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Abstract

We study a Bayesian persuasion problem with externalities.
In this model, a principal sends signals to inform multiple
agents about the state of the world. Simultaneously, due to
the existence of externalities in the agents’ utilities, the prin-
cipal also acts as a correlation device to correlate the agents’
actions. We consider the setting where the agents are catego-
rized into a small number of types. Agents of the same type
share identical utility functions and are treated equitably in
the utility functions of both other agents and the principal,
while taking actions independently. We study the problem of
computing optimal signaling strategies for the principal, un-
der three different types of signaling channels: public, private,
and semi-private. Our results include revelation-principle-
style characterizations of optimal signaling strategies, linear
programming formulations, and analysis of in/tractability of
the optimization problems. It is demonstrated that when the
maximum number of deviating agents is bounded by a con-
stant, our LP-based formulations compute optimal signaling
strategies in polynomial time. Otherwise, the problems are
NP-hard.

1 Introduction

Bayesian persuasion, introduced by (Kamenica and
Gentzkow 2011), is a framework where a persuader (the
principal) seeks to design a signaling scheme that conveys
information to a decision-maker (the agent) to influence
their choices in the principal’s desired direction (Kamenica
2019; Fujii and Sakaue 2022; Celli, Coniglio, and Gatti
2020). The computational analysis of multi-agent Bayesian
persuasion has been studied extensively in recent years,
considering various domains, such as congestion games
(Vasserman, Feldman, and Hassidim 2015; Castiglioni
et al. 2021; Bhaskar et al. 2016; Azaria et al. 2014; Das,
Kamenica, and Mirka 2017; Griesbach et al. 2022), auctions
(Li and Das 2019; Bacchiocchi et al. 2022), security
(Rabinovich et al. 2015; Zhou et al. 2023), and advertising
(Kumar et al. 2023). In this paper, we consider persuading
multiple agents in the presence of externalities in the agents’
utilities—that is, the utility of an agent may depend on other
agents’ actions as well, instead of just their own—and we
consider a fairly general model that is not tied to specific
applications (e.g., congestion games).
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Persuading multiple agents in the presence of externali-
ties is computationally challenging for several reasons. First,
even when there are no externalities, public persuasion (i.e.,
when signals are sent through a public channel visible to ev-
ery agent) is known to be intractable. It is shown that no
polynomial time approximation scheme (PTAS) exists for
computing optimal public persuasion policies unless P =
NP (Bhaskar et al. 2016; Rubinstein 2017; Dughmi 2019).
When introducing externalities, the problem does not be-
come computationally easier, as it is a strict generalization
of the case without externalities. For public persuasion, the
above hardness result holds automatically, whereas for pri-
vate persuasion, while the case without externalities can be
trivially solved as independent single-agent persuasion prob-
lems against individual agents, this is not possible when ex-
ternalities are present. In the presence of the externalities,
the actions of the agents need to be coordinated, too. In-
deed, coordination is necessary even when the principal does
not possess any private information about the hidden state,
whereby the goal of the principal is essentially to induce a
correlated equilibrium among the agents that is optimal for
the principal. Hence, the problem we address is essentially a
combination of optimal persuasion and coordination.

Given the computational barriers, we consider a more
amenable but fairly natural special case of the model where
the agents can be classified into a small number of fypes.
Similarly to other works in game theory (Shrot, Aumann,
and Kraus 2010; Lovejoy 2006), agents of the same type
share identical utility function and are treated equitably in
the utility functions of the other players (however, they
still act independently and need not take the same action).
Hence, the agents’ joint action can be succinctly represented
as a vector that describes, for each agent type T and ac-
tion a, how many agents of type 7' are performing action
a. Succinct representations are necessary for many applica-
tions as they avoid explicitly defining the utilities of possi-
ble joint actions, which grow exponentially with the num-
ber of agents. From a computational perspective, however,
this means that designing an efficient algorithm, which runs
in time polynomial in the size of the problem representa-
tion, becomes harder. Indeed, it has been shown that cor-
related equilibria are hard to optimize in many succinctly
represented games (Papadimitriou and Roughgarden 2005;
Barman and Ligett 2015).



Contributions and Technical Novelties
We make the following contributions in this paper.

