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Abstract

As a fundamental problem of graph analysis, graph visual-
ization aims to embed a set of graphs in a low-dimensional
(e.g., 2D) space and provide insights into their distribution
and clustering structure. Focusing on this problem, we pro-
pose a novel Wasserstein t-distributed embedding (WatE)
method, leading to an information-enriched graph visualiza-
tion paradigm. Our method learns a graph neural network to
represent each graph as the mean and covariance of its node
embedding distribution. Accordingly, our method can visu-
alize each graph as an ellipse (determined by the mean and
the covariance) rather than a single point. The positions of
different ellipses reveal the relations among different graphs
as traditional visualization methods do, while the size and
shape of an ellipse preserve the node-level structural infor-
mation of the corresponding graph. We propose a regularized
t-distributed stochastic neighbor embedding (Rt-SNE) frame-
work to learn the visualization model, deriving a Wasser-
stein distance-based Student’s t-distribution of graph pairs
and fitting the distribution to the data distribution under regu-
larization. Both subjective and objective evaluations demon-
strate that WatE achieves encouraging performance in various
graph visualization and clustering tasks.

Code — https://github.com/minjiecheng/WatE

Introduction
In many application scenarios, we often need to explore the
distribution of graphs and visualize the graphs in a low-
dimensional space, which may provide valuable insights for
downstream tasks. In drug development, each molecule can
be represented as a graph whose nodes are atoms and edges
are chemical bonds. Given multiple molecules, capturing
their clustering structure through visualization is significant
for toxicological analysis and virtual screening. For social
networks, each community corresponds to a subgraph of
users. It is beneficial for social network analysis to visualize
different communities based on their topological similarity.

Solving the above visualization problems requires us to
develop a graph embedding model that represents graphs in
a latent space. Given a graph, most existing methods (Xu
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Figure 1: llustrations of typical graph embeddings and our
approach. For our graph embeddings, the ellipses are deter-
mined by the corresponding mean vectors and covariance
matrices related to the graph, while the arrows represent the
principal components of these covariance matrices, incorpo-
rating more graph information.

et al. 2018; Sun et al. 2019; You et al. 2020; Suresh et al.
2021) aggregate its node embeddings (via various readout
or global pooling operations) as its representation. Combin-
ing these embedding methods with traditional visualization
methods, e.g., t-SNE (Van der Maaten and Hinton 2008) of-
ten leads to encouraging graph visualization results, which
can capture graph-level clustering structures. However, this
strategy loses the node-level structural information due to
the aggregation of node embeddings — each graph is em-
bedded as a single point in the latent space. Thus, the dis-
tribution of its node embeddings is ignored. On the con-
trary, although some attempts have been made to represent
a graph via the set of node embeddings directly (Grover and
Leskovec 2016; Kipf and Welling 2017; Petric Maretic et al.
2019), such set-level representations significantly increase
the difficulties in graph visualization. In particular, when
representing each graph as a set of node embeddings, we
have to compute the distance/similarity between two arbi-
trary graphs by comparing their node embedding sets with
high computational complexity. Additionally, when visual-
izing multiple graphs, we need to consider the hierarchical
structure of their node embeddings, which requires us to en-
sure the visualization reflects both the graph-level clustering
structure and the node-level distribution within each graph.

To overcome the above challenges, we propose a novel
Wasserstein t-distributed Embedding (WatE) method in this
study, which provides a new learning paradigm for graph
visualization. As illustrated in Figure 1, our WatE method
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Figure 2: The learning scheme of our WatE. The three objec-
tives in gray frames are used to learn a GNN-based embed-
ding model. Our approach is an inductive learning paradigm
specifically designed for graph visualization.

neither embeds a graph as a single point nor represents it
as a set of node embeddings. Instead, given a graph, our
method derives its node embeddings through a graph neu-
ral network (GNN) and visualizes it as an ellipse in 2D
space, whose position and shape are determined by the mean
and covariance of the node embeddings, respectively. This
visualization strategy combines the advantage of the clas-
sic graph embedding methods (Xu et al. 2018; Sun et al.
2019; You et al. 2020) and that of the set-level embedding
methods (Bachmann, Hennig, and Kobak 2022). In partic-
ular, given such distribution-based graph embeddings, the
positions of the corresponding ellipses indicate the relations
among the graphs as those classic visualization methods do,
and the shape of each ellipse shows the node-level structural
information of a graph.

