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Abstract

In recent years, as data and problem sizes have increased, dis-
tributed learning has become an essential tool for training high-
performance models. However, the communication bottleneck,
especially for high-dimensional data, is a challenge. Several
techniques have been developed to overcome this problem.
These include communication compression and implementa-
tion of local steps, which work particularly well when there is
similarity of local data samples. In this paper, we study the syn-
ergy of these approaches for efficient distributed optimization.
We propose the first theoretically grounded accelerated algo-
rithms utilizing unbiased and biased compression under data
similarity, leveraging variance reduction and error feedback
frameworks. In terms of communication time our theory gives
Õ

(
1 +

[
M−1/4 + ω−1/2

]√
δ/µ

)
complexity for unbiased

compressors and Õ
(
1 + β

1/4
√

δ/µ
)

for biased ones, where
M is the number of computational nodes, β is the compres-
sion power, δ is the similarity measure and µ is the parameter
of strong convexity of the objective. Our theoretical results are
of record and confirmed by experiments on different average
losses and datasets.

1 Introduction
Conventional machine/deep learning algorithms often strug-
gle to handle the scale and complexity of modern datasets,
resulting in long training times and limited scalability. Dis-
tributed optimization (Verbraeken et al. 2020) has witnessed
remarkable progress, driven by rising demand for efficient
methods across diverse applications such as medical im-
age analysis (Wu et al. 2022), chemical physics (Zhu, Luo,
and White 2022), predictive maintenance (Bidollahkhani
and Kunkel 2024) and natural language processing (Bai
2022). Distributed learning addresses emerging challenges by
spreading the training process across multiple nodes, allow-
ing scientists and engineers to process and analyze data that
would be impractical to handle on a single machine (Alqah-
tani and Demirbas 2019). In terms of optimization, we have
the following problem statement:

min
x∈Rd

[
f(x) =

1

M

M∑
m=1

fm(x)

]
(1)
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with fm(x) =
1

nm

nm∑
j=1

ℓ(x, zmj ),

where M refers to the number of nodes/devices/clients/a-
gents/machines, nm is the size of the local dataset on m-th
machine, x is the vector representation of the model using
d features, zmj is the j-th data point on the m-th node and
ℓ is the loss function. zmj is an ordered pair of feature de-
scription aij and label bmj . We consider an architecture with
a star-network topology, that is, a server, represented by f1,
plays a crucial role as the main computational hub. The other
nodes act as users that can communicate with the server but
not directly with each other. This hierarchical structure al-
lows for easy coordination through the first node within the
system.

When training modern distributed models, the bottleneck
is often the cost of communicating information (Konečnỳ
et al. 2016; Jordan, Lee, and Yang 2019). It is a known fact
that client-to-server communication is much more resource-
intensive than server-to-client (Mishchenko et al. 2019;
Kairouz et al. 2021). As a result, considerable effort has been
devoted to development of distributed optimization methods
that would be efficient in terms of nodes to server communi-
cation. Significant success has been achieved with the devel-
opment of compression techniques, that help to reduce the
amount of data transferred between nodes during training. In
this paper, we deal with two main classes of compressors:
unbiased and biased (Beznosikov et al. 2023).
Definition 1. We call the mapping Q : Rd → Rd an unbiased
compressor, if there exists a constant ω > 1 such that

EQ [Q(x)] = x, EQ

[
∥Q(x)− x∥2

]
≤ ω∥x∥2, ∀x ∈ Rd.

Definition 2. We call the mapping C : Rd → Rd a biased
compressor, if there exists a constant β > 1 such that

EC

[
∥C(x)− x∥2

]
≤
(
1− 1

β

)
∥x∥2, ∀x ∈ Rd.

Let us denote by γω the value showing how much the opera-
tor Q(z) compresses the input vector on average. Let b be the
number of bits needed to represent a single float, and ∥ · ∥bits
be the number of bits needed to represent the input vector. We
define γ−1

ω = 1
bdE∥Q(z)∥bits. Similarly, we introduce the

compressive force γβ for C(z). For practical compressors,
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we have γω ≥ ω and γβ ≥ β (Vogels, Karimireddy, and Jaggi
2019; Beznosikov et al. 2023). While methods with unbiased
compressors may theoretically provide more optimistic esti-
mates (Gorbunov, Hanzely, and Richtárik 2020; Gorbunov
et al. 2021; Li et al. 2020), biased ones show a notable advan-
tage in practical applications (Sun et al. 2019). Consequently,
there is a growing interest in biased compression techniques.
However, analyzing biased compressors is challenging, and
there is limited understanding of their behavior (Beznosikov
et al. 2023; Richtárik, Sokolov, and Fatkhullin 2021; Stich
and Karimireddy 2019).

