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Abstract

Efficiently trading off exploration and exploitation is one of
the key challenges in online Reinforcement Learning (RL).
Most works achieve this by carefully estimating the model
uncertainty and following the so-called optimistic model. In-
spired by practical ensemble methods, in this work we pro-
pose a simple and novel batch ensemble scheme that prov-
ably achieves near-optimal regret for stochastic Multi-Armed
Bandits (MAB). Crucially, our algorithm has just a single pa-
rameter, namely the number of batches, and its value does not
depend on distributional properties such as the scale and vari-
ance of the losses. We complement our theoretical results by
demonstrating the effectiveness of our algorithm on synthetic
benchmarks.

1 Introduction
Multi-Armed Bandits is a classic framework for sequential
decision-making under uncertainty. In this setting, an agent
repeatedly interacts with an environment by choosing from
a set of K actions (arms) and subsequently observing a loss
signal associated with their choice. The loss signal associ-
ated with each arm is a sequence of i.i.d random variables
whose mean is unknown to the agent. The agent’s goal is to
minimize their cumulative loss, which presents a classic ex-
ploration vs. exploitation dilemma, i.e., whether to exploit
the current knowledge of the losses or to further explore
seemingly sub-optimal actions that may turn out to be better.
This trade-off is measured via a notion termed regret, which
is the difference between the agent’s performance and that of
an oracle who knows the best arm and chooses it throughout
the interaction.

Learning algorithms for this setting were extensively stud-
ied, and date back to Robbins’ paper (Robbins 1952). In
particular, (Lai and Robbins 1985) established that the re-
gret in this problem is lower bounded by Ω(log T ), and
there exist learning algorithms that achieve this regret by
maximizing a confidence bound modification of the empiri-
cal mean. A non-asymptotic analysis was later provided by
(Auer, Cesa-Bianchi, and Fischer 2002). Subsequent works
obtain bounds that depend on subtler properties of the arms
by constructing more elaborate confidence bounds (see e.g.,
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Maillard, Munos, and Stoltz (2011) for empirical confidence
bounds or UCB-KL).

A commonality of nearly all past works is that they ex-
plicitly encode the distributional assumptions on the arms
into the algorithm. For example, UCB (Auer, Cesa-Bianchi,
and Fischer 2002) builds confidence bounds tailored to dis-
tributions bounded in [0, 1], UCB-V (Audibert, Munos, and
Szepesvári 2009) refines these confidence bounds by in-
corporating a variance estimate, and KL-UCB (Maillard,
Munos, and Stoltz 2011) explicitly uses the KL-divergence
to estimate uncertainty and often assume a parametric class
to reduce computational complexity. This explicit encoding
can (1) be disadvantageous when the arms are misspecified;
(2) require delicate parameter tuning; or (3) require prior
knowledge of the distributions.

In this work, we show that constructing standard mean
estimators from a simple batching scheme and combining
them using a min operator, yields an optimistic mean es-
timator. Choosing greedily with respect to this estimator
yields regret bounds that depend on the true concentration
properties of the arm distributions.

Our Contributions. Our main contribution is a simple
MAB algorithm, that does not need tuning of parameters
and has low computational overhead. We show that for the
Bernoulli r.v. our algorithm achieves an instance-dependent
regret that depends on the variances of the arms. We show
that our scheme extends to many other distributions, includ-
ing, distributions that are either symmetric around the mean,
have bounded support, or lower bounded variance. Crucially,
this adaptation is purely in analysis and does not require
modifying the algorithm.

Our scheme easily adapts to a distributed environment.
Concretely, instead of explicitly constructing an optimistic
mean estimator for each arm, our algorithm may be viewed
as separate (distributed) naive bandit algorithms each receiv-
ing separate samples, computing the means of each arm, and
outputting the best empirical arm together with its empiri-
cal mean. The final decision is made by following the deci-
sion of the bandit algorithm with the best empirical mean.
This interpretation corresponds to practical methods such as
(Osband et al. 2016; Tennenholtz et al. 2022), which use en-
sembles to encourage exploration. We complement our theo-
retical findings by running experiments on synthetic bench-
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marks, showing that our scheme achieves low regret com-
pared to alternative algorithms.