* We show that the classical revelation principle does not
hold if agents can deviate jointly. We provide alterna-
tive revelation-principle-style characterizations for our
model. Speaking informally, the new characterizations
show that the principal can restrict herself to sending the
agents the actions they are recommended to play, along
with a blocking profile, which encodes necessary infor-
mation that explains, for every possible deviation, why
the deviating agents will not benefit from this deviation.

Based on the characterizations, we present polynomial-
time algorithms to compute optimal policies of the prin-
cipal when joint deviations of the agents are restricted
among a constant number of agents. In the case without
this restriction, we show that computing optimal policies
is intractable.

We consider both public and private persuasion as the
two most commonly studied forms of persuasion in
the literature. Additionally, we also introduce a semi-
private interaction framework where, while the princi-
pal publicly recommend joint actions for the agents, ad-
ditional private information is used to further reshape
the agents’ beliefs. This form of persuasion occurs nat-
urally when agents can see or know about each other’s
actions, while the principal can communicate separately
with each agent through private channels.

To obtain the above results the main challenges lie in find-
ing ways to reduce the representations of several key el-
ement that would otherwise be exponential if not handled
carefully. In the public and semi-private cases, we intro-
duce representative action vectors to reduce the exponen-
tially large space of the agents’ joint actions to a polyno-
mial space, without loss of optimality. This technique fails
in the private case, as we show through a counterexample.
Hence, we further introduce the concept of lottery policy by
exploiting a symmetry in the agents’ roles. Such lottery poli-
cies allow representative action vectors to be applicable for
private persuasion, too. Besides the representations of joint
actions, concise representations of information encoded in
the principal’s signals are also necessary. In the semi-private
and private cases, different agents may form different poste-
rior beliefs about the state of the world (even if they are of
the same type and are recommended to perform the same ac-
tion). Since our characterizations indicate that the principal’s
signals need to encode sufficient information that explains,
to every agent, why it will not be beneficial to deviate, it
appears that jointly the space of signals for us to consider
grows exponentially with the number of agents. We never-
theless show a way to represent the explanations that reduce
the size of the signal space to a polynomial, by defining the
explanations for each deviation instead of each agent.

Motivating Examples

Beyond the theoretical interests, the problem of persuading
multiple agents in the presence of externalities is motivated
by many real-world scenarios. Consider for example a nav-
igation app (the principal) that would like to minimize its
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users’ overall travel time. Each user is associated with an ori-
gin and a destination (which indicates their type) and needs
to choose a route (their possible actions) between these two
points. The traffic load in each route depends on the state of
the world. There is a prior distribution over possible states,
but on any given day, the app possesses information of the
actual traffic load, while individual users only have a prior
knowledge about the state.

As another example, consider authorities, such as the
Food and Drug Administration (FDA) in the US, that are
responsible for evaluating the efficacy of new drugs. The in-
teraction between the FDA and a company that wants their
new drug to be approved can be captured by the persuasion
model (Wang 2013). In this case, the company (the princi-
pal) persuades the FDA committee members (the agents) to
accept the drug. The drug could be effective or ineffective,
and with side effects or without (i.e., four possible states).
The company needs to decide on the clinical trial to carry
out, and its results will inform the committee members about
the effectiveness of the drug. A committee member can vote
to approve the drug, disapprove it, or ask for additional tri-
als, which are their actions in the model. Their utilities can
depend on the actual efficacy of the drug (the state) and the
impact of a right/wrong decision on their own reputation and
the FDA’s reputations. The weights the members put on their
own and the FDA’s overall reputations may differ depending
on their seniority (see more details in Section 2). The deci-
sion is made by majority rule, so there are externalities in
the members’ utilities.

Related Work

Bayesian persuasion against a single agent is tractable (Ka-
menica 2019; Dughmi 2017), but the more general problem
with multiple agents becomes harder. Hence, most work on
multi-agent Bayesian persuasion has been done under spe-
cial game structures. The constraints of each domain were
used in order to find tractable solutions. For example, in the
context of singleton congestion games, with both private and
public signals, (Zhou, Nguyen, and Xu 2022) proved that
efficient computation of optimal policy for the principal is
achievable when the number of resources is held constant.
(Xu 2020) explored public persuasion without externalities,
featuring binary actions but with a larger number of pos-
sible states. The study established that the optimal public
signaling policy can be efficiently computed in polynomial
time for arbitrary principal utility functions, given a con-
stant number of states. (Castiglioni, Celli, and Gatti 2023)
showed that it is possible to compute bi-criteria approxima-
tions of optimal public signaling schemes in arbitrary per-
suasion problems but, again, without externalities in quasi-
poly-time.