Another technique that addresses the communication bot-
tleneck in distributed optimization is utilizing local steps
under the Hessian similarity condition (Shamir, Srebro, and
Zhang 2014; Hendrikx et al. 2020; Kovalev et al. 2022). In
this scenario, a single node represents the average nature of
the data across all ones.
Definition 3. We say that there is the Hessian similarity
(δ-relatedness) between fi and f , if there exists a constant
δ > 0 such that

∥∇2fi(x)−∇2f(x)∥ ≤ δ, ∀x ∈ Rd.

Consider f to be L-smooth. As the size n of data, dis-
tributed uniformly across the nodes, increases, the losses
become more statistically similar. In the quadratic case, it
is shown that δ ∼ L/n. Otherwise, we have δ ∼ L/

√
n for

any non-quadratic losses (Hendrikx et al. 2020). As a result,
the server gets to contact the clients less often to compute
the full gradient. Despite the fact that research on distributed
optimization via compression or similarity has been going on
for quite some time, there are still open questions:
1. How to build accelerated methods that use both compres-

sion and similarity?
2. Would such methods be superior to existing SOTAs in

terms of communication efficiency?

2 Notation
When we talk about the communication efficiency of an
algorithm, it is important to choose the right definition of
its communication complexity. This can be done in several
ways.
1. Number of communication rounds (CC-1). The number

of times the server initiates communication with clients
is used as a complexity measure. This does not take into
account the number of involved machines. Even if the
server has communicated with all the devices within a
communication round, this counts the same as if it only
has communicated with one.

2. Number of client-server communications (CC-2). It arises
when we recognize that the number of rounds of com-
munication is not sufficient to adequately compare dis-
tributed methods. For example, if the nodes operate asyn-
chronously. In this case, the more appropriate metric is the
total number of communications rather than the number
of rounds. Using this approach, we begin to experience
the superiority of methods that turn out to be bad in the
sense of CC-1.

3. Communication time (CC-3). We consider a synchronous
setup. Let all the devices and their communication chan-
nels to the server be equivalent. Let transmission time
of one unit of information from the devices to the server
take τ time units. Also, if the clients start communicating
with the server at same time, the channel between them
is initialized in negligible time. Then, the total time of
one such round of communication is τK, where K is the
amount of information transmitted from each machine to
the server. This definition allows us to see the strengths
of methods with compressed communications, since they
can change K.

3 Related Works
3.1 Distributed Learning via Hessian Similarity
Now that the communication complexity is suitably defined,
let us move on to the survey on effective communication
techniques. The first work around similarity was the Newton-
type DANE method, developed for quadratic strongly convex
functions (Shamir, Srebro, and Zhang 2014). For this class of
problems, a CC-1 lower bound was proved in (Arjevani and
Shamir 2015). DANE did not reach it. This raised the question
of how to fill this gap. History of work on this problem
counts many papers. Nevertheless, all of them either did not
reach exactly the bound or considered special cases (Zhang
and Lin 2015; Lu, Freund, and Nesterov 2018; Yuan and Li
2020; Beznosikov et al. 2021; Tian et al. 2022). Recently,
Accelerated ExtraGradient enjoying optimal CC-
1 communication complexity under the Hessian similarity
condition was constructed in (Kovalev et al. 2022).

Exploiting the similarity is not the only approach to ef-
fective communication. There are also the compression tech-
niques, to which we devote the next subsection.

