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Abstract

We study the k-facility location games with optional prefer-
ences on the line. In the games, each strategic agent has a
public location preference on the k facility locations and a
private optional preference on the preferred/acceptable set of
facilities out of the k facilities. Our goal is to design strat-
egyproof mechanisms to elicit agents’ optional preferences
and locate k facilities to minimize the social or maximum
cost of agents based on their facility preferences and pub-
lic agent locations. We consider two variants of the facil-
ity location games with optional preferences: the Min vari-
ant and the Max variant where the agent’s cost is defined as
their distance to the closest acceptable facility and the far-
thest acceptable facility, respectively. For the Min variant, we
present two deterministic strategyproof mechanisms to mini-
mize the maximum cost and social cost with & > 3 facilities
and well-separated n agents, achieving approximation ratios
of 3 and 2n + 1 respectively. We complement the results by
establishing lower bounds of % and 7 for the approximation
ratios achievable by any deterministic strategyproof mecha-
nisms for the maximum cost and social cost, respectively. We
then improve our results in a special setting of the Min vari-
ant where there are exactly three facilities and present two de-
terministic strategyproof mechanisms to minimize the maxi-
mum cost and social cost. For the Max variant, we present an
optimal deterministic strategyproof mechanism for the maxi-
mum cost and a k-approximation deterministic strategyproof
mechanism for the social cost.

Introduction

In recent years, extensive research has been conducted on
facility location games (Chan et al. 2021) due to their poten-
tial application for modeling various real-world preference
aggregation scenarios, such as voting and representative se-
lection (Black 1948; Blin and Satterthwaite 1976; Moulin
1980), and theoretical interests involving strategic agents.
In the classical setting of facility location games, strate-
gic agents have location preferences on the ideal locations
or positions of the facilities in some metric space (e.g., line
space). Depending on the facility location context, agent lo-
cation preferences of the facilities can have a wide range
of interpretations. For instance, facilities can be viewed as
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physical entities (e.g., schools, parks, libraries, or bus stops)
in geographical domains or non-physical entities (e.g., polit-
ical viewpoints and room temperatures) in non-geographical
domains (Chan et al. 2021). Because the agents’ preferences
are private, the typical goal of the social planner is to design
mechanisms that elicit agents’ preferences and determine the
facilities’ positions on the metric space that (approximately)
minimize the social/total or maximum costs (or distances)
of the agents to the facilities. As agents often have incen-
tives to misreport preferences, existing studies have primar-
ily sought to design mechanisms that are strategyproof in
which no agents have incentives to misreport preferences.
Moulin (1980) first characterized the set of strategyproof
mechanisms for the classical single facility location games
(i.e., or 1-facility location games) for locating a single facil-
ity on a line space, where agents have single-peaked prefer-
ences. Procaccia and Tennenholtz (2013) extended the study
to k-facility location games for locating k£ < 2 facilities fo-
cusing on optimizing the total and maximum costs and ini-
tiated approximate mechanism design paradigm proposing
to approximately optimize these costs when optimality and
strategyproofness cannot be achieved simultaneously.

Facility Location Games with Optional Preferences
While the majority of the studies on facility location games
have assumed that agent location preferences are private and
agents are indifferent between facilities (where agents are
only interested in the closest facilities), there is an emerging
line of facility location game studies that examine agents
having preferences on the facilities and aim to design strat-
egyproof mechanisms to elicit agent facility preferences
while locating facilities to minimize social/total or maxi-
mum agent costs to the facilities based on the facility pref-
erences and public agent locations.

Serafino and Ventre (2014) first considered k-facility lo-
cation games with facility preferences for locating £k = 2
facilities where agents have private preferences on the set of
acceptable facilities and the cost of each agent is the sum of
their distances to the acceptable facilities. Later, Chen et al.
(2020) proposed the k-facility location games with optional
(facility) preferences under two variants for £ < 2 facilities:
the Min variant and the Max variant where the agent’s cost is
defined as their distance to the closest acceptable facility and
the agent’s cost is defined as their distance to the farthest ac-



Objective k=2 k=3 k>3
Maximum Cost UB: 2[2} UB: 2 UB: 3
B: 3 LB: 2 LB: 2

Social Cost  UB 2.751] UB:n+2 UB:2n+ 1*
LB:2— P pn LB: 2

* = well-separated, UB = upper bound, LB = lower bound,
(1 = (Li et al. 2020),2] = (Chen et al. 2020).