In terms of persuasion with externalities, it has been
shown that even in Bayesian zero-sum games no polynomial
time approximation scheme (PTAS) is available for finding
optimal public persuasion policy unless P = NP (Rubinstein
2017). To deal with the challenges, we introduce the con-
cept of types. The concept of type has also appeared in many
previous works. In mechanism design settings, a type means
a possible type of utility function an agent may have. The



mechanism designer does not know the agent’s exact type
but maintains a probabilistic belief about what it might be.
For example, (Castiglioni, Marchesi, and Gatti 2022) con-
sidered a persuasion scenario where the principal elicits the
agent’s type first. The agent reports their type to the princi-
pal’s mechanism, and the principal commits to a signaling
policy according to the agent’s report. No externalities are
assumed in their model. Indeed, in our model, we assume
that the types of the agents are known to the principal in ad-
vance, similarly to the standard persuasion model. The con-
cept of type is more of a structure to group agents into small
categories to allow us to derive efficient algorithms.

Our work considers three different types of signaling
channels, including semi-private persuasion, which lies in
between public and private persuasion. Similar perspectives
have been adopted in the work of (Babichenko et al. 2021),
who introduced a model that smoothly transitions between
public and private persuasion. More specifically, they intro-
duced a multi-channel communication structure, where each
agent observes a subset of the principal’s communication
channels. The authors provided a complete characterization
of the conditions under which one communication method
outperforms another. They provided characterizations appli-
cable to scenarios both with and without externalities among
the agents. However, their computational studies focus on
the case with: a constant number of worlds, no externalities
and an additive utility function of the principal. For future
work, extending our model to a multi-channel structure with
externalities seems very promising. Our semi-private model
is the first step in this direction.

2 The Problem

A persuasion problem is given by a tuple
(Qp, N, A, T, (ur)reTUi0},d). Specifically: Q is the
set of the possible worlds. p € A(Q) is the prior distribu-
tion of the worlds. N = {1,...,n} contains the indices of
the n agents involved. A is the set of actions available to
the agents (w.l.o.g. it is the same for all agents). 7 C 2V
is a collection of disjoint subsets—referred to as types—of
the agents, which defines a partition of N. Finally, d is the
maximum number of agents that can deviate jointly from
the principal’s recommendation of actions. When d = 1,
only unilateral deviations are possible, and when d > 1,
groups deviations are allowed.

We denote by A = A" the set of all possible joint ac-
tions of the agents. Given a joint action a € A, we call
Pa € N'j[)‘ I the action profile corresponding to a, which
anonymizes the agents’ identities in a and encodes only the
number of agents of certain types who perform certain ac-
tions: pa(T,a) = {i € T : a; = a}| forall T € T and
a € A. The utility up(a, p|w) of a type-T" agent depends
on the action a performed by the agent, the action profile p
encoding the joint action of the agents, as well as the current
world w. Alternatively, given a joint action a, we can write
the utility of an agent ¢+ € T as:

ui(alw) = ur(a;, pa|w).

Similarly, we let ug(p|w) be the principal’s utility for an
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action profile p in world w (the principal does not perform
actions herself).

The Principal’s Policy

As in standard persuasion models, the principal has an infor-
mation advantage over the agents: she is the only player who
can observe the world. The principal reveals this private in-
formation to influence the agents’ decision-making (choices
of actions). Additionally, in our model the principal also has
the power to correlate the agents’ actions and serves as a
correlation device. To perform both signaling and correla-
tion, we consider policies of the form o : @ — A(A x G),
which map the world observed by the principal to a meta-
signal s = (a,g) € A x G. The joint action a functions as
a correlation signal and encodes the action a; each agent is
recommended to perform, while g = (g;);cn provides ad-
ditional information about the world to influence the agents’
beliefs, with g; sent to each agent .

We consider both public and private persuasion. In pub-
lic persuasion, the communication channel is public and the
entirety of the meta-signal s is seen by every agent. In pri-
vate persuasion, each agent ¢ only observes the part of signal
(as, g;) that is sent to them. In general, we use s; to denote
the part of s observed by agent i. Hence, for every i € N,
we have

* s; = (a, g) in public persuasion, and
* s; = (a;, g;) in private persuasion.

The policies used in these two cases are referred to as public
and private policies, respectively.