Leveraging optimal transport techniques, we apply a reg-
ularized t-distributed stochastic neighbor embedding (Rt-
SNE) framework to learn the proposed graph visualization
model, as illustrated in Figure 2. In particular, for two arbi-
trary graphs, we leverage the Wasserstein distance between
their node embedding distributions (Villani 2009) to mea-
sure their discrepancy, which has a closed-form solution and
can be computed in a differentiable way via Newton-Schulz
iterative algorithm (Muzellec and Cuturi 2018). Based on
the Wasserstein distance, we can obtain the Student’s t-
distribution of graph pairs and fit it to the data distribu-
tion derived by the Fused Gromov-Wasserstein (FGW) dis-
tance (Titouan et al. 2019) between raw graphs, which leads
to the KL-divergence loss used in t-SNE (Van der Maaten
and Hinton 2008). To suppress the risk of over-fitting, when
minimizing the KL-divergence loss we further i) consider
the Gromov-Wasserstein-based generalized spectral cluster-
ing loss (Xu, Luo, and Carin 2019; Chowdhury and Need-
ham 2021) to enhance the clustering structure of the graph
embeddings, and ii) regularize the energy of the covariance
by penalizing their discrepancies to the identity matrix. We
test the WatE model and its Rt-SNE learning method in vari-
ous graph visualization tasks. For the learned model, we an-

alyze its robustness, generalization power, quantitative com-
parisons on clustering, and complexity in depth, demonstrat-
ing the rationality of the learning method and the effective-
ness of the graph visualization model. Both subjective visu-
alization and objective evaluation show that WatE provides a
new and promising solution to achieve information-enriched
graph visualization.

Related Work
Graph Embedding and Visualization
Graph embedding typically has two paradigms, and the first
one is the kernel-based approach. The typical graph kernels
include the Graphlet kernel (GK) (Shervashidze et al. 2009),
random walk kernel (RWK) (Gärtner, Flach, and Wrobel
2003), shortest path kernel (SPK) (Borgwardt and Kriegel
2005), multi-scale Laplacian kernel (Kondor and Pan 2016),
the Weisfeiler-Lehman kernel (WLK) (Shervashidze et al.
2011), and so on. Applying spectral clustering (Ng, Jordan,
and Weiss 2001), we derive graph embeddings based on
these kernels. The above kernel-based strategies are trans-
ductive and own quadratic computational complexity, whose
scalability is questionable. To solve these problems, graph
neural networks (GNNs) have been proposed to obtain graph
embeddings explicitly and inductively, e.g., GCN (Kipf and
Welling 2017), GIN (Xu et al. 2018), and unsupervised In-
foGraph (Sun et al. 2019), GraphCL (You et al. 2020), and
ADGCL (Suresh et al. 2021).

Given graph embeddings, we can visualize their distri-
bution via various dimensionality reduction methods, such
as principal component analysis (PCA) (Abdi and Williams
2010), ISOMAP (Tenenbaum, Silva, and Langford 2000), t-
SNE (Van der Maaten and Hinton 2008), and so on. These
visualization methods simplify graphs into single points,
losing crucial node-level details. Additionally, they are
transductive, requiring model retraining for new graph em-
beddings. Moreover, without additional mechanisms, node
embeddings from different graphs may heavily overlap in
low-dimensional spaces, impairing the visualization of clus-
tering structures.

Optimal Transport for Graph Modeling
Recently, optimal transport theory (Villani 2009) has gar-
nered attention in machine learning and data mining, leading
to various methods such as Wasserstein GAN (WGAN) (Ar-
jovsky, Chintala, and Bottou 2017) and Wasserstein antoen-
coder (Tolstikhin et al. 2018). These methods use Wasser-
stein distance to measure the discrepancy between the data
distribution and the model distribution. In graph analysis,
Gromov-Wasserstein (GW) distance (Mémoli 2011) and its
variant fused Gromov-Wasserstein (FGW) distance (Titouan
et al. 2019) are proposed, offering pseudo-metrics for
graphs. Various algorithms, including Sinkhorn scaling (Cu-
turi 2013), the Bregman ADMM algorithm (Wang and
Banerjee 2014), the proximal point method (Xie et al. 2020),
and conditional gradient (Titouan et al. 2019), can efficiently
compute these optimal transport-based distances.