Table 1: Summary of results for k-facility location games in
the Min variant. It is trivial to find the optimal strategyproof
mechanism for each cost objective with single facility.

ceptable facility, respectively. Notice that the optional pref-
erence of an agent refers to an approval set of the facilities
rather than a ranking of facilities based on a utility function.
These facility preferences enable each agent to express their
preference over a set of facilities that are acceptable to the
agents in various real-life situations (see e.g., (Li et al. 2020;
Chen et al. 2020)). For instance, when determining the loca-
tions of different parks, the agents can specify the parks that
they would prefer to use on a regular basis. When locating
the bus stops for different bus routes, the agents can indicate
the sets of bus stops that are able to help them commute to
their targeted destinations. Furthermore, when determining
the temperatures of several classrooms, the agents can spec-
ify the subsets of classrooms they would use throughout the
academic year.

Our Contributions

Following the studies of facility location games with agent
facility preferences, we examine the k-facility location
games with optional preferences on a line metric space R
for locating k facilities'.

In the considered games, there are n agents that can have
different optional preferences over these facilities (i.e., the
subsets of facilities that they prefer/accept). Because the
agents’ locations are publicly known while their optional
preferences are private information, our goal is to design
strategyproof mechanisms to elicit their true optional prefer-
ences and optimize certain objectives by determining facili-
ties” locations. Following the work of (Chen et al. 2020; Li
et al. 2020), the cost of an agent is the distance to their clos-
est (resp. farthest) acceptable facility in the Min (resp. Max)
variant. We consider the objectives of minimizing maximum
cost or social cost, which are defined to be the maximum and
the sum of the agents’ cost, respectively.

Notice that while (Chen et al. 2020; Li et al. 2020) con-
sidered k& < 2 facilities, we focus on k£ > 3 facilities, which
is an open problem that has not been examined previously.
Tables 1 and 2 provide a summary of our results in terms of
the lower bounds on the approximation ratios of any strate-
gyproof mechanisms and the upper bounds on the approx-
imation ratios of our designed strategyproof mechanisms.

"Previous studies of facility location games with or without op-
tional facilities have primarily studied and focused on the line met-
ric space (Chen et al. 2020; Li et al. 2020; Chan et al. 2021).
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Objective k=2 k>3
Maximum Cost 10 1
Social Cost 2oM] k

[1l=(Chen et al. 2020).

Table 2: Known upper bounds for k-facility location games
in the Max variant. It is trivial to find the optimal strate-
gyproof mechanism for each cost objective with one facility.

More specifically,

* For the Min variant, we first consider the setting with
k > 3 facilities. We present a deterministic strategyproof
mechanism for the maximum cost of well-separated
agents with an approximation ratio of 3. We then pro-
vide a deterministic strategyproof mechanism for the so-
cial cost of well-separated agents with an approximation
ratio of 2n-+1. We complement these results by establish-

ing a lower bound of % for the maximum cost and 7 for

the social cost by any deterministic strategyproof mech-
anism. We also show that our results can be extended to
other metric spaces. Then, we further improve our results
for a special setting where there are exactly three facili-
ties. We present a deterministic strategyproof mechanism
for the maximum cost which achieves an approximation
ratio of 2 and a deterministic strategyproof mechanism
for the social cost with an approximation ratio of n + 2.

For the Max variant, we present an optimal determinis-
tic strategyproof mechanism for the maximum cost and a
k-approximation deterministic strategyproof mechanism
for the social cost.

Outline The remainder of this paper is organized as fol-
lows. We formally define the problem in Section 2. In Sec-
tion 3, we study the Min variant with at least three facilities
(i.e., K > 3). In Section 4, we discuss the Max variant. We
conclude our work and discuss open questions in Section 5.

Related Work

In the realm of mechanism design for facility location prob-
lems, Moulin (1980) first characterized strategyproof mech-
anisms for the classic facility location problem on a linear
structure, where each agent has a single-peaked preference.

One significant approach to study the facility location
games is by Procaccia and Tennenholtz (2013), which ini-
tiated approximate mechanism design without money, lever-
aging facility location problems as a case study. They de-
signed several approximately optimal (both deterministic
and randomized) strategyproof mechanisms for the classic
facility location games, focusing on the social and the max-
imum cost. Their analyses encompass scenarios with single
facility, two homogeneous facilities and multiple locations
per agent. The subsequent work by Lu et al. (2010) further
improved their lower and upper bounds. Fotakis and Tzamos
(2014) studied k-facility location games, showing a strong
impossibility theorem for deterministic anonymous strate-
gyproof mechanisms with a bounded approximation ratio.
They provided a randomized strategyproof mechanism for



any number of facilities, the EqualCost mechanism, which
achieves approximation ratios of n and 2 for the social cost
and maximum cost respectively (Fotakis and Tzamos 2013).