Related work. Similar ideas of ensemble and bootstrap-
ping methods have previously been studied. (Ash et al. 2021)
introduced anti-concentrated confidence bounds for effi-
ciently approximating the elliptical bonus, using an ensem-
ble of regressors. (Osband et al. 2016) applied bootstrapped
DQN in the Arcade Learning Environment and obtained im-
proved learning speed and cumulative performance across
most games. (Osband, Van Roy, and Wen 2016) Present ran-
domized least-squares value iteration (RLSVI) - an algo-
rithm designed to explore and generalize via linearly param-
eterized value functions. Their results established that ran-
domized value functions are a useful tool for efficient explo-
ration along with effective generalization. (Peer et al. 2021)
present the Ensemble Bootstrapped Q-Learning (EBQL) al-
gorithm, a natural extension of Double-Q-learning to ensem-
bles that is bias-reduced. They analyze it both theoretically
and empirically.

There are bootstrapping methods that add pseudo-
rewards, sample the pseudo-rewards, and then run the MAB
on the perturbed sequence. These include GIRO (Kveton
et al. 2019b) and PHE (Kveton et al. 2019a), which have an
instance-dependent regret bound for Bernoulli rewards (but
they are not variance-dependent bounds) and Reboot (Wang
et al. 2020) which handles Gaussian rewards.

Sub-sampling techniques, combined with a dueling ap-
proach, have been first proposed in BESA (Baransi, Mail-
lard, and Mannor 2014) for two arms, and extended in RB-
SDA (Baudry, Kaufmann, and Maillard 2020) and SSMC
(Chan 2020) for one-parameter exponential distributions.

The most related work to ours is MARS (Moravej Kho-
rasani and Weyer 2023), where they generate optimistic es-
timates by sampling multiple random subsets and taking the
maximum average reward. They show a regret bound for
distributions that are continuous and symmetric around the
mean. Our methodology can handle non-symmetric distri-
butions and has better computational complexity.

2 Preliminaries
Problem setup. In a stochastic K−armed bandit, each
arm a ∈ [K] is associated with a loss sequence ℓn,a, (n ≥ 1)
of i.i.d Bernoulli random variables with parameter µa ∈
[0, 1]. (Note that µa = E[ℓn,a], for any n.) Let a⋆ ∈
argmina∈[K] µa be an optimal action and µ⋆ = µa⋆

=
mina∈[K] µa be the optimal value. At each time step t =
1, 2, . . ., an agent interacts with the bandit by choosing an
arm at ∈ [K] and subsequently observes the random loss
ℓt = ℓ(nt,at ),(at) where

nt,a =
t∑

τ=1

1{aτ=a} (1)

is the number of times arm a ∈ [K] was played up to time
t (inclusive). The agent does not know the problem param-
eters and must learn them on the fly. We quantify its perfor-

mance via the (pseudo) regret

regrett =
t∑

τ=1

[µaτ
− µa⋆

],

which measures the performance gap between the agent and
the optimal policy that plays an optimal arm at each step.
We note that the restriction to Bernoulli arms is mostly for
simplicity and we discuss extensions in Section 4.

Deviation bounds. In what follows, we require the follow-
ing fundamental properties. Let Xn ∈ [0, 1], (n ≥ 1) be i.i.d
random variables with EXn = µ and Var(Xn) = σ2. The
following is a standard Bernstein inequality for bounded ran-
dom variables.

Lemma 1. Let µ̄ = 1
n

∑n
n′=1 Xn′ . With probability at least

1− δ

µ̄ ≥ µ− 2

n
log

1

δ
−
√

σ2

n
log

1

δ
.

Next, recall that if Xn ∼ Ber(µ) then
∑n

n′=1 Xn′ is Bi-
nomial with parameters n, µ.

Lemma 2 (Wiklund (2023), Corollary 1). If µ ≤ 1 − 1/n
then

Pr(Bin(n, µ) ≤ nµ) ≥ 1

4
.