Optimal transport-based distances have inspired effective
graph modeling methods for embedding, clustering, and vi-
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sualization. The work in (Titouan et al. 2019) considers
the fused Gromov-Wasserstein distance between graphs and
constructs a pseudo-kernel for graph spectral clustering. For
unsupervised graph representation, the Gromov-Wasserstein
factorization (GWF) model in (Xu et al. 2023) learns a
set of graph factors and represents observed graphs via
the weighted GW barycenters (Peyré, Cuturi, and Solomon
2016) of the graph factors. Following this strategy, a graph
dictionary learning (GDL) method is proposed in (Vincent-
Cuaz et al. 2021), which learns a linear graph factorization
model under the GW distance metric. Recently, a Wasser-
stein t-SNE method (Bachmann, Hennig, and Kobak 2022)
is proposed to visualize the data with hierarchical structures
(e.g., sets of points). It extends the traditional t-SNE method
using the Wasserstein distance to capture the discrepancy be-
tween different sets.

Method
Preliminaries. For high-dimensional data points, the t-
distributed stochastic neighbor embedding (t-SNE) method
in (Van der Maaten and Hinton 2008) provides an effective
solution to visualize the data and explore their clustering
structure in a low-dimensional space. Given N data points in
the D-dimensional space, denoted as X = [xn] ∈ RD×N ,
the t-SNE method learns the low-dimensional embeddings
via fitting the distribution of the embedding pairs to the dis-
tribution of the raw data pairs, i.e.,

min
Y

KL(P (X)∥Q(Y )) = min
Y

∑
n̸=n′

pnn′ log
pnn′

qnn′
, (1)

where Y = [yn] ∈ Rd×N represents the target low-
dimensional embeddings and d ≪ D. The affinity matrices
P (X) = [pnn′ ] and Q(Y ) = [qnn′ ] represent the distri-
bution of the data and that of the embeddings, respectively,
which are defined as follows:

pnn′ =
1

2N
(pn′|n + pn|n′), ∀ n, n′ ∈ {1, ..., N}, with

pn′|n =

{
exp(−∥xn−xn′∥2/(2σ2

n))∑
k ̸=n exp(−∥xn−xk∥2/(2σ2

n))
n ̸= n′,

0 n = n′,

qnn′ =

{
(1+∥yn−yn′∥2)−1∑

k

∑
k ̸=l(1+∥yk−yl∥2)−1 n ̸= n′,

0 n = n′.

(2)

Applying stochastic gradient descent, the t-SNE method
solves (1) and visualizes the data by the learned embeddings.
Although the t-SNE method has been widely used in many
visualization tasks, when the data are a set of graphs rather
than vectors, it becomes inapplicable because the Euclidean
distance used in (2) is undefined for graph-structured data.
Additionally, the t-SNE method is transductive, in which
the target embeddings are non-parametric. When new data
comes, we have to retrain the model.

To overcome the challenges, we would like to extend
the t-SNE framework, developing a new unsupervised and
inductive graph visualization paradigm. In particular, we
design a graph neural network-based embedding model
and propose a regularized t-distributed stochastic neigh-
bor embedding (Rt-SNE) framework to learn the model

with the help of the computational optimal transport tech-
niques (Titouan et al. 2019; Mémoli 2011; Rippl, Munk,
and Sturm 2016). The graph embeddings derived by the
proposed model should i) reflect the graph-level clustering
structure of the corresponding graphs and ii) preserve the
node-level structural information for each graph, leading to
informative graph visualization results.

FGW-based Affinity Matrix of Graphs. Suppose that
we have N graphs, denoted as G = {Gn}Nn=1. For a
graph with M nodes, we can represent it as a measure-
ment graph (Chowdhury and Mémoli 2019) i.e., G :=
G(A,V ,p), which consists of an adjacency matrix A =
[aij ] ∈ {0, 1}M×M , node feature matrix V ∈ RM×D, and a
node distribution p ∈ ∆M−1. The i-th row of V , denoted as
vi, is the feature of the node i. ∆M−1 denotes the (M − 1)-
Simplex. Here, the element aij = 1 means an edge exists be-
tween the node i and the node j. Following the work in (Xu,
Luo, and Carin 2019), the node distribution is defined as the
normalized node degrees, i.e., p = 1

