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Abstract

The independence assumption between random variables is a
useful tool to increase the tractability of a modelling frame-
work. However, this assumption can be too simplistic; fail-
ing to take dependencies into account can cause models to
fail dramatically. The field of multi-axis graphical modelling
(also called multi-way modelling, Kronecker-separable mod-
elling) has seen growth over the past decade, but these mod-
els require that the data have zero mean. In the multi-axis
case, inference is typically done in the single sample scenario,
making mean inference impossible.

In this paper, we demonstrate how the zero-mean assumption
can cause egregious modelling errors for Kronecker-sum-
decomposable Gaussian graphical models, as well as pro-
pose a relaxation to the zero-mean assumption that allows
the avoidance of such errors. Specifically, we propose the
“Kronecker-sum-structured mean” assumption, which leads
to models with nonconvex-but-unimodal log-likelihoods that
can be solved efficiently with coordinate descent.

Code — https://github.com/Bailey Andrew/Noncentral-KS-
Normal

Introduction

We often wish to find networks (‘graphs’) that describe our
data. For example, we may be interested in gene regulatory
networks in biology, or social interaction networks in epi-
demiology. In these cases, the graph itself is an object of
interest. When the goal of an analysis does not involve a
graph, the creation of one can still be useful as a preprocess-
ing step for further insights, such as for clustering. Their
use is not limited to clustering; the first step of the popu-
lar dimensionality reduction method UMAP, for example,
is to create a (typically nearest neighbors) graph (Mclnnes,
Healy, and Melville 2020), but one could also experiment
with other graphs.

While there are many types of graphs, this paper will fo-
cus on conditional dependency graphs. Intuitively, two ver-
tices are connected in such a graph if they are still statis-
tically dependent after conditioning out the other variables.
We denote the property that = and y are conditionally inde-
pendent, given z, as x I y | z. We will focus on the case
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where we condition over all other variables in the dataset D,
. d
i.e. where z = D\, “p- {z,y}.

def
rdly|lz < Plr,y|z]=Plz|2]Ply| 2]

Conditional dependency graphs have several convenient
properties. They are interpretable, and intuitively capture the
‘direct effect’ of two variables on each other (rather than ‘in-
direct effects’ passing through confounders and mediators).
They are typically sparse, and are related to causality'. They
also have a very useful property in multivariate Gaussian
datasets, namely that two Gaussian variables are condition-
ally independent if and only if the corresponding term in the
inverse covariance matrix is zero.

zlly | 'D\z\y G@n E;yl =0

The inverse covariance matrix is also called the precision
matrix, and we will denote it W. It can be interpreted as an
adjacency matrix for the graph of conditional dependencies.
Due to this convenient correspondence, and due to the fact
that practically all multi-axis work has so far been limited
to the Gaussian case, we will assume in this paper that our
data is Gaussian. This type of model, without the Gaussian
assumption, is more generally known as a Markov random
field.

Through tools such as the Nonparanormal Skeptic (Liu
et al. 2012), this assumption can be weakened to the Gaus-
sian copula assumption (intuitively, the variables have arbi-
trary continuous marginals but still interact ‘Gaussian-ly’).

When making independence assumptions, this problem is
solved by well-known methods such as the Graphical Lasso
(Friedman, Hastie, and Tibshirani 2008). However, indepen-
dence assumptions are often false in practice. They become
particularly egregious in the case of omics data, such as sin-
gle cell RNA-sequencing (scRNA-seq). These datasets take
the form of a cells-by-genes matrix. We might be interested
in a gene regulatory network, in which case we assume the
cells are independent. Alternatively, we might be interested

"Under modest assumptions, that can be violated in some real-
world scenarios, conditional dependency graphs form the ‘skele-
ton’ of a causal directed acyclic graph, i.e. the causal graph with
directionality removed.



in the cellular microenvironment, in which case we assume
the genes are independent. Whichever one we want to learn,
we are put in the awkward position of assuming the other
does not exist.

To avoid independence assumptions altogether, we can
vectorize our dataset X: vec [X] ~ N(u, 1) Instead of
n samples of m features, we have 1 sample of nm features
(each element of the data matrix is a feature). For scRNA-
seq, the precision matrix is of size O(n?m?) and represents
the dependencies between different (cell, gene) pairs. The
problem becomes both computationally and statistically in-
tractable; we quickly run out of space to store such matrices,
and have no way of being confident in our results to any de-
gree of statistical certainty. We need to find a middle ground
between independence and full dependence.