Besides these two most commonly studied persuasion
modes, we also consider an in-between mode, which we
call semi-private persuasion. In semi-private persuasion, the
joint action a in the principal’s signal is sent publicly while
g remains private. Essentially, private persuasion becomes
semi-private when the agents can see the actions to be per-
formed by the other agents. Hence,

* s; = (a, g;) in semi-private persuasion.

For ease of description, we write s = (s;);en = (a,8).

Agents’ Belief and Stability of the Policy

Upon receiving a meta-signal s;, the agent performs a belief
update according to Bayes’ rule and derives the following
posterior probability for each world w € €2, as well as each
possible joint action a € A:

pw) - olsialw)
Zw’eﬂ ww') - o(si|w)’

where [P denotes the probability measure induced by the pol-
icy, and we use the notation:

]P)(a7w ‘ 51) =

o(zlw)= Y o(s|w),
s'e€S:s'tx
where s - x means s satisfies z, e.g., s = (a’,g')
(s;,g) means s; = s; and g = g, and s’ F s; means

st = s;. In the private case, the agents also maintain a prob-
abilistic belief about the other agents’ actions.



The stability of a policy is concerned with whether some
subset of the agents can simultaneously benefit from some
joint deviation. We only consider non-transferable utility in
this paper, and we do not consider further communication
between the agents (which may further change their poste-
rior beliefs). Under these conditions, the stability of a policy
is defined as follows.

Definition 1 (Stable policy). Given a policy o : Q@ — S,
a signal s = (a,g) € S is unstable if there exists a set
N’ C N containing at most d agents and an action vector
a’ = (al)ien, such that forall i € N':

3 P(é,w|si)~(ui(é®a’|w)—ui(é\w)) >0, (1)

acA,weR

where a®a’ denotes the joint action resulting from replacing
a; with o}, for all i € N'. The signal is stable otherwise. The
policy o is stable if all signals in supp(c) are stable."

In the public and semi-private cases, since agents know
the joint action deterministically, the instability constraint in
the definition simplifies to

ZIP’(w|si)- (ui(a®a’|w)—ui(a|w)> >0 (2

weR

We will sometimes abuse the notation slightly and write
u;(a|p) = Epop ui(a|w)

for a posterior p € A(). So, Eq. (2) further simplifies to
w;(a®a’|p;) > u;(a|p;) by letting p; = P(w ]| s;).

Hence, a stable policy incentivizes the agents to perform
the recommended actions. It yields utility

uo(0) = Bunp Bag)ma - ) to(a]w)

for the principal. Our goal is to find, among all stable poli-
cies, one that maximizes the principal’s utility (or decide
correctly that no stable policy exists).

The FDA Example

Before we present our results, we describe a concrete exam-
ple to illustrate the model defined above. Consider a simpli-
fied version of the FDA example we mentioned in the intro-
duction. A drug can be either safe or unsafe, and the FDA
decides whether to accept or reject a new drug. The utility
of the company (the principal) is 0 if their drug is rejected, 2
if their drug is accepted and safe, 1 if it is accepted but un-
safe. The FDA uses the majority rule to make their decision,
where each of their senior members has two votes and each
junior member has one.

The states of the drugs, safe or unsafe, correspond to the
two possible worlds w4 and w_, with priors p(wy) = 0.25
and p(w—) = 0.75. Suppose that there are 2 senior members
(Ty = {1,2}) and 3 junior members (T> = {3,4,5}). The
possible actions of the agents include voting for rejection
(a™) and for acceptance (a**). For an action profile p, the
outcome of the vote is denoted by acc(p).

'supp(-) denotes the support set, i.e., for a policy o : Q — S,
supp(o) = {s € S : o(s) > 0}.
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The senior members place high importance on the repu-
tation of the FDA. Each of them gets a high penalty (—3) if
s/he votes in favor of an unsafe drug and the drug is accepted
according to the majority vote. A smaller penalty (—2) is in-
curred if the senior member votes against an unsafe drug but
the drug is accepted. Similarly, utilities for the other possi-
ble cases are listed in the table below. The junior members,
on the other hand, are more concerned with their own repu-
tation than the FDA’s reputation. They get a positive utility
when warning against an unsafe drug, even though the drug
was eventually accepted by the majority.