∥A1M∥1
A1M , which

reflects the significance of the nodes in the graph.
Our WatE method first constructs an affinity matrix (i.e.,

the P in (2)) to capture the pairwise similarity of graphs.
The affinity matrix is defined based on fused Gromov-
Wasserstein (FGW) distance (Titouan et al. 2019):
Definition 1 (Fused Gromov-Wasserstein distance). Let
G1 = G(A1,V1,p1) and G2 = G(A2,V2,p2) be two
attributed graphs. The fused Gromov-Wasserstein distance
dfgw(G1, G2) is defined as

min
T∈Π(p1,p2)

∑
i,j

dV (v
1
i ,v

2
j )tij︸ ︷︷ ︸

Wasserstein term

+
∑

i,j,i′,j′

dA(a
1
ii′ , a

2
jj′)tijti′j′︸ ︷︷ ︸

Gromov-Wasserstein term

= minT∈Π(p1,p2) E(i,j)∼T [dV ] + E(i,j,i′,j′)∼T×T [dA],

where dV (v
1
i ,v

2
j ) measures the discrepancy between the

node features of the two graphs, dA(a
1
ii′ , a

2
jj′) measures

the discrepancy between the edges of the two graphs, and
T = [tij ] is the joint distribution of the nodes of the two
graphs, and Π(p1,p2) = {T ≥ 0|T1 = p1,T

T1 = p2}
represents the set of the distributions of the node pairs that
take p1 and p2 as their marginals.

The optimal joint distribution corresponding to the FGW
distance, denoted as T ∗, is called the optimal transport be-
tween the two graphs. Its element t∗ij indicates the coherency
probability of the node i in G1 and the node j in G2.

Based on the FGW distance, we construct the affinity ma-
trix P (G) = [pnn′ ] ∈ RN×N for the graph dataset G. Simi-
lar to (2), the pnn′ is derived as follows:

pnn′ =
1

2N
(pn|n′ + pn′|n),

pn′|n =

{
exp(−d2

fgw(Gn,Gn′ )/(2σ2
n))∑

k ̸=n exp(−d2
fgw(Gn,Gk)/(2σ2

n))
n ̸= n′,

0 n = n′.

(3)

Here, each graph Gn is associated with a specific Gaus-
sian kernel, whose bandwidth is σn. Following the t-SNE
method (Van der Maaten and Hinton 2008), we determine
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this bandwidth by the bisection search, making the entropy
of the conditional distribution {pn′|n}Nn′=1 equal to a prede-
fined perplexity. If the neighborhood of a graph G is dense,
the corresponding σ will be small.

Wasserstein t-distribution of Embeddings. The affinity
matrix P (G) guides the learning of the proposed graph em-
beddings. In particular, it captures the pairwise similarity of
the graphs and thus reflects their clustering structure. The
proposed graph embeddings should inherit the clustering
structure in a low-dimensional space, whose affinity matrix
should be close to P (G).

Our WatE method proposes a distribution-based graph
embedding model and constructs the affinity matrix of the
embeddings based on a Wasserstein-based t-distribution.
Denote the proposed graph embedding model as fθ, where
θ represents the model parameters. Given a graph G with M
nodes, this model derives the graph embedding as the mean
and covariance of node embeddings, i.e.,

X = fθ(G) ∈ RM×K , µ̂ =
1

M
XT1M ∈ RK ,

Σ̂ =
1

M − 1
(XT − µ̂1T

M )(X − 1M µ̂T ) ∈ RK×K .
(4)

Here, our model first takes the graph G as its input and out-
puts M K-dimensional node embeddings denoted as X .
Then, we treat the node embeddings as the samples of a la-
tent distribution defined on the K-dimensional space. The
µ̂ ∈ RK and the Σ̂ ∈ RK×K in (4) are unbiased estima-
tions of mean and covariance matrix, respectively.