3 Algorithm and Main Results
At a high level, our Batch Ensemble algorithm works as fol-
lows. It splits the samples of each arm into multiple batches.
For each batch, it computes an (almost) empirical average. It
then computes the minimum of those estimates, which is an
optimistic estimator (recall that we are dealing with losses).
It then plays the action with the lowest estimate.

In Section 3.1 we analyze the properties of our estima-
tor. The crucial and non-standard property is that with high
probability it is an underestimate of the true expected value.
The second property is a somewhat standard concentration
bound using Bernstein inequality (Lemma 1).

In Section 3.2 we describe the Batch Ensemble algorithm,
and state its performance guarantees (Theorem 5). (The
proof is deferred to Section 5.) We then discuss a few im-
plementation details, such as a distributed computing view
of the algorithm, and the ability to have an any time guaran-
tee.

3.1 An Optimistic Mean Estimator
Suppose we have observed n ≥ 0 samples of an arm
a ∈ [K], i.e., ℓn′,a, n

′ ∈ [n]. We build the following mean
estimator. First, let, l ≥ 1 be a batch number to be deter-
mined later. Next, we split the n samples of arm a into l
(near-)equal batches1

τn,a,l′ =
{
n′ : n′ = l′ + i · l ≤ n, i ∈ Z≥0

}
, l′ ∈ [l].

1We used a round-robin schedule to create the batches, but any
non-adaptive scheme would work.
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Our batch ensemble estimator is

µ̂n,a = min
l′∈[l]

µ̂n,a,l′ , where µ̂n,a,l′ =
∑

n′∈τn,a,l′

ℓn′,a

|τn,a,l′ |+ 2
,

(2)

with the convention that an empty sum is equal to 0. The
purpose of adding 2 in the denominator will be made appar-
ent in the proof of the following result, which establishes the
optimistic property of our estimator.

Lemma 3. Let δ ∈ [0, 1] and l ≥ 1. Then for any n ≥ 0

Pr(µ̂n,a ≤ µa) ≥ 1− e−2l/7.

Notice that choosing l = (7/2) log(1/δ) in Lemma 3
gives the standard high probability optimistic guarantee.

Proof. Fix l′ ∈ [l] and a ∈ [K]. We show that
Pr(µ̂n,a,l′ ≤ µa) ≥ 1/4 for all n ≥ 0. Let τ = |τn,a,l′ |
be the number of samples in the l′−th batch when arm a has
n samples. If τ = 0, the claim holds trivially. If τ = 1 then
for µa ≥ 1/3 the claim holds since µ̂n,a,l′ ≤ 1/3 and for
µa < 1/3 it holds with probability 1 − µa ≥ 2/3 becuase
µ̂n,a,l′ ∼ Ber(µa). Now, assume that τ ≥ 2. If µa ≥ 1−1/τ
then we have that

µ̂n,a,l′ ≤
τ

τ + 2
= 1− 2

τ + 2
≤ 1− 1

τ
≤ µa,

where the second to last inequality used that τ ≥ 2. If µa ≤
1− 1/τ then by Lemma 2

Pr(µ̂n,a,l′ ≤ µa) ≥ Pr

 ∑
n′∈τn,a,l′

ℓn′,a ≤ τµa

 ≥ 1

4
.

Now, since the µ̂n,a,l′ are composed of different variables,
they are jointly independent, thus we have

Pr(µ̂n,a > µa) = Pr(µ̂n,a,l′ > µa, ∀l′ ∈ [l])

=
∏
l′∈[l]

Pr(µ̂n,a,l′ > µa)

≤ (1− 1/4)
l ≤ e−2l/7. ■

The following result describes the concentration of our
mean estimator. The proof is a straightforward application
of Lemma 1.

Lemma 4. Let δ ∈ [0, 1] and l ≥ 1. With probability at least
1− δ, simultaneously for all n ∈ [T ]

µa − µ̂n,a ≤ 2

(n/l) + 1
log

3T

δ
+

√
σ2
a

(n/l) + 1
log

T

δ
.