Since then, numerous variants for the classic facility lo-
cation games have been proposed. One major direction is to
consider models where agents can have different preferences
and decide their participation over heterogeneous facilities.

Regarding the preferences of agents in the context of a
single facility, Cheng, Yu, and Zhang (2013) initiated stud-
ies on obnoxious facility location games, where agents strive
to be far away from the facility. This was followed by much
subsequent research (Ibara and Nagamochi 2012; Ye, Mei,
and Zhang 2015; Oomine and Nagamochi 2016). Addi-
tionally, researchers also explored dual preferences where
agents held different inclinations towards a single facil-
ity (Feigenbaum and Sethuraman 2015; Zou and Li 2015).
Filos-Ratsikas et al. (2017) studied single facility on a real
line where agents have double-peaked preferences.

Another approach of studying the heterogeneous facility
location games was initiated by Serafino and Ventre (2014,
2015), where the cost for an agent favoring two facilities
is the sum of the distances to both. Later Kanellopoulos,
Voudouris, and Zhang (2023a) substantially improved the
bounds. They also studied the problem where the two fa-
cilities are selected from a given finite set of candidate loca-
tions and provided deterministic strategyproof mechanisms
with constant bounds for both social cost and maximum
cost (Kanellopoulos, Voudouris, and Zhang 2023b). In cases
where the cost is influenced by either the closer or farther fa-
cility, models of optional preference were initiated and stud-
ied by Chen et al. (2020). The upper bound for the social
cost in the Min variant was later substantially improved by
Li et al. (2020) using a similar approach. However, they also
showed that their mechanism cannot be extended to the set-
ting with £ > 3 facilities. Xu, Zhang, and Xie (2023) stud-
ied optional preference model for the facility location games
with a minimum distance requirement between the two fa-
cilities. Moreover, Fong et al. (2018) proposed the frac-
tional preference model, where the cost is a weighted sum
of the distances to both facilities. Anastasiadis and Deligkas
(2020) worked on a scenario with k facilities, where each
agent’s preference for a facility falls into one of three cat-
egories: close to the facility, far from the facility, or indif-
ferent about its presence. Their setup can be considered as
a combination of the dual preferences and optional prefer-
ences models by extending them to multiple facilities.

To the best of our knowledge, our work stands as the first
to consider k-facility location games with optional prefer-
ences. More work on facility location games can be found
in a recent survey on mechanism design for facility location
problems (Chan et al. 2021).

Preliminaries
We are given a collection of agents N = {1,...,n}. In this
setting, there are k facilities (named as F' = {Fy, ..., F};}),
and each facility is given a unique label I; with the index
j € {1,...,k}. We denote the facility location of F} as y;.
Each agent 7 is at location x; and has a preference p; C F,
which is an acceptable set of facilities that can serve agent
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i. In this paper, a preferred facility by agent ¢ refers to a
facility within their acceptable set of facilities. We denote
the location profile of all agents as X := (x1,...,%,) and
the preference profile as P := (py,...,pn)-

In this paper, we consider two variants of the facility lo-
cation games with optional preferences, the Min variant and
the Max variant. In the Min variant of the optional prefer-
ence model, an agent ¢’s cost is the distance between their
location and the closest preferred (acceptable) facility, i.e.,
costx pi(y1,---,Yx) = Ming,ep, |y; — x;]. While in the
Max variant, an agent ¢’s cost is the distance between their
location and the farthest preferred (acceptable) facility, i.e.,
costx pi(Y1,-- - Yk) = maxr;ep, |yj — 4.

A deterministic mechanism M maps (X, P) to a profile
of facility locations Y := (y1, ..., yx). We aim to minimize
maximum cost and social cost. Given a deterministic mech-
anism M and an instance (X, P), maximum cost is defined
as MCx p (M(X,P)) = max;en costx, pi(M(X,P))
and social cost is defined as SCx p(M(X,P))
> ien costx pi(M(X, P)). A mechanism M achieves an
approximation ratio of p for the social cost (resp. maxi-
mum cost), if for any profile (X, P), SCx p(M (X, P)) <
p-SCx p(OPT(X,P)) (resp. MCx p(M(X,P)) < p-
MCx p(OPT(X, P))) where OPT(X, P) is the optimal
solution that minimizes the target cost.