To do this, we can take advantage of matrix structure. We
are not truly interested in a graph of (cell, gene) pairs, but
rather a graph of cells and a graph of genes. Thus, we can
make a ‘graph decomposition assumption’; our (cell, gene)
pair graph should be able to be factored (for some defini-
tion of factoring () into the cell graph and the gene graph:
vec [X] ~ N(/,l;, C (‘I’cellsa ‘Ilgenes)il)-

Several choices of decomposition have appeared in the
literature, such as the Kronecker product (Dutilleul 1999)
and squared Kronecker sum decompositions (Wang, Jang,
and Hero 2020); in this paper, we focus on the Kronecker
sum decomposition (Kalaitzis et al. 2013) due to its popu-
larity, convexity, relationship to conditional dependence, in-
terpretability as a Cartesian product, and correspondence to
a maximum entropy distribution. The Kronecker sum is de-
noted @ and is defined as A,xq @ Boxp = Aaxa @ Loxs +
I, q ®Bpxp, where ® is the Kronecker product. The opera-
tion is associative, allowing a straightforward generalization
to more than two axes (i.e. tensor-variate datasets); this was
first explored by Greenewald, Zhou, and Hero (2019). Under
the zero-mean and Kronecker sum decomposability assump-
tions, the model for a dataset D is as follows:

D ~ Nks (0,{%P¢}r)

<= vec[D]~N |0, <@\I’é>

The zero-mean assumption is conspicuous, but necessary;
recall that we transformed our dataset from n samples and
m features to a single sample of nm features. Estimating
the mean of a single sample is a recipe for disaster; when
one centers the dataset, they will be left with a constant zero
vector.

We could consider decomposing the mean of our model,
just like for our precision matrices. A natural and analo-
gous decomposition would be that our mean takes the form
/J’cells@/'l’genes = ll’cells ® 1 + 1 ® ll’genes; thiS operation iIl-
termixes the means in the same way the Kronecker sum in-
termixes the variances. For Kronecker product models (not
Kronecker sum models), this has been considered before
(Allen and Tibshirani 2010). It was shown that the maxi-
mum likelihood for p, has the following form (in the two-

15392

axis case, where d, represents the number of elements in
axis /):

17 (X —1pd) 17 (X — 1)
do di

We will see later that such formulas are not as simple in
the Kronecker sum case. First, though, let us note that the es-
timate of u, does not depend on the dependencies in the data
(®y). This is a mathematically convenient property to have,
but is philosophically troubling. Suppose we have a dataset
of only two points, both distinct and independent. The true
mean value is just their average. Now, suppose we dupli-
cate the first point several times, perhaps with some modest
noise added - the mean estimate will lie much closer to the
first point.

In fact, we can choose how many times to duplicate the
first or second points in order to place the estimated mean
anywhere between the original points. However, this esti-
mated mean is an artifact of the dependencies in our data!
The true mean, ultimately, still lies at its original location.
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Figure 1: Precision and recall for a synthetic dataset in which
data was generated from a Kronecker-sum normal distribu-
tion with a constant value of 1 added to every entry of the

matrix. Error bars are the best/worst performance over 10
trials; the center line is average performance.

We are naturally led to the following question:
Problem 1. For the noncentral Eronecker sum model, does

using the mean decomposition @,p, allow its parameters
to be effectively estimated?

In this paper, we show that the answer to this question
is yes. For the Kronecker-sum-structured model, the estima-
tors for p, depend on ¥,. However, due to this dependency,
our problem is no longer convex; there could be some non-
global minima!

Problem 2. Is our estimator for the parameters of the non-
central Kronecker-sum-structured normal distribution guar-
anteed to be the global maximum likelihood estimator?



We also show that the answer to this question is affirma-
tive; in fact, there are no non-global minima, despite the non-
convexity.

One may also wonder if the zero-mean assumption is truly
problematic. In fact, the zero-mean assumption can have an
extremely dramatic negative effect on performance. In the
simple scenario in which we add a constant offset to every
element, we can see that methods that do not try to estimate
the mean are practically worthless, whereas those that do
(which we shall call ‘noncentral’) maintain reasonable per-
formance (Figure 1).