Proof. We use Lemma 1 together with a union bound to get
that with probability at least 1 − δ, simultaneously for all
n ∈ [T ], l′ ∈ [l]

∑
n′∈τn,a,l′

ℓn′,a

|τn,a,l′ |
≥ µa −

2

|τn,a,l′ |
log

T

δ
−

√
σ2
a

|τn,a,l′ |
log

T

δ
,

Recalling the definition of µ̂n,a,l′ in Eq. (2), we conclude
that

µ̂n,a,l′ =
|τn,a,l′ |

|τn,a,l′ |+ 2

∑
n′∈τn,a,l′

ℓn′,a

|τn,a,l′ |

≥ |τn,a,l′ |
|τn,a,l′ |+ 2

[
µa −

2

|τn,a,l′ |
log

T

δ
−

√
σ2
a

|τn,a,l′ |
log

T

δ

]

≥ µa −
2

|τn,a,l′ |+ 2
log

3T

δ
−

√
σ2
a

|τn,a,l′ |+ 2
log

T

δ

≥ µa −
2

(n/l) + 1
log

3T

δ
−

√
σ2
a

(n/l) + 1
log

T

δ
,

where the second inequality used that µa ≤ 1 and the third
that |τn,a,l′ | ≥ (n/l)− 1. ■

3.2 The Batch Ensemble Algorithm
We present the Batch Ensemble algorithm in Algorithm 1.
The algorithm receives as input a sequence representing the
number of batches to use at each time step, builds a mean
estimator as described in Eq. (2), and chooses the arm with
the most optimistic (i.e., minimal) estimate. A key distinc-
tion from MARS (Moravej Khorasani and Weyer 2023), is
that we use a small number of non-overlapping batches.

Algorithm 1: Batch Ensemble for MAB

1: input: number of batches lt for all t ≥ 1.
2: initialize: pull counts n0,a = 0 for all a ∈ [K].
3: for time step t = 1, 2, . . . do
4: calculate µ̂nt−1,a,a as in Eq. (2) with lt batches and

choose

at ∈ argmin
a∈[K]

µ̂nt−1,a,a. (3)

5: observe ℓ(nt,a),a and update nt,a = nt−1,a+1{at=a}.
6: end for

The following is our main result, which bounds the regret
of the above algorithm (proof in Section 5).

Theorem 5. Suppose we run Algorithm 1 with a fixed num-
ber of batches with l = (7/2) log(2T/δ). With probability at
least 1− δ the following regret bounds2 hold simultaneously

regretT ≤

√√√√√14T min

µ⋆K,
∑
a̸=a⋆

σ2
a

 log
6TK

δ

+ 11K log2
6TK

δ

regretT ≤ 7

2

∑
a̸=a⋆

(
σ2
a

∆a
+ 2

)
log2

6TK

δ

2The second inequality in the last bound holds for arm distribu-
tions in [0, 1] because they satisfy σ2

a ≤ µa = µ⋆ +∆a.
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≤ 7

2

∑
a̸=a⋆

(
µ⋆

∆a
+ 3

)
log2

6TK

δ
.

Dependence on the true arm distributions. We note that
our regret bounds depend on the variance due to our use of
the Bernstein type inequality in Lemma 1. This choice was
made in order to obtain a clear and intuitive result. A tighter
bound can be achieved by using the tight Chernoff bound
for the empirical mean of each arm, which for Bernoulli r.v
depends on the KL divergence. This is true even if different
arms come from different distributional families, e.g., some
are normal and some are Bernoulli, and does not affect the
algorithm or its parameter.

A distributed view. We presented Algorithm 1 in the fa-
miliar UCB-style index rule. However, a potentially more
insightful perspective is to view each batch l′ ∈ [l] as a sep-
arate bandit algorithm that at each round t ∈ [T ] outputs a
prediction at,l′ ∈ argmina∈[K] µ̂(nt−1,a),(a),(l′) and its es-
timate µ̂t,l′ = µ̂(nt−1,a),(at,l′ ),(l

′), and the final decision is
made by greedily choosing the best batch, i.e., at = at,l⋆t
where l⋆t ∈ argminl′∈[l] µ̂t,l′ . This decision rule is equiva-
lent to Eq. (3). Importantly, we believe this view could help
scale our approach to other problem settings such as MDPs
where each batch would output a policy and its value predic-
tion and the final policy is the one associated with the most
optimistic batch. We leave this for future research.