A deterministic mechanism M is strategyproof if no agent
can benefit by reporting a false preference. Denote (P—_;, p})
as the tuple P with p) in place of p;. Below, we provide a
formal definition of strategyproofness in this problem.

Definition 1. A deterministic mechanism M is strategyproof
if for all X, P, any agent i and preference p,, we have

costx pi(M(X, P)) < costx pi(M(X, (P-i,p}))).

Optional Preference (Min)

In this section, we consider a basic setting of k-facility loca-
tion games with optional preference (Min), where there are
at least three facilities. We first introduce two strategyproof
mechanisms for well-separated agents under each cost ob-
jective and evaluate their performance by providing respec-
tive bounds of approximation ratios. It is interesting that
when the number of facilities increases to three, the approxi-
mation ratio achievable by any strategyproof mechanism for
the social cost grows linearly to the number of agents.

General Case of £ > 3 Facilities

Maximum Cost. We first consider the maximum cost and
provide a deterministic strategyproof mechanism for & > 3
facilities. Similar to the dynamic programming algorithm by
Love (Love 1976) for optimizing the social cost, we design
a dynamic programming O PT M C(X) for Mechanism 1 to
compute an optimal solution M = {my,ma,..., my} re-
gardless of the preference profile, i.e., suppose every agent
prefers all the facilities. Without loss of generality, we as-
sume my < mg < --+ < my. Denote | M| as the number of
distinct locations in M. We divide the agents into k groups,
ie., G1,Ga, ..., Gy, such that the closest point in M for
each agent i in G, is mj, i.e., m; = arg min,,en |m — ;.
Denote |G| as the number of agents in G,;. We say that



Algorithm 1: OPTMC(X)

Input: Agent location profile X = (x1,...
loss of generality, assume 1 < --- < z,,.
Parameter: Define M (i, j) to be the facility location pro-
file that minimizes maximum cost of the first -th agents
from left to right with j facilities. Define M C'(4, j) to be the
maximum cost of the first i-th agents with M (¢, 7). Initialize
M(i, 1) = {Z£21) Tnitialize MC(i, j) =

Output: M (n, k).
1. forie {2,...,n},7€{2,...,k} do

, Tp,). Without

Ti—T1
2

ifj=1,

%) otherwise.

2: forme{l,...,i—1}do

3: if max{MC(m,j — 1), %=+ } < MC(i,j)
then

4: MC(i,j) = maz{MC(m,j— 1), “—=m+t}

5: M(i,j) = M(m,j — 1).append(w%“)

6: end if

7:  end for

8: end for

9: return M (n, k)

agents are well-separated if as a candidate in M is deleted,
all agents closest to it have the same new closest candidate.
Mechanism 1 considers several ways of placing the facil-
ities, and outputs the facility location profile by cases. It
is clear that the running time of Mechanism 1 is O(2%n?)
where k is publicly known and constant in real life scenar-
ios.

Mechanism 1.

: M+ OPTMC(X)
if | M| = 1then
return M
end if
if | M| = 2 then
return argming o\ MCx p(y1,. ..
end if
s M — M
: for ascending d = |m, — my| where mq, my, € M do
if | M'| = 2 then
return argmin,
end if
Joryy, ...,y € M'do
if each agent is served by a facility at the closest
candidate location in M’ then
return Y?
end if
end for
Me 4= arg Miny, e -
Call Delete(my, my, me, d)
20: end for
21: Delete(my, my,me,d) :
22: if min(m, — my, m, — m,) < d then

~

ayk)z

N RN

~NO~
=S

e MCx p(y1, ... yk)?

12:  endif
13:

14:

15:
16:
17:
18:
19:

mit+mg
2 m’c|

2Put the facility with a smaller index on the left to break the tie.
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23 M'.delete(m.)

24: else

25: Mg, < argming,, em |w — M, |
26: Me, < arg miny,,, em |% — mC2|
27: ifmy < me, < mcthen

28: Call Delete(my, me, M, , d)

29:  endif

30:  if me < me, < m, then

31 Call Delete(me, My, Me,,d)

32:  endif

33: endif

Theorem 1. Mechanism 1 is strategyproof, and has an
approximation ratio of 3 for the maximum cost of well-
separated agents.