3.2 Distributed Learning via Compression
There has been a significant amount of research done on com-
munication compression. Especially on unbiased operators,
due to their ease of analysis. The first family of compression
schemes with convergence guarantees was proposed in one-
device setup by Alistarh et al. (2017). It was suggested to
perform gradient descent steps using compressed gradients.
An extension of the proposed approach to multiple nodes
was made a year later, when the first method DQGD for the
distributed setup appeared (Khirirat, Feyzmahdavian, and
Johansson 2018). The following was suggested: the node
gets the current point, calculates the local gradient, then com-
presses and sends it to the server to perform the gradient
step. This scheme is quite simple and easy to analyze, but
it has a number of drawbacks, which is discussed below. A
comprehensive review of unbiased compression can be found
in (He, Huang, and Yuan 2024). As noted before, the na-
ture of unbiased compression is quite simple and one can
design methods simply by replacing the stochastic gradient
with a compressed one. At the same time, biased compres-
sion shows better empirical results (Vogels, Karimireddy, and
Jaggi 2019), but its nature is non-trivial and requires a special
approach. In 2014, a framework for constructing methods
with biased compression was proposed (Seide et al. 2014).
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The key idea is that each node remembers the "error" it made
when compressing the local gradient, and then takes it into
account in a special way in the next rounds. This approach is
called Error Feedback. There were no theoretically proven
results without unnatural assumptions until (Stich and Karim-
ireddy 2019; Beznosikov et al. 2023).

In all mentioned papers both for unbiased and biased com-
pression a similar problem arisen – none of the named al-
gorithms converged to the true optimum. The reason is un-
controlled variance of compressed gradient difference, which
results in its approximation not tending to zero as the algo-
rithm runs. After reaching some neighborhood of the solution,
the method loses the ability to take small enough steps to
avoid “overshooting” the optimum. This could be solved by
the variance reduction (VR) technique.

3.3 Variance Reduction
Originally, variance reduction was designed to solve the con-
vergence problem of SGD (Robbins and Monro 1951). Clas-
sical stochastic optimization methods such as SGD face the
same problem as the simplest distributed methods with com-
pression: approximation of the gradient does not tend to zero
when searching for the optimum. Thus, there is convergence
to its neighborhood only. The variance reduction framework
allows to correct this drawback of naive methods. There are
two main approaches: SAGA (Defazio, Bach, and Lacoste-
Julien 2014) and SVRG (Johnson and Zhang 2013). The first
stores the history of evoked gradients by mini-batches, result-
ing in a more accurate approximation of the full gradient. The
second has no "memory", but occasionally recalculates the
full gradient. The optimal stochastic optimization algorithm
with variance reduction is KATYUSHA (Allen-Zhu 2018a). Its
various modifications are of great interest (Kovalev, Horváth,
and Richtárik 2020; Allen-Zhu 2018b). These ideas could
be developed to solve problems arising in the analysis of
methods utilizing unbiased compression. For example, see
DIANA (Mishchenko et al. 2019) and its accelerated version
ADIANA (Li et al. 2020). In the non-convex case, the current
state-of-the-art MARINA is also based on the VR idea (Gor-
bunov et al. 2021). Variance reduction can be exploited in
biased compression methods as well, see EF21 (Richtárik,
Sokolov, and Fatkhullin 2021), ECLK (Qian, Richtárik, and
Zhang 2021). It is also known how to construct variance re-
duction schemes for a more general class of problems than
minimization – variational inequalities (VIs) (Alacaoglu and
Malitsky 2022). This approach is useful for developing meth-
ods that combine compression with other approaches, such as
local steps and similarity (Beznosikov, Takác, and Gasnikov
2024; Beznosikov et al. 2022).

Since our goal is to utilize the synergy of multiple tech-
niques to develop methods for effective communication, we
devote the next subsection to a brief overview and compari-
son of the best existing methods.

3.4 Effective Communication via Combination of
Techniques

One of the modern methods combining different techniques
to communicate efficiently is LoCoDL (Condat, Maranjyan,

and Richtárik 2024). Using compression and local steps, it
is possible to construct a method that, in the case of ω > M ,
repeats the result of ADIANA in the sense of CC-1, and out-
performs it in the sense of CC-2 and CC-3. The authors of
(Condat et al. 2023) managed to add client sampling to this
combination of techniques. Their TAMUNA gives stronger
results in some special cases. The main weakness of the
above methods is that they do not exploit data similarity.
Thus, if the ratio δ/L is small enough, these methods lose
significantly to SOTAs that use similarity. Accelerated
Extragradient (Kovalev et al. 2022) is unbeatable in the
sense of CC-1 and superior to LoCoDL and TAMUNA in the
sense of CC-2 and CC-3. These results are achieved by com-
bining similarity and local steps. AccSVRS (Lin et al. 2024),
which uses client sampling in addition to these techniques,
loses in the sense of CC-1. However, in the sense of CC-2,
this method is optimal. One can note the current best methods
in terms of CC-3 are Accelerated ExtraGradient
and Three Pillars Algorithm. The first one is ac-
celerated, but does not use compression. The second one uses
unbiased compression but does not use acceleration. Thus,
which of these two algorithms performs better depends on
the ratio of the similarity constant to the number of machines.