Notation

In this paper, lowercase letters a will refer to scalars, low-
ercase bold v will refer to vectors, uppercase bold M will
refer to matrices, and uppercase calligraphic 7 will refer to
tensors. We will conceptualize our dataset to be a tensor D
with axes lengths d, for each axis ¢. d-y and d~, are short-
hands for the product of lengths of axes before and after /,
respectively. d\ ¢ is the product of all axes other than ¢; from
the perspective of £, this is the number of samples for that
axis. dy is the product of all d,. We typically follow the no-
tation of Kolda and Bader (2009) for tensor operations.

Let I, and 1, be the a X a identity matrix and length
a vector of ones, respectively. We formally define the Kro-
necker sum of matrices and analogous operation on vectors
as follows:

Pe. =) L, ovol,,
¢ ¢

@z“f = Z i, Quy®14,
¢

We will let ¥\, be a shorthand for B, ¥, with an
analogous definition for p,,. Kronecker products, and by
extension Kronecker sums, have a convenient permutation-
invariance property; we can swap the order of summands
without affecting the results, as long as we perform this
swap consistently across an equation and permute matri-
ces accordingly; we can typically rewrite equations involv-
ing @, ¥, into those involving ¥, & W\,. We will define

Q =@, ¥, and w = P,p,. We define noncentral Kro-
necker sum normal distribution as:

vec [D] ~ N (w, Q71)

We let Kpg be the space of Kronecker-sum-decomposable
matrices?, i.e. Q € Kpg. Likewise, w € K, is the space of
Kronecker-sum-decomposable vectors. Finally, let Kygy be
the space of vectors of the form Xy, where X € Ky,y €
K,. All of these spaces are linear subspaces of R% or
R?*dv We may use K as a shorthand when discussing
properties that apply to both Kys and K.

Technically, we need to specify the dimensionality of each
term in the decomposition to define this space, but this would be
notationally cumbersome and is always clear from context.
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It is important to note that the parameterization of K we
have used so far is not identifiable. If ) ~,c, = 0, then
D, (¥ +cd) = @, ¥,. Greenewald, Zhou, and Hero

(2019) use the identifiable representation 7Ly + @e \flg,

where tr [‘f’g} = 0. Likewise, we can identifiably represent

our mean decomposition as m1 + €, 1, where 17 1, = 0.
The last important property we will introduce is the matrix
representation of Kronecker products of vectors: note that

e ®1g, = (Idl ® 1d\k> He.

Estimation Method

As a shorthand, let x = vec [D]. Our negative log likelihood
looks just like that of our normal distribution, except that the
parameters are restricted to lie in K. To ensure existence of
2, it is necessary to either add a regularization penalty, as in
TeraLasso, or restrict €2 to a low-rank subspace, as proposed
by Andrew, Westhead, and Cutillo (2024b). These are details
of the estimator for €2, which do not affect the estimator of
w; we do not focus on these aspects of the problem.

_ V9
o 2
2

(2m)"
NLL(D)oc%llog\ﬂ\—ké(a:—w)ipﬂ(:c—w)

e%l(:cfw)TQ(:cfw)

p (D)

Despite its ubiquity, the normal distribution is actually
fairly poorly behaved from an optimization perspective; its
NLL is not convex, nor is it even geodesically convex (Hos-
seini and Sra 2015). Thankfully, the MLE of the mean
(for the unrestricted normal) has a closed form solution,
w = % ZZL X;, so this nonconvexity does not affect results
in practice. Unfortunately, due to our K, restriction, this so-
lution no longer holds.

While it is not convex in (€2, w) jointly, it is convex in
each argument individually - i.e, it is biconvex. This suggests
a flip-flop optimization scheme. For fixed w, the estimation
of € reduces to the noncentral case (by subtracting out w);
several algorithms already exist to solve this. Thus, we focus
on optimization when €2 is fixed.

Optimization w.r.t. w can be framed as a convex con-
strained quadratic programming (QP) problem. However, it
will turn out to be convenient to further break the problem up
into its constituent parts (m, {ft,}), and minimize them each
individually. Let 6y = 17 @uly,, 00 = Y4y dj—;;yeg,
and x; be the vectorization of D done in the order as if axis
¢ were the first axis. To preserve space, we will defer the al-
gebraic manipulations to the appendix, and simply note here
that the optimal value of m, with all other values fixed, is:

(X - éeﬁe) (é‘l’eldl)
Zz d\feZ

Observe that, when the elements of x are independent,
this formula expresses the average distance of the dataset
from O (after accounting for the axis-wise means fi,).

