statistical learning theory and
forecasting (Foster 1991; Cesa-Bianchi and Lugosi 2006). If
the oracle has access to the true parameters 3, the cost in
terms of prediction that the estimators pay with respect to the

oracle is 7, = (y; — =/ B,_1)%> — (y: — =/ B3)?. Thus, the



regret in terms of the quality of prediction is

Rz (B)

We refer to R (3) as the oracle regret. It is studied for
stochastic analysis of online regression (Ouhamma, Maillard,
and Perchet 2021) and bandits (Foster and Rakhlin 2020).

As 02SLS is interesting for learning causal struc-
tures (Hartford et al. 2016; Bennett, Kallus, and Schnabel
2019), we focus on the identification regret. To compare with
the existing results in online linear regression, we also anal-
yse the oracle regret of 02SLS. Though they are of similar
order (in T') under exogeneity, we show them to significantly
differ for 02SLS under endogeneity (Section 3.2).

Remark 3.2 (Hardness of Exogeneity vs. Endogeneity
for Prediction). In online learning theory focused on Em-
pirical Risk Minimisation (ERM), another type of regret
is considered where the oracle has access to the best of-
fline estimator B, argming Zthl(yt — ] B)? given
the observations over 7' steps (Cesa-Bianchi and Lugosi
2006). Thus, the new formulation of regret becomes Ry =
S~ By )2 —ming S (4 — @/ B)”. We refer
to it as the population regret. Under exogeneity, (Ouhamma,
Maillard, and Perchet 2021) show that oracle regret and
population regret differs by o(log® T'). We show that under
endogeneity, their expected values differ by (7). Thus, we
avoid studying population regret, and detail it in App. B.9.

2 Z;(yt —x/ B 1) — (i —x{B)° @

3.2 Theoretical Analysis

Confidence Set. The central result in our analysis is concen-

tration of 02SLS estimates (3, around (3.

Lemma 3.3 (Confidence Ellipsoid for the Second-stage

Parameters). Let us define the design matrix of IVs to

be Goy 2 Z]Zi + Gog = Y0_ 252 + G with

G.o = Mgy, for some X > 0. Then, for some condi-

tionally o, -sub-Gaussian second stage noise n; (formally
2252

VYA € R, E[er|Z_1,m;,_ 1, Bi_1] < e 2, for bounded

IVs ||z||3 < L2, and for all t > 0, the true parameter [3

belongs to the confidence set

&2{Ber™: 8, - Blg, < VE0O)},

with probability at least 1 — 6 € (0,1). Here, b,(9)
PN ~T L R
dzo2log (HHE52% ), H, 2 O, .,y and O, is the

estimate of the first-stage parameter at time t.

&)

Lemma 3.3 extends the well-known elliptical lemma for
OLS and Ridge estimators under exogeneity to the 02SLS
estimator under endogeneity. It shows that the size of the
confidence intervals induced by O2SLS estimate at time
T is O(v/d,logT), which is of the same order as that of
the exogenous elliptical lemma (Abbasi-Yadkori, Pal, and
Szepesvari 2011a) but while applied on IVs.

Identification Regret Bound. Now, we state the identifi-
cation regret upper bound of 02SLS.

Theorem 3.4 (Identification Regret of 02SLS). If Assump-
tion 2.1 holds true, for bounded 1Vs ||z||3 < L? and bounded
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first-stage parameters 1©]l2 < L%, the conditionally oy

sub-Gaussian second stage noise 1y and the component-wise

conditionally o¢-sub-Gaussian first stage noise €, (formally
2,2

A
VA€ R E[er|Z;1,m, 1, Er ] <e

=), the regret of
02SLS satisfies with probability at least 1 — 6,

T
Ry <) 18, = Bllg, lzdlf-1 = O (dodzlog?T).
t=1 N——— N—_——
Estimation  Second-stage norm

Regret bound of Theorem 3.4 is d, log T" more than the
regret of online ridge regression, i.e. O(dy log T') (Gaillard
et al. 2019). This is because we perform d, linear regressions
in the first-stage and use the predictions of the first-stage for
the second-stage regression. These two regression steps in
cascade induce the proposed regret bound.

Oracle Regret Bound. Now, we bound the oracle regret,
i.e. the goodness of predictions yielded by 02SLS. Detailed
proof is deferred to Appendix B.