w— W4 w— W4

a9, acc(p) -2 -1 a™, acc(p) 2 -2

a™, acc(p) -3 1 a™*, acc(p) -3 1

-, macc(p) 0 0 -, macc(p) 0 0
ur, (a, plw) umy, (a, plw)

Consider the action vector a = (a™, a*¢, a*°, a™, a*°).
The corresponding action profile p, is the function such
that pa(T1,a™) = pa(Ti,a*) = pa(T,a™) = 1 and
pa(To,a*°) = 2. Since the majority votes for acceptance
in this profile, the utility of the principal is ug(palwy) = 2
if the drug is safe; otherwise, ug(palw—) =1

3 Public Persuasion

To explain our algorithm for public persuasion, we first an-
alyze the structure of optimal policies and prove a result
similar to the revelation principle (Kamenica and Gentzkow
2011). In the case without externalities, the revelation prin-
ciple states that it is without loss of optimality to consider
incentive compatible (IC) and direct policies. Namely, the
policy directly recommends actions to the agents and incen-
tivizes them to perform these recommended actions. The ad-
ditional signal g in the meta-signal is unnecessary in this
case. This elegant result simplifies the design of policies:
in particular, it sets an upper bound to the size of the meta-
signal space. However, it does not hold any more when there
are externalities and multiple agents can deviate together
(i.e., d > 1). We provide an example to illustrate this.

An Example

Suppose that there are two worlds w; and ws, with equal
prior p(w1) = p(ws) = 0.5. There are only two agents and
they are of the same type, i.e., 7 = {T} and T = {1, 2}.
There are three actions available to them: A = {a1, as, as}.
We have d = 2, so the agents can deviate jointly.

The agents’ utilities are —1 for all the action profiles ex-
cept two special profiles p; and po, where pi(a;) = 2 and
pa2(az) = pa(az) = 1 (we omit types since there is only one
type). The agents’ utilities for these two profiles are given
in the tables below. Irrespective of the world, the principal’s
utility is 1 for p; and O for all other profiles.

Hence, in this example, the maximum possible expected
utility of the principal is 1, which can be obtained only if the
agents are incentivized to follow p;. It can be seen that this
is achieved by the policy which always reveals the world to



w1 ws w1 w2
as 0 10
a1 1 as 10 0

ur(a, p1|w) ur(a, p2|w)

the agents while recommending a! = (ay, a;) (which is the
only action vector corresponding to p1). This policy is also
stable. Indeed, given the utility definition, it would only be
beneficial for the agents to deviate to p;. However, in p2, one
of them will have to receive a lower utility of 0 and hence
block this joint deviation.

However, recommending a' without using any additional
information is not stable. Indeed, this makes a' the only sig-
nal used in the policy, irrespective of the persuasion mode
(public, semi-private, or private). The signal is uninforma-
tive as a result, and the agents’ beliefs remain the same as
the prior after receiving the recommendation. In this case
they will always prefer to deviate to p2 and obtain an ex-
pected utility of 5. Therefore, for all the persuasion modes
considered, signaling only the recommended actions to the
agents may only produce suboptimal policies.

It turns out that while the revelation principle breaks in its
original form, a variant of it can be established to bound the
size of the meta-signal space. We present a new revelation-
principle-style characterization next.

Revelation Principle for Public Persuasion

We identify meta-signals that can be merged without chang-
ing the induced outcome to reduce the meta-signal space as
much as possible. To this end, we introduce the signatures
of meta-signals. We begin by defining representatives and
blocking profiles. ~

We fix an arbitrary representative set A C A, in which
every profile p € P finds exactly one joint action a € A
such that p; = p. Namely, a is representative of the joint
actions whose action profile is p. Since the representative
set defines a bijection between the action profiles and the
representative actions, we will use a representative action a
and its corresponding action profile pgz interchangeably.

Definition 2 (Representative). A joint action a is represen-
tative of another joint action aifa € A and pz = pa.

In an action profile, we refer to the tuple (7,a) € T x A
as the subtype of the agents who are of type 1" and perform
action a. Let D, denote the set of all possible deviations:

1 S ZT,(I,CLI 5(T7a7 a’/) S d7

0(T,a,a) =0Va, T
Each deviation ¢ specifies the number 6(7T', a, a’) of agents
of subtype (T, a) who deviate to action a’. The total number
of deviating agents is bounded by d by assumption, while
there is no need to deviate from an action to itself. Next, let
D, contain deviations that are feasible from p:

} 3

D= {5 : TXA2 — ZZO

> 6(T,a,d') < p(T,a) Va,T
a’€A

Dpz{éeD*
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i.e., the number of type-T' agents who deviate from action
a must be consistent with the number of type-1" agents who
originally perform this action in p.