(D

m =



(m, {pee}, {¥}e)

Exact Block
Coordinate Descent

@( (o))

Drop-in Solution Exact Block
(TeraLasso, GmGM, etc)| Coordinate Descent

6 O

Exact Block Unconstrained
Coordinate Descent Quadratic Programming

T ® -

Equality-Constrained Equality-Constrained
Quadratic Programming Quadratic Programming

Figure 2: A graphical summary of the manner in which we
divide our problem into sub-problems. While the main prob-
lem is nonconvex, all sub-problems are convex, and by The-
orem 1 the main problem has a unique solution.

For g1, (with f1, , fixed, and again deferring the derivation
to the appendix) we have the following QP problem:

argmin iy Acfi, + bf i,
He
where Ay = d\g‘Ifg + e\gldz
b, = md\glzl;\:[’g + mH\gld,_; + {ﬁ{e‘l’\zldw} 14,
- x{ (‘Ilf ® ld\z) - x{ (15 ® ‘Il\fld\z)
ﬁ?lde =0
Parts of the definition of b, can be simplified further, lead-
ing to more efficient computations, but such manipulations
are notationally complicated to express; we defer them to
the appendix, where we also show that Ay is guaranteed to

be invertible. QP problems with linear equality constraints
have closed-form solutions. In particular, we have that:

B 17 A ',
17 A1,

i A Mg, — Ay )

As we have closed-form solutions to all our coordinate-
wise minima, block coordinate descent is a natural solution.
While typically it is advisable to avoid directly calculating
inverses A;l in the solution to QP problems, inversion here
is likely to be cheap; most solvers for W, require calculating
eigendecompositons of ¥,. Thus, the eigendecomposition,
and hence inverse, of Ay is readily available. This answers
Problem 1.

Some methods, such as GmGM (Andrew, Westhead, and
Cutillo 2024a), require only a single eigendecomposition,
and then find the optimum while staying in ‘eigen-space’.
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They use the eigenvectors of covariance matrices; when the
mean is updated, the new covariance matrices can be ex-
pressed in terms of rank-one-updates of the original covari-
ance matrix.

Rank-one updates of eigendecompositions are cheap
(comparatively); thus, for each flip-flop of our algorithm,
if GmGM is used as the solver for W,, then it can
stay entirely in eigenspace - we preserve the ‘only-one-
eigendecomposition’” property of GmGM. Other methods,
such as TeraLasso, will still require multiple eigendecom-
positions, but these will remain useful for our calculation of
Azl. It is because of these convenient computational prop-
erties that we have chosen a flip-flop route for estimation of
1y, despite the fact that the optimization problem is jointly
convex in {fy}o.

Algorithm 1: Noncentral KS-structured Gaussian MLE

Require: Dataset D of size dy, ..., dx
Require: Sub-procedure @ GRAPH that estimates ¥y
such as TeraLasso, GmGM

Output: Identifiable MLE (m, Ry, T, ‘T’g)
#Initialize Parameters with Reasonable Guesses
m(© L3, vee[D],
for/ e {1,....,K} do

Let x; be vectorized D with ¢ as first axis.
Initial guess is the mean along axis ¢:

~(0 dy g
iy e a2t X — m(©)
end for
#Iterate Until Convergence
while not converged do
{wi™} « ®GRAPH (D —mO1 - @, p")
¢
while not converged do
#Find Mean Parameters
m(+1) « (Equation 1)
for (€ {1,..., K} do
ﬁl(f“) < (Equation 2)

end for
end while
end while

Map {¥,} to identifiable parameterization ({\Tlg} ,T)

See Algorithm 1 for a pseudocode presentation of our al-
gorithm. Note that the pseudocode does not take into ac-
count potential speedups that come from sharing informa-
tion between the precision matrix and mean estimation tasks,
such as sharing eigenvectors. We wanted our method to
be able to be used as a ‘drop-in wrapper’ for pre-existing
methods. Accordingly, we have presented and implemented
our methodology in its most general form. For a graphical
overview of how we optimize, see Figure 2.