Our WatE method takes the tuple (µ̂, Σ̂) as the proposed
graph embedding, which captures the statistics of the node
embeddings’ distribution. When K = 2, such distribution-
based graph embeddings correspond to ellipses in 2D space,
as illustrated in Figure 1. The positions of different ellipses
are determined by the µ̂’s, and the size and shape of each
ellipse are determined by the Σ̂ (through the singular value
decomposition).1 It is beneficial to visualize graphs through
the distribution-based graph embeddings because the µ̂ and
Σ̂ represent the graph G in different viewpoints. On the one
hand, µ̂ is the aggregation of the node embeddings. The po-
sitions of different µ̂’s reveal the relationships among the
corresponding graphs in the latent space, which captures
the graph-level clustering structure. On the other hand, Σ̂
reflects more node-level structural information within the
graph, e.g., the distribution and concentricity of node em-
beddings. Leveraging µ̂ and Σ̂ jointly makes our WatE
method have more discriminative power — when two graphs
have similar µ̂’s, the covariance matrices may help to distin-
guish them from each other. Given the graph embeddings,
i.e., the µ̂’s and Σ̂’s, we measure the discrepancy between

1When K > 2, we can apply PCA to get the 2D ellipses. In par-
ticular, applying PCA to the matrix U constructed by all the µ̂’s,
we can obtain the positions of the 2D ellipses based on the coeffi-
cients of the top-2 principal components. For each ellipse, we apply
PCA to the corresponding Σ̂. The top-2 principal components and
the corresponding coefficients determine its shape and size.

different embeddings via the Wasserstein distance (Villani
2009) between the corresponding latent distributions.
Definition 2 (Wasserstein distance). Let p and q be two
probability measures on a compact metric space (X , dX),
where X denotes the space and dX denotes the metric in the
space. The Wasserstein distance between p and q is

dw(p, q) = infπ∈Π(p,q)

(
∫X 2 dX(x, y)2dπ(x, y)dxdy

) 1
2

= infπ∈Π(p,q) E
1
2

(x,y)∼π[d
2
X(x, y)],

(5)

where dX(x, y) captures the distance between two arbitrary
samples, and Π(p, q) is the set of all probability measures
on X × X with p and q as marginals, i.e., Π(p, q) = {π ≥
0|
∫
X π(x, y)dx = q(y),

∫
X π(x, y)dy = p(x)}.

The Wasserstein distance finds the optimal probabil-
ity measure in Π(p, q) to minimize the expectation of
dX(x, y). The optimal probability measure, i.e., π∗ =
arg infπ∈Π(p,q) E(x,y)∼π[dX(x, y)], works as the optimal
transport plan between p and q. We use the Wasserstein dis-
tance in this study because it applies to the probability mea-
sures with non-overlapped support sets, which outperforms
other metrics like KL-divergence and Jensen-Shannon di-
vergence in such challenging scenarios (Arjovsky, Chintala,
and Bottou 2017).

When p and q are Gaussian distributions, we can avoid
solving (5) and derive the Wasserstein distance in a closed
form (Rippl, Munk, and Sturm 2016):
Definition 3. Let p = N (µp,Σp) and q = N (µq,Σq) be
two K-dimensional Gaussian distributions, where µ and Σ
represent the mean and the covariance matrix, respectively.
The Wasserstein distance between p and q, i.e., dw(p, q), is

(∥µp − µq∥22 + tr(Σp +Σq − 2(Σ
1
2
p ΣqΣ

1
2
p )

1
2 ))

1
2 .

To simplify the computation, we assume that the node em-
beddings X in (4) obey a multivariate Gaussian distribution,
i.e., X ∼ N (µ,Σ). As a result, the µ̂ and Σ̂ derived by
our graph embedding model are unbiased estimations of the
distribution’s parameters. Plugging the µ̂ and Σ̂ in (4) into
Definition 3, we obtain a sample-based Wasserstein distance
between the proposed graph embeddings.

Given the Wasserstein distances, we can construct the
affinity matrix for the proposed graph embeddings by com-
puting a Wasserstein-based t-distribution. In particular, the
affinity matrix of the graph embeddings is a function of the
model parameters, denoted as Q(θ) = [qnn′(θ)], whose ele-
ment qnn′(θ) is defined as follows:

qnn′ =


(1+d2

w(N (µ̂n,Σ̂n),N (µ̂n′ ,Σ̂n′ )))−1∑
k ̸=l(1+d2

w(N (µ̂k,Σ̂k),N (µ̂l,Σ̂l))−1
n ̸= n′,

0 n = n′,
(6)

where d2w(N (µ̂n, Σ̂n),N (µ̂n′ , Σ̂n′)) is computed by

∥µ̂n − µ̂n′∥22 + tr(Σ̂n + Σ̂n′ − 2(Σ̂
1
2
n Σ̂n′Σ̂

1
2
n )