The blocking profile of a public signal is then defined as
follows. It describes how each possible deviation is blocked
by agents of certain subtypes.

Definition 3 (Blocking profile). The blocking profile of a
meta-signal s = (a, g) is the set B =

{ 0(T,a,a’) >0,

ur(a, pa|ps) = ur(a', pa ® 0| ps)
where ps = P(- | s) denotes the posterior induced by s, and
Pa B J denotes the action profile resulting from applying
deviation § to pa.

(67 T7 a’ a/) e
D, xT x A

Namely, (6,7, a,a’) € 0 means that the agents of subtype
(T, a) are unwilling to deviate to playing a, hence blocking
d. It is straightforward that if a meta-signal is stable, then its
blocking profile covers every € D, i.e., it contains at least

one element involving 4. We denote by Bg”b the set of sub-
sets of D, x T x A? that covers every § € D, in the public

case. In other words, ngb consists of all possible blocking
profiles of stable meta-signals s = (a, g). For simplicity, we
will also write ng" as BE,

Combining a representative and a blocking profile gives
the signature of a meta-signal.

Definition 4 (Signature). The public signature of a meta-
signal s = (a, g), denoted ¢™°(s), is the tuple (a, 3) where
a is the representative of a and 3 is the blocking profile of s.

Intuitively, meta-signals with the same signature can be
merged without affecting the outcome induced by the policy.
The support of the resulting policy is then bounded by the
number of distinct signatures there are. This leads to the fol-
lowing revelation-principle-style characterization for public
persuasion.

Theorem 3.1. For any stable public policy o : 2 — A(A X
G), there exists a stable public policy & : Q — A(C) that
vields as much utility for the principal as o does, where C =
{(a,B):ac A B¢c Bgub}. Moreover, the signature of each
meta-signal c € C'is exactly c.

The above result indicates that it suffices to encode in each
meta-signal the recommended actions, as well as a blocking
profile to explain to the agents why it would not be benefi-
cial for them to deviate in any possible way. The signature
of every meta-signal used in the policy is exactly the meta-
signal itself. Based on the theorem, we design an algorithm
to compute optimal public policies next.

Computing an Optimal Public Policy
We use the following LP to compute an optimal public pol-
icy, with variables o(sa 5 |w) fora € A, 8 € B2, w € Q.

max Z p(w) Z Z o(sa,p|w) uo(ajw), 4

we acAgeBk®

Omitted proofs are in the appendix: arxiv.org/abs/2412.12859



subject to the following constraint for every a € A, 8 €
B ‘and every tuple (6, T, a,d’) € S

Z pw(w) - o(sap|w) ur(a,pa®d|w) <
weN
Z u(w) -o(sapg|w)-ur(a,palw).  (5)
weN
Additionally, for all w € §:
S olsaplw) =1 (6)
acA gep®
o(sap|w) >0 forallac A 3 e B2 (7)

so that o (- |w) is a valid distribution.

In other words, the variables encode a policy character-
ized by Theorem 3.1. Under the assumption that this policy
is stable, the objective function Eq. (4) captures exactly the
expected utility of the principal. Eq. (5) further ensures that
the signature of each meta-signal is exactly itself, which fol-
lows by (the negation of) Eq. (2). Consequently, the policy is
indeed stable since by definition Bgub only contains block-
ing profiles under which p is stable.

Time Complexity Given a constant d, and a constant
number of types and actions in 7 and A, the size of the
above LP grows only polynomially in the problem size. For
general d, however, the formulation can grow exponentially.
Indeed, this is inevitable: when d is part of the input, com-
puting an optimal public policy is NP-hard. The reduction
also applies to the semi-private and private cases.

, and |A|, an optimal pub-
lic policy can be computed in polynomial time.

Theorem 3.3. When d is an input to the problem, computing
an optimal policy is NP-hard for public, semi-private, and
private persuasion.

4 Semi-private Persuasion
We now consider the semi-private case. Similarly to the pub-
lic case, a blocking profile should contain information about
how each possible deviation is blocked. However, in the
semi-private case we need to define the profiles separately
for different agents because of divergent beliefs. This may
result in an exponential growth of blocking profiles when the
number of agents increases (i.e., each profile corresponds to
a possible combination of n sets of deviations).