We note that, unlike some distributed learning routines
that aggregate decisions by averaging them to reduce uncer-
tainty (noise), our approach selects a single “noisy” batch
whose decision is followed. This is key to ensuring the opti-
mistic property of our algorithm.

An anytime expected regret algorithm. One can always
use the doubling trick to obtain an anytime algorithm. How-
ever, this leaves the dependence on the confidence level δ
that, realistically, depends on the time horizon T . To avoid
this, we show that choosing the number of batches as lt =
8 log t, Algorithm 1 has expected regret (Eregrett, t ≥ 1)
bounded similarly to Theorem 5 but with T replaced with t
and the dependence on δ removed. For details see the sup-
plementary material.

4 Beyond Bernoulli Arms
Our results thus far focused on Bernoulli distributed arms.
However, this is not explicitly encoded in our algorithm but
rather in its analysis. In fact, our algorithm works without
change for any arm distributions that satisfy properties akin
to Lemmas 1 and 2.

Lemma 1 is a standard concentration bound for bounded
random variables. If the random variables are unbounded,
Lemma 1 can be replaced with the appropriate Chernoff
bound. As long as the distributions are light-tailed (e.g., sub-
Gaussian or sub-exponential), this will not change the regret
bound significantly. We emphasize that the algorithm does
not need to know the tail behavior and thus the bound may
be tailored to the true distribution of each arm.

Lemma 2 is a type of anti-concentration result for sums of
Bernoulli random variables. We conjecture that all bounded

random variables satisfy this property, but have been unable
to prove this. For further details see the conjecture at the end
of the section. In what follows, we describe several methods
and conditions to satisfy the anti-concentration property for
non-Bernoulli arms.

Bernoulli-fication. It is well known that arm distributions
in [0, 1] can be converted into Bernoulli arms. To do this one
replaces the observed losses of the algorithm ℓn,a with sam-
ples ℓ̄n,a ∼ Ber(ℓn,a). If the distribution is in [0, b], one can
first scale the losses by dividing with b. It is straightforward
to verify that Eℓn,a = Eℓ̄n,a, and thus Theorem 5 holds but
with σa replaced with the variance of ℓ̄n,a. This does not
impact the first-order regret bounds, but can significantly in-
crease the variance-dependent (second-order) bounds (e.g.,
for deterministic arms).

Scaled Bernoulli. It is often the case that arm distribu-
tions are not evenly scaled. Most bandit algorithms such
as UCB or UCB-V have a single scale parameter, which
bounds the worst-case arm. Algorithm 1 does not need to
know the scales in advance and automatically enjoys depen-
dence on the true arm scales. To see this, consider arm distri-
butions that are scaled Bernoulli variables with parameters
ba ≥ µa ≥ 0 such that

ℓn,a =

{
ba, w.p µa/ba
0, otherwise.

Notice that if we scale the arms in the analysis, we can still
use Lemma 2 to get the optimism claim in Lemma 3. As
for concentration, scaling Lemma 1 replaces the 2/n term
with 2ba/n. Propagating this into the analysis of Theorem 5
would modify the bounds such that[

σ2
a

∆a
+ 2

]
,

[
µ⋆

∆a
+ 3

]
=⇒

[
σ2
a

∆a
+ 2ba

]
,

[
µ⋆

∆a
+ 3ba

]
11K log2

6TK

δ
=⇒ 11

∑
a̸=a⋆

ba log
2 6TK

δ
.

Notice that we do not depend on the scale of the optimal arm,
which could be meaningful when it is significantly larger
than the scale of sub-optimal arms.

Symmetric distributions Our algorithm works un-
changed for symmetric arm distributions (around their
mean). To see this, notice that the sum of symmetric
random variables is also symmetric, and thus Lemma 2
holds with probability at least 1/2 (instead of 1/4). We
note that unlike (Khorasani and Weyer 2023), we do not
require the distributions to be continuous. In particular, the
above implies that our algorithm works for Gaussian arm
distributions.