Global Optimality and Complexity

The optimization procedure we consider is not convex,
merely biconvex. How do we know if the solution we find is
globally optimal? In this section, we will show that, despite



the non-convexity, the problem still has the property that all
local minima are global minima. In fact, when identifiable
representations are used, we will see that there is exactly
one minimum. As in the last section, we will defer the more
mechanical details of the proof to the appendix, and rather
give a sketch of the main ideas here.

Theorem 1. The maximum likelihood of the noncentral
Kronecker-sum-structured normal distribution has a unique
maximum, which is global. The estimator defined by Algo-
rithm 1 converges to this.

Proof. See appendix. Sketch given below. O

The general idea is to perform a one-to-one transforma-
tion on the problem to turn it into a strictly convex problem
in a different set of parameters - specifically, an instance of
conic programming with linear constraints. Letting 2 be our
original problem, 2’ be a slight modification of it, and 2B be
the conic problem, we show the following chain of implica-
tions:

(w, Q) € local minima ()
< (w,Q,s=1) € local minima (2A")
<= (T) € local minima (B)

<= (T') € global minima (B) (convexity)

T is a one-to-one function of w, 2, and s, where s is
somewhat like a slack variable. We show that local minima
always occur at s = 1, and furthermore that at local minima,
the value of the objective function of 2 equals the value of
the objective function of ‘B for the corresponding parame-
ters. Thus, all local minima of 2( must obtain the same value,
i.e. they are global minima. In fact, because the transfor-
mation is one-to-one, and ‘B has a unique global minimum,
there is exactly one local minimum of 2.

The transformation we use is:

z~ N (w0,271) - m ~N(0,T77)

Q
L= [—wTﬂ

s>0

—Quw
% + wTQw

We first came across a similar transformation in a paper
by Hosseini and Sra (2015), although their transformation
was for the covariance matrix; this transform here can be
derived from theirs using block matrix inversion. The vari-
able % is used to allow I to be any positive definite matrix
(subject to constraints on €2, w). Otherwise, the value of the
bottom right entry would be determined by the other entries.
It should be clear that, as long as €2 is positive definite, this
transformation is one-to-one given a fixed s. If it is merely
positive semidefinite, we cannot guarantee the global min-
imum is unique (but all local minima remain global); typi-
cally, solvers for Kronecker-sum-structured €2 require it to
be positive definite.

The strategy used to prove the chain of implications is to
show that, when s = 1, 2 and 2’ correspond to the same
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optimization problem. Since (2, w, s) — T is a one-to-one
mapping, as well as the fact that this mapping preserves the
objective function’s values, and finally the fact that Ky, is
a linear subspace and hence preserves strict convexity of ‘B,
we have that there is exactly one minimum to 8 which by
the chain of implications is also the unique minimum of 2(.

All such claims are proven in the appendix. In particu-
lar, uniqueness of the global minimum holds when one uses
convex regularization penalties on €2, and furthermore holds
(subject to a reasonable constraint on w) when one restricts
2 to be a low-rank matrix, such as that considered by a vari-
ant of GmGM (Andrew, Westhead, and Cutillo 2024b). The
proof in the latter case is considerably more complicated, re-
quiring mathematical machinery particularly from work by
Hartwig (1976) and Holbrook (2018); it holds when we re-
strict w to be orthogonal to the nullspace of €2 (a reasonable
assumption since data generated from the distribution should
also be orthogonal to the nullspace).

We claimed that our block coordinate descent algorithm
converges to this unique optimal value. Block coordinate de-
scent methods are not guaranteed to converge for smooth
nonconvex problems. However, when there is a unique min-
imum for each block, as is the case here, block coordinate
descent is known to converge (Tseng 2001; Luenberger and
Ye 2008).

For simplicity, we report runtimes in which all dimen-
sions of the input tensor with k dimensions are the same size
n. The runtime complexity of our model is O(I(G + M)),
where [ is the number of iterations, G is the cost of graph
estimation, and M is the cost of mean estimation. There are
several O(n® + n*) algorithms for graph estimation, such
as TeralLasso. Our mean estimation step can also naively be
done in O(n?®) due to it requiring matrix inverses®. Thus,
complexity is O(I(n® +n*)). It’s natural to ask how large 1
needs to be; in the supplementary material, we show empir-
ically that I = 2 or 3 is usually sufficient.