Representing Semi-Private Blocking Profiles

To address the above issue, we explore the minimum pos-
sible representation of a blocking profile. Key to our ap-
proach is Lemma 4.1, a generalization of Hall’s theorem
(Hall 1934). With this result, we can prove Lemma 4.2 to
find a function y that encodes sufficient information for us
to derive a concise representation of blocking profiles.
Lemma 4.1. Suppose that By, ..., By, C {1,...,¢}, and
T1,...,Tm € Rarenon-negative. There existm dlS]Olnl sets
Bl,...B B; C B; and\B|—r1f0ralll—1 m,
if and only lflt holds for every set M C {1,. m} that
|Uiens Bil = Xiens i
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Lemma 4.2. Ifa meta-signal s = (a, g) is stable, then there
exists a function v : D,, — 24 x 2N such that for every 6, it
holds for (A’, N'") = ~(9) that:

1) agents in N’ are all of the same subtype, say (T, a);

2) 0(T,a,a') >0, foralla' € A';

3) Pa(T7 a) - |Nl| < Za’eA’ 6(Ta a, a/); and

4) foreverya' € A')i € N/,

(®)

where p; = P(-| s;) denotes the posterior induced by s;.

UT(@, Pa |p’L) Z UT(a/7pa 3] 6|pz>7

Intuitively, for a deviation to be successful, a matching
that fulfills this deviation needs to be established between
agents of certain subtypes and the actions they are willing
to deviate to. A stable meta-signal prevents such matchings.
Hence, for every possible deviation 6 € D,_, the set N !
stated in the lemma contains a set of agents of subtype (7', a)
who are unwilling to deviate to any of the actions in A ac-
cording to Eq. (8). According to the third condition in the
lemma, N’ is large enough, so that the remaining agents of
this subtype are insufficient for fulfilling §. Based on ~, we
define the semi-private blocking profiles as follows.

Definition 5 (Semi-private blocking profile). Let s = (a, g)
be a stable meta-signal and  be the function in Lemma 4.2.3
The semi-private blocking profile of each s; is

Bi={(0,A") € Dy, x 24 |i € N’ for (A", N') = 7(d)} .
(ﬂi)i€N~

Namely, ; describes, for every blocked deviation 9, a set
A’ of actions disliked by agent i (as well as other agents in
some N') that results in § being blocked. This is the min-
imum information that “witnesses” the stability of s while
ensuring that merging meta-signals with the same semi-
private signature (Definition 6) does not change the outcome
of the policy. While the sets N’ are not listed in any £;, it is
implicitly defined through the joint profile 3. This is key to
avoiding the exponential growth of the profile space.

The semi-private blocking profile of s is § =

Definition 6 (Semi-private signature). The semi-private sig-
nature of a meta-signal s = (a,g), denoted ¢*™(s), is
the tuple (&, 3) where a is a representative of a, and 8 =
(Bi)ien is the semi-private blocking profile of s. For each

s; = (a,g;), the semi-private signature of s; is defined as
P (si) = 9" (s) = (&, Bi).

We can now prove a new revelation principle for the semi-
private case. For every a € A, we let By"™ be the set of
blocking profiles defined by all possible meta-signals ac-
cording to Definition 5, when the joint action in the meta-
signal is fixed to a (which also appear in the last two condi-
tions about v in Lemma 4.2).

Theorem 4.3. For any stable semi-private policy o : 0 —
A(A X G), there exists a stable semi-private policy & : ) —
A(C) that yields as much utility for the principal as o does,
where C = {(a,0) : a € A, € B¥™}. Moreover, the
semi-private signature of each meta-signal c € C'is c.

31f there are multiple such functions, we choose one according
to an arbitrary tie-breaking rule. The same applies to Definition 7.



It can be shown that when d, |7, and | A| are constants,
B™ grows only polynomially with the size of the problem.
Similarly to the public case, we obtain a polynomial-size LP
formulation. This leads to a polynomial-time algorithm for
semi-private persuasion.

, and | A|, an optimal semi-
private policy can be computed in polynomial time.

5 Private Persuasion

In private persuasion, even the action recommendations are
sent privately. This means that the agents maintain proba-
bilistic beliefs about both the world and the actions of the
other agents. We follow the same routine as the previous
sections, deriving a revelation principle for the private case
and then an LP formulation based on the result. A crucial
difference in the private case is that it is no longer w.l.o.g.
to restrict the policy to representative action vectors (Propo-
sition 5.1).% To solve the problem requires a novel concept
called the lottery policy.