Arms with lower bounded variance. Recall that the Cen-
tral Limit Theorem (CLT) implies that any (appropriately
scaled) sum of random variables converges in distribution
to a Gaussian, which satisfies Lemma 2. Concretely, this
implies that even for non-symmetric random variables, the
sample mean becomes symmetric as the sample size in-
creases. In the following, we make this informal argument
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concrete. Let Xi, i ≥ 1 be i.i.d random variables with mean
µ. Let Cσ ≥ 0 be a constant such that ρ/σ3 ≤ Cσ where
σ2 is the variance of Xi and ρ is its third absolute central
moment

ρ = E[|Xi − µ|3].
Note that for any sufficiently light-tailed distribution (nor-
mal, exponential, bounded), Cσ is bounded (up to a nu-
merical constant) by σ−1. Thus, it suffices to have a
lower bound on the variance to bound Cσ . Define Yn =
(
∑

i∈[n](Xi − µ)/(σ
√
n) and let Fn(·) be its Cumulative

Distribution Function (CDF). The Berry-Esseen Theorem
(see e.g. (Shevtsova 2011)) states that

|Fn(x)− Φ(x)| ≤ Cσ/2
√
n, ∀x ∈ R, n ≥ 1,

where Φ is the CDF of the standard normal distribution. Tak-
ing x = 0, n ≥ 4C2

σ we conclude that

Pr

∑
i∈[n]

Xi ≤ nµ

 = Pr(Yn ≤ 0)

≥ Φ(0)− Cσ/2
√
n ≥ 1/4,

which is the equivalent of Lemma 2. We conclude that Al-
gorithm 1 can work for general distributions by adding a
warmup phase that collects 4C2

σ ≈ 4σ−2 samples for each
arm and batch.

Conjecture. Notice that for Bernoulli arms we have σ2
a =

µa(1 − µa). As such, the above logic would suggest that a
long warmup phase is necessary when µa is close to either 0
or 1. However, Lemma 2 reveals this to be unnecessary. The
reason for this gap is that we only require Fn(0) to be suf-
ficiently large whereas the Berry-Esseen Theorem ensures
Fn(x) converges to Φ(x) for all x, which is much stronger.

Notice that the Bernoulli distribution can be extremely
asymmetric when µa is close to 0 or 1. This leads us
to believe that it might be the worst-case distribution for
the anti-concentration result in Lemma 2 (among the class
of bounded random variables). Thus, we conjecture that
Lemma 2 holds for any bounded arm distribution and con-
sequently so do the regret guarantees of Algorithm 1.

5 Proof of Theorem 5
Recall that the pseudo-regret may be written as

regretT =
∑
a̸=a⋆

nT,a∆a, (4)

where ∆a = µa − µ⋆ is the optimality gap of arm a ∈ [K]
and nt,a is defined in Eq. (1). Thus, our goal is to bound nT,a

for each sub-optimal arm. We begin with a standard “good
event” over which the regret is bounded deterministically.
Suppose that for all n ∈ [T ] and a ̸= a⋆ we have

µ̂n,a⋆
≤ µ⋆ (5)

µ̂n,a ≥ µa −
2

(n/l) + 1
log

6KT

δ
−

√
σ2
a

(n/l) + 1
log

2TK

δ
.

(6)

Taking a union bound over Lemma 3 with δ/2 and Lemma 4
with δ/2K, the above holds with probability at least 1 − δ.
Now, suppose that arm a was played at time t. Then by the
decision rule in Eq. (3), we have that µ̂nt−1,a,a⋆

≥ µ̂nt−1,a,a,
and thus

µ⋆ ≥ µ̂nt−1,a⋆ ,a⋆ (Eq. (5))

≥ µ̂nt−1,a,a

≥ µa −
2

(nt−1,a/l) + 1
log

6TK

δ
(Eq. (6))

−

√
σ2
a

(nt−1,a/l) + 1
log

2TK

δ
.