Theorem 3.5 (Oracle Regret of 02SLS). Under the same
hypothesis of Theorem 3.4, Oracle Regret of 02SLS at step
T > 1, i.e. Ry is upper bounded by (ignoring log log terms)

Rr + Vbr_1(6) (Cl\/f(T)
~~ —_————— \——
Identif. Estimation First-stage
Regret O(\/d logT) feature norm

O(dgd log? T) O(V1ogT)

+ Co\/2dg f(T) + /de O3 + ’704\/T)
——

Correlated noise

Correlated noise 4
Concentration term Bias term

O, TogT) O(T)
with probability at least 1 — & € (0,1). Here, v = ||v||2 =
IE[ns€s]ll2. C1,C2,Cs,Cy are d, dy and T-independent
positive constants. f(T) = O(logT) is in Corollary B.9.

Discussion. 1. Hardness of Endogeneity vs. Exogeneity. Un-
der exogeneity and unbounded stochastic noise, the oracle
regret of online linear regression is O(d? log® T") (Ouhamma,
Maillard, and Perchet 2021). If we take the just-identified
IVs,ie. d, = d, = d, due to endogeneity, 02 SLS incurs an
additive factor of O(v+/d,T log T) in the oracle regret. This
term appears due to the correlation between the second and
the first-stage noises, and it is proportional to the degree of
correlation between the noises in these two stages. Thus, the
bias due to the correlation of noises dominates. In 2SLS lit-
erature, this phenomenon is called the self-fulfilling bias (Li,
Luo, and Zhang 2021). But we did not find any explicit bound
on it in a stochastic and non-asymptotic analysis.

2. Tightness of Analysis. In the existing literature, we do
not have any lower bound for online regression with endo-
geneity. But we can indicate tightness of the proposed anal-
ysis by observing two things. (i) Our identification regret
under endoegeneity is of the same order as that of exoge-
neous case (Abbasi-Yadkori, Pal, and Szepesvari 2012). (ii)
If we assume vy = 0, i.e. the noises are independent, and we
retrieve also the oracle regret of the same order as that of the
exogenous case (Ouhamma, Maillard, and Perchet 2021).

3. Bounded vs. Unbounded Noise. For bounded noise and
covariates, the adversarial setting would subsume the endoge-
neous setting where the responses are sampled according to



dependent bounded noise since covariates and responses are
adversarially chosen sequences. If we consider the adversar-
ial linear regression for bounded responses y; < Y and co-
variates, the the Vovk-Azoury-Warmuth Regressor (VAWR)
achieves almost optimal O(Y 2 log T') regret (Orabona 2019).
Thus, the 4+/T term disappears as we obtain in our oracle
regret bound with unbounded and stochastic noise. This con-
trast indicates non-triviality of our analysis for the unbounded
noise and unbounded outcomes.

4 Linear Bandits with Endogeneity: OFUL-IV

Example 1.1 (Pricing with Price-Sales Dynamics). Let us
revisit the price-sales dynamics. Now, on a day t, a restaurant
owner wants to decide on a price xy among a feasible set
of prices X; to increase the sales y;. The owner also has
access to a set of suppliers such that each price correspond to
compatible a material cost z;. If the restaurant owner wants
the analyst to develop an algorithm to decide on the price
dynamically such that the total sales over a year is maximised,
her problem is exactly a linear bandit with endoegeneity,
where a price corresponds to an arm (action).

We formulate stochastic Linear Bandits with Endogene-
ity (LBE) with a two-stage linear model of data generation
(Eq. (1)). Here, we illustrate the interactive protocol of LBE.

Ateachroundt =1,2,...,T, the agent
. Observes a sample x; , € X; of contexts Va € A
. Chooses an arm A; € A;

3. Observes the sample z; 4, € Z;
4. Obtains a reward y; ~

5. Updates the parameter estimates ®; and 3,
Here, X; C R% and Z, C R% are the sets of covariates and
IVs corresponding to A, i.e. the set of feasible actions at
time ¢. Similar to regression under endoegenity, €; and 7, are
correlated while €; and z; are not (Eq. (1)). True parameters
B € R% and ©® € R¥*% are unknown to the agents. This
is an extension of stochastic linear bandit (Lattimore and
Szepesvari 2020, Ch. 19) to the endeogenous setting.

Remark 4.1 (Alternative Protocol of LBE). We can alterna-
tively represent the protocol, where at every step ¢, the agent
observes covariates x; , and IVs z, , for all the arms a € A;.
Then, the agent can use all these information to choose an
arm A; and observes the corresponding outcome ;. But we
do not require 2z , except z¢ 4, to update the parameters and
select arms. Thus, the alternative is reducible to the protocol
above, while asking for less information.