Lemma 1. For the maximum cost, there exists no o-
approximation deterministic strategyproof mechanism for
k > 3 facilities with o < %

Proof. Consider two agents who only prefer {F}}
locating at 1 and 2, k 1 agents who prefer
{Fl,Fg, ey Fj—l; Fj+1, . ,Fk} locating at 3 (] — 2)
respectively, with 2 < j < k, and one agent who prefers
{Fs, Fs, ..., Fy} locating at 3 (k — 1). One optimal solu-
tion for this instance is to place Fy at 1, F; at 3(j — 1),
2 < j < k, which has maximum cost of 1. Now suppose
there exists an a-approximation deterministic strategyproof
mechanism with o < % Agents except for the two agents
at 1 and 2 must be served by k different facilities according
to the mechanism. Otherwise, maximum cost is at least %,
contradicting the assumption of the approximation ratio.
Denote the location of F} by the mechanism as y;. Because
of the approximation ratio, F; must be placed at either

(3,3), if the agent at 0 is served by Fy, or (3,32), if the
agent at 3 is served by Fy. Suppose y; € (2,2), ie., the

agent at 3 is served by F} according to the mechanism.
Now consider the agent at 1 misreporting his preference
from {F} } to {F5}. The optimal maximum cost of the new
instance is still 1 where F} is placed at 1, F5 is placed at 2,
Fjis placed at 3(j — 1), 3 < j < k. The agent at 0 must
be served by F}, and the agent at 3 must be served by Fb
according to the mechanism. Denote the new location of F}
as y1. Due to the approximation ratio, F should be placed

at (3,32). To prevent the agent at 1 from misreporting,
we have y; > y1 > % which is a contradiction. When
y1 € (3,3), consider the agent at 2 misreporting his

preference from {F} } to {F5} and the proof is similar.
Therefore, there exists no a-approximation deterministic
strategyproof mechanism with o < % for the maximum cost.
O

Social Cost. The approximation ratio of Mechanism 1 for
the social cost is bounded by 3n. Below, we provide a deter-
ministic strategyproof mechanism for k£ > 3 facilities that
has a better upper bound of 2n + 1 for minimizing the social
cost, and prove a corresponding lower bound of 7.

An optimal solution S = {s1,..., s} can also be calcu-
lated by similar algorithms in polynomial time regardless of
the preference profile, i.e., suppose every agent prefers all



the facilities. For instance, Love solved the facility location
problem on the real line by a dynamic programming algo-
rithm with the observation that agents must be assigned con-
tiguously to the new facilities in an optimal solution (Love
1976). Without loss of generality, we assume 51 < - - < sg.
Again, we divide the agents into k groups, i.e., Gy, ..., Gy,
such that the closest point in S for each agent 7 in G is s;,
ie., s; = argmingeg |s — z;|. Denote |G| as the number
of agents in G ;. Similarly, agents are well-separated if as
a candidate in S is deleted, all agents closest to it have the
same new closest candidate. Mechanism 2 considers several
ways of placing the facilities, and outputs the facility loca-
tion profile by cases.

Mechanism 2.
Let OPT SC(X) be an optimal algorithm for the social cost
of k-facility location problems.

1: S+ OPTSC(X)
2: if |S| = 1 then
3:  return S
4: endif
5: if |S| = 2 then
6:  return argmin, . sSCx p(y1,...,yx)’
7: end if
8: S+ S
9: for ascending d = |s, — sy| where sq, s, € S do
10:  if |S'| = 2 then
11: return argmin, .« SCx p(y1,-- -, yr)?
12:  endif
13: foryy,...,yr € S'do
14: if each agent is served by a facility at the closest
candidate location in S’ then
15: return Y3
16: end if
17:  end for
18:  sc <+ argming g |SE2E — g |
19:  Call Delete(sy, Sk, S¢, d)
20: end for
21: Delete(sy, 8y, S¢,d) :
22: if min(s. — s, 8 — 8.) < d then
23: S'.delete(m.)
24: else
25: 8¢, ¢ argming, es |5"+TSC — S¢, |
26:  S¢, +— argming, es |2edoe — g,
27: if 51 < 8¢y < Scthen
28: Call Delete(sy, Sc, Sey , d)
29:  endif
30:  if sc < S¢y < Sy then
31: Call Delete(Sc, Sy, Scy, d).
32:  endif
33: end if

Theorem 2. Mechanism 2 is strategyproof, and has an ap-
proximation ratio of 2n + 1 for the social cost of well-
separated agents.