Solving this quadratic inequality for nt−1,a, we have

nt−1,a ≤ l

[
−1 +

(
σ2
a

∆2
a

+
2

∆a

)
log

6TK

δ

]
,

Now, let ta be the last time arm a was chosen. Then we have

nT,a = nta,a = 1 + nta−1,a ≤ 7

2

(
σ2
a

∆2
a

+
2

∆a

)
log2

6TK

δ

≤ 7

2

(
µa

∆2
a

+
2

∆a

)
log2

6TK

δ

=
7

2

(
µ⋆

∆2
a

+
3

∆a

)
log2

6TK

δ
,

where the first inequality used our choice of l =
(7/2) log(2T/δ) and the second inequality used that for any
random variable in [0, 1], we have σ2 ≤ µ. Plugging this into
Eq. (4) concludes the instance-dependent regret bounds.

Next, for instance-independent bounds, we use the stan-
dard method of splitting the bound according to the sub-
optimality to get that for any c > 0,

nT,a∆a = nT,a∆a

[
1{∆a≤c−1} + 1{∆−1

a <c}
]

≤ nT,a

c
+

7

2
(µ⋆c+ 3) log2

6TK

δ
.

Plugging into Eq. (4) and setting c =
√

2T
7µ⋆K log2(6TK/δ)

we have

regretT ≤
∑
a̸=a⋆

nT,a

c
+

7

2
(µ⋆c+ 3) log2

6TK

δ

≤ T

c
+

7

2
K(µ⋆c+ 3) log2

6TK

δ

≤
√
14µ⋆TK log

6TK

δ
+ 11K log2

6TK

δ
.

Finally, we perform a similar procedure for the variance-
dependent bound to get that

nT,a∆a ≤ nT,a

c
+

7

2

(
σ2
ac+ 2

)
log2

6TK

δ
,
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Figure 1: Results for 5 Bernoulli arms with clear, low-
variance, best arm. The arms expectations tested are
0.001, 0.15, 0.2, 0.25, 0.3.

and thus setting c =
√

2T
7(

∑
a ̸=a⋆

σ2
a) log

2(6TK/δ)
, we have

regretT ≤
∑
a̸=a⋆

nT,a

c
+

7

2

(
σ2
ac+ 2

)
log2

6TK

δ

≤ T

c
+

7

2

c

∑
a̸=a⋆

σ2
a

+ 2K

 log2
6TK

δ

≤
√

14T
∑
a̸=a⋆

σ2
a log

6TK

δ
+ 7K log2

6TK

δ
.

6 Experiments
In this section, we compare the performance of our ensem-
ble method to other provable methods such as UCB, UCB-V,
UCB-KL, TS, and MARS, on synthetic Bernoulli, Gaus-
sian, and beta MAB environments. In our experiments3,
EnsembleAdaptive refers to running Algorithm 1 with
an any-time (adaptive) batch size that scales as log t, and
EnsembleAdaptiveEfficient refers to a variant that
has a better running time. We note that the only difference
between the two implementations is that, when increasing
the number of batches, instead of redistributing all the sam-
ples, the more efficient implementation adds samples to the
new (empty) batch until it reaches the size of the remain-
ing batches. In the following, we consider five test cases for
MAB environments with five and ten arms. In all test cases,
we run 100 simulations each with T = 2000 steps. The per-
formance criterion is the averaged pseudo-regret across all
simulations, and we plot its 95% confidence set using the
normalized empirical variance.

3Code in https://gist.github.com/asafcassel/17ef6b4cd849fb6f0
be4180aac7ed646
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Figure 2: Results for 10 Bernoulli arms with means
0.9, 0.91, 0.92, . . . , 0.99.

Test case 1: Bernoulli arms with clear, low-variance, best
arm. In this test case, we generated a synthetic environ-
ment of MAB with five Bernoulli arms, where the means
are 0.001, 0.15, 0.2, 0.25, and 0.3 for each arm respectively.
Since we work with losses, the first arm is optimal (and
has low variance). The other arms are non-optimal and the
suboptimality gaps are relatively large, making best-arm
identification easier, and demonstrating the superiority of
variance-dependent methods.