1
2 ). Note that,

we can compute the square root of the covariance matrix
(i.e., Σ̂

1
2
n ) by Newton-Schulz algorithm (Muzellec and Cu-

turi 2018), making this Wasserstein distance differentiable.
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Regularized t-SNE Learning Framework
WatE learns the graph embedding model fθ in a regularized
t-SNE framework. This learning framework considers the
following three objectives: i) preserve the original graphs’
structural information in the latent space, ii) enhance the
clustering structure of the embeddings, and iii) regularize
the energy of the covariance matrices, respectively.

KL-divergence between the affinity matrices. Given the
affinity matrix of the raw graphs and that of the graph
embeddings, we learn our model by minimizing the KL-
divergence between them, as the t-SNE method does:

KL(P (G)∥Q(θ)) = ⟨P , logP (G)− logQ(θ)⟩, (7)

where ⟨·, ·⟩ represents the inner product of matrices. By min-
imizing the KL-divergence loss, we fit the model distribu-
tion to the data distribution, making the graph embeddings
inherit the clustering structure of raw graphs.

Gromov-Wasserstein clustering loss. To further en-
hance the clustering structure of the graph embeddings,
we introduce the Gromov-Wasserstein (GW) clustering
loss (Chowdhury and Needham 2021; Gong, Nie, and Xu
2022) as a regularizer. Suppose that the graph embeddings
belong to C clusters. The GW clustering loss of Q(θ) cor-
responds to the following optimization problem:

Lgw

(
Q(θ),

1

C
IC

)
= min

T∈Π( 1
N 1N , 1

C 1C)

∑
n,c,n′,c′

δcc′

C
log

δcc′

Cqnn′(θ)
tnctn′c′

⇔minT∈Π( 1
N 1N , 1

C 1C) −tr(T T log(Q(θ))T ),

(8)

where IC is an identity matrix with size C × C. δcc′ is
the Dirac function, which equals to 1 when c = c′ and
0 otherwise. We assume the empirical distribution of the
graphs and that of the clusters are uniform. The matrix
T = [tnc] ∈ Π( 1

N 1N , 1
C1C) is a joint distribution of the

graphs and the clusters, whose element tnc indicates the
probability that the graph Gn belongs to the c-th cluster. As
shown in (8), the GW clustering loss itself is an optimiza-
tion problem, which minimizes the expectation of the KL-
divergence KL( 1

C IC∥Q(θ)). Its formulation corresponds to
the GW distance, in which the dA is specified as the KL
divergence. The end line of (8) shows that the GW cluster-
ing loss is equivalent to solving a generalized spectral clus-
tering problem with a doubly-stochastic constraint (Chowd-
hury and Needham 2021; Gong, Nie, and Xu 2022). The
GW loss in (8) can be solved via the conditional gradient
algorithm in (Titouan et al. 2019).

Energy-based covariance regularizer. Finally, for all ob-
served graphs, we regularize their covariance matrices by

R(θ) =
1

N

∑N

n=1

∥∥∥Σ̂n(θ)−
1

K
IK

∥∥∥2
F
, (9)

where ∥ · ∥F denotes the Frobenius norm of matrix. From
the viewpoint of statistics, this regularizer i) makes the vari-
ance along each embedding dimension approach 1, and ii)

Algorithm 1: The Rt-SNE framework for WatE model

Require: Given a set of graphs G = {Gn}Nn=1
1: Compute the affinity matrix P (G) via (3) in advance.
2: For Epoch = 1, 2, ...
3: For A batch of graphs GB ⊂ G
4: Compute Wasserstein distances, get QB(θ) via (6).
5: Solve (8) and obtain T ∗.
6: Fix T ∗ as a constant and compute Lgw accordingly.
7: Compute the objective function in (10).
8: Update θ via Adam (Kingma and Ba 2015).
9: θ∗ := θ.

penalizes the correlation across different embedding dimen-
sions. In the following graph visualization experiments, we
will show that this regularizer helps to improve the subjec-
tive visual effect of graph embeddings.