4 Our Contributions
In this paper, we investigate whether it is possible to construct
communication-efficient (in terms of CC-3) algorithms for
distributed optimization problems. By taking state-of-the-art
techniques for handling similarity, compression and local
steps into a single method, we bridge the existing gap and
design a SOTA in the sense of CC-3.
1. Combination of compression and similarity. It can be

seen from Table 1 that there are methods that combine
similarity with either compression or acceleration – but
not both techniques at the same time. However, there was
no success in combining all three approaches into a single
algorithm. We propose the first accelerated method for
both unbiased and biased compression under similarity
condition.

2. Best communication time. To the best of our knowl-
edge, in the case of δ ≪ L, depending on the number of
machines, either Accelerated ExtraGradient or
Three Pillars Algorithm (Beznosikov, Takác,
and Gasnikov 2024) gives the top CC-3 result. It can be
seen from Table 1 that our OLGA significantly dominates
both methods.

3. Numerical experiments. The constructed theory is veri-
fied experimentally on different problems. Experiments
confirm the superiority of our method and show its robust-
ness to changes in the number of computational nodes
and different values of the problem constants.

5 Problem Formulation and Assumptions
Real problems arising in practice are known to behave better
than in theory. Therefore, constructing methods for idealized
setups can be useful (Woodworth, Mishchenko, and Bach
2023). Our work relies on the strong convexity of the mean
risk and the homogeneity of the data on all nodes.
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Method Approach Communication time (CC-3) Weaknesses

ADIANA Unbiased compression
Acceleration O

((
1 +

(
ω−1 + M−1/2

)√
L
µ

)
log 1

ε

) Only unbiased compressor
All nodes are involved in communication round

Does not account for similarity

ECLK Biased compression
Acceleration O

((
1 + β1/2

√
L
µ

)
log 1

ε

) Bad constants in estimation
All nodes are involved in communication round

Does not account for similarity

LoCoDL
Unbiased compression

Local steps
Acceleration

O
((

1 + (ω−1 + ω−1/2)
√

L
µ

)
log 1

ε

) Does not account for similarity
All nodes are involved in communication round

TAMUNA
Unbiased compression

Client sampling
Local steps

O
((

M +
√

L
µ

)
log 1

ε

)
Does not account for similarity

AccExtraGradient
Similarity

Local steps
Acceleration

O
(√

δ
µ log 1

ε

) All nodes are involved in communication round
Communication is inefficient

AccSVRS

Similarity
Client sampling

Local steps
Acceleration

O
((

M + M3/4
√

δ
µ

)
log 1

ε

)
Communication is inefficient

Optimistic MASHA Similarity
Unbiased compression O

(
1 +

(
M−1 L

µ + M−1/2 δ
µ

)
log 1

ε

) All nodes are involved in communication round
Lipschitz constant is included in the estimation

No acceleration
Only permutation compressor

Three Pillars Algorithm
Unbiased compression

Similarity
Local steps

O
((

1 + M−1/2 δ
µ

)
log 1

ε

) All nodes are involved in communication round
No acceleration

Only permutation compressor

OLGA

Similarity
Unbiased compression

Local steps
Acceleration

O
((

1 +
[
M−1/4 + ω−1/2

]√
δ
µ

)
log 1

ε

) Only unbiased compressor
All nodes are involved in communication round

EF-OLGA

Similarity
Biased compression

Local steps
Acceleration

O
((

1 + β1/4
√

δ
µ

)
log 1

ε

)
All nodes are involved in communication round

Table 1: Summary of different communication complexities of SOTAs for distributed optimization.
Notation: ω, β = compression constants, M = number of computational nodes, δ = similarity (relatedness) constant, µ =
constant of strong convexity of the objective f , L = Lipschitz constant of the gradient of f .

Assumption 1. Every fm is δ-related to f (Definition 3) and
f : Rd → R is µ-strongly convex on Rd:

f(x) ≥ f(y) + ⟨∇f(y), x− y⟩+ µ

2
∥x− y∥2, (2)

∀x, y ∈ Rd.