OFUL-1V: Algorithm Design. If the agent had full informa-
tion in hindsight, she could infer the best arm (a.k.a. action or
intervention) in A; as aj = argmax,¢ 4, E[z ,8]. Choos-
ing aj is equivalent to choosing 2; 4> and @ ,». But the agent
does not know them and aims to select {a;}7_; to minimise
regret: Ry = E[ZLI ﬁ—r(mm;« — ¢ 4,)]- Now, we extend
the OFUL algorithm minimising regret in linear bandits with
exogeneity (Abbasi-Yadkori, Pdl, and Szepesvari 2011a). The
core idea is that the algorithm maintains a confidence set
B;_1 C R% around the estimated parameter 3,_;, which
is computed only using the observed data. In order to tackle
endogeneity, we choose to use the 02SLS estimate 3,_;

1
2
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computed using data observed till ¢ — 1 (Equation (02SLS)).
Then, we build an ellipsoid B;_; around it, such

that B,_, 2 {5 eR%:[B,_, - Blg, , < b;,l(é)},
where b]_,(6) £ 202log (det(G=e-0)"/*A7**/?/5) and

IA{t,l = @lle,t,l(:)t,l. Then, the algorithm chooses an
optimistic estimate Bt—l from that confidence set: [Nit_l =
argmaxg cp, , (maxgex, ' 3'). Then, she chooses the
action A; corresponding to @ 4, = argmax,e y, acTBt_l,
which maximises the reward as per the estimate th-
In brief, the algorithm chooses the pair (x, AL B, ) =

argmax , gnex, x5, , € O - Given confidence interval, we
optimistically choose A; by solving

aigenj?x {<mt,a7ﬁt—1> + \/m Hmt’“||ﬁff1} ©

This arm selection index together with the 02SLS estimator
of 3,_, constitute OFUL-IV (Algorithm 2).

Algorithm 2: OFUL-IV

1: Input: Initialisation parameters 3, (:)0, by, A
2: fort=1,2,...,T do

3: Observe x; , € X, fora € A,

4: Compute 8,_; according to Equation (02SLS)
5: Choose action A; that solves Equation (6)

6: Observe z; 4, and y;

7 Update B; < By_1, 0 < ©;_1,b} « b;_,

Theorem 4.2 (Regret Upper Bound of OFUL-IV). Under the
assumptions and notations of Thm. 3.4 and 3.5, for horizon
T > 1 and with probability 1 — §, Algorithm 2 incurs regret

Ry < VAT \/br_1(9)
N———

Estimation

T
> lzealy o = O(/dad:T)
t=1

Second-stage feature norm

For just-identified IVs, i.e. dp = d, = d, OFUL-IV
achieves regret of similar order under endogeneity as OFUL
achieves under exogeneity, i.e. O(d\/T ), and matches the
lower bounds for linear bandits w.r.t. d and T" (Lattimore and
Szepesvdri 2020). The proof details are in Appendix C.

1. Handling Unbounded Outcomes. We do not need
bounded outcomes (,@Tac € [-1,1]) as OFUL (Abbasi-
Yadkori, Pal, and Szepesvari 2011a). Similar to (Ouhamma,
Maillard, and Perchet 2021), which removes this assumption
for exoegeneity, our analysis shows that the bounded out-
come assumption is not needed even under endogeneity.

2. Two-Stage OFUL-1V vs. One-Stage OFUL under Endo-
geneity. An alternative proposal than using a two-stage ap-
proach for LBE is to reduce it to a one-level linear bandit,
ey = (©8) Tz + ﬁTet + n¢. This leads to a compos-
ite unknown parameter ®(3, and a new sub-Gaussian noise

with component-wise variance o7, = 2([|8302 + o).
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(a) Regression: id. regret. (b) LBE: cumulative regret.

Figure 2: (Left) Regression: Identification regrets of Online
Ridge (blue) and 02SLS (orange) over T' = 5000 steps,
and for p = 1 (solid) and 2 (dotted). With the increase in p,
02SLS performs better. (Right) LBE: Cumulative regrets of
OFUL (blue) and OFUL-IV (orange) over T' = 5000 steps
with p = 1,2. OFUL-IV incurs lower regrets, and improve-
ments w.r.t. OFUL increases with p. Here, dp, = 8,d, = 16.

| Online Regression | Linear Bandit
Ist Stage | x; = O z; + € Tio = 0Oz o+ €
2nd Stage | yi =B @i +n | yo =B @A, + i

Table 1: Experimental settings. p controls endogeneity since
1¢ = per1 + 7 and 7 is exogenous noise.