Results
Figure Mean Distribution
Figure 1 Constant mean of 1
Figure 3 m+ D, u,

w ~ N(0, 51I)

i1
w;; ~ Poisson(10)

Figure 4 (left)
Figure 4 (right)

Table 1: The distributions of the means in each of our syn-
thetic data experiments, and the corresponding figures. Both
mean distributions for Figure 4 have a variance of 0.05. This
variance had to be smaller for the unstructured distributions,
otherwise the noise would overwhelm the signal in all algo-
rithms.

$Most graph estimation algorithms produce the eigendecompo-
sition of Wy, and hence A, as a subroutine. Assuming this is then
passed to the mean estimation step, mean estimation is only O(n?).
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Figure 3: Precision and recall for on a synthetic dataset in
which data was generated from a noncentral Kronecker-sum
normal distribution. Noncentral TeraLasso’s high suscepti-

bility to changes in the regularization parameter led to our
grid search being too coarse-grained during some trials.

All experiments were run on a 2020 MacBook Pro with an
M1 chip and 8 GB of RAM. Our method was implemented
using NumPy 1.25.2 (Harris et al. 2020) and SciPy 1.12.0
(Virtanen et al. 2020); for precision matrix routines, we used
Greenewald, Zhou, and Hero’s reference implementation of
TeralLasso (2019) as well as GmGM 0.5.3. GmGM and Ter-
aLasso are fairly similar algorithms; GmGM outputs posi-
tive definite matrices and does not use regularization, while
TeralLasso uses regularization and does not require the out-
puts to be positive definite (as long as the Kronecker sum of
the outputs is). By presenting results with each algorithm,
we hope to show that our proposed mean estimation algo-
rithm is not specific to any one method of precision estima-
tion. All code is provided in the supplementary material.

In this section, we compare the performance of preci-
sion matrix algorithms with and without our mean estima-
tion wrapper across a variety of test suites. We first com-
pare performances on synthetic data, in which the graphs
are generated from a Barabasi-Albert (power-law) distribu-
tion. We generate means for our synthetic data from a va-
riety of distributions; see Table 1. We also compare them
on Erdos-Renyi graphs, achieving similar results, but for
conciseness we defer those results to the appendix. Next,
we compare performances on the real-world COIL-20 video
dataset ((Nene, Nayar, and Murase 1996)), demonstrating
clear improvements. Finally, we show that, without properly
taking into account the mean, precision matrix estimation
will yield clearly wrong results on transcriptomics datasets
such as the mouse embryo stem cell ‘E-MTAB-2805" dataset
(Buettner et al. 2015).

For synthetic data, we saw the dramatic deterioration
in performance of algorithms that make the zero-mean as-
sumption in Figure 1, while mean-corrected algorithms still
perform well. Zero-mean algorithms also perform poorly
when we generate data from the noncentral Kronecker-sum-
structured Gaussian distribution; understandably, our cor-
rection is immune to this problem (Figure 3).
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Figure 4: Precision and recall for on a synthetic dataset in
which data was generated from a zero-mean Kronecker-sum
normal distribution, with independent Gaussian (left) and
Poisson (right) noise added to every element. Error bars are
the best/worst performance over 10 trials; the center line is
average performance.

Finally, we may wonder what happens if our mean has
absolutely no structure, with every element of our generated
matrix having a different, independent mean. We compared
both Gaussian and Poisson-distributed random means (Fig-
ure 4) and found that there was still a drop-off in perfor-
mance for Poisson means, but not nearly as dramatic as that
seen in the other cases considered. There was no drop-off in
the Gaussian case.

When we increased the variance of our means in our un-
structured tests, both the standard algorithms and our mean-
corrected algorithms dropped in performance equally. We
suspect this is because, for large variances, the signal is over-
whelmed by the noise. For small variances, since each row/-
column of the mean is uncorrelated, their effects average to
zero, and thus our mean-corrected algorithms will also es-
timate means of zero (making them identical to the uncor-
rected case). The Poisson distribution behaves slightly dif-
ferently, as the mean is instead a constant nonzero number,
and hence our mean-corrected algorithm is able to correctly
account for this, whereas the standard algorithms experience
degradation in performance similar to that of the constant-
mean offset test (Figure 1).