Lemma 2. For the social cost, there exists no o-
approximation deterministic strategyproof mechanism for
k > 3 facilities with o < 7.

3Put the facility with a smaller index on the left to break the tie.
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{Fy, Fs} » o {Fy, F3}  {F5, Fs,...,Fy}e
{F,F3} % #{F, Py} {Fs, F3} «
OO OO

01 Y2 1 Y3 s

(a)

{F3} o {Fy,F3} {F2,F3,...,F;}e
{F1, F3} % #{F, b} {Fy,F3} «
O OO

0 v Y1l Yss

(b)

Figure 1: An example depicting the proof of the lower bound
for the social cost.

Proof. As illustrated in Figure 1, consider "7’4 agents lo-

cated at 0 whose preference profiles are {Fy, F3}, 5%
agents located at 1 whose preference profiles are {F, F»},
two agents located at 0 and 1 respectively who prefer
{F5, F3}, and two agents located at s > n > 5 who pre-
fer {F,, F3} and {F5, F3, ..., F}} respectively. One opti-
mal solution for this instance is to place Fj at 0, F» at 1, and
F35 at s, which has social cost of 1. Now suppose there exists
an o-approximation deterministic strategyproof mechanism
with o < 7. Agents who have the preference profiles of
{F1, F3}, {F1, F»}, and the agent at s who prefers { F, F3}
must be served by three different facilities according to the
mechanism. Otherwise, for example, if agents who prefer
{F1, F3} and {F, F>} are all served by F1, social cost will
be at least ”7_4 +1= % —-1> %, which contradicts the as-
sumption of approximation ratio. Hence, there are only two
possible ways of placing the facilities. If the agent at s who
prefers { F,, F3} is served by Fj, Fy will be placed at [-1,1]
and F5 will be placed at [%,%]. Otherwise if the agent at
s is served by F, Fy will be placed at [$,2] and F3 will
be placed at [-%,%]. Without loss of generality, we consider
the former case. Denote the location of F; by the mecha-
nism as y;. Now consider the agent at 0 misreporting their
preference from {Fy, F5} to {F3}. The optimal social cost
of the new instance is still 1 where Fj is placed at 0, F} is
placed at 1, and F5 is placed at s. The agent at s who prefers
{F5, F3} must be served by F according to the mechanism.
Otherwise, social cost will be at least s, which also contra-
dicts the assumption of the approximation ratio. Denote the
new location of F; by the mechanism as y; Due to the strat-

egyproofness, F3 should be placed at either [—1, —ys] or

[y2, %] Considering these two instances, we have
n—4 n—4
o= max" (1) 41,0 g 1)
n—4 n—4
> max{ ~(1—y2)—|—1,72 “yo + 1}
S n—4 . n
= 4 o

which contradicts the assumption.



Next, we will discuss how to extend our mechanisms and
results to other metric spaces.

Remark 1. For any Euclidean space RY, our strategyproof
mechanisms for k > 3 facilities can be extended with the
same approximation ratios. The key idea is that we can still
use an optimal algorithm for the k-center (k-median) prob-
lems to compute a facility location profile M (resp. S) as-
suming that each agent prefers all facilities.

The approach of determining the final facility location
profile is similar to those in the line setting and involves it-
eratively deleting candidate facility locations from the com-
puted profile M (resp. S) via a binary search until every
agent can be served by a preferred facility at the closest pos-
sible candidate, or their closest candidate has been deleted
in M’ (resp. S’). In the binary search, we first identify two
candidates that are farthest apart, then order the remaining
candidates based on their distances to these two. Addition-
ally, all lower bounds would still hold in this metric space.

Using a similar method, our results can also be extended
to other metrics spaces studied as long as optimal algo-
rithms exist for the k-center (k-median) problems (e.g., L
and L3 spaces).

Special Case of Three Facilities

We also note that through a careful case analysis, our mech-
anisms can be further improved for the maximum cost and
the social cost in the case of exactly three facilities.

Denote L; (resp. I?;) as the location of the leftmost (resp.
rightmost) agent in G;. Notice that the optimal solution
without considering agents’ preferences will place each fa-
cility at the middle point of each group, which satisfies
my = 2% for j € {1,2,3).

Mechanism 3.

Denote dpyqr = max(Ry— L1, Ro— Lo, R3— L3). Consider
the corresponding Gy, G, G ofM = {m, M2, 3} such
that M =

{{Rh max(R1, Ry — dmaz), L3}
{Ry,min(Ls3, Ly + dpmaz), L3}
Gs—G3 ifLy— Ly <R3 — Ry,

Let
{Gl—Gl l:fLQ_Ll > R3 — Rs.