Taking the above three terms into account, we learn our
graph embedding model by

minθ KL(P ∥Q(θ)) + αLgw

(
Q(θ),

1

C
IC

)
+ βR(θ), (10)

where the hyperparameters, α and β, control the significance
of the GW loss and that of the covariance regularizer, respec-
tively. Differing from the t-SNE in (1), which learns embed-
dings in a transductive way, our method learns an inductive
embedding model fθ. Therefore, when new graphs come,
we can derive and visualize their embeddings directly based
on the learned model. The algorithmic scheme is shown in
Algorithm 1, and Newton-Schulz algorithm of Σ̂

1
2
n and con-

ditional gradient algorithm of GW and FGW distance are
presented at https://github.com/minjiecheng/WatE.

Experiments
To demonstrate the effectiveness of WatE, we test it on vari-
ous graph datasets and evaluate the graph visualization re-
sults on both subjective visual effects and objective clus-
tering accuracy. We apply four TU graph datasets (Mor-
ris et al. 2020), including IMDB-B (social networks), MU-
TAG, PTC-MR (molecular datasets) and AIDS (biomedi-
cal graph datasets). The baselines consist of two OT-based
graph factorization methods, i.e., GWF (Xu et al. 2023) and
GDL (Vincent-Cuaz et al. 2021), and two GNN-based un-
supervised embedding methods, i.e., GraphCL (You et al.
2020) and ADGCL (Suresh et al. 2021). For qualitative
evaluation, we add five more kernel-based methods, i.e.,
RWK (Gärtner, Flach, and Wrobel 2003), SPK (Borg-
wardt and Kriegel 2005), GK (Shervashidze et al. 2009),
WLK (Shervashidze et al. 2011), and FGWK (Titouan
et al. 2019). Furthermore, we demonstrate the generalization
power of our method and its robustness to hyperparameters.

Visual and Qualitative Comparisons
Information-enriched graph visualization. To validate
the effectiveness of Information-enriched Graph Visualiza-
tion, we selected the protein pre-training representation
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(a) IMDB-B

(b) MUTAG

(c) AIDS

Figure 3: Comparing graph embedding methods on the IMDB-B, MUTAG, and AIDS datasets.

(a) (b) (c)

Figure 4: Illustrations of information-enriched graph visual-
ization: (a) Protein residue embeddings via t-SNE, (b) Block
embeddings via t-SNE, (c) Block embeddings via WatE.
Colors indicate different proteins.

model GearNet (Zhang et al. 2022) for visualizing down-
stream proteins as a comparison. We plotted residue embed-
dings for 8 proteins in the Enzyme Commission (EC) num-
ber prediction task as node-level visualizations. Each pro-
tein was divided into blocks of 20 residues to create sub-
structures. These block embeddings were visualized using
t-SNE and WatE. Figure 4 shows the corresponding visu-
alization results, including the visualization of residue em-

beddings and the t-SNE and WatE visualizations of block
embeddings.

As shown in Figure 4, the node-level visualization appear
chaotic, failing to provide useful information. The block-
level visualization via t-SNE loses too much information,
making it impossible to visualize the distribution of residues
within each block. In addition to presenting the overall em-
bedding between blocks, WatE also uses ellipses for visu-
alization to display the distribution of residues within each
block. This can reveal information contained within differ-
ent blocks, such as similar substructures or functions. This
approach may be valuable for protein screening and design.

Clustering graph visualization. We compare our WatE
method with the baselines achieving explicit graph embed-
dings in clustering visualization tasks. The visualization re-
sults are shown in Figure 3. For our method, we set K = 2
and learn a graph embedding model accordingly. We apply
the t-SNE method for the baselines to visualize their graph
embeddings in the 2D plane. The proposed graph embed-
dings are superior to those of the baselines on visual effects.

Firstly, the visualization results obtained by our method
have clear clustering structures consistently for IMDB-B,
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(a) Impacts of α and β (b) Significance of regularizers (c) The generalization power of WatE on AIDS

Figure 5: (a, b) The ablation study on α and β. (c) Training on left, testing on right for each subfigure.