As seen in Fig. 1, MARS has a long burn-in period with
near-linear pseudo regret. On the other hand, the UCB,
UCB-V obtain much better regret, with UCB-KL and TS
obtaining the lowest regret among all algorithms. However,
our Ensemble method implementations are close to UCB-
KL, and significantly better than UCB, UCB-V, and MARS.
We note that there is a slight jump in the plot of our Ensem-
ble methods results due to the adaptive batch size, which in-
creases the number of batches after approximately 800 steps.

Test case 2: Bernoulli arms with high expected loss and
low variance. In this test case, we examine the perfor-
mance of the algorithms in a high-expected loss scenario
where the means are 0.9, 0.91, 0.92, . . . , 0.99. We note that
in this case, identifying the best arm, i.e., the first arm, is
hard, since the sub-optimality gaps are relatively low, with
the smallest being 0.01. The theory (specifically Lemma 2)
suggests this case could challenge our approach, thus mak-
ing it interesting. As arm variances are low, the variance-
dependent algorithms obtain much better results than UCB
and MARS. UCB-V is slightly better than UCB, and the best
performance is obtained by UCB-KL, TS and our Ensemble
methods, which have similar results.

Test case 3: Bernoulli arms with random means. This
case examines the typical behavior of the algorithms for
the classical case of randomly chosen means for Bernoulli
arms. In this experiment, in each one of the 100 simulations,
we sampled 10 numbers uniformly from the interval [0, 1].
Each number represents the mean of one Bernoulli arm. We
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Figure 3: Results for 10 Bernoulli arms with random means.

tested all algorithms using the same sampled means. Fig. 3
presents similar trends. However, here our ensemble method
has slightly better performance compared to UCB-KL and
TS. This might point to the fact that the previous instances
were easier for UCB-KL and TS but that our approach per-
forms better on a randomly sampled instance.

Test case 4: Gaussian arms with random means and vari-
ance 1. We also consider the case of 10 Gaussian arms
with randomly chosen means in [0, 1] and standard deviation
σ = 1. In each one of the 100 simulations, we sampled uni-
formly at random 10 numbers in [0, 1]. Each chosen number
represents the mean of the related Normal arm. We tested all
the compared algorithms using the same means in all simu-
lations. Fig. 4 demonstrates similar trends to those observed
in test case 2 but in a higher-variance environment. Again,
MARS has near-linear regret, and UCB-V is beaten by UCB,
likely due to the high variance of the arms. However, here,
our Ensemble method implementations outperform UCB-
KL. Another interesting observation is that UCB-KL and our
ensemble methods have a relatively high standard deviation
in this experiment.

Test case 5: Beta-distributed arms with random means.
Finally, we simulated 100 runs of MAB with 10 Beta arms
that have randomly chosen means in [0, 1] and α in [0, 5].
This represents a scenario where our theoretical guarantees
do not hold without a warm-up, thus challenging our con-
jecture that our results hold even for non-symmetric distri-
butions. Fig. 5 is a positive signal for our conjecture. MARS
suffers close-to-linear average pseudo-regret, while our en-
semble implementations have the lowest regret, outperform-
ing UCB-KL, UCB and UCB-V.

Discussion and summary of the results. Our experi-
ments point to our ensemble implementations having good
performance across several scenarios. Our performance is
close and sometimes better compared to UCB-KL, TS and
consistently better than the remaining methods, especially in
scenarios where the arms have low variances. Another ad-
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Figure 4: Results for 10 Gaussian arms with random means
and the variance 1.
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Figure 5: 10 Beta-distributed arms with random means.

vantage of our ensemble algorithms is their running time,
which is close to that of standard UCB (constant per step),
and memory usage, which scales logarithmically in the time
horizon T . In comparison, MARS has a running time and
memory usage of O(T 2), and for Bernoulli arms, UCB-
KL has to solve an optimization problem using an interior
point algorithm at each time step. Overall, this positions our
ensemble implementations as promising practical methods.
As an added bonus, our improved efficiency variant exhibits
similar and sometimes improved performance.
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