Note that Assumption 1 allows local functions to be non-
convex. The only requirement imposed on them is the Hessian
similarity. We consider the distributed optimization problem
of the form (1) , where the data is drawn from a single dis-
tribution. It is also worth noting that Definition 3 implies
δ-smoothness of fm − f for all m ∈ [1,M ]:

∥∇(fm − f)(x)−∇(fm − f)(y)∥2 ≤ δ2∥x− y∥2, (3)

∀x, y ∈ Rd.

In fact, the Hessian similarity assumption does not dramat-
ically reduce the generality of our analysis. Indeed, if the data
is heterogeneous, it is sufficient to put δ = L in our results.

6 Unbiased Compression via OLGA
As mentioned above, compression can be implemented
through variance reduction (Qian, Richtárik, and Zhang 2021;
Gorbunov et al. 2021; Beznosikov et al. 2022). The approach
proposed in (Lin et al. 2024) provides a way to construct an
optimal method for the variance reduction technique under

the similarity condition. The idea is to try to naturally gen-
eralize this approach to schemes with compression. We first
consider an unbiased compressor (Definition 1).

In Algorithm 1, the full gradient is called only once per
iteration before entering the loop (Line 4). At each iteration,
it is required to communicate with each node and solve the
subproblem (Line 12 of Algorithm 1). The number of itera-
tions of Algorithm 1 is a random variable (see Line 2) that
is not bounded from above, and hence the effectiveness of
communication is important. Algorithm 1 has no accelera-
tion. We build it to use as an integral part of more efficient
Algorithm 2. From the point of view of theory, we are only
interested in the descent lemma for Algorithm 1.

Lemma 1. Consider an epoch of Algorithm 1. Let h(x) =

f1(x)−f(x)+ 1
2θ∥x∥

2, where θ ≤ min
{√

p
√
M

8δ
√
ω
, 1
2δ

}
. Then

the following inequality holds for every x ∈ Rd:

E [f(xN )− f(x)] ≤E
[
⟨x− x0,∇h(xN )−∇h(x0)⟩

− p

2
Dh(x0, xN )− µ

2
∥xN − x∥2

]
.

(4)
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Algorithm 1

1: Input: x0 ∈ Rd, p ∈ (0, 1), θ > 0
2: Set N ∼ Geom(p)
3: Send x0 and ∇f1(x0) to each device
4: Collect ∇f(x0) =

1
M

∑M
m=1 ∇fm(x0) on server

5: for k = 0, 1, 2, . . . , N − 1 do:
6: for each device m in parallel do:
7: Calculate ĝmk using formula:

ĝmk = ∇fm(xk)−∇f1(xk)−∇fm(x0) +∇f1(x0)

8: Send gmk = Q (ĝmk ) to server
9: end for

10: Collect gk = 1
M

∑M
m=1 g

m
k on server

11: Calculate tk = gk −∇f1(x0) +∇f(x0)
12: Update xk+1 = argminx∈Rd q(x), where

q(x) = ⟨tk, x− xk⟩+
1

2θ
∥x− xk∥2 + f1(x)

13: Send xk+1 and ∇f1(xk+1) to each device
14: end for
15: Output: xN

Next, we employ interpolation framework motivated by
KatyushaX (Allen-Zhu 2018b) to obtain the final version
of proposed algorithm. The key difference between our ap-
proach and KatyushaX is the choice of a suitable Bregman
divergence as a metric function instead of the Euclidean dis-
tance used in the mentioned method.

Note that Line 9 of Algorithm 2 can be solved analyti-
cally and does not require expensive computations. The full
gradient is computed twice per iteration, whereas without
compression it could be invoked potentially infinitely often,
resulting in significant communication costs. Algorithm 2
calls the full gradient a second time on the outer iteration.
OLGA calls the full gradient a constant number of times.

Algorithm 2: OLGA

1: Input: z0 = y0 ∈ Rd, p ∈ (0, 1), θ > 0, τ ∈ (0, 1), α >
0

2: for k = 0, 1, 2, . . . ,K − 1 do:
3: Update xk+1 = τzk + (1− τ)yk
4: Update yk+1 = Alg.1(xk+1, θ, p)
5: Send yk+1 to each device
6: Collect ∇f(yk+1) = 1

M

∑M
m=1 ∇fm(yk+1) on

server
7: Calculate tk = ∇(f1−f)(xk+1)−∇(f1−f)(yk+1)

8: Calculate Gk+1 = p
(
tk + xk+1−yk+1

θ

)
9: Update zk+1 = argminz∈Rd q(z), where

q(z) =
1

2α
∥z − zk∥2 + ⟨Gk+1, z⟩+

µ

2
∥z − yk+1∥2

10: end for
11: Output: yK

For the sake of brevity of description, we introduce two
potential functions:

Yk =
α

τ
[f(yk)− f(x∗)], Zk =

1 + µα

2
∥zk − x∗∥2,

where x∗ is the solution of the problem (1).