Case 1. If there exists a facility location profile of F over the
candidate locations M such that agents in G ; are all served
by one facility at ™ ; except that some agents in G are served
by one facility at M, output it as the facilities’ locations.

If Lo — Lh < Rs — Ro, break the tie in
this order: (ﬁlg, ma, T?L3), (Thl, T?LQ, mg), (mg, ma, ’ﬁIQ),
(11,13, M2), (13, M2, M), (M2, M3, m1).

If Lo — Liy > Rs — Ro, break the tie in
this order: (ﬁlg, ma, T?LQ), (Thg, ’/?LQ, ml), (ﬁlg, ma, ’ﬁl3),
(m27 'I’?L‘g,, ml)’ (mlv mQa mB), (mly mSa m2)

Case 2. If there does not exist a facility location profile that
satisfies Case 1, let

-

ifLy — L1 < Rs — Ry
lng—L1>R3—R2

G:

if Ly — L1 < R3 — Ry,
l'ng—L1>R3—R2.

{12, ms}
{1, iz}

>
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Output  the facility location profile over M’
with  the  minimum  max  cost among  the
agents in N — G, ie, Y = (y1,y2,y3) =

argming, , ocpp MaXe n o6 COStx pi(Y1, Y2, Y3)-

We break the tie by considering two sub-cases.

Case 2.1 If each agent in N — G is served by a facility at
the closest candidate location in M’, choose the profile with
a minimum number of agents from Gh (resp. G3) and Go
who have to be served by the same facility. If there are still
multiple suitable profiles, we further break the tie by placing
the facilities at Mo as many as possible and giving a higher
priority to the facility F; with a smaller index j, i.e., F =
Fy > F3.

Case 2.2 Otherwise, place the facility F; with a smaller in-
dex j on the left first.

Theorem 3. Mechanism 3 is strategyproof, and has an ap-
proximation ratio of 2 for the maximum cost..

Similarly, our mechanism can be further improved for the
social cost in the case of three facilities as well.

Mechanism 4.

Case 1. If there exists a facility location profile of F' over
the candidate locations S such that agents in G; are all
served by a facility at s;, output it as the facilities’ locations,
and break the tie in this order: (s1,s2,S3), (S1,S3,52),
(52, 51,53), (52,53, 51), (53,51,52), (53,52,51).

Case 2. If there does not exist a facility location profile that
satisfies Case 1, we remove one candidate location from S.
Assuming, w.l.o.g., s5 — s1 < S3 — Sa,

g — {{81,83} if1G1] > |Gal,

{s2,83}  if|G1| < |Ga|.
Output the facility location profile over S’ with the
minimum social cost, ie., Y (Y1, Y2, y3)

argming, y, yses' Y ;e n COstx pi(Y1,y2,y3). We break
the tie by placing the facility F; with a smaller index j on

the left first.
Lemma 3. Mechanism 4 is strategyproof.

Proof. Firstly, since the candidate facility locations S and
S’ only depend on agents’ location information, each agent
i cannot change S or S’ by misreporting their preference.
Secondly, by the definition of Mechanism 4, each agent is
served by a preferred facility at the closest candidate loca-
tion in S if Case 1 is satisfied. Therefore, no agent will ben-
efit by misreporting from Case 2 to Case 1, and vice versa.
It remains to show that agents cannot benefit by misre-
porting within Case 2. Given agents’ location profile X and
preference profile P, denote SCx p(Y') as social cost of
agents with the facility location profile Y determined by
Mechanism 4. After agent ¢ misreports, the agents’ prefer-
ence profile becomes (P_;, p;) where p; is replaced by p..
In Case 2, a solution with the minimum achievable social
cost by the facility location profile over S’ is returned. The
agent can only benefit if the output facility location profile
becomes Y’ # Y after misreporting. Therefore, we have

SCx.p(Y) < SCx p(Y'),

SCX,(P7VL7P2)(Y,) < SCX,(P%,PDO/)' (H



Suppose agent ¢ will benefit by misreporting, which in-
dicates that their distance cost with Y is smaller than the
distance cost with the original output Y, i.e.,

min
Fj €PpiY; €Y

lyj — il < ly; —xil. ()

min
Fjepiy €Y’

For all the other agents, the sum of their distance cost
remains the same given the same facility location profile.
By eq. (1), we have