Method K IMDB-B MUTAG PTC-MR AIDS
RWK – 49.95±0.01 65.84±0.98 50.53±0.19 55.90±0.34
SPK – 50.41±0.21 66.07±0.95 50.52±0.30 67.54±0.52
GK – 50.17±0.12 55.37±1.70 50.55±0.32 66.87±0.45
WLK – 50.07±0.07 58.14±1.25 50.36±0.26 62.59±6.10
FGWK – 49.98±0.20 51.05±0.79 50.33±0.43 74.20±1.54

GWF 16 51.18±0.06 67.92±1.21 51.48±0.60 85.39±2.82
GDL 16 51.40±0.48 70.18±0.23 51.64±0.60 86.80±1.75

GraphCL 96 52.33±0.36 65.62±2.42 50.24±0.14 88.16±6.22
ADGCL 160 52.45±0.30 69.74±0.04 49.87±0.09 92.55±0.85

WatE 2 52.42±1.71 69.49±0.96 50.19±0.18 91.14±0.48
8 52.47±0.64 71.91±1.98 50.55±0.24 93.21±2.47

Table 1: Comparisons for various embedding methods on
their clustering performance (Rand Index ± std. (%)). K
equals “–” means not deriving graph embeddings explicitly.

MUTAG, and AIDS, which are visually better than the base-
lines. Secondly, while the baselines represent each graph as
a single point, our WatE method visualizes it as an ellipse
based on the mean and covariance of the node embeddings,
which preserves more node-level information in the visu-
alization results than the baselines. For example, besides
showing the clustering structure of the MUTAG graphs, our
method further indicates that i) each graph’s node embed-
dings are scattered in an anisotropic way, and ii) the dis-
tributions of different graphs’ node embeddings are simi-
lar (i.e., the top-1 eigenvectors of the covariance matrices
are similar). These experimental results demonstrate that our
WatE method provides two perspectives (i.e., the mean and
covariance of node embeddings) for graph analysis, achiev-
ing semantically-meaningful graph visualization.

Quantitative Comparisons
For each method, we test it in 10 trials and record the mean
and the standard deviation of its clustering results on each
graph dataset. The quantitative clustering results of different
methods are shown in Table 1. For our WatE method, when
setting K = 2, we can derive the mean of each graph’s node
embeddings has two dimension and the degree of freedom of
covariance matrix is six. Therefore, we can cluster observed
graphs i) merely based on their 2D mean vectors and ii)
by eight-dimensional latent vectors consisting of mean and
covariance information, respectively. Compared to the base-
lines, especially the GNN-based methods (GraphCL and

ADGCL), WatE embeds graphs with much lower dimen-
sions and obtains competitive clustering results. When con-
sidering the mean and covariance information jointly (i.e.,
K = 8), WatE achieves the best clustering results on three
of four datasets. For PTC-MR, our method’s performance is
limited because some graphs have different labels but similar
structures. Consequently, the FGW distance between graphs
does not always reflect label differences, resulting in a noisy
affinity matrix P and learned Q. Improving robustness to
data noise will be a key focus of our future research.

Analytic experiments
Impacts of α and β. As shown in (10), α and β control
the significance of the GW loss and that of the covariance
regularizer, respectively. We set α = 1 and β = 100 by de-
fault. In Figure 5(a), when 0.1 ≤ α ≤ 10 and 1 ≤ β ≤ 100,
the performance of WatE is stable, demonstrating its robust-
ness to hyperparameters. In Figure 5(b), when β = 0, we
learn the model without the covariance regularizer. In such
a situation, the visualization result is unsatisfactory — the
energy of covariance matrices is unconstrained. Thus we
cannot preserve the concentricity of the node embeddings
within each graph during training. On the contrary, when
α = 0, we learn the model without the GW loss, and the
clustering structure of the learned embeddings is not so sig-
nificant as that under the proposed setting.

Generalization power. As aforementioned, our WatE is
an inductive graph visualization method. After learning the
graph embedding model, we gain the capability to derive
and visualize the embeddings of new graphs directly. Fig-
ure 5(c) shows the generalization power of our method. For
each dataset, we train our model on 80% of the graphs and
then visualize the entire dataset. We find that the distribu-
tion of the remaining 20% of graphs is similar to the training
graphs, even though they were not seen during training.

Conclusion and Future Work
We propose an information-enriched graph visualization
method with the help of optimal transport techniques, learn-
ing an inductive graph embedding model within a regular-
ized t-SNE framework. This approach is suitable for graph
visualization and clustering tasks. Utilizing the information
from ellipses to discover protein structures and functions
will be a focus of our future research.
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