Theorem 1. Let the problem (1) be solved by Algorithm 2

with θ ≤ min
{√

p
√
M

8δ
√
ω
, 1
2δ

}
and tuning parameters such that

4αpτ ≤ θ. Then the following inequality holds:

E [Yk+1 + Zk+1] ≤E
[
(1− τ)Yk + (1 + µα)−1Zk

]
.

As discussed above, the iteration of Algorithm 2 invokes
the full gradient twice and the compressed gradient another N
times. N is a random variable depending on the parameter p.
On average, we have O (1/γω + p) CC-3 for a single iteration
of OLGA. It is obvious that one should choose p = 1/γω. It has
been discussed above that for practical compressors γω ≥ ω
holds. Let us select α, τ values more carefully and formulate
the following corollary.

Corollary 1. Let the problem (1) be solved by Algorithm 2.
Choose

p =
1

γω
, θ ≤ min

{√
p
√
M

8δ
√
ω

,
1

2δ

}
,

τ = min

{√
µθ1/2p−1/2

4
,
1

4

}
, α =

θp−1

8τ
,

then Algorithm 2 has

Õ

(
γω +

√
δ

µ

[
γωM

−1/4 + γ
1/2
ω

])
CC-1,

Õ

(
Mγω +

√
δ

µ

[
γωM

3/4 +Mγ
1/2
ω

])
CC-2,

and

Õ

(
1 +

√
δ

µ

[
M−1/4 + γ−1/2

ω

])
CC-3.

It is worth noting that in CC-3 if γω is too large, the term
with M dominates and the communication time result stops
improving. If γω is too small, the compression effect is not
as strong as it could be. Therefore, the best effect is given by
γω = Θ

(√
M
)

. To simplify the appearance of the obtained
results, the complexities are shown in Table 1 under consider-
ation that γω ∼ ω. This holds for a number of common used
compressors (Beznosikov et al. 2023; Alistarh et al. 2018).

6.1 Discussion
Let us compare Algorithm 2 with distributed optimization
SOTAs. It makes sense to make comparisons only with meth-
ods that utilize similarity, because superiority over other ones
depends mainly on how much δ is less than L. The optimal
choice γω = Θ

(√
M
)

is assumed below.
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1. Accelerated ExtraGradient outperforms our
method in the sense of CC-1 and CC-2. However, OLGA
has Õ

(
1 +M−1/4

√
δ/µ
)

CC-3 vs. Õ
(√

δ/µ
)

for its
competitor and hence turns out to be better by a factor
M 1/4. Thus, the difference in the running time of methods
with a substantially large number of machines is enor-
mous.

2. AccSVRS loses to our method in terms of CC-1:
Õ
(
M 1/2 +M 1/4

√
δ/µ
)

vs. Õ
(
M +M 3/4

√
δ/µ
)

; and

CC-3: Õ
(
1 +M−1/4

√
δ/µ
)

vs. Õ
(
M +M 3/4

√
δ/µ
)

;
but wins by CC-2 due to client sampling.

3. Three Pillars Algorithm loses to our
method by CC-1: Õ

(
M 1/2 +M 1/4

√
δ/µ
)

vs. O
(
M +M 1/2 · δ/µ

)
; and CC-2:

Õ
(
M 3/2 +M 5/4

√
δ/µ
)

vs. O
(
M2 +M 3/2 · δ/µ

)
.

In terms of CC-3, it has a better M−1/2 factor. However,
Three Pillars Algorithm is not accelerated
method. Thus, it loses to OLGA in a wide range of
practical problems.

7 Biased Compression via EF-OLGA
In this section, we consider a biased compressor (Definition
2). As noted above, biased compressors are difficult to an-
alyze and hence compressing gradient differences without
introducing additional sequences will not yield results. Here
we have to add "error" terms emk .