Now, if we apply OFUL to this setup, we observe that the
confidence bound around the new hidden parameter @3 is
proportional to ¢,,¢,,. Thus, the confidence interval blows up
by ||3||2- Also, using this interval in Equation (6) requires us
to know either ||3||3 or a tight upper bound on it. In real-life,
we cannot assume access to such knowledge. Additionally,
|33 grows linearly with d. Thus, this approach can incur
significantly higher regret for high-dimensional covariates.
In contrast, OFUL-IV does not require to know either ||3||2
or any bound on it. Additionally, the confidence interval of
OFUL-IV depends on 037, which is significantly smaller than

o2...- These observations demonstrate the benefit of using
OFUL-1V under endogeneity than OFUL with a single-stage
reduction. Single-stage reduction might be helpful if the con-
founding noise is covariate dependent but is independent of
the unknown parameter (Krishnamurthy, Wu, and Syrgka-
nis 2018). Numerical results in Fig. 3 further validates this

benefit of OFUL-IV over an one-stage reduction.

S Experimental Analysis

We present experimental results for both online regression
and linear bandit in Figure 2a, 2b and 3. We compare the
performance of 02 SLS and Online Ridge Regression (Ridge).
For LBEs, we compare the performance of OFUL-IV and
OFUL (Abbasi-Yadkori, Pal, and Szepesvari 201 1a).

Setup. We induce endogeneity in the problem in the fol-
lowing arbitrary way: by settings 7, per1 + ¢ where
€¢,1 indicates the first component of the vector €;. Then, we
control the level of endogeneity of the two stages through p.

We choose d = {2,5,8} and d, = {4, 10,16} respec-
tively. In our experiments, we choose arbitrarily 3 as a nor-
malised vector with equal negative entries; therefore, the
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Figure 3: Regrets due to one-stage OFUL (green), OFUL
(blue), and OFUL-IV (orange) for different norms of the
hidden parameters (S = 2 (left), 5 (right)). Only OFUL-IV
(orange) is independent of S' and incurs the lowest regret
across p = 1 (solid) and 2 (dotted). Here, d, = 2,d, = 4.

values in the components are uniquely determined by the
dimension d,. We choose ® = 1, 4, which has ones on
the entries ¢« = j and zeros for ¢ # j. Then, we sample at
each time ¢ (and also for every arm a for the LBE setting) the
vectors z; ~ N (0,14.) (zt.a ~ Ny, (0,14,)), the vector
noise €; ~ Ny, (6, 14, ), and the scalar noise 1, = 7j: +p-€;,1
where 77, ~ N7(0, 1). We run the algorithms with the same
regularisation parameters, i.e. A = 0.1. We repeat our ex-
periments 20 times. We average the results, and for each
algorithm, we report the mean and standard deviation of the
cumulative regret (shaded areas correspond to one standard
deviation). For further experiments and results with both
synthetic and real data, we refer to Appendix D.

Summary of Results. /. Regression. 02SLS outperforms
Ridge in all the settings, and the performance-gain increases
with increasing values of p, i.e. the level of endogeneity.
2. Bandits. OFUL builds a confidence ellipsoid centered at

Ridee  while OFUL-IV uses 02SLS to build an accurate
estimate and an ellipsoid containing 3. Figure 2 indicates that
OFUL-IV incurs lower regret than OFUL. 3. Independence
of OFUL-IV from S. Figure 3 shows that only OFUL-IV’s
regret is independent of the maximum norm of 3, i.e. S. But
OFUL (oblivious to endogeneity) and OFUL with one-stage

reduction incur higher regret with increasing S as per theory.

6 Conclusion and Future Works

We study online IV regression, specifically online 2SLS, for
unbounded noise and endogenous data. Our analysis shows
that 02SLS incurs O(dd log® T) identification regret, and
O(yv/d;TlogT) oracle regret as the correlation between
the noises in the two-stages dominate the identification regret.
For just-identified I'Vs, identification regrets are of the same
order for exogeneity and endogeneity. We propose OFUL-IV
for linear bandits with endogeneity that uses 02SLS for es-
timation. OFUL-IV achieves O(v/dzd.T logT') regret. We
experimentally show that 02SLS and OFUL-IV are more ac-
curate than Ridge and OFUL, respectively. In future, it would
be interesting to extend the analysis of online IV regression
and bandits with endogeneity to non-parametric (Newey and
Powell 2003) and non-linear (Xu et al. 2020) settings.
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