SCx,p(Y) = SCx (p_, p)(Y)

T Fepyey by =il = Fyep ey lv; = il
< SCx,p(Y') = SCx, s (Y)

= . S . Il 3
FJ’EIIEIZEEY’ lvj — @il Fjezg?,lzgew ly; — @il )

Notice that Y and Y’ can only place the facilities at two
candidate locations in S’. By eq. (2), we have

min C— x| < min .
Fiep;,y; €Y |y] il < Fjepiy; €Y |y] il
. , . /
i i — Ly S min p— (4)
FjEPuy}GY’ |y‘7 Z| FjEpQ,y}EY’ |y] z|

It is clear that eq. (3) and eq. (4) can only hold when

min__|y; —a;l = min__|y; — xil,
Fj€pi,y; €Y Fjep).y; €Y
. / _ . /
min gy — @il = min_fy; — i,
F,-Epi,,yjeY FjEpi,yjeY

which indicates that
SCx,p(Y)=SCx (p_, p;)(Y)
=SCx,p(Y') = SCx (p_, pp)(Y').

Since we adopt a fixed tie-breaking rule to place the facili-
ties, agents will not benefit by misreporting. O

Lemma 4. Mechanism 4 has an approximation ratio of n+2
for the social cost.

Proof Sketch. Given agents’ location profile X and prefer-
ence profile P, denote the facility location profile over S that
achieves the minimum social cost as Yg. Let the optimal fa-
cility location profile and the facility location profile output
by Mechanism 4 be OPT (X, P) and My (X, P). We show
that SCX7P(M4(X, P)) < (n—l)-SCX,p(OPT(X, P))+
SCX’p(Ys) < (n+2)-SCX1p(OPT(X,P)). O

Optional Preference (Max)

In this section, we explore the Max variant of the optional
preference model, where the cost of each agent is defined as
their distance to the farthest preferred (acceptable) facility.
Let N; = {i|F; € p;,i € N} be the set of agents whose
preference contains F.

Mechanism 5. Place F; at the middle point of Nj.

Theorem 4. Mechanism 5 is strategyproof, and is optimal
for the maximum cost.
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Proof Sketch. Given agents’ location profile X and prefer-
ence profile P, denote MCx p(Y) as the maximum cost
of agents with the facility location profile Y determined by
Mechanism 5. For any two agents that both prefer F}, it is
clear that their maximum cost is at least half of their dis-
tance. Therefore, we have

maX;en; T3 — MIe N; T4

MCX,P(Y) = max 5

F,eF
<MCx.p(OPT).

&)
O

Mechanism 6. Place F; at the median of N;.

Theorem S. Mechanism 6 is strategyproof, and has an ap-
proximation ratio of k for the social cost.

Mechanism 6 has a parameterized approximation ratio re-
lated to the number of facilities. Since k£ is publicly known
and constant in real life scenarios, Mechanism 6 achieves a
constant approximation ratio in most cases. The following
example shows that the bound given in Theorem 5 is tight.

Example 1. As illustrated in Figure 2, consider the in-
stance with n = (k + 1) - m agents: m agents who prefer
{F1,F5,...,F} at 0, n — m agents at 1, where each m
of them prefer only one facility. Mechanism 6 places all the
facilities at 0, which incurs social cost of n — m. However,
one optimal solution can place all the facilities at 1, which
incurs social cost of m. Hence, the approximation ratio of
Mechanism 6 for the social cost is at least k.

{F17F27~~~7Fk} {F1}7{F2}77{Fk}
0 1

Figure 2: An example depicting the tightness of the upper
bound for the social cost.

Conclusion

We study the k-facility location games with optional pref-
erences from a mechanism design perspective. For the Min
variant, we provide deterministic strategyproof mechanisms
with approximation guarantees as well as lower bounds
for the corresponding cost objectives. It is interesting that
the approximation ratio by any deterministic strategyproof
mechanism for the social cost grows from a constant to O(n)
as the number of facilities increases to three. For the Max
variant, we provide optimal and parameterized strategyproof
mechanisms for the social cost and maximum cost.

There are many directions for future work. The most im-
portant question is to match the bounds for deterministic
strategyproof mechanisms in the Min variant. For the Max
variant, a characterization on the optimal solution for the so-
cial cost will help establish meaningful lower bounds. Fi-
nally, it is intriguing to explore the potential of random-
ization to enhance the design of better mechanisms for k-
facility location games with optional preferences.
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