Algorithm 3

1: Input: x0 ∈ Rd, p ∈ (0, 1), θ > 0, em0 = 0
2: Set N ∈ Geom(p)
3: Send x0 and ∇f1(x0) to each device
4: Collect ∇f(x0) =

1
M

∑M
m=1 ∇fm(x0) on server

5: for k = 0, 1, 2, . . . , N − 1 do:
6: for each device m in parallel do:
7: Calculate ĝmk using formula:

ĝmk = ∇fm(xk)−∇f1(xk)−∇fm(x0) +∇f1(x0)

8: Send gmk = C{emk + θĝmk } to server
9: Update emk+1 = emk − gmk + θĝmk

10: if k = N − 1 then:
11: Send emk+1 = emN to server
12: end if
13: end for
14: Collect gk = 1

M

∑M
m=1 g

m
k on server

15: Calculate tk = 1
θgk −∇f1(x0) +∇f(x0)

16: Update xk+1 = argminx∈Rd q(x), where

q(x) = ⟨tk, x− xk⟩+
1

2θ
∥x− xk∥2 + f1(x)

17: Send xk+1 and ∇f1(xk+1) to each device
18: end for
19: Output: xN , 1

M

∑M
m=1 e

m
N

Algorithm 4: EF-OLGA

1: Input: z0 = y0 ∈ Rd, p ∈ (0, 1), θ > 0, τ ∈ (0, 1), α >
0 and e0m ∈ Rd for every m ∈ [1,M ]

2: for k = 0, 1, 2, . . . ,K − 1 do:
3: Update xk+1 = τzk + (1− τ)yk
4: Update yk+1, ek+1 = Alg.3(xk+1, θ, p)
5: Send yk+1 to each device
6: Collect ∇f(yk+1) =

1
M

∑M
m=1 ∇f(yk+1) on server

7: Calculate tk = ∇(f1−f)(xk+1)−∇(f1−f)(yk+1)

8: Calculate Gk+1 = p
(
tk + xk+1−ỹk+1

θ

)
, where

ỹk+1 = yk+1 − ek+1

9: Update zk+1 = argminz∈Rd q(z), where

q(z) =
1

2α
∥z − zk∥2 + ⟨Gk+1, z⟩+

µ

2
∥z − yk+1∥2

10: end for
11: Output: yK

Algorithm 3 is obtained by combining Algorithm 1 and
error feedback framework (Seide et al. 2014). It is proposed to
introduce an additional sequence emk at each node m that will
“remember” how much the gradient sent to the server differs
from the true gradient computed on the machine (Line 9).
Unlike the analysis in the previous section, it is not possible to
introduce the appropriate metric immediately. After extensive
analysis of virtual sequences, the Bregman divergence of
the smooth function on "real" arguments and the Euclidean
distance on "virtual" ones appear independently. This requires
some manipulation to analyze correctly.

Note that Line 8 of Algorithm 4 utilizes "error" terms from
the last iteration of Algorithm 3. Without such a modification,
variance reduction can not be performed. Thus, in the biased
case, a stronger connection between the inner and outer al-
gorithms is formed. As in the case of Algorithm 2, we also
do not sample the stochastic gradient at the outer iteration
because it does not affect the result and complicates the anal-
ysis. Therefore, EF-OLGA calls the full gradient twice per
iteration.
Theorem 2. Let the problem (1) be solved by Algorithm

4 with θ ≤ p
3/2

24δ ≤ 1
6δ and tuning parameters such that

28αpτ ≤ θ. Then the following inequality holds:

E [Yk+1 + Zk+1] ≤E
[
(1− τ)Yk + (1 + µα)−1Zk

]
.

Again, the CC-3 of the iteration is O
(

1
γβ

+ p
)

. Thus,
p = 1/γβ .
Corollary 2. Let the problem (1) be solved by Algorithm 4.
Choose

p =
1

γβ
, τ = min

{
θ1/2p−1/2

18
,
1

18

}
,

θ ≤ p3/2

12δ
, α =

θp−1

36τ
,
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then Algorithm 4 has

Õ

(
γβ + γ

5/4
β

√
δ

µ

)
, Õ

(
Mγβ +Mγ

5/4
β

√
δ

µ

)
,

and

Õ

(
1 + γ

1/4
β

√
δ

µ

)
CC-1, CC-2 and CC-3, respectively.

This corollary repeats the proof of Corollary 1 with other
constants.