The unstructured mean experiment has important conse-
quences: if real-world data has an unstructured mean, then
it is less important to correct for the means! However, it is
likely that the mean does have a structured component, as
each axis will have its own latent factors affecting the out-
come in addition to any unstructured noise that may or may
not exist. To demonstrate this, we run our algorithm on two
real-world datasets, showing that our mean correction truly
does improve performance in practice.

The COIL-20 dataset consists of 20 videos (each with
72 frames) of objects rotating 360 degrees; it has become
somewhat customary for multi-axis methods to present their
performance on the rubber duck object of this dataset. The
dataset is chosen because of its ease to validate: frames that
are close in time (i.e. adjacent) should be connected in the
graph. We present our results graphically in Figure 6, from
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Figure 5: Assortativity of standard GmGM and our mean-corrected GmGM as we vary the number of edges kept, on the E-
MTAB-2805 cell-cycle dataset. The cells were labeled by their stage in the cell cycle (G1/S/G2M).
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Figure 6: Each circle represents the results of an algorithm
on the COIL-20 dataset; ‘noncentral’ denotes our mean esti-
mation method. Dashed blue lines indicate connections be-

tween non-adjacent frames; solid black lines indicate adja-
cent connections.

which we can easily see the improvement. We pre-processed
the data using the nonparanormal skeptic (Liu et al. 2012)
to relax the Gaussian assumption of the models, and we
chose thresholding/regularization parameters such that there
would be approximately 144 edges.

We considered ‘correct’ edges to be those connecting ad-
jacent frames or frames with a single frame in between.
GmGM had 59/147 (40%) correct and TeralLasso had 55/142
(39%) correct. Once we wrap the methods in our mean es-
timation procedure, this rose to 127/147 (86%) and 126/141
(89%), respectively. Furthermore, all ‘wrong’ connections
of our noncentral algorithms were nearly correct: with one
exception, every connection was between frames with at
most two frames between them. For the standard algorithms,
more than a third of all edges failed this criteria. The non-
central algorithms also had high recall, at 88% for both non-
central GmGM and TeraLasso. The uncorrected algorithms
had a recall of 41% and 38%. Overall, the results for this ex-
periment are conclusively in favor of using our correction.

Our final experiment is on the E-MTAB-2805 scRNA-seq
dataset. This dataset consists of 288 mouse embryo stem
cells and 34,573 unique genes, with each cell being labeled
by its stage in the cell cycle (G1, S, or G2M). It has pre-
viously been considered by the creators of scBiGLasso (Li
et al. 2022), in which they limited it to a hand-selected set
of 167 mitosis-related genes - we limited it to the same set
of genes. We would expect that cells at the same stage in
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the same cycle should have some similarities, and hence
should have some tendency to cluster together in our learned
graphs.

We can use ‘assortativity’ as a measure for the tendency
for cells within a stage to connect: assortativity ranges from
-1to 1. When it is positive, it indicates the tendency of nodes
in the same cell cycle stage to connect to each other. If it is
negative, cells in differing cell cycle stages tend to be con-
nected to each other. If zero, there is no tendency; the con-
nections are random.

Without correcting for the mean, we find that there is
a very strong tendency for cells in the same cell cycle o
not connect (assortativity = -0.47). This runs contrary to
intuition: cells with some factor in common should not be
caused by that same factor to look different. When correct-
ing for the means, we see a modest positive tendency (assor-
tativity = 0.16), which is more reasonable. Figure 5 shows
the change in assortativity for GmGM, with and without our
correction, as we vary the threshold of how many edges to
keep.

Conclusion

Current Kronecker-structured models do not take into ac-
count the mean of the data. As one might expect, this can
lead to wildly incorrect inferences (Figures 1 and 5). In fact,
it can result in inferences directly opposite to reality: as
thresholding/regularization increased, zero-mean algorithms
decreased in both precision and recall, and identified an ex-
tremely strong (and incorrect) repulsive force between cells
in the same stage of the cell cycle.

In this paper, we have demonstrated that this can be fixed
by adding a mean-estimating wrapper around standard algo-
rithms. While the means and precisions are nonseperable in
the KS-structured case, and hence coincide with a noncon-
vex optimization problem, we proved that there is a unique
global optimum, to which our algorithm converges. We im-
plemented our algorithm as a ‘drop-in” wrapper (for easy use
with any standard precision-estimating algorithm), but with
minor modifications it can be made to preserve the ‘only-
one-eigendecomposition’ property of GmGM.
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