Proposition 5.1. An optimal private policy supported only
on representative action vectors need not exist.

Before we define lottery policies, we first extend the no-
tions of blocking profile and signature to the private case.
We can replicate Lemma 4.2 and prove the following lemma,
with slight changes in the domain of ~y and the stability con-
straint in the last condition. In the private case, the agents’
expected utilities are functions of their beliefs over all pos-
sible joint actions.

Lemma 5.2. Ifa meta-signal s = (a, g) is stable, then there
exists a function v : D, — 24 x 2N such that for every 6, it
holds for (A’, N') = v(9) that:

1) agents in N' are all of the same subtype, say (T, a);

2) §(T,a,a’) >0, foralla’ € A';

3) pa(Tya) = [N'| < > pca 0(T,a,a’); and

4) foreverya' € A';i € N/,

Z Z P(a,wls;) - ur(a,palw) >
weN acA:a;=a
Z Z P(a,w|si) - ur(a’,pa ®d|w).

weN acA:a;=a

This leads to the definitions of the private blocking profile
and the private signature.

Definition 7 (Private blocking profile). Let s = (a,g) be a
stable meta-signal. The private blocking profile of each s; is

B ={(6,4") € Do x 2% i € N' for (A',N) =4(8)},

where v is the function satisfying the conditions in
Lemma 5.2.

Definition 8 (Private signature). The private signature of a
meta-signal s = (a, g), denoted ¢* (s), is (a, §) where § =
(Bi)ien is the private blocking profile of s. For each s; =
(as, g;), the private signature of s; is defined as ¢™(s;)
9, (s) = (ai, Bi)-

“This also implies that private persuasion can achieve strictly

higher utilities than semi-private and public persuasion, since in
the latter two it is w.l.o.g. to consider representative action vectors.
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Lottery Policy and Revelation Principle

We now introduce lottery policies. Lottery policies utilize
a symmetry in the agents’ roles to avoid explicit represen-
tation of the original policies. Given a private policy o, a
lottery policy A(o) “lotterizes” ¢ by uniformly randomizing
the signals of o among agents of the same type.

Definition 9 (Lottery policy). Let M be the set of all per-
mutations m : N — N such that m(i) € T if and only if
i € T. When o signals each meta-signal (a, g), the lottery
policy A(o) draws m ~ Uniform(M) and signals (a’, g’),
where a; = (i), 9; = Gm(i)-

For example, consider an instance with two types of
agents: Ty = {1,2} and 75 = {3}; and a private policy
o such that:

o((a1,az2,a3),(91,91,91) |w1) = 0.4
and U((a17a27a1)7(917927g2) |CU1) = 0.6.
The corresponding lottery policy gives:
Xo)((a1,az2,a3), (91,91, 91) |w1) = 0.2,
Xo)((az,a1,a3), (91,91, 91) |w1) = 0.2,
Ao)((a1,az,a1), (g1, g2, 92) [w1) = 0.3,
and  A(o)((az,a1,a1), (g2, 91,92) |w1) = 0.3.

Using lottery policies, we can derive a concise character-
ization of optimal private policies, as stated in Theorem 5.3.
We let BS" be the set of blocking profiles induced by all
possible meta-signals according to Definition 8.

Theorem 5.3. There exists a private policy o :  — A(C)
where C = {(a,3) : a € A, € B}, such that \(o) is
an optimal private policy. Moreover, the signature of each
meta-signal ¢ € C'is exactly the c.

,and |A|
are constants, BE" grows only polynomially with the size of
the problem, so we can derive a polynomial-size LP formu-
lation, which gives a polynomial-time algorithm for private
persuasion.

, an optimal pri-
vate policy can be computed in polynomial time.

6 Conclusion

We studied the problem of Bayesian persuasion with exter-
nalities. We showed that when multiple agents can coordi-
nate their deviation the classical revelation principle does
not hold, and presented alternative characterizations of opti-
mal policies for public, private, and semi-private persuasion.
The concept of agent types is introduced as a succinct repre-
sentation of the problem. We presented polynomial time al-
gorithms when only a constant number of agents can jointly
deviate, and we proved that the problem is hard otherwise.
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