8 Numerical Experiments
Our theoretical findings are confirmed numerically on various
tasks. In particular, we consider the ridge regression problem
(McDonald 2009):

f(x) =
1

M

M∑
m=1

1

n

n∑
j=1

(
⟨x, amj ⟩ − bmj

)2
+ λ∥x∥2, (5)

and the logistic regression problem:

f(x) =
1

M

M∑
m=1

1

n

n∑
j=1

ln
(
1 + e−bmj ⟨x,am

j ⟩
)
+λ∥x∥2. (6)

We set the penalty parameter λ to L/100, where L is a Lip-
schitz constant of the gradient of the main objective. Also,
we consider different datasets from LibSVM (Chang and Lin
2011): mushrooms and a9a (Appendix). Since we con-
sider illustrative experiments with linear models, it is not
difficult to calculate µ, L, δ. Therefore, the parameters of
algorithms are chosen in the same way as in the theory with-
out any tuning. We also vary the number of workers M . As
competitors we take state-of-the-art methods from Table 1:
AccSVRS, Accelerated ExtraGradient, ADIANA,
LoCoDL. For algorithms with compression, we use a random
sparsification operators RandK, where we vary the number
of coordinates K (and hence ω since ω = d/K).

See the experiments with OLGA on mushrooms dataset
on Figure 1. The rest ones can be found in the supplementary
material.

9 Conclusion
In this paper, we pioneered two algorithms, OLGA and
EF-OLGA, which close the gap between accelerated meth-
ods utilizing similarity and accelerated methods exploiting
unbiased/biased compression. In the case of unbiased com-
pressors, constructed theory guarantees an advantage over
SOTAs in terms of communicated time. Numerical experi-
ments supports our theoretical insights. Nevertheless, a num-
ber of questions remain for further research. It is also worth
noting that for biased compressor, the communication com-
plexity lower bound under similarity condition is unknown:
can we design an accelerated algorithm that enjoys a better
complexity, or is the estimate we received a lower bound?
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Figure 1: Comparison of state-of-the-art distributed methods.
The comparison is made on mushrooms dataset. The crite-
rion is the communication time (CC-3). We vary the ratio δ/L,
the number of nodes M and the power of compression ω.
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Condat, L.; Agarskỳ, I.; Malinovsky, G.; and Richtárik, P.
2023. Tamuna: Doubly accelerated federated learning with
local training, compression, and partial participation. arXiv
preprint arXiv:2302.09832.
Condat, L.; Maranjyan, A.; and Richtárik, P. 2024. LoCoDL:
Communication-Efficient Distributed Learning with Local
Training and Compression. arXiv preprint arXiv:2403.04348.
Defazio, A.; Bach, F.; and Lacoste-Julien, S. 2014. SAGA:
A fast incremental gradient method with support for non-
strongly convex composite objectives. Advances in neural
information processing systems, 27.
Gorbunov, E.; Burlachenko, K. P.; Li, Z.; and Richtárik, P.
2021. MARINA: Faster non-convex distributed learning
with compression. In International Conference on Machine
Learning, 3788–3798. PMLR.
Gorbunov, E.; Hanzely, F.; and Richtárik, P. 2020. A unified
theory of SGD: Variance reduction, sampling, quantization
and coordinate descent. In International Conference on Arti-
ficial Intelligence and Statistics, 680–690. PMLR.
He, Y.; Huang, X.; and Yuan, K. 2024. Unbiased compression
saves communication in distributed optimization: when and
how much? Advances in Neural Information Processing
Systems, 36.
Hendrikx, H.; Xiao, L.; Bubeck, S.; Bach, F.; and Massoulie,
L. 2020. Statistically preconditioned accelerated gradient
method for distributed optimization. In International confer-
ence on machine learning, 4203–4227. PMLR.
Johnson, R.; and Zhang, T. 2013. Accelerating stochastic gra-
dient descent using predictive variance reduction. Advances
in neural information processing systems, 26.
Jordan, M. I.; Lee, J. D.; and Yang, Y. 2019. Communication-
efficient distributed statistical inference. Journal of the Amer-
ican Statistical Association.
Kairouz, P.; McMahan, H. B.; Avent, B.; Bellet, A.; Bennis,
M.; Bhagoji, A. N.; Bonawitz, K.; Charles, Z.; Cormode, G.;
Cummings, R.; et al. 2021. Advances and open problems
in federated learning. Foundations and trends® in machine
learning, 14(1–2): 1–210.
Khirirat, S.; Feyzmahdavian, H. R.; and Johansson, M. 2018.
Distributed learning with compressed gradients. arXiv
preprint arXiv:1806